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Overview

x , y , z ∈ Rn
++, A,B ∈ Rn×n

++ , R, S,T ∈ Rn×n×n
++

1) Eigenvectors and singular vectors of positives matrices

Ax = λx
{
Ay = λx
Bx = σy

2) Eigenvectors and singular vectors of positive third order tensors

Txx = λx
{
Txy = λx
Sxx = σy


Tyz = λx
Sxz = σy
Rxy = θz

3) Generalizations
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Nonlinear Overview

x , y , z ∈ Rn
++, A,B ∈ Rn×n

++ , R, S,T ∈ Rn×n×n
++ , α, β, γ ∈ R

1) Eigenvectors and singular vectors of positives matrices

Axα = λx
{
Ayβ = λx
Bxα = σy

2) Eigenvectors and singular vectors of positive third order tensors

Txαxα = λx
{
Txαyβ = λx
Sxαxα = σy


Tyβzγ = λx
Sxαzγ = σy
Rxαyβ = θz

3) Generalizations
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Axα = λx

4



Hilbert projective metric on Rn
++

Hilbert metric

µ(x , y) = max
i ,j

log
(xi
yi

yj
xj

)
∀x , y ∈ Rn

++

• µ is a projective metric

µ(s x , t y) = µ(x , y) ∀s, t > 0

• Spectral problem ⇐⇒ Fixed point problem

Ax = λx ⇐⇒ µ(Ax , x) = 0
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Completeness of Hilbert metric

Sn
++ = {x ∈ Rn

++ | ‖x‖ = 1}

Theorem
(S++, µ) is a complete metric space

=⇒ Banach fixed point theorem

Proof sketch:

U ⊂ Rn
++ closed =⇒ 1

c ‖x − y‖ ≤ µ(x , y) ≤ c ‖x − y‖

∀x , y ∈ U ∩ Sn
++
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Birkhoff-Hopf theorem

Birkhoff-Hopf theorem
Let A ∈ Rm×n

++ , then

µ(Ax ,Ay) ≤ κ(A)µ(x , y) ∀x , y ∈ Rn
++

where

κ(A) = tanh
(
∆(A)/4

)
< 1 and ∆(A) = max

i ,j
µ(Aei ,Aej)

∆(A) = ∆(A>) = max
i ,j,k,l

ln
(AikAjl
AilAjk

)
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Perron-Frobenius theorem

A ∈ Rn×n
++ , x0 ∈ Rn

++

Ax = λx x ∈ Sn
+ (?)

Perron-Frobenius theorem
(?) has a unique solution x? and µ(xk+1, x?) ≤ c κ(A)k with

c = d(x1, x0)(1− κ(A))−1

xk+1 = Axk
‖Axk‖
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α-eigenvalues

Axα = λx
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Lipschitz constant of x 7→ Axα

A ∈ Rn×n
++ , α ∈ R

Dilatations

α ∈ R =⇒ µ(xα, yα) = |α|µ(x , y) ∀x , y > 0

µ(Axα,Ayα) ≤ κ(A)µ(xα, yα) = |α|κ(A)µ(x , y)
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Perron-Frobenius theorem for α-eigenvalues

A ∈ Rn×n
++ , α ∈ R, x0 ∈ Rn

++

Axα = λx x ∈ Sn
++ (?)

Theorem

r = |α|κ(A) < 1

=⇒ (?) has a unique solution x? and µ(xk , x?) ≤ c rk

xk+1 = Axαk
‖Axαk ‖
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{
Ayβ = λx
Bxα = σy
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Singular values of positive matrices

A ∈ Rn×n
++ {

Ay = λ x
A>x = λ y

(x , y) ∈ Rn+n
++

κ

(
0 A
A> 0

)
= sup

(x ,y),(x̃ ,ỹ)∈Rn+n
++

µ
[

(Ay ,A>x), (Aỹ ,A>x̃)
]

µ
[

(x , y), (x̃ , ỹ)
] = 1

sup
x ,x̃∈Rn

++

µ(Ax , Ax̃ )
µ( x , x̃ )︸ ︷︷ ︸

=κ(A)

< 1 sup
y ,ỹ∈Rn

++

µ(A>y , A>ỹ )
µ( y , ỹ)︸ ︷︷ ︸

=κ(A>) =κ(A)

