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Nonlinear Overview
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1) Eigenvectors and singular vectors of positives matrices
AyP = X

Ax® = Ax Y X

Bx* =oy

2) Eigenvectors and singular vectors of positive third order tensors

Brv —
Tx%y8 = Ax Ty"z7 = Mx
Tx*x% = Ax Sxz7 = oy
Sxx® = oy
Rx“y? =0z

3) Generalizations



Ax® = \x



Hilbert projective metric on R |

Hilbert metric

_ Xi Yj
p(x,y) = B log(;;j) Vx,y € RL,
e (i is a projective metric
u(sx, ty) = p(x,y) Vs, t >0

e Spectral problem <= Fixed point problem

Ax = Ax = u(Ax,x) =0



Completeness of Hilbert metric

s7, = {x eRL, | x| =1}

(S4++, 1) is a complete metric space

—> Banach fixed point theorem

Proof sketch:
1
UCRY, dosed = =[xyl <pulxy) <l

Vx,y e UNST,



Birkhoff-Hopf theorem

Birkhoff-Hopf theorem

Let A € RTX", then

11(Ax, Ay) < K(A) p(x, y) Vx,y €RY,

where

k(A) = tanh(A(A)/4) < 1 and A(A) = max u(Ae;, Aej)

1J

AikA;
o Ty ik Ajl
AA)=AA") = max In(iA,-/Ajk)



Perron-Frobenius theorem

AeRYY xo e R,

Ax = Ax x €S (%)

Perron-Frobenius theorem

(x) has a unique solution x* and p(xx,1,x*) < c x(A)¥ with
¢ =d(x1,x)(1 —x(A)L

AXk

M A



a-eigenvalues

Ax® = \x



Lipschitz constant of x — Ax®

AeRYY aeR

Dilatations

a€R = uw(x*,y*) = lalp(x,y)  Vx,y >0

PAXY Ay?) - < k(A u(xY,yY) = alk(A) p(x, y)



Perron-Frobenius theorem for a-eigenvalues
AeRYY aeR, xg e R,

Ax®* = Ax x €S, (%)

r=lalk(A) <1

— (%) has a unique solution x* and j(xx, x*) < crk

Ax,fv
X =
T A
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{

Ay? = Ax
Bx* = oy
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Singular values of positive matrices

Ae R
Ay = Ax n+n
{ ATX _ )\y (va)eRJrJSr
0 A [ (Ay,ATx), (A7, ATX)]
"\AT o) T HP c =1
ccgern BGGy), (%9)]
Ax, AX ATy ATV
sup M < 1 sup M(y—’Ny) < 1
xxeRy,  p(x, X) yyerr, 1y, §)
=nr(A) = k(AT) =k(A)

Consider product metric on R}, x R, and Lipschitz matrix
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Lipschitz matrix of singular value problem

A€RTX" || -] a monotonic norm on R?
Ay = )\X n n
{ AT oy (x,y) € S§y xS,
A, A7) | o 0 w(A) [u(x,i)}
wATx, ATx)| = \k(AT) 0 wy 9)
=L
p(Ay, A7) ILv] [u(xa%)}
ax N
| (AT x, ATX) S ( v£0 ||v|| ) H wly,¥) |
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Lipschitz matrix and metrization of R, x R’

u(Ay, A7) ]SL{M( ,%)} with L=<H((l\ | m(()A))

Lemma [G., Hein, Tudisco (2018)]

po <AATyx>’ (AA{?>) < (L) (;) (;))

uw( (;) : (;) ) = wy p(x, X) + wa p(y, §)

w = (w1, w) € R2, wl = p(L)w

where



Perron-Frobenius for singular values
Ae R, (xo0,y0) >0

Ay = Xx n n
{ (x,y) € STy xS, (*)

ATx = oy

As
P (;AE\T) 5 )> =s(A) <1,

there exists a unique solution (x*,y*) to (x) and

p(xkg1, X*) + (Y1, y*) < e w(A)

Ayk ATXk )

X ) = 7
( k+1 yk+1) (”Aka HATXk”



Nonlinear singular values of positive matrices

Bx* = oy X’yES?H

17



Nonlinear singular values of positive matrices

A B e R

Ay = Ax N
x,y €S,

Bx* = oy

e Matrix operator norm: M € R’\", p,q € (1,00)

M M.
Mg = max IMXlla o M, 0)
e Txle P Il lulg

1

with a = ﬁaﬁ— 1

« NP-hard for general M € R™" and (p—1)(g—1) <1
[Steinberg (2005)]

e Sinkhorn equation with o = = —1
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Lipschitz Matrix of nonlinear singular values

[u<Ayﬁ,Ayﬁ)]<< 0 m(A)) <|ar 0){#(&?)}
p(Bx*, Bx*)| = \x(B) 0 0 B[] Luly,¥)

p(L) = \/K(A)(B)|as| = (\/w(B)lal,\/s(A)|8])

contraction rate metric weights
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Perron-Frobenius for matrix («, 3)-singular values

A BeRYY, a, 8 €R, (x,%) >0

Ay® AX N
{ X,y €S (%)

