
CHOW LECTURES DAY 2 EXERCISES

CHRISTOPHER EUR

Exercise 1. In each case below, verify also that f is not Lorentzian, compute the Poincaré duality
algebra A•f , and verify that the dimensions of the graded pieces are symmetric.

(a) Show that f = x3y + xy3 is log-concave on R2
>0 (although it is not Lorentzian).

(b) Show that f = x3y + x2y2 + xy3 has the property that A•f satisfies the unmixed Hodge–
Riemann relation in degrees 0 and 1 with K = R2

>0 (although f is not Lorentzian).

Exercise 2. Show that MWd(Σ) ' Hom(Ad(Σ),Z) by showing that a Minkowski weight w defines
a linear functional Ad(Σ) → Z determined by assigning

∏
ρ∈σDρ 7→ w(σ) for all σ ∈ Σ(d). (You

may wish to start by showing that Ad(Σ) is spanned by sqaure-free monomials in the Dρ).

Exercise 3. Let Σ be a 2-dimensional fan in R3 with eight maximal cones are
cone{e1, e2}, cone{−e1, e2}, cone{e1,−e2}, cone{−e1,−e2},
cone{e2, e3}, cone{−e2, e3}, cone{e2,−e3}, cone{−e2,−e3}.

Verify that w : Σ(2) → Z given by w(σ) = 1 for all σ ∈ Σ(2) is a Minkowski weight. Compute
and compare A•(Σ) and A•fw where fw = w

((∑
ρ∈Σ(1) xρDρ

)2). (Here, we consider w also as an

element of Hom(A2(Σ),Z) via the exercise above).

(For those who know tropicalizations:) Do you recognize this fan as a tropicalization of some
variety? How does A•f compare to the Chow ring this variety? Does such relation always hold?

Exercise 4. Fix τ ∈ Σ(k) and consider the (d − k)-dimensional fan Σ = star(τ,Σ). Show that
w ∈ MWd(Σ) defines an element w ∈ MWd−k(Σ) such that

(∏
ρ∈τ

∂
∂xρ

)
fw = fw.
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