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What is this about?

| am interested in non-Euclidean data:
e e.g. 3D structure of RNA molecules — shape spaces,
e phylogenetic descendence trees — spaces of trees,
e data on trees, graphs,
e (toy) example: data on spheres
What do statisticians do with data?
e find simple descriptors,
e compare datasets via descriptors,
¢ inference: with confidence test for equality of data.
How?
e with exact distributions, or
e with asymptotic central limit theorems (CLTs).



Non-
Euclidean
Stats
Challenges

Hu/El

Descriptors
BP-CLT

Descriptor-
CLTs

Dirty-CLTs

(Non-)Benign
Geometries

Wrap UP
References
References

References

~ Euclidean SLLN and CLT
LetX1,...,X,,"5"XeR’”, meN, and X, = }—72/’-’:1)(,-

Theorem (Strong Law of Large Numbers)
E[IX|] < 00 = X,25 E[X]



Non-
Euclidean
Stats
Challenges

Hu/El

~ Euclidean SLLN and CLT
Let Xi,...,. X, " X e R™ meN, and X, = %ZL X
Theorem (Strong Law of Large Numbers)

E[IX]] < oo = X, 25 E[X]

Theorem (Central Limit Theorem)
E[||X|[2] < 0o = v/n(Xn — E[X]) 3 (0, cov[X])



Non-
Euclidean
Stats
Challenges

Hu/El

~ Euclidean SLLN and CLT
Let Xi,...,. X, " X e R™ meN, and X, = %ZL X
Theorem (Strong Law of Large Numbers)

E[IX]] < oo = X, 25 E[X]

Theorem (Central Limit Theorem)
E[||X|[2] < 0o = v/n(Xn — E[X]) 3 (0, cov[X])

Let cov[Xy, ..., Xn] = £ 374 (X; — Xn)(X; — Xp)". Then

Theorem (One-Sample Test)
E[IX]?] < o0 =
n=m(X, — E[X])7 cov[X1, ..., Xa] "1 (Xn — E[X]) B Frmnem

m




Non-
Euclidean
Stats
Challenges

Hu/El

~ Euclidean SLLN and CLT
Let Xi,...,. X, " X e R™ meN, and X, = %ZL X
Theorem (Strong Law of Large Numbers)

E[IX]] < oo = X, 25 E[X]

Theorem (Central Limit Theorem)
E[||X|[2] < 0o = v/n(Xn — E[X]) 3 (0, cov[X])

Let cov[Xy, ..., Xn] = £ 374 (X; — Xn)(X; — Xp)". Then

Theorem (One-Sample Test)
E[IX]?] < o0 =
n=m(X, — E[X])7 cov[X1, ..., Xa] "1 (Xn — E[X]) B Frmnem

m

Here Y, 3 Z, < E[f(Y,)] — E[f(Z,)] — 0 ¥ testfunctions f



Non-
Euclidean
Stats
Challenges

Hu/El

~ Euclidean SLLN and CLT
Let Xi,...,. X, " X e R™ meN, and X, = %ZL X
Theorem (Strong Law of Large Numbers)

E[IX]] < oo = X, 25 E[X]

Theorem (Central Limit Theorem)
E[||X|[2] < 0o = v/n(Xn — E[X]) 3 (0, cov[X])

Let cov[Xy, ..., Xn] = £ 374 (X; — Xn)(X; — Xp)". Then

Theorem (One-Sample Test)
E[IX]?] < o0 =
n=m(X, — E[X])7 cov[X1, ..., Xa] "1 (Xn — E[X]) B Frmnem

m

Here Y, 3 Z, < E[f(Y,)] — E[f(Z,)] — 0 ¥ testfunctions f

3 more involved Two-Sample Tests.
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Principal Component Analysis (PCA)

Spectral decomposition giving main modes of variation
o cov[X] =TAIT, cov[Xy,...,Xn] = T(MA(N)T(n)T.
o With eigenvectors
F=(v,...,ym), [(n) = (v1(n),...,ym(nN)) to
e eigenvalues
M>...22An>0,\(n)>...>An(n) >0, resp.,

Theorem (Asymptotic PCA, Anderson (1963); Watson
(1983))
E[HXH“] < 007)‘1( Simp/e! <7ka7k(n)> > 0

] cov[XX ]k

= V(o (n) = 1) > N <O’ AT M)



Non-
Euclidean
Stats
Challenges

Hu/El

Principal Component Analysis (PCA)

