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Manifold of Probability Distributions




Information Geometry ?

S={p(xuo)]  p(xmo)=—r exp{—(x_f)z}

Gaussian distributions




Manifold of Probability Distributions
x=1,2,3 —{p(X)}
p:(p19p29p3) E+p2+p3_lj

> M ={p(x:0)}

P,



Manifold and Coordinate System

coordinate transformation

B = ((9., T, O
“7 = (Y)l) T qn)

M= (@) O@=007)




Examples of Coordinate systems

% r, = T ¢l
Euclidean space X, =1 4n 0
A5 |
VL AR r:jxf-»—x}
B gL
\ \ 7 X, 0 = tar x,

> = (X, X.) P=CT, 6)



Gaussian distributions

E:<)A> Gz>;
oL M
0=(z5-> 027,

II?:(P) }AZJrO_Z)

S={p(xmo)}  p(xuo)




Discrete Distributions 3 =)

Positive measures

19(1)} x=20,1, "')'Y\

Pix) = L’r’ &; ()

;-g -t
=0, %)

0= (St o By )



Divergence: D[z:y]
D[z:y]>0

D[z:y]=0, iffz=y

Not necessarily symmetric

D[z:y]=Dly: z] D[z:z+dz]:2'-Zgijdzidzj

positive-definite &= ( 35>
Taylor expansion _ _ '/_ S s
Die - 2+d#)= 5 23,9242+ 22 I, dz ek,

+\~ -



Various Divergences

l 2 .. SZWMQE,;
Euclidean D ['DC . ’3] — 5 Z (7:"3;\
f-divergence D[ px> - ey )= J‘?fl) -§ 2 2 } ox

KL-divergence

g WNMW ,

(a-B)-divergence Jr1d =9



Kullback-Leibler Divergence
guasi-distance S= - 9,3(1/«)

DIP(X):q(0)]= Y () log LX)

q(x)

DIP(x):q(x)]=0 =0 iff p(x) = 4(x)
D[p:q]# D[q: p]



(a, ) — divergence P, 2 €S,

"’ +iq “/—p%q”}

Da,ﬁ[p:Q]:Z{afﬂ a+f

A

p=—-a: «a—divergence

a=1:  [-divergence



Manifold with Convex Function
S : coordinates 9:(91,6’2,---,6’”)

w(@) : convex function

/\IIA m—

negative entropy o(p)=[ p(x)log p(x)dx
energy

mathematical programming, control systems
physics, engineering, vision, economics



Riemannian metric and flatness (affine structure)
1S, w(0), 6} comrex: B =Ap+c

—

-

Bregman divergence affme Sruclune
D(6,0')=y(6')-(6'—8)-grad v (0) o

D(6,0+d0)= Zg 6)do'do’

i :aiajW(e)a 0; _ﬁ

— B =tA+ b

Flatness (affine) @ : geodesic (not Levi-Civita)



Legendre Transformation ~— 3v<) wwdinsls 0,1

O h
1 =0w(8). 4=5g >/
NE%
(4
vey 0N eeoone D

0

>0

o(n)+y(8)-0n' =0

0 =dp(n). & =-" p(17) = max, {0'n, —y (0)}
on,

D(6.0)=y(0)+¢(n')-6-n' © Pl easy



Two affine coordinate systems (6,7)

@ :9geodesic (e-geodesic)

17 :dual geodesic (m-geodesic)

“dually orthogonal”
(0,,0")=4]
ai :i_, bl :ﬂ
00 on,

X<Y,Z>=<V,Y,Z>+<Y,V Z>




Bi-orthogonality VeV

. ?/‘ B
d0= 5 do€; ~
Qllq — Z clqz@
\ 2

N, =-¢ (B) ) ds= ¢l Jpd

— i _ =~ p d
A1, =) 2:2; ¥ (1B)d0 2 3;549 =1 <€, &> \J

;5 3

do*= 2 8% 41 &7 = %E ’



Dually flat manifold

@-coordinates <> 7-coordinates

potential functions  (8),¢(77)

& R
(9) = 9)---q’ = 0
U)_Z‘giﬂizo

exponential family: p ( X, 9) = exp {Z OX —y (0)}
w . cumulant generating function
@ : negative entropy

canonical divergence D(P: P')y=y (0 2977, '



Exponential Family

— - X — 0): nvex function, free-ener
P(X,0) =expil-X—y(0)} y(0): conve ctc: free-energy

s (2= (), 0=(0) = (L)