< 1

Consider product metric on Rn
++ × Rn

++ and Lipschitz matrix
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Lipschitz matrix of singular value problem

A ∈ Rm×n
++ , ‖ · ‖ a monotonic norm on R2

{
Ay = λx
A>x = σy

(x , y) ∈ Sn
++ × Sn

++

[
µ(Ay ,Aỹ)

µ(A>x ,A>x̃)

]
≤
(

0 κ(A)
κ(A>) 0

)
︸ ︷︷ ︸

=: L

[
µ(x , x̃)
µ(y , ỹ)

]

∥∥[ µ(Ay ,Aỹ)
µ(A>x ,A>x̃)

]∥∥ ≤ (max
v 6=0

‖Lv‖
‖v‖

)
︸ ︷︷ ︸
≥ ρ(L)

∥∥[µ(x , x̃)
µ(y , ỹ)

]∥∥
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Lipschitz matrix and metrization of Rm
++ × Rn

++

[
µ(Ay ,Aỹ)

µ(A>x ,A>x̃)

]
≤ L

[
µ(x , x̃)
µ(y , ỹ)

]
with L =

(
0 κ(A)

κ(A) 0

)

Lemma [G., Hein, Tudisco (2018)]

µw
(( Ay

A>x

)
,

(
Aỹ
A>x̃

))
≤ ρ(L)µw

((x
y

)
,

(
x̃
ỹ

))

µw
((x

y

)
,

(
x̃
ỹ

))
= w1 µ(x , x̃) + w2 µ(y , ỹ)

where
w = (w1,w2) ∈ R2

++ w L = ρ(L)w
15



Perron-Frobenius for singular values

A ∈ Rn×n
++ , (x0, y0) > 0{

Ay = λx
A>x = σy

(x , y) ∈ Sn
++ × Sn

++ (?)

Theorem
As

ρ

(
0 κ(A)

κ(A>) 0

)
= κ(A) < 1,

there exists a unique solution (x?, y?) to (?) and

µ(xk+1, x?) + µ(yk+1, y?) ≤ c κ(A)k

(xk+1, yk+1) =
( Ayk
‖Ayk‖

,
A>xk
‖A>xk‖

)
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Nonlinear singular values of positive matrices

{
Ayβ = λx
Bxα = σy

x , y ∈ Sn
++
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Nonlinear singular values of positive matrices

A,B ∈ Rn×n
++ {

Ayβ = λx
Bxα = σy

x , y ∈ Sn
++

• Matrix operator norm: M ∈ Rn×n
++ , p, q ∈ (1,∞)

‖M‖p,q = max
x 6=0

‖Mx‖q′

‖x‖p
= max

x ,y 6=0

〈Mx , u〉
‖x‖p‖u‖q

with α = 1
p−1 , β = 1

q−1 .

∗ NP-hard for general M ∈ Rn×n and (p − 1)(q − 1) < 1
[Steinberg (2005)]

• Sinkhorn equation with α = β = −1
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Lipschitz Matrix of nonlinear singular values

[
µ(Ayβ,Aỹβ)
µ(Bxα,Bx̃α)

]
≤
(

0 κ(A)
κ(B) 0

)(
|α| 0
0 |β|

)
︸ ︷︷ ︸

:=L

[
µ(x , x̃)
µ(y , ỹ)

]

µw
(( Ayβ

A>xα

)
,

(
Aỹβ
A>x̃α

))
≤ ρ(L)µw

((x
y

)
,

(
x̃
ỹ

))

ρ(L) =
√
κ(A)κ(B)|αβ|︸ ︷︷ ︸
contraction rate

w = (
√
κ(B)|α|,

√
κ(A)|β|)︸ ︷︷ ︸

metric weights
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Perron-Frobenius for matrix (α, β)-singular values

A,B ∈ Rn×n
++ , α, β ∈ R, (x0, y0) > 0

{
Ayα = λx
Bxβ = σy

x , y ∈ Sn
++ (?)