Spectral decomposition giving main modes of variation
o cov[X] =TAIT, cov[Xy,...,Xn] = T(MA(N)T(n)T.
o With eigenvectors
M=, 9m), T(n) = (3(n), ..., ym(n)) to
e eigenvalues
M>...22An>0,\(n)>...>An(n) >0, resp.,

Theorem (Asymptotic PCA, Anderson (1963); Watson
(1983))
E[||X||*] < oo, Ak simple, (yk,vx(n)) >0
P Y, cov[XX ]k
= Vn(w(n) =) = N <0, D ki M)
Note, 7« € S™'. Actually in RP™".
And, limiting distribution in T, ™' = T,.,, RP™.
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Outline

@ Descriptors for Non-Euclidean Data

@® The Bhattacharya-Patrangenaru Central Limit Theorem
@ Central Limit Theorem for Geodesics, Subspaces, Etc.
@ Dirty (Sticky and Smeary) Central Limit Theorems

@ Statistically (Non-)Benign Geometries

@® Wrap UP: Challenges and Ideas
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Non-Euclidean Descriptors

Fréchet means
e intrinsic (Kobayashi and Nomizu (1969); Bhattacharya
and Patrangenaru (2003))
e extrinsic (Hendriks and Landsman (1996); Bhattacharya
and Patrangenaru (2003))
e residual (Jupp (1988))
e Procrustes (Gower (1975))
e Ziezold (Ziezold (1994))
o :
principal geodesics (Fletcher and Joshi (2004); H. et al
2010)
principal submanifolds
¢ (almost) totally geodesic (Jung et al. (2012): PN(G)S)
¢ horizontal subspaces (Sommer (2016))
e geodesic flows (Panaretos et al. (2014))
e barycentric subspaces (Pennec (2017); Nye et al.
(2016))
flags of principal submanifolds (Pennec (2017))
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BP-CLT

The CLT for Intrinsic Means on Manifolds

M: m-dimensional Riemannian C? manifold
d: intrinsic geodesic distance
X1,...,X,,i'iA9'X € M: random variables
Fréchet (population) mean set:

E[X] = argmin .y E[d(x, X)?]

Fréchet (sample) mean set:

En[X1, ..., Xn] = argmin .y, >4 d(p, X))
E[X] = {p}, un € En[X1, ..., Xy] measurable
e ¢ : M — R™local C? chart near

Theorem (Bhattacharya and Patrangenaru (2005))
Under some additional regularity conditions

Vn($(un) — $(1)) > N(0, )

with suitable © > 0.



Idea of Proof
e W.lo.g (1) = 0, ¢(in) = Xn.
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e Taylor expansion (with suitable x between 0 and Xxp):
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Hess|,_; Fn(X) - Hess|x_oF(x),,

holds also for random xo = xp, and if Hess|y—oF(x) > 0
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BP-CLT

Idea of Proof

e W.lo.g ¢(u) =0, ¢(1in) = Xn.
e SLLN by Ziezold (1977); Bhattacharya and

Patrangenaru (2003): x,,afi'o.
e Fréchet functions:

Fal) = 5 3 d(X.671 ()% F(x) = & E[d(X.67" (1)
j=1

e Taylor expansion (with suitable x between 0 and Xxp):
Vngrad|x—x, Fn(x) = +/ngrad|y—oFn(x) + Hess|,_zFn(X)VNXo ,
If generalized weak law (n — oo and xp — 0)
Hess|,_; Fn(X) - Hess|x_oF(x),,

holds also for random xo = xp, and if Hess|y—oF(x) > 0
= BP-CLT.
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For the BP-CLT to hold, we need

BP-CLT (i) a C? manifold structure with C? distance? near
(if) a unique population mean u,
(iii) for all random %, 250,

Hess|y—z, Fn(X) LN Hess|x—oF(X),

(iv) Hess|y—oF(x) > 0.
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BP-CLT

Make a Mental Note

For the BP-CLT to hold, we need

(i) a C? manifold structure with C? distance? near
(if) a unique population mean u,
(iii) for all random %, 250,

Hess|y—z, Fn(X) LN Hess|x—oF(X),

(iv) Hess|y—oF(x) > 0.