Gaussian: (%= M)2 (-
- M)° . = - + ¢
ep 26 * | 0-x 20%
Negative entropy (P (y?) = S/F['R , '63 9“3 {)(X/ b )
natural parameter : ©

expectation parameter : V):' ED("S



X : discrete X={0,1, ..., n}
Sa
S, ={p(X) | xXe X}: exponential family A\
p(x) = D, Pi6;(X) =exp] 2«9 X~y (0)]=exp{@-x-y(6)]
9.53 Vi) ('-‘c)LDmﬂbg

0' =log(p,/ p); % =8(X); w(0)=~logp,

. =E[X]=] gp(q)zz p; log p. Y)Y =(-tp+ f



Two geodesics

Oy= ta+b
nay = 1 a +b

Tangent directions
By=10 €,
M N =M, e’

</'9) u?> :I glqz .':D

O\
S Pt )
slhocen
g
v



Function space of probability distributions: topology
{p(x)}

F={tw >0, fpode=1]

M
r(-x/i) — (l“’t>1’(") ~+ 1 §e)

e—a&mﬁu‘-t
93 Ve th = (l—-DQ‘;Mr)-‘- 1 J’g §i) + LG



Exponential Family ¥ = { P}
P(x) = Ixp % 59(3>g(5- X)) olx — ‘/’f‘@&}

O(s) = 9.:3*[’(5\ | LW@):% fexr}O/s}Js
N(SY= E[§6s-x0) = pesd) = VF(9)

D, Cr: 1] = 5 '3t }Dg::

§(s,A)= Vo = H) d(5-1)




Pythagorean Theorem
r (dually flat manifold)

D[P:Q]+D[Q:R]=D[P:R]

m-geodesic

Q} e—-geodesic ‘7Y1ﬁ54;

Euclidean space: self-dual 6 =17



q — arg minseM D[ p : S]

m-geodesic

q=argmin,_,, D[S: p]

e-geodesic




Projection Theorem

min D[P : Q]

QeM
Q = m-geodesic projection of P to ¥

min D[Q : P]

QeM
Q’ = e-geodesic projection of P to M



Convex function — Bregman divergence
— Dually flat Riemannian divergence

¢y =D [0:0V= {06,17}, =¥

Dually flat R-manifold — convex function — canonical divergence
KL-divergence

{®, ) = @(p) = De[0:0]

T

P . :DkL [1;(1) : 'i(:r)-l



Exponential family — Bregman divergence

Banerjee et al

P, ) = p§ip-x- ¥y = Dy (B0

’

n

n>

D00 @)1= PO +PED-0X T

= ?m,mzwﬁ;%tra: o] + Vin) ]



Invariance S={p(x,0)}

Invariant under different representation of x

y=y(x),  p(v.0) [Ip(x.6)-p(x6,)[ dx
PO = [19(y.6)- p(yﬁz) P dy



Invariant divergence

(manifold of probability hentsoy
distributions; s=(px.¢)})

y =k (X) - sufficient statistics

D[ py (X): 0y (x)]=D[ by (¥): 0 (¥)]



Invariance
--- characterization of f-divergence

Csiszar
| n
pi: “' ....................... ‘
P, QQ.‘. Q' .......... |.‘
= 1 o J— m
A _ A
p"=(p,) pfc—zpi P—F



Invariance = f-divergence



Csiszar f-divergence Alsilvey

Morimoto

ql= G
Df[p-q]—Zpif(pi],
f(u): convex, f(1)=0,

D, [p:q]=cD;[p:q] f(u)

f(u)=f(u)-c(u-1)

f(1)=f'(1)=0;f(1)=1 !



Theorem

An invariant separable divergence belongs to the class of f-divergence.

Separable divergence: D[p : q] — Z k( pi : ql)

k(piaqi): pif(%)



divergence
S ={p} :space of probability distributions

invariance dually flat space

invariant diverge lat divergence

convex functions
F-divergence

A Bregman
Fisher inf metric KL dlvergence
Alpha connection

DIp:ql= [ p(x) logE™1ax
q(x)



(X -Divergence: why?
flat & invariantin S =M,

n+1
4 1+a 2
|-«

a #1

f,(U)=

KL-divergence
f(u)y=ulogu—-(u-1)

~/ ~

D[p:4]= Z{p.log—+P. di}



Space of positive measures :
vectors, matrices, arrays

S={p}, B >0:( P =1nn holds)

f-divergen _
regman divergence

a-divergence < Kl-dis



f divergence of S



o divergence

.~ l-a . lt+a. 2 2°

D [p:G]=) {—p+—G-P >G>}
2 2 A

0. 7

p =

KL-divergence

D[ : ] = Z{p.log%w. .}



~S

M= S : dually flat
S : not dually flat (except a ==*1)

