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Theorem By Kleinberg

Let S be a finite set with 15122
.

A clustering function takes as input
a distance d :SxS→iRso and returns

a partition in of S
.
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Theorem By Kleinberg

Let 5 be a finite set with 15122
.

A clustering function f might satisfy :

\e
too : fund )=f( d)

gca ÷. ;"I → { { aid ,{s}]Invariance

To.MN!→ { { aid ,{b}]



Theorem By Kleinberg

Let 5 be a finite set with 15122
.

A clustering function f might satisfy :

17 be a partition of S
.

There exists d. ' 5×5-7112=0gayness

let

such that fcd )

=P
.



Theorem By Kleinberg

Let S be a finite set with 15122
.

A catering function f might satisfy :

9. (,! → { { aid ,{b}]consisted
I
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Theorem By Kleinberg

Let S be a finite set with 15122
.

There exists no clustering

function f on S that Satisfies

i ) Scale Invariance

ii) Richness

iiij Consistency



Consider two finite dimensional

Vector spaces V and W and a

linear morphism f :V→W

Then f may be reduced to a

matrix of the form
n e

n 1 0

,

. - -
. - .

-
-

-
- .

:

M 0 ;
0



In particular this means that we have the

following commutative diagram

✓

n-sKn@KloO-ffttooooaf.en.net

'÷ :}W±-k " @ 0 @ km

*times

So we see that f :V→W decomposes into :

�1� n Copies of K '→K These intervals

�2� l copies of K - so completely describe

�3� M copies of o→k f :V→W



More generally : Using similar arguemts
One can show that any representation

V= Vo → V. → V
.

- . .  " → Vn

decomposes into a direct sum of

representations of the form

o→ .

.→O→k1→k±sk±s
. ..-±sk→o→. - → o

A b

Thm : Vin
" collection of intervals

.



Special base :AH Surjections .

±

Votes
> V.

fess
. .

-

*
Vn

2 Assume we have decomposed

Vitfssvitztijs
.  . .

.  .

±'s
> Vn

3 Extend this to a decomposition

1) Let { as , ... ,ae} be the basis for Vitt

ii ) Choose a basis { Z
, , ... , Zm ] forkerfiaviIii ) Then { Zi

. . . . ,Zm}u{ zmutftai) , ... . ,Zmtitf"CaeD

is a basis for Vi

4 Iterate until to
.

\

⇒ We get a decomposition : klokmikkl.io 0



=D Bn -2

- fniz ( Bn . ,) - Bnt

→ fnizcfnii C B) )
-DfnI(B.) - ⇒ Bn

n

Observation : every bar is supported on i=o
.F-

, .

'
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?→•3→
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→
I

'→
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Single Linkage
.

Clustering
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Apply 0 - th homolog

K4-sk2 -7k
ikiigj

'

f::]
'

Theoremflarlssonalemdif : SLC is uniquely " optimal
"



o§vToii
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Chaining Effect :

ter

own
,

a ÷
.

.si"""......
"

"

"

dusty

Single linkage clustering would

fail to identify the two clusters

It
Not much used in practice





2D Clustering 4i¥IE¥.IE#reEyo
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•

•

•

- ••q - qq.gg

¥ I1 i
I

• • - a q < , Eggs
radius

# o Note !;3±m,'→g.

'Ethnicities:L
( bog) is an epimorphism .

ni - ⇒ a
- xk

1 C i i )



TDA PIPELINE :

JATA I Vo→Vi→n→Vn

-

ANALYSIS • INTERVALS



Poet Representations ,

Ka 's .
dosed

.

Let P be a finite poset .

A

representation
Vofp is a collection

of K - Vector spaces { Vp}p←p and linear

morpnisms Vp→Vq whenever peg ,
such that

�1� Up → Up is the identity .

n .
�2� Vp→Vq - sup

' commutes

ftp.gap
'



Linear Zigzag
V. → V. → Vz V. ← V. → Vz

Hp( Ees0¥40 ) Hp¢#t←E¥¥c←Q. )

Vo y.fm# Vzo - > Uzi - Nzz -7 Vsz

/
'

y p p p in

J ( V ,o → V , ,
- ) Vz ,

-7 V 31
"

it
"tk¥⇐g¥fvk.io#o.iio

Vz

circular 2D



Fact : Every V can be written as

V±¥QVi

where Vi is an in decomposable
representation of P

,
in an

essentially unique wag

PROBLEM ! What are the indecomposables
?



