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Algebra and Convexity

. Guess the picture! Characterise and/or give equations for the pictures that appear
in the slides behind the titles of the sections.

. Slide 10/56: the discotope! What are the hidden terms in the equation of the violet
surface? In other words: parametrize and compute the equation of the violet surface.

. Prove the “basic properties” of duality in slide 17/56 (for the third point: assume
that the origin is inside K; and K3).

. Let K be a convex body in the plane different than a polygon. Suppose there is a
vertex of K where two nonlinear components intersect transversely. Then the dual
convex body K° is not a basic closed semialgebraic set.

. There was a small mistake in Chiara’s lecture, concerning the algebraic boundary
and convex cones. Spot it and correct it!

. Let C = {q¢1 = 0} N {q2 = 0}, where ¢; is a quadric in R®. Consider the pencil of
quadrics ¢ + tgo. In slide 43/56 the following fact was stated: “the edge surface (of
() is the union of the four singular quadrics (of the pencil)”. Prove it, assuming that
the matrices associated to ¢;, ¢o are simultaneously diagonalizable.

How does this relate to the research problem 2 of the first exercise session?

. Try the algorithm mentioned in slide 46/56 for the curve
C= {(cos(@),sin(G) + cos(260), sin(29)> 10 €0, 27r]} :

. What is an efficient way to compute the volume of a semialgebraic convex body, with
high (i.e. at least 100 digits) precision? Key word: Picard-Fuchs equations.
Compute the volume of the spectrahedron in slide 9/56. You may want to start with
the volume of a 2-dimensional section of such convex body.



Toward research:

1.

Consider a 3—dimensional semialgebraic version of an ice cream cone, with one straw-
berry scoop. Give equations for its algebraic boundary. Can you compute the dual
body? Can you compute the normal cycle? Can you describe its patches?

What if you add one lemon scoop? Make this object convex and compute again
algebraic boundary, dual body, normal cycle and patches.

Let K C R" be a semialgebraic convex body. Find the hyperplane through the origin
H that maximises the volume of K N H.

Let K C R"™ be a semialgebraic convex body. Is its projection body IIK again
semialgebraic?

If so, what is the relation between 0,K and 0,I1K?

If not, give a counterexample.

. Write an Oscar package that computes X* for a given variety X.



References

1]

2]

[9]

[10]

[11]

[12]

[13]

[14]

Alexander Barvinok. A course in convexity, volume 54. American Mathematical Soc.,
2002.

Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas, editors. Semidefinite
optimization and convex algebraic geometry, volume 13 of MOS-SIAM Series on Opti-
mization. Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA;
Mathematical Optimization Society, Philadelphia, PA, 2013.

Venkat Chandrasekaran and James Saunderson. Terracini Convexity, 2020. arXiv
preprint: arxiv.org/abs/2010.00805.

Richard J. Gardner. Geometric tomography, volume 58 of Encyclopedia of Mathematics
and its Applications. Cambridge University Press, New York, second edition, 2006.

Pierre Lairez, Marc Mezzarobba, and Mohab Safey El Din. Computing the volume of
compact semi-algebraic sets. In Proceedings of the 2019 on International Symposium
on Symbolic and Algebraic Computation, ISSAC 19, page 259-266, New York, NY,
USA, 2019. Association for Computing Machinery.

Daniel Plaumann, Rainer Sinn, and Jannik Lennart Wesner. Families of faces and the
normal cycle of a convex semi-algebraic set, 2021.

Motakuri Ramana and A. J. Goldman. Some geometric results in semidefinite pro-
gramming. J. Global Optim., 7(1):33-50, 1995.

Kristian Ranestad and Bernd Sturmfels. The convex hull of a variety. In Petter
Brandén, Mikael Passare, and Mihai Putinar, editors, Notions of Positivity and the
Geometry of Polynomials, pages 331-344. Springer Verlag, Basel, 2011.

Kristian Ranestad and Bernd Sturmfels. On the convex hull of a space curve. Advances
in Geometry, 12(1):157-178, 2012.

Philipp Rostalski and Bernd Sturmfels. Dualities in convex algebraic geometry. Ren-
diconti di Mathematica, 30:285-327, 2010.

Raman Sanyal, Frank Sottile, and Bernd Sturmfels. Orbitopes. Mathematika,
57(2):275-314, 2011.

Rolf Schneider. Convex Bodies: The Brunn—Minkowski Theory. Encyclopedia of
Mathematics and its Applications. Cambridge University Press, 2014.

Rainer Sinn. Algebraic Boundaries of Convex Semi-Algebraic Sets. PhD thesis, Uni-
versitat Konstanz, Konstanz, 2014.

Rainer Sinn. Algebraic boundaries of convex semi-algebraic sets. Research in the
Mathematical Sciences, 2(1):3, 2015.


https://arxiv.org/abs/2010.00805

	Algebra and Convexity