Theorem [G., Hein, Tudisco (2018)]

r =
√
κ(A)κ(B)|αβ| < 1

=⇒ (?) has a unique solution (x?, y?) and
µ(xk+1, x?) + µ(yk+1, y?) ≤ c rk

(xk+1, yk+1) =
( Ayαk
‖Ayαk ‖

,
Bxβk
‖Bxβk ‖

)
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`p,q-norm of positive matrices

Corollary [G., Hein, Tudisco (2018)]
If A ∈ Rn×n

++ and κ(A)2 < (p − 1)(q − 1), then ‖A‖p,q can be computed
by power method with linear convergence rate.
• Condition is tight for

‖Aε‖p,q = max
x 6=0

‖Aεx‖q′

‖x‖p
with p, q ∈ (1,∞), Aε =

(
ε 1
1 ε

)
, ε > 0

For ε = 3/4,

Classical condition ([1], [2], [3]) =⇒ 1 ≤ (p − 1)(q − 1)

κ(Aε)2 < (p − 1)(q − 1) =⇒ 0.04 < (p − 1)(q − 1)

1: Boyd, (1973), 2: Bhaskara, Vijayaraghavan, (2011), 3: G., Hein, (2016)

• Application to Markov chains (convergence of MCMC algorithms)
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Positive tensors of order 3
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Notation

T ∈ Rn×n×n x , y ∈ Rn Txy ∈ Rn

(Txy)k :=
n∑

i ,j=1
Tijkxiyj ∀k = 1, . . . , n
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Txαxα = λx
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α-Eigenvectors: Motivation

T ∈ Rn×n×n
++ , α ∈ R, p ∈ (1,∞)

Txαxα = λ x x ∈ Sn
++

• `p-eigenvalue problem with α = 1
p−1

[Qi (2005), Lim (2005)]
∗ H-eigenvalue problem with α = 1

2
∗ Z-eigenvalue problem with α = 1

• Polynomial operator norm: Q ∈ Rn×n×n
++ , p ∈ (1,∞)

max
x 6=0

‖Qxx‖p′

‖x‖2p
= max

x 6=0

〈Qxx , x〉
‖x‖3p

• Application in Hypergraph matching with α = 1 [Nguyen et al. (2016)]

• NP-hard for T ∈ Rn×n×n
+ super-symmetric and α = 1

[Hillar, Lim (2013)]
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Multilinear Birkhoff-Hopf theorem

Theorem [G., Hein, Tudisco (2018)]
Let T ∈ Rn×n×n

++ , then for every (x , y), (u, v) ∈ Rn
++ × Rn

++,

µ(Txy ,Tuv) ≤ κ1(T )µ(x , u) + κ2(T )µ(y , v)

κ1(T ) = max
i ,j,k,i ′,j′,k′

tanh
[

1
4 ln

(TijkTi ′j′k′

Tij′kTi ′jk′

)]
< 1

κ2(T ) = max
i ,j,k,i ′,j′,k′

tanh
[

1
4 ln

(TijkTi ′j′k′

Tijk′Ti ′j′k

)]
< 1
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Multilinear third order eigenvector

T ∈ Rn×n×n
++

Txx = λ x x ∈ Sn
++ (?)

Theorem [G., Hein, Tudisco (2018)]

r = κ1(T ) + κ2(T ) < 1

=⇒ (?) has a unique solution

• ∃T ∈ Rn×n×n
++ with 1 < κ1(T ) + κ2(T ) < 2 (unlike matrices)
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α-Eigenvectors: Perron-Frobenius theorem

T ∈ Rn×n×n
++ , α ∈ R, x0 > 0

Txαxα = λ x x ∈ Sn
++ (?)

Theorem [G., Hein, Tudisco (2018)]

r = (κ1(T ) + κ2(T ))|α| < 1

=⇒ (?) has a unique solution x? and µ(xk+1, x?) ≤ c rk

xk+1 = Txαk xαk
‖Txαk xαk ‖
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{
Txαyβ = λx
Sxαxα = σy
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(α, β)-singular vectors: Motivation

S,T ∈ Rn×n×n
++ , α ∈ R, p, q ∈ (1,∞)

{
Txαyβ = λ x
Sxαxα = σ y x , y ∈ Sn

++ (?)

• `p,q-rectangular singular value problem with α = 1
p−1 and β = 1

q−1
[Chang, Qi, Zhou (2010)]

• Node and layer eigenvector centralities for multiplex networks
[Tudisco, Arrigo, G. (2018)]

• Polynomial operator norm: Q ∈ Rn×n×n
++ and

max
x 6=0

‖Qxy‖p′

‖x‖p‖y‖q
= max

x ,y 6=0

〈x ,Qxy〉
‖x‖2p‖y‖q

• (?) is NP-hard for S = T ∈ Rn×n×n
+ , α = β = 1 [Hillar, Lim (2013)]
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Rectangular singular vectors

R,S,T ∈ Rn×n×n
++ {

Txy = λ x
Sxx = σ y x , y ∈ Sn

++ (?)