Decompositions

2 k2
(

'e)

ykes.eu # estey ,ey/ ,

Ktsk ,
-5 k - > K

,

e ,
ez\)k e ( ez \

) , ,eses

#
K

→
K

K-I>k@

doXsic\*o ^
^

÷decomposable



TDA PIPELINE for general poets

JATA I Representation
of P

ANALYSIS lndecomposables



Theorem CDROZD)
Let P be a finite poset . Then Cup to iso

. )

�1� There exists a finite number of } Finite
in decomposable representations of P . type

or

�2� There exists a
"

canonical "

way to

] tameparametrize the isomorphism classes in

a sensibly finite way .

or

�3� Impossible to understand the
W

;,
indecomposable representations}N '



K -1, K TO K ←' K-40

V. → V
,

- Vz V. ← V. → Vz

Finite type Finite type

kn Tame
- Wild

¥
Vo Y

V

,;o→Vpu→yp→v§zT Ay
Vio → Vi ,

- ) Vz ,
-7 V } ,

K
" 4 P P P T

V
3 k

"

\ [
Voo → V. o → Vzo s Vso¥%

??

IT



Multi - D

Let P =[m]×[n] be the grid poset on mn

vertices !

• → • - ) •

To9 o T
[33×[33 =

• → • - 1) •

T o T o 9
• - • - > •

Lemma ( Carlsson tzomorodian ) : For every mm >-i and

any V E Rep ( cm ]×[nD there exists a

bifilatratvon of

A CW -

complex which yields ✓ in pth homology , PSO .



Realization Example

K - > 0
- > 0

" "

"""
"

"fiIEe¥?I.EE?ifEg;Ey1<2 -7k → 0

11Ten) P

1<2 =

K2# K a ,

In decomposable Realization by a

bifittration



Not all wild !

• Hiroaka  .t Emerson proved using Auslander - Reiten theory

that [3]×[2] and [ 43×[23 are of finite type .

q→y
.  

q→,a
.

o o o

• → •  → .  → a

This was applied to a problem in material science
.

• The case [ S ]×[2] is known to be tame
.

• For n=6
, [ n]×[ a ] is wild

.

• [ 3]x[3] is also tame
.



Epimorphisms

Returning to our  initial problem of clustering !

•

-

••q<>q•sg
• •

If I1 e

•  • - a @ < , Eggs
radius

This type of clustering yields representations of

the form :

4,2=>4,2-7763,2
- → .

.  -37

VnizT o 4 oTo To 4

V%,
- "

Vz
, ,

- s Us
, , -)s . . . → Un

, ,

All horizontal morphisms are epimorphisms !

Maybe restricting to such representations will help ?



pimorphisms
Define the following full subcategories of Repccnfxai )

• Rep→([m]x[n] ) ,
all horizontal morphisms epi

• Rep*([m3×Cn] )
,

all Vertical morphisms epi

• Rep%→([mJ×[nD= Both vertical & horizontal epi .

Lemmen Rep→([m?×2)is of finite type .

iIEI.fi#iinBa
• • •



•

•

.

- ••q - qBggtoken
,

e iitisco:sF±" YI"g .

•  • - Ba Ba < > Both k2 - ⇒ E
- x k

$0e

composition
Is - s k - ) K K -70 - 0 K → 0 → 0

g÷i÷.fi#IEiti.oEsootg



Wild Things "

Same representation type
"

1 a
Theorem : Rep

't '→([m]x[n3 ) ~ Rep ( [ m]x[ n - i ] )

T S S
special

case Rep→ ( [ m -1 ]x[ n ] ) ~ Rep ( Cm .Bxcn- D)

Corollaries : • Rep→([m]×C23 ) ~ Rep ( [m]xl ) ~ Rep( Am )

tfinile
type

• Ref
' ' ( [ m]×[ 33 ) ~Rep( C m]xC2] ) which Is

finite type for M£4
.

• Rep
's >

( [ m)x[n] ) is wild for ns.3 and mz6
.

Note : Dual statements for monomorphisms .



✓ E

Rep*([m]x[n]

) C⇒

Vin -7 Van
⇒ - . .  → Vmn

q q qRep*C[mJ×[

NYT
✓ =

: : :

pig pin

[ i / = Viz - Vzz → ... → Vmz

p in a

Rep ( [ m - ' ]×[n] ) v . ,
→ v . ,

→
.  -  -  ' → Vm .

I
'

→ I2 → ... →In f
,

fz - mF(✓j=F(I't's . .