Now a CLT for geodesics or more general subspaces?
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e Random elements Xj,..., X, ~ X (neN)ona
topological data space Q

e linked via a continous “distance” p: Q x P — [0, c0) to
a topological descriptor space P, with continous
d: P x P — [0, 00) vanishing exactly on diagonal,

e giving in P generalized Fréchet means

population:  E = argmin,pE(p(X, p)?)
sample: E, = argminyp .7, p(Xj,p)2
e (p,d)is a uniform link if

Vp € P,e > 035 = (e, p) > Osuch that
lp(x,P") = p(x,p)| < e¥x € Q,p’ € P with d(p,p’) < 4.
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linked via a continous “distance” p: Q x P — [0, 0) to
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giving in P generalized Fréchet means
population:  E = argmin,.p E(p(X, p)?)
sample: E, = argminyp .7, p(Xj,p)2

(p, d) is a uniform link if

Vp € P,e > 035 = (e, p) > Osuch that
lp(x,P") = p(x,p)| < e¥x € Q,p’ € P with d(p,p’) < 4.

Is the case if Q is compact.
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Abstract Setup

e Random elements Xj,..., X, ~ X (ne€ N)ona
topological data space Q
e linked via a continous “distance” p : Q x P — [0, 00) to
a topological descriptor space P, with continous
d: P x P — [0,00) vanishing exactly on diagonal,
e giving in P generalized Fréchet means
population:  E = argmin,cpE(p(X, p)?)
sample: E, = argmin,p 37, p(Xj,p)2 '
e (p,d)is acoercive link if 3py € P, C > 0 such that
Yp', pn, Pn € P with d(po, pn) — oo < d(p', pr,)
p(X, pn) = oo¥x € Q with p(x, pp) < C;

d(po, Py) — o

e Is the case if Q and P are compact.
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The Two Strong Laws

Theorem (H. 2011b)
Ziezold Strong Consistency (cf. Ziezold (1977)) holds i.e.

ﬁGEkcEa.s.,

n=1k=n

ifE(p(X,p)?) < coVp € P, Q separable, (p, d) uniform.

Bhattacharya-Patrangenaru strong consistency (cf.
Bhattacharya and Patrangenaru (2003)) holds if additionally
E #£ 0, (p,d) coercive and (P, d) is Heine-Borel, i.e.

Ve > 0,w € Q a.s. 3n = n(e,w) € N such that

|JExc{peP:d(Ep)<e}.
k=n
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The BP-CLT for Generalized Fréchet Means

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth,
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CLTs Fo(x) = % ZP(X/',¢_1(X))27 F(x) = % E[p(X, ¢_1(X))2]
j=1

e Taylor expansion (with suitable x between 0 and xp)
Vngrad|x—x, Fn(x) = +/ngrad|x—oFn(x) + Hess|,_zFn(X)VNXo,
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The BP-CLT for Generalized Fréchet Means

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth,
e Fréchet functions

Fal) = 5 3 0,67 ()2 F(x) = 3 Elo(X.67' (X))
j=1

e Taylor expansion (with suitable x between 0 and xp)
Vngrad|x—x, Fn(x) = +/ngrad|x—oFn(x) + Hess|,_zFn(X)VNXo,
e If the generalized weak law (n — oo and xp — 0)
Hess| 5 Fn(X) —> Hess|—o F(X) ,

e holds also for random ¢(pn) = X0, pn € E, measurable
selection, and if Hess|x—oF(x) > 0
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p* = ¢(0), p? smooth,
e Fréchet functions
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e Taylor expansion (with suitable x between 0 and xp)
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The BP-CLT for Generalized Fréchet Means

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth,
e Fréchet functions

Fal) = 5 3 0,67 ()2 F(x) = 3 Elo(X.67' (X))
j=1

e Taylor expansion (with suitable x between 0 and xp)
Vngrad|x—x, Fn(x) = +/ngrad|x—oFn(x) + Hess|,_zFn(X)VNXo,
e If the generalized weak law (n — oo and xp — 0)
Hess| 5 Fn(X) —> Hess|—o F(X) ,

e holds also for random ¢(pn) = X0, pn € E, measurable
selection, and if Hess|x—oF(x) > 0

Theorem (H. 2011a)
VNé(pn) 2 N(0,X) with suitable T > 0.
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Backward Nested Families of Descriptors
Q (topological separable = ts): Data space
H{P}’” (ts) with continuous d; : P; x P; — [0, c0)
vamshmg exactly on the diagonal,P,, = {Q};
(i) every pe P (j=1,...,m)is itself a topological space
giving rise to a topological space () # Sp C P;_4 with
pp P x Sp—[0,00), continuous;
(i) vpe Pi(j=1,...,m)and s € Sp 3 “projection”

Tp,s : P — S, measurable .