Bx? = oy

Theorem [G., Hein, Tudisco (2018)]

r =1/k(A)k(B)|laf| < 1

= (%) has a unique solution (x*, y*) and
(X1, X0) + (Y, y*) < e rk

Aye  Bxp )

(Xk+17 )/k+1) — 3
(HAy?II 1Bx?||
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¢P9-norm of positive matrices

Corollary [G., Hein, Tudisco (2018)]

If A€ R and K(A)? < (p—1)(g — 1), then ||Al|,q can be computed
by power method with linear convergence rate.

e Condition is tight for

_ [Acx|lg . (e 1
”AEHP-,CI - Tié( HX”p with p,q € (1700)7 As —\1 e € > 0
For e = 3/4,
Classical condition ([1], [2], [3]) = 1<(p—1)(g—-1)
k(A2 < (p—1)(g—1) = 0.04 < (p—1)(g—1)

1: Boyd, (1973), 2: Bhaskara, Vijayaraghavan, (2011), 3: G., Hein, (2016)

e Application to Markov chains (convergence of MCMC algorithms)
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Positive tensors of order 3

22



T ¢ R™M™N x,y € R" Txy € R"

(Ty) = Y Tijkxiyj Vk=1,...,n
ij=1
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Tx*x“

AX

24



a-Eigenvectors: Motivation

TeRP™" aeR, pe(l,00)

o, n
Tx“x® = A x x eSS,

. . _ 1
{P-eigenvalue problem with o = 51
[Qi (2005), Lim (2005)]

x H-eigenvalue problem with o = %

x Z-eigenvalue problem with a =1

e Polynomial operator norm: Q € R{™" p € (1, 00)
| @xx|| (Q@xx, x)
max ———f- = max -~ —=—"
x#0 x| x#0  ||x]13

Application in Hypergraph matching with oo = 1 [Nguyen et al. (2016)]
NP-hard for T € R7*™" super-symmetric and oo = 1

[Hillar, Lim (2013)]



Multilinear Birkhoff-Hopf theorem

Theorem [G., Hein, Tudisco (2018)]

Let T € RY\™", then for every (x,y),(u,v) € RT xR},

u(Txy, Tuv) < w1(T) p(x, u) + w2(T) p(y, v)

T" T'/‘/ ’
k1(T) = max tanh H In (M)} <1
NSNS Tk Tirjir

T" T'/'/ !
k2(T) = max tanh [% In (M)} <1
INIL VI Tijkr Tirjri
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Multilinear third order eigenvector

nxXnxn
T e RYY

Txx = Ax xeSh, (%)

Theorem [G., Hein, Tudisco (2018)]

r=r1(T)+r2(T) <1

= () has a unique solution

e AT e RTY™ M with 1 < k1(T) 4+ k2(T) <2 (unlike matrices)
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a-Eigenvectors: Perron-Frobenius theorem

TeRP™" aeR, x>0

Tx*x® = A x xeSi, (%)

Theorem [G., Hein, Tudisco (2018)]

r = (k1(T) + k2(T))la| < 1

— (%) has a unique solution x* and p(xxy1,x*) < crk

Txk Xy

Xk+1 =
(| x|
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{

Txo‘yﬁ = A\x

Sx¥x%* = oy
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(c, B)-singular vectors: Motivation

S, TeRP™" aeR, p,qe(1,00)

TxyB = A x
{ SXO‘XO‘ =0y X,y € Si+ (*)
e (P9-rectangular singular value problem with oo = 1 and § = 1

[Chang Qi, Zhou (20 0)]

Node and layer eigenvector centralities for multiplex networks
[Tudisco, Arrigo, G. (2018)]

Polynomial operator norm: Q € R’\"*" and

OO 7 PR 2 %
B Txllolivlla ~ <570 Il Il

(x) is NP-hard for S =T € RT*™", av= =1 [Hillar, Lim (2013)]
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Rectangular singular vectors

R,S, T € RIXMn

Txy = Ax n
{ ¢ X,y €84y (%)

Sxx =0y

Theorem [G., Hein, Tudisco (2018)]

s(T)  ra(T)
”(m(sf+n2(5) 0 )<1

= () has a unique solution
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(c, B)-singular vectors: Perron-Frobenius theorem

S, TeRP™" a,feR, xo,y0 € R,

aB:
{Ry > (y) €8T, xS, ()

Sx*x® = oy

Theorem [G., Hein, Tudisco (2018)]

”::p((naé?iii(S) H%Jj>(%§ 120><<1

—> (%) has a unique solution (x*,y*) and
(i x*) + iy y*) < erk

Tx,f‘xf Tx,?xf )

(Xk+17)/k+1) = )
(ITXEXfH | Txgx |
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TyﬂzW = X
Sx¢z7 = oy
Rx®yP = 6z
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(c, B, )-singular vectors: Motivation

R,S, T e RI\™" o, 8,7y €R, p,q,r € (1,00)