.ikIm)=T£ReP*([m]×[n])
] )

Kerf ,
→ kerffof, )→. ...

→

kerffmaofi
) \\

aIntervals [ a

,m]×[hb
] ]



Realizations

✓ E Rep'¥([m]×[n])
.

IfS:[ m]×[n]→CW soon that

VIII. os ?

K - > 0 → 0 • • • • •

•^ n p
• • •

|(i°) 1
~|i→K→0

I µ
.

•
•

•
•

•
•

( 1 1)
n n • O •111/ Iii ) /

1<2
=h2→h

•
•

•
• • •

, lol ) • •
•



Realizations :

Not always
!

Lemma :

1)
There are ✓ tRe¥" ( [ ndxais ) for which there is

no S : [m3×[ n ] Such thatVI Foos
.

z ) There exist indecomposables

VEREPCCMJXCND
of arbitrary high dimension vector

,
such that

Vrettos
3) We can find an arbitrary number of non - isomorphic

In decomposable

ViERep→¢m]×[n]
) with the

same dimension Vector for which

Via
Atos ; fi



Realization

open problem

• et ✓ ERe¥→([m]×[n]) .

• Does there exist S :[ m]x[n]→CW

Such that Hoosz @ Xi
i

and
VIXJ

for some j ?



In Practice

VE
Rep (a) is thin if dim Vq ± 1 tgtQ

K

-70 h2→0itTi p 4 ktsklsk -1>4

n,→h k2→k
Thin ✓

Thin Notthinx

Decompose VI@ Vi
. If allViare thin

Cindeqomposabkj
then ✓ is completely described by
a collection of intervals in Q

.

Problem : Given a random process
which generates

VEREPCQJ
.

What is the probability
that ✓ has a non . thin summand ?

* In Multi - D



Clusters in 1132
Filler by jg¥[

,
radius

• All summands thin

• Two clear persistent
intervals

.

s -

#µ.
.LI

.

• Many small

# .

O E



Random Points 20 points in Rd
10 distance scales

5 density scales

HEE.ee?EEii:iEIenEiiiEEiEE*EIiiEE:& loansAt A A 4 4 44 a 4

dimension d 2 50 200 1000

on . thin M 14 42 56 50

Notsthuimnmands
1%78854/1742

6%zzz 64/1372



Counting Bars

For ID persistence :
Vi Vc Us K Vs V6

•  =) a  =) no -7 e =) o - ) a

Barcode
•  •

w many bars are supported on the whole of [ 2,3] ?

Restrict the representation V•2>•-↳
•

- C-
•

2 bars
.

• -
d

Not hard to see : given an interval [ iij ] ,

the number of bars supported on the whole interval

Ciij ] equals Rank ( Vi - Vj )
.



Counting Thinsummands

Let Q be a connected poset and ✓ E Rep C Q ) be indeeomposable .

Note' ✓ can be considered as a fanotor
✓ '

- Q - Vee

theorem :

1 if dimVi=1KiRankllimv
-

xolimv
)= (

amnodrpneiuemsinonjtero

0 otherwise



Examine

i ) iim.kz#fsIIEfdimYyann=1

(9) k
-

.

0

Ii ) lime k # n✓ "
s colima.tsn

Rank =O



Thin Summands in Multi - D

• Let

VERep¢m]x[n]

)

÷r.tn#IiiiY.::Yi
FEET

• Vh,
:@ Vj

j

• The number  of j's such that dim ( (Vj ) ;) =

1h
too

=rk( limVh,
→ colin%) .

• Can be efficiently computed using Zigzag persistence .

• New interpretation of the rank invariant
.

FI



Thin Example

y*→po
-

op
( 107 |kzcisk

- no C-
In decomposable

.

11 Tai )
1 Rank(k2→o)=o

.

1<2 = 1<2 -) K

( o  1 )

( ii ) lim - ) cdlim
k2 -7k k 1) K K -70 =illTai

) Z it 1^1 @ 'T T he # k
u2 = h

'

K T > K K - > K

1
1

Rank =1



InterleavingDistance <
esn

The interleaving distance is the most d ' '

oq
at

discriminative stable distance on
"

%,

multi - dimensional Persistence modules

open problem .

. Computational complexity of
computing DICM ,N )

.

partial Result : • NP - Hard for a i

^ generalization
shut

• At least as hard as :

Havard

Bgerhevih nftg? :[ §][?g§okg0Ef=In



Examine

at: : :X :÷tE : :p

iilK It ]
p