Non-
Euclidean
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Q (topological separable = ts): Data space
H{P}’” (ts) with continuous d; : P; x P; — [0, c0)
vamshmg exactly on the diagonal,P,, = {Q};
Descrior (i) every pe P (j=1,...,m)is itself a topological space
CLTs giving rise to a topological space () # Sp C P;_4 with
pp P x Sp—[0,00), continuous;
(i) vpe Pi(j=1,...,m)and s € Sp 3 “projection”

Hu/El

Tp,s : P — S, measurable .
Forje{l,....mfand k€ {1,...,j},
f={p,....0 "} withp e Sy l=j—k+1,...,j
is BNFD from P; to P;_x from the space

E,kZ{f:{P’q};{:o p! eSp,,I:j—k+1,...,j} ’
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Backward Nested Families of Descriptors
Q (topological separable = ts): Data space
H{P}’” (ts) with continuous d; : P; x P; — [0, c0)
vamshmg exactly on the diagonal,P,, = {Q};
(i) every pe P (j=1,...,m)is itself a topological space
giving rise to a topological space () # Sp C P;_4 with
pp P x Sp—[0,00), continuous;
(i) vpe Pi(j=1,...,m)and s € Sp 3 “projection”
Tp,s : P — S, measurable .
Forje{l,....mfand k€ {1,...,j},
f={p,....0 "} withp e Sy l=j—k+1,...,j
is BNFD from P; to P;_x from the space

Tk = {f: PP e Sp’7/:j_k+1""’j} ’
with projection along each descriptor

T = pm—k+1 pm—k 0...0 7Tpm7pm—1 : ,Om — pmik
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For another BNFD f' = {p” '}k T set

di(f,f) = Jde/ Pl he.

1=0
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Backward Nested Fréchet Means

Random elements Xj, ..., X,,i'im'g' X on a data space Q

admitting BNFDs give rise to backward nested population
and sample means (BN means) recursively defined via
fM={Q} =1 ie. p"=Q=pyandforj=m,... 1,

P eargminEfpy(my0 X, 5)?, 7 = (o)L,
SESP,'

n
» | .
prt cargminy_py (my o Xi. 8%, o = (PR
o i=1
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Backward Nested Fréchet Means

Random elements Xj, ..., X,,i'im'g' X on a data space Q

admitting BNFDs give rise to backward nested population
and sample means (BN means) recursively defined via
fM={Q} =1 ie. p"=Q=pyandforj=m,... 1,

P eargminEfpy(my0 X, 5)?, 7 = (o)L,
SGSP,'

n
» | .
prt cargminy_py (my o Xi. 8%, o = (PR
o i=1

If all of the population minimizers are unique, we speak of
unique BN means.
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Strong Law

Theorem (H. and Eltzner (2017))
If the BN population means f = (p™, ..., p™ k) are unique

and f, = (p™,...,p" %) is a measurable selection of BN
sample means then under “reasonable” assumptions

f,— fa.s.

ie. 3Q" C Q m’ble with P(Q') = 1 such that
Ve >0andw € ', IN(e,w) € N

d(fp,f) <e Vn> N(e,w).
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The Joint CLT [H. and Eltzner (2017)]
With local chart n %= =1 s py(mg 0 X, pI=1)2 := 7i(n, X):

VAH ((F ) = (f71) = N(0,By).
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VH (Y = (F1)) = N(0,By).

CLTs Idea of proof:

n
= grad, ZTj(nn,Xk Z by ngrad, ZT (1, Xk)
k=1 k=1

I=j+1
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Siats The Jomt CLT [H. and Eltzner (2017)]

Challenges

HUE With local chart n (AR RN ppi(mg o X, P2 = 7l(n, X):
VAH (5 = w(7T)) = N(0,By).
Descriptor-