Theorem [G., Hein, Tudisco (2018)]

ρ

(
κ1(T ) κ2(T )

κ1(S) + κ2(S) 0

)
< 1

=⇒ (?) has a unique solution
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(α, β)-singular vectors: Perron-Frobenius theorem

S,T ∈ Rn×n×n
++ , α, β ∈ R, x0, y0 ∈ Rn

++{
Txαyβ = λx
Sxαxα = σ y (x , y) ∈ Sn

++ × Sn
++ (?)

Theorem [G., Hein, Tudisco (2018)]

r = ρ
(( κ1(T ) κ2(T )
κ1(S) + κ2(S) 0

)(
|α| 0
0 |β|

))
< 1

=⇒ (?) has a unique solution (x?, y?) and
µ(xk , x?) + µ(yk , y?) ≤ c rk

(xk+1, yk+1) =
( Txαk x

β
k

‖Txαk x
β
k ‖
,

Txαk x
β
k

‖Txαk x
β
k ‖

)
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Tyβzγ = λx
Sxαzγ = σy
Rxαyβ = θz
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(α, β, γ)-singular vectors: Motivation
R, S,T ∈ Rn×n×n

++ , α, β, γ ∈ R, p, q, r ∈ (1,∞)
Tyβzγ = λ x
Sxαzγ = σy
Rxαyβ = θz

x , y , z ∈ Sn
++ (?)

• `p,q,r -singular value problem with α = 1
p−1 , β = 1

q−1 , γ = 1
r−1

[Lim (2005)]

• Tensor spectral norm: Q ∈ Rn×n×n
++

max
x 6=0

‖Qxy‖r ′

‖x‖p‖y‖q
= max

x ,y ,z 6=0

〈Qxy , z〉
‖x‖p‖y‖q‖z‖r

• Application in optimal transport with α = β = γ = −1
[Benamou et al. (2015)]

• NP-hard for R = S = T ∈ Rn×n×n
+ , α = β = γ = 1 [Hillar,Lim (2013)]
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(α, β, γ)-singular vectors: Perron-Frobenius theorem

R, S,T ∈ Rn×n×n
++ , α, β, γ ∈ R, x0, y0, z0 > 0

Tyβzγ = λ x
Sxαzγ = σy
Rxαyβ = θz

x , y , z ∈ Sn
++ (?)

Theorem [G., Hein, Tudisco (2018)]

ρ
( 0 κ1(T ) κ2(T )

κ1(S) 0 κ2(S)
κ1(R) κ2(R) 0


|α| 0 0

0 |β| 0
0 0 |γ|

) < 1

=⇒ (?) has a unique solution (x?, y?) and
µ(xk+1, x?) + µ(yk+1, y?) + µ(zk+1, z?) ≤ c rk

(xk+1, yk+1, zk+1) =
( Tyβk zγk
‖Tyβk zγk ‖

,
Sxαk zγk
‖Sxαk zγk ‖

,
Rxαk yβk
‖Rxαk yβk ‖

)
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Tensor norms example

Q ∈ Rn×n×n
++ super-symmetric, p ∈ (1,∞)

‖Q‖p = max
x 6=0

〈Qxx , x〉
‖x‖3p

= max
x ,y 6=0

〈Qxy , y〉
‖x‖p‖y‖2p

= max
x ,y ,z 6=0

〈Qxy , z〉
‖x‖p‖y‖p‖z‖p

Corollary [G., Hein, Tudisco (2018)]
If p > 2κ1(Q), then ‖Q‖p can be computed by power method (with
linear convergence rate).