TyPz7 = Ax
Sx%z7 = oy x,y,z€ S, (%)
Rx®yP = 6z

P 9" -singular value problem with o = ﬁ,,ﬁ’ = ﬁ,'y =9
[Lim (2005)]

e Tensor spectral norm: Q € R7{\"™*"

| Qxy || (Qxy, z)

<20 [Ixllpllyllg — xv.z20 [Ix]lpllyllqlizIl-
Application in optimal transport with a = =~v = —1
[Benamou et al. (2015)]
NP-hard for R=5 =T € RT*"™", o = = = 1 [Hillar,Lim (2013)]
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(c, B, v)-singular vectors: Perron-Frobenius theorem

R,S, T e R, a, 8,7 €R, x0,¥0,2 > 0

TyPz7 = Ax
SxZ7V = ay X,y,Z € Sg——k (*)
Rx%yP = 0z

Theorem

0 ki(T) k2T)\ [la] O O
p([m(S) 0 m(S)||0 18 0])<1
k1(R) k2(R) 0 0 0 |y
= (%) has a unique solution (x*,y*) and

*
p(Xkr15 X7) + (Vg1 y*) + (Zk+1,2*) <crk

Tyfz‘;y lef‘z‘f; ka yk )
«
I

X Z -
(Xk+1, Yk41, Zkt1) (HTyszH’ 1S5 2¢ 17 || Rxgty,
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Tensor norms example

Q € RY™" super-symmetric, p € (1, 00)

100, = max 2 _ Qo) L (@)
PG X3 A0 IxllpllylR T xveo [|x|pllyllollzll

Corollary [G., Hein, Tudisco (2018)]

If p> 2k1(Q), then |Q||, can be computed by power method (with
linear convergence rate).

Qc (576)n><n><n
Classical condition ([1], [2], [3]) — p>3
p(Q) <1 = p>12

1: Lim, (2005), 2: Friedland, Gaubert, Han, (2010), 3: G., Tudisco, Hein (2017)
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Further generalizations
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Tensors of any size and order

T e RPES™%™ g p1,...,pm € (1,00)

v1 times 1o times Vm times
——— —
max HTXl...X1X2...X2...Xm...xmHq
X1 Xm0 Ixulpt l1xellpz <« 1Xmllom

Mode-j Birkhoff contraction ratio

H H H T'/ 5 i’

MLyeeesijyeeecds Vit il .

kj(T) = max tanh [% In (_,_ — = 5)] Vj
’17“'7’3 I'17...7I'jl,....l.s I{,,IJ,IS/

A
B ooocls



Mixed orders and powers

R c Riﬁnxn 5 c RanXan T c RanXanXn

Txyyz = Ax*
Sxyz = oy3 x,y,z€ S,
Rxz = 62°

P Q c I&anXanv Oéi,j,r}/i c R

QxO11y12y013 — \x
{ yory x,y €S,

anz,lxaz,zya2,3 _ ay'Y?
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Nonnegative tensors and eigenvectors

S, T e RP*™*" of order d and o, f > d — 1
i o =
{yy A x,y € ST (%)
Sxx---x=oyP

Theorem [G., Hein, Tudisco (2018)]

It Sii . iTii..i>0fori=1,... n, then there exists a unique positive
solution to (%) and the power method converges to it with linear rate.
Furthermore this solution is "maximal".




Multi-homogeneous mappings and monotonic norms

A B e RPY"

((Ay)H2 0 (B2)H?)” = Ax
max{Ax, Bx} = oy x,y,z€ S,
min{Ay, By} = 0z

T e RT™ pi,qi, ri € (1, 00)

17+ ) ()l + 1T+ v)(;) len

@0rg (lulle + lIvlig)y/llall? + 1617,

z#0
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Non-convex optimization

®e CHRT xRP x ... xR R), Vo >0

th%zo D(x1,...,X4)

Ixtllpy =+=llxdllpg =1

e Application to globally optimal training of generalized polynomial
neural networks [G., Nguyen, Hein (2016)]
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Cones in real Banach spaces

Parameters: A; € R"*" orthogonal matrices for i = 1,...,123

Variables:

e g € C?([0,1],R) strongly convex and g(0) = g’(0) =0
e M € R™" positive definite
o (xm)o_1 C Ryy such that limpm_yoo Xm =& > 0

g"(1)

RR&

123
ST VkAMBAL
k=1

= sin(kt) +2
Tr(M~1/2 75”1(

k!g’(g) _/[O 1 (7 M) dy

vVt € [0,1]

VmeN
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Thank you for your attention

Presented results can be found in:

e The Perron-Frobenius theorem for multi-homogeneous mappings,
A. Gautier, F. Tudisco, M. Hein, (2018), arXiv:1801.05034

e A unifying Perron-Frobenius theorem for nonnegative tensors via
multi-homogeneous maps,
A Gautier, F Tudisco, M Hein, (2018), arXiv:1801.04215

e The contractivity of cone-preserving multilinear mappings ,
A. Gautier, F. Tudisco, M. Hein, (2018), arXiv:1808.04180

e Computing general matrix norms and applications to log-Sobolev
constant approximation,
A. Gautier, F. Tudisco, M. Hein, (2018), to appear
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