CLTs Idea of proof:

n
0 = graanT/(nn,Xk Z )\f,grad ZT (nn, Xk)
k=1

—/+1
n .
= grad, > 70, Xk) + Z Apgrad, Z (', Xe)
k=1 I=j+1
+ | Hess,, ZTI M, Xk) + Z A, Hess,, Z (11, Xk)
I=j+1
'(77 — 1n)

with 77, between 1’ and 7. N.B.: AL 55 )\,
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The Join’g Central Limit Theorem
With local chart n %= =1 s py(mg 0 X, pI=1)2 := 7i(n, X):
VaH, (W) = w(F77T)) = N(0,By)

and typical regularity conditions, where

m
H, = E {HessnTj(n/,X)—I— Z M Hess,7'(7/, X)| and

I=j+1

m
B, = cov [gradnrj(n',X)—l— Z )\IgradnTI(ﬁ/aX)
I=j+1

and \jq,...A\m € R are suitable such that

grad, E [7(n, X Z )\’grad E [7'(n, X)]
I=j+1

vanishes at n = 7'.
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o s Factoring Charts
If the following diagram commutes we say the chart factors

T 2 07 = () B g = (0.9

\J/ 7TP/'*1 \J, ﬂ_Rdim(G)
Descriptor- 4

CLTs IDj—1 5 pl'_-] 2 0

Hu/El

-1 . .
n=(0,6)" '~ pul(ryo X,p71)

X,471(0))
PrFioyy " (¢) (%“(s) ° X, ¥y (9))
= 7(0,¢,X),
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Factoring Charts
If the following diagram commutes we say the chart factors

Tyt 5 B = (E) Sy (0
! P ! ﬂ_Rdim(G)

Py > P 4 0

—1 . .
n=(0,6)"% 771 o py(rgo X, 012
,1 2
PrFiops ! (€) (%‘ () © X ¥ (9))
= 7(0,¢, X),

Taylor expansion at ' = (¢',¢’) gives a joint Gaussian CLT,

VNHy(nn —n') = VnHy < z: B Z,

and projection to the 6 coordinate preserves Gaussianity.

) — N(0,By)
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BNFD CLT Incl. Factoring Charts

Holds for (Eltzner and H. 2017)

PNS,PNGS.

1st geodesic PC on manifolds including intrinsic mean
on 1st PC,

1st geodesic PC on Kendall shape spaces (notably not
a manifold beginning with dim 3) including intrinsic
mean on 1st PC,

working on barycentric subspaces by Pennec (2017),
?
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“Sate BNFD CLT Incl. Factoring Charts

Challenges
Hu/El

Holds for (Eltzner and H. 2017)
e PNS,PNGS.

S « 1st geodesic PC on manifolds including intrinsic mean
on 1st PC,

e 1st geodesic PC on Kendall shape spaces (notably not
a manifold beginning with dim 3) including intrinsic
mean on 1st PC,

e working on barycentric subspaces by Pennec (2017),

o ?

Practioner’s advice:
e For a two-sample test, need empirical covariances.
e Suitably bootstrap data (Eltzner and H. 2017).
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o Revisiting “Typical Regularity Conditions” |
Ul Recall conditions
(i) a C? manifold structure with C? distance® near
(i) a unique population mean u,
Dirty-CLTs

dfthree points) dfthree points)

Hotz et al. (2013)
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A General Definition for Stickiness

Let M be a set of measures on a metric space (Q, p).
Assume M has a given topology. A mean is a continuous
map

M — {closed subsets of Q} .

A measure p sticks to a closed subset C C Q if every
neighborhood of 1 in M contains a nonempty open subset
consisting of measures whose mean sets are contained in
C.

Typical topology by Wasserstein metric

p(p,v) = sup </fdu—/fd1/>,
feLipy (K,R)

(H. et al. 2015).
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Example: The Cone

Exercise
Unless X = cone point a.s., E? # cone point.
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The Hyperbolic Cone
e opening angle a > 2«
e contains way more ice cream
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HU/El e opening angle a > 2«

Descriptors e contains way more ice cream

ipelr e can be embedded in R3 only

e non-isometrically, say, as a kale

Dirty-CLTs

(Non-)Benign IC = ([07 OO) X [0,0[])/ ~

Geometries

Wrap UP e polar coordinates

References P = (l’, 9) c [0,00) X [0,0é]/ ~

References ° f0|d|ng map ,:(9

References

R‘Z
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Uniqueness of Fréchet Means
Under Non-Positive Curvature

A metric space (Q, p) is NPC if every p-triangle mapped to
R? is more skinny, i.e., p-distances accross are smaller than
corresponding Euclidean distances

a x b a = b

Theorem (Sturm (2003))

On a complete NPC metric space, Fréechet means are
unique.