Q ∈ (5, 6)n×n×n

Classical condition ([1], [2], [3]) =⇒ p ≥ 3

ρ(Q) < 1 =⇒ p ≥ 1.2

1: Lim, (2005), 2: Friedland, Gaubert, Han, (2010), 3: G., Tudisco, Hein (2017)
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Further generalizations
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Tensors of any size and order

T ∈ Rn1×n2×...×ns
++ , q, p1, . . . , pm ∈ (1,∞)

max
x1,...,xm 6=0

‖T
ν1 times︷ ︸︸ ︷
x1 · · · x1

ν2 times︷ ︸︸ ︷
x2 · · · x2 · · ·

νm times︷ ︸︸ ︷
xm · · · xm ‖q

‖x1‖ν1p1 ‖x2‖ν2p2 · · · ‖xm‖νmpm

Mode-j Birkhoff contraction ratio

κj(T ) = max
i1,...,is
i ′
1,...,i ′

s

tanh
[

1
4 ln

(Ti1,...,ij ,....isTi ′
1,...,i ′

j ,....i ′
s

Ti1,...,i ′
j ,....isTi ′

1,...,ij ,....i ′
s

)]
∀j
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Mixed orders and powers

R ∈ Rn×n×n
++ , S ∈ Rn×n×n×n

++ ,T ∈ Rn×n×n×n×n
++

Txyyz = λx4

Sxyz = σy3

Rxz = θz2
x , y , z ∈ Sn

++

P,Q ∈ Rn×n×n×n
++ , αi ,j , γi ∈ R{

Qxα1,1yα1,2yα1,3 = λxγ1

Pxα2,1xα2,2yα2,3 = σyγ2
x , y ∈ Sn

++
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Nonnegative tensors and eigenvectors

S,T ∈ Rn×n×...×n
+ of order d and α, β > d − 1

{
Tyy · · · y = λxα

Sxx · · · x = σyβ
x , y ∈ Sn

+ (?)

Theorem [G., Hein, Tudisco (2018)]
If Si ,i ,...,iTi ,i ,...,i > 0 for i = 1, . . . , n, then there exists a unique positive
solution to (?) and the power method converges to it with linear rate.
Furthermore this solution is "maximal".
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Multi-homogeneous mappings and monotonic norms

A,B ∈ Rn×n
++

(
(Ay)1/3 ◦ (Bz)1/3 )2 = λx

max{Ax ,Bx} = σy
min{Ay ,By} = θz

x , y , z ∈ Sn
++

T ∈ Rn×n×n
++ , pi , qi , ri ∈ (1,∞)

max
(a,b)6=0
u+v 6=0

z 6=0

‖T (u + v)
(a
b
)
‖p1 + ‖T (u + v)

(a
b
)
‖p2

(‖u‖q1 + ‖v‖q2)
√
‖a‖2r1 + ‖b‖2r2
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Non-convex optimization

Φ ∈ C2(Rn1
+ × Rn2

+ × . . .× Rnd
+ ,R), ∇Φ > 0

max
x1,...,xd≥0

‖x1‖p1 =···=‖xd‖pd =1

Φ(x1, . . . , xd )

• Application to globally optimal training of generalized polynomial
neural networks [G., Nguyen, Hein (2016)]

42



Cones in real Banach spaces

Parameters: Ai ∈ Rn×n orthogonal matrices for i = 1, . . . , 123
Variables:
• g ∈ C2([0, 1],R) strongly convex and g(0) = g ′(0) = 0
• M ∈ Rn×n positive definite
• (xm)∞m=1 ⊂ R++ such that limm→∞ xm = ξ > 0



M =
123∑
k=1

√xkAkM1/3A>k

g ′′(t) = Tr(M−1/2)
∞∑

k=1

sin(k t) + 2
k2 3
√xk

∀t ∈ [0, 1]

x5
m =

i+1∑
k=1

1
k!g

′
(k − 1
k + 1

) ∫
[0, 1k ]n

〈γ,Mγ〉 dγ ∀m ∈ N
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Thank you for your attention

Presented results can be found in:

• The Perron-Frobenius theorem for multi-homogeneous mappings,
A. Gautier, F. Tudisco, M. Hein, (2018), arXiv:1801.05034

• A unifying Perron-Frobenius theorem for nonnegative tensors via
multi-homogeneous maps,
A Gautier, F Tudisco, M Hein, (2018), arXiv:1801.04215

• The contractivity of cone-preserving multilinear mappings ,
A. Gautier, F. Tudisco, M. Hein, (2018), arXiv:1808.04180

• Computing general matrix norms and applications to log-Sobolev
constant approximation,
A. Gautier, F. Tudisco, M. Hein, (2018), to appear
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