Z‘,pi:1 ‘,-“ .
2 / N
> =1 A

—/

-~



Metric and Connections Induced by Divergence

. . . Eguchi
Riemannian metric (Eguchi)

0;(2)=0,0,D[z:y],_,:D[z:y]=

y=2"

%gu(Z)(ZrYi)(ZJ'yJ)

affine connections vV, V") o 6 =
Fijk (Z) = —3i@j@kD[Z: y]|y:Z 5 :ﬁ 5 :ﬁ
I azl ) i 8y|

I (z2)=-06,0,0,D]z:Y]

ly=2




Invariant geometrical structure S = { p(X, )}

alpha-geometry
(derived from invariant divergence)

9 (£)
Tijk (*f)

E [@J@j |} Fisher information

Elatofad]  i=logp(xé):  a=—m

0 -connection
a _ - - . -- . . .
Fijk = {|, J; k} — aTijk Levi-civita:

V&V : dually coupled

X(Y,Z)=(V*Y.Z)+(Y.V*Z)



Duality: X<Y,Z>=<V,Y,Z>+<Y,V\Z>

5kgij — Fkij T F;iji

Fijk — F;kjk _Tijk

[ -

———

/{I\/I,g,T} \ I5 , ok




Riemannian Structure

ds* =) g,(6)d6'd6’
=d0'G(0)do

G(0)=(g;) ﬂ 0
Euclidean G =E ). te

Fisher information



Affine Connection

covariant derivative
V.Y, TI.X=Y

geodesic V X =0, X=X(t)

s=[{>9,(6)d6' do’

minimal distance = non-metric_

straight line



Duality
(X,Y)=(TIX,ITY)  <X,Y>= g; X'V’

X<Y,Z>=<V.Y,Z>+<Y,V Z> 'y

Riemannian geometry: IT =11"



Dual Affine Connections (V V7 )

egeodesic (ILIT)
logr(x,t) =tlog p(X)+(1—t)logq(X)+C(t)
~m-geodesic

r(x,t)=tp(x)+(1-t)q(x)




Mathematical structure of S ={p(X,&)}

9; (£)=E[80,1] {M, 2 T}

Ti(£)=E[818,10,1

|=10g p(X,ﬁ); ai:_i
O -connection
[ = {i, j;k} —aTy,
V< V™* :dually coupled

X(Y.Z)=(V,Y.Z)+(Y,V}Z)



a-geometry




B lPr) =P 2]+ D/ I\

v 2D e u Ter]
g

[ - ks ,
1“/-4\ A Rureda_
z i) g

(W ommhuu)




Dual Foliations @ = (0, - 9, 5 0wy -, &)
/’( - (711"'/ ?& ) 7& v“)

=0,

k-cut

= (B M) s aundle






Two neurons:  {P,,, Po;> Pio» Py §

—
0011000101101 Ox__©
2 0100100110100 =, x,

<x3 0101101001010)

firing ratest s,
correlation—covariance?



Correlations of Neural Firing

P (% %,)]

{poo, Pio> Pors Pru

n=p.=P,+ P, firing rates

rL=p, =p,+0p, correlations

g = log 1P Pi1 Poo {(rl,l’z),@}
plO pOl

orthogonal coordinates



Independent Distributions

8¢1.1)

M = {Q(Xl)Q(Xz)}

8(0.0) T

I

8(0.1)

4¢1.0

5 ($.0) +%0.1))



two neuron case

I,

r29r12; H1792’912

poo P _ log I, (1+ I, —h — rz)

0., =log
N Po1 Pro (rl — I, )(rz - rlz)

r, = f(r.n,0)

ro(t) = f (rl (t).1, (t),&)



Decomposition of KL-divergence

correlations p

D[p:r] = D[p:q]+Diq:r]

,q: same marginals :
P . N1 independent

1,q: same correlations &

P(X)
Dip:r]= |



pairwise correlations

covariance: G =F; —hl; not orthogonal
independent distributions

How to generate correlated spikes?
(Niebur, Neural Computation [2007])

higher-order correlations



Orthogonal
higher-order correlations

0=(0.0;; -.0,,)

r=(r.n;  ur,)



Population and Synfire

X, , X X

n

Neurons

111
X =1(u;)

u. = Gaussian Eluu; =«



a(r)

p(X) — p(Xl,..., Xn)




Input-output Analysis

Gross product consumption N M"MM WM
Relations among industires . L/
(K. Tsuda and R. Morioka) - R A.,
o < A ]
|




Mathematical Problems

M:  submanifold of S ? N 3 52/)

Hong van Le

{M, g} {M, g, T} dually flat. J. Armstrong Yo

Affine differential geometry
Hessian manifold
Almost complex structure