Notation: {un} := Ef, {u} := E*.
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CEhS.I}d'g Folded Moments
HUEl Recall the folding map
Fg(l’/, 0/)

0 ifr'=0
_ = (r'cos(¢/ —0),r'sin(¢ —0)) if|¢' -6 <wandr >0
Dirty-CLTs

(=r',0) if |0/ — 60| > mand r' > 0.

R2
r
——————————— 0
Fy(p)
0—0
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Folded Moments
Recall the folding map

Fo(r',0")
0 ifr =0
= 4 (rcos(0 —0),r'sin(6' —0)) if|¢' -6 <7andr >0
(—r',0) if |¢/ — 6| >mand r' > 0.

in conjunction with a measure PX on K, giving rise to
folded moments

mo = | Fulp) dB¥(p)
Key feature: Under integrability [,- p(0, p) d PX(p) < oo,
—;Mg 1 = My 2

do
(derivative is zero on the shadow and so is my »).
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HuE D} dZJ = Dymyy = —myy— /Z . 7(0,p) dP*(p)
(2
| < -my— [ p0.p)dP(p)
with Lo
Dirty-CLTs I;r =K\{(r,0))|r>0and — 7 <6 —0 <},

I, =K\{(r,¢)|r>0and —7<§ —0 <}

R2
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e Dy dZJ = Dymyp = —m9’1—/ p(0,p) dPX(p)
5

< ~mus~ [ #0.0)dP¥(p)
with Ty

Dirty-CLTs

Iy =K\{(r,¢')|r>0and — 7 <¢ —0 <},
I, =K\{(r,¢')|r>0and —7<§ —0 <}
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’ dmy 1

do

DET™N _ DEmyp = —myy - / _/(0,p)dF¥(p)

0

< ~mus~ [ #0.0)dP¥(p)
. Ty

Dirty-CLTs with
Iy =K\{(r,¢')|r>0and —7<¢ —0 <},
I, =K\{(r.,¢)|r>0and —7< ¢ —0 <}

Mg 1 < —Myr 4 V(1,(9/) €ly.

4
Lemma
LetA# Bandmy1>0o0n6c[A B]. Then|A— B| <.

o ifmys =0V0 € [A B]=PX(Z;) =00 € [A B
e ifmg 4 > 0 then it's concave there.
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1{me >0} C [0,«a]/ ~ is a closed interval, or empty

that is exactly one of the following:

(fully sticky) empty, then n = 0 and 3n*(w) € N such that
pn(w) =0 for all n > n*(w), a.s.
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The Strong Law

Theorem
Assuming integrability and nondegeneracy,

1{me >0} C [0,«a]/ ~ is a closed interval, or empty

that is exactly one of the following:

(fully sticky) empty, then n = 0 and 3n*(w) € N such that
pn(w) =0 for all n > n*(w), a.s.

(partly sticky) of length < m, with my 1 = 0 on its entirety
such that n = 0 and pip(w) — 0 a.s.
Furthermore, if1(p, ;>0 C (A, B)
= 3In*(w) € N such that jn(w) € Ca ) for all
n> n*(w) a.s.
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The Strong Law

Theorem
Assuming integrability and nondegeneracy,

1{me >0} C [0,«a]/ ~ is a closed interval, or empty

that is exactly one of the following:

(fully sticky) empty, then n = 0 and 3n*(w) € N such that
un(w) =0 forall n > n*(w), a.s.

(partly sticky) of length < m, with my 1 = 0 on its entirety
such that p = 0 and pp(w) — 0 a.s.
Furthermore, if 1(m, >0} C (A, B)
= 3In*(w) € N such that jn(w) € Ca ) for all
n> n*(w) a.s.

(nonsticky) of length < =, with my 4 strictly concave (and
hence strictly positive) on its interior.
pn(w) = u#0 a.s.
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The Partly Sticky Strong Law

angle > 2%

Uniformly sampling from a pentagon’s vertices

T
5

T
5
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The Partly Sticky Strong Law

T
5

For the uniform on {(r,0) : —m < 6 < =} the fluctuation is
only on [0, c0)
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Sticky CLTs on the Kale

© Fully sticky = trivial CLT v/
@ Partly sticky = ?7?
® Nonsticky = BP-CLT (classical v/n Gaussian)?



Non-
Euclidean

ol The Partly Sticky CLT
Hu/El In case of square integrability and
1imps>01 = [A, B = 1(m, .0} (recall length < ), with center
0*, decompose suitable Gaussian in R? centered at 0 into
three parts: R?

Dirty-CLTs .
e Gy incone D,,

e G, in the two adjacent
cones with 90° opening,

e G5 in the rest.
The limiting distribution of

\m(FO* (1n) — 0)

is

G1+mcuucg 0 G2 +moo0G3.
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The Nonsticky CLT

In case of square integrability and . = (r*,0*), r* > 0,
define

Jz. p(0.p) dPX(p)

r*
k(w) =
Jz-. p(0.p) dP¥(p)
r*

if e - Fygepn(w) <0

if € - Fpe in(w) > O,
and
Qn(W) = 1@{(\m(e1 Fpepin — 1, (1 + K)€s - Fpepin) € W)}.

Then, Qn, — G weakly where G is a suitable Gaussian in R2
centered at (r*,0) with covariance

L= Foeiy = Fo ) Td P oF ().
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Descriptors ‘g‘ P
BP-CLT “@\‘
Descriptor- \‘*,. ;
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Dirty-CLTs T
(Non-)Benign _‘."’
Geometries o
J-‘" =3 i
Wrap UP ) o p
References
References o
References o
e
N
w ]
—
<]
—
v
o
=
o

-1.0 -0.5 0.0 05 1.0
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e The fully sticky CLT only
requires integrability.

e Even the nonsticky CLT may be
non-Gaussian.
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Curiosities and Motivation

The fully sticky CLT only
requires integrability.

Even the nonsticky CLT may be
non-Gaussian.

This research has been
motivated by statistical analysis
of phylogenetic trees, the
famous BHV tree space (Billera
et al. (2001)) has a hyperbolic
singularity at the cone point =
star tree.

Tree of Evolution by
Haeckel (1879)
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e Fréchet means 0 (population), x, (sample)
o flocal density near —m = 7, w.l.o.g. x > 0
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HuEl Recall conditions

(iii) for all random %, 30, Hess|y_, Fn(X) — Hess|x—oF (),
(iv) Hess|y—oF(x) > 0.
Consider (McKilliam et al. (2012), Hotz and H. 2015):

o Xy Xy K X eS' = [~ 7]/ ~

e Fréchet means 0 (population), x, (sample)

o flocal density near —m = 7, w.l.o.g. x > 0

2nFy(x)= > (X—xP+ > (X+2r—x)?

x—m<X; Xi<x—m

—Z 24 4r Y (X —x+m)

Xi<x—m

Dirty-CLTs
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e Fréchet means 0 (population), x, (sample)

o flocal density near —m = 7, w.l.o.g. x > 0

2nFa(x) = D (Xi—xP+ > (X+2r—x)?

Dirty-CLTs

x—m<X; Xi<x—m
= Z 21 ar Z (Xj—x+m)
Xi<x—m

Hess|xFn(Xx) = 1 a.s., Hess|x—oF(x) = 1 — 2nf(—m).
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Hess|xFn(Xx) = 1 a.s., Hess|x—oF(x) = 1 — 2nf(—m).
f(—m) > 0 possible!
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HuEl Recall conditions

(iii) for all random %, 30, Hess|y_, Fn(X) — Hess|x—oF (),
(iv) Hess|y—oF(x) > 0.
Consider (McKilliam et al. (2012), Hotz and H. 2015):

o Xy Xy K X eS' = [~ 7]/ ~

e Fréchet means 0 (population), x, (sample)

o flocal density near —m = 7, w.l.o.g. x > 0

2nFa(x) = D (Xi—xP+ > (X+2r—x)?

Dirty-CLTs

x—m<X; Xi<x—m
= Z 21 ar Z (Xj —x+m)
Xi<x—m

Hess|xFn(Xx) = 1 a.s., Hess|x—oF (x) = 1 — 2nf(—m).
f(—m) > 0 possible! Even f(—7) = ;- possible!
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p* = ¢(0), p? smooth, Fréchet functions F, Fp,
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A Smeary CLT

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth, Fréchet functions F, Fp,

e Taylorwith2 <r,Re SO(m)and Ty,..., Ty # 0,
m
F(x) = F(0)+ > TiI(Rx)l" + o(lIx||"),
j=1

e Donsker cond.: 3 po(X) := grad,p(X, X)|x=0 a.s., m'ble
function 5 : Q — R such that E[p(X)?] < oo and

Ip(X, x1) = p(X, %2)| < p(X)[[x1 — Xella.s. VX1, X2 € U,
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e if p, € E, m’ble, use some van der Vaart (2000),
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A Smeary CLT

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth, Fréchet functions F, Fp,

e Taylorwith2 <r,Re SO(m)and Ty,..., Ty # 0,
m
F(x) = F(0)+ > TiI(Rx)l" + o(lIx||"),
j=1

e Donsker cond.: 3 po(X) := grad,p(X, X)|x=0 a.s., m'ble
function 5 : Q — R such that E[p(X)?] < oo and

Ip(X, x1) = p(X, %2)| < p(X)[[x1 — Xella.s. VX1, X2 € U,
e if p, € E, m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)
VN o(Pn)' BN (0,X) (power component-wise), suitable
> >0.
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A Smeary CLT

e With smooth chart ¢ of P near unique population mean
p* = ¢(0), p? smooth, Fréchet functions F, Fp,

e Taylorwith2 <r,Re SO(m)and Ty,..., Ty # 0,
m
F(x) = F(0)+ > TiI(Rx)l" + o(lIx||"),
j=1

e Donsker cond.: 3 po(X) := grad,p(X, X)|x=0 a.s., m'ble
function 5 : Q — R such that E[p(X)?] < oo and

Ip(X, x1) = p(X, %2)| < p(X)[[x1 — Xella.s. VX1, X2 € U,
e if p, € E, m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)

VN o(Pn)' BN (0,%) (power component-wise), suitable
1

Y > 0. ¢(pn) has rate n” 20-1, js r — 2-smeary.



Non-
Euclidean
Stats
Challenges

Hu/El

Descriptors
BP-CLT

Descriptor-
CLTs

Dirty-CLTs

(Non-)Benign
Geometries

Wrap UP
References
References

References

k-Smeariness

n2 1 (9(Bn) — 6(p))
has a non-trivial distribution as n — oc.

e k =2 smeary (dashed line)

10° 10° 10°

— 0.00 — 0.00
—— 001 — -0.01
— -0.02 — -0.02
— 005 — 005

10* -0.10 10t -0.10 10*

Variances Vn
2
arances Vn

/ariances Vn

10° 10! 107 10° 10" 10° 10° 10* 107
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On a sphere S™ with dimension (all derivatives O(m~1/2))
m=2 m=10 m=100
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using www.rscb.org:

e C2-pucker RNA clusters
in many 1D groups in
heminucleotide angles.

e Can we verify (improve?
understand?) by PCA?
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Only very few geodesics are not winding around,

an uncountable number of geodesics is dense and
every data set can be perfectly approximated.
Standard geometry of (S)¥ is not statistically benign.

/

o

e Altis et al. (2008); Kent and Mardia (2009, 2015) allow
only few geodesics.

e Tangent space PCA (Euclidean) for (S')k “c” RX.

e Dihedral PCA Altis et al. (2008); Sargsyan et al. (2012)
(81 )k C R2k.
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Py = all “canonical” k-dim. subspaces in m-dim. Q.
dim(Py)
e =dim G(m, k) + { translates
=(m-Kk+m—-k=(m-k)(k+1)forQ=R",
(Non-)Benign canonically nested,
e =dimG(m+1,k+1)=(m—k)(k+1)for Q=S8",
great subspheres, non-nested,
e =dimG(m+1,k+1)+(m—k)=(m— k)(k +2) for
Q = S™, small subspheres, non-nested,
statistically more benign than Euclidean PCA.

e make this nested — principal nested (great)subspheres
(PN(G)S) by Jung et al. (2012).
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Data Driven Torus (T) PCA for (S')

Choose a codimension 2 subtorus furthest from data
(opposite to mean, or largest gap) — S¥/ ~ glued along
“that” Sk—2,

ideally, data near equatorial circle (EC) orthogonal (no
deformation),

center and number new angles by highest variance
inside, or outside,

k k /-1
> adyf —dgf+ ) ( sin® @-) dg?
I=1 1

=2 \j=

halve all angles (but the last) — otherwise we obtain
several copies of S¥/ ~ glued together,

do a variant of PNS (non-glued small subspheres,
optimized by S¥/ ~ distance).
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: a-helix well known

: low-density new

Separation of Clusters by 7D Torus PCA

0 50 Wm0 200 20 a0 80

7]

less known
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e The classical BP-CLT misses the dirty CLTs
e Stickiness is a rather dead end for statistics on
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o Try out different tropical geometry (Maclagan and
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