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Staged trees
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Unfolding of events in a cell nature.
Collazo, Görgen, Smith, 2018

θT = (a0, a1,b0,b1, c0, c1,d0,d1)

a0 + a1 = 1

b0 + b1 = 1

c0 + c1 = 1

d0 + d1 = 1
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Staged trees
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Λ(T ) = {λ1, λ2, . . . , λ8}

λ3 = (a0,b0, c1,d1),
λ7 = (a1,b0)
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Staged trees
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Λ(T ) = {λ1, λ2, . . . , λ8}

p000 = a0b0c0
p0010 = a0b0c1d0

⋮
p11 = a1b0
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Staged trees
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Λ(T ) = {λ1, λ2, . . . , λ8}

p000 = a0b0c0
p0010 = a0b0c1d0

⋮
p11 = a1b0

p000 + p0010 +⋯ + p11 = 1

MT = {pθ = (p000,p0010, . . . ,p11)}

staged tree model
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How can we characterize staged trees implicitly?
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R[p] = R[p000,p0010, . . . ,p11],
R[Θ] = R[a0, a1,b0,b1, . . . ]

ϕT ∶ R[p] → R[Θ]/⟨θ − 1⟩
pi ↦ ∏

e∈E(λi)
θ(e)

IT = ker(ϕT ).

When is IT a toric ideal? What are the implicit equations ofMT ?
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Toric Staged Tree
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IT = ⟨p000p11 − p010p10,
p0010p11 − p0110p10,
p0011p11 − p0111p10,
p000p0110 − p0010p010,
p000p0111 − p0011p010,
p0010p0111 − p0011p0110⟩.

IT is prime and
generators are binomials!
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Non-Toric Staged Tree
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IT = ⟨(p000 + p0010 + p0011)p11

−p10(p010 + p0110 + p0111),

p0010p0111 − p0011p0110⟩.

IT is prime, but,
not all generators are binomials!
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• Necessary conditions for a staged tree to be toric are known
(Duarte & Görgen 2018).

• We implicitly characterize MT by doing a Toric Fiber Product (TFP) with tree gluings.

• TFP is a procedure of understanding a complicated ideal from simpler ideals
(Sullivant 2006).

• TFP ⇒ Gröbner Bases.

• T ∶ always toric staged tree.
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Gluing Construction of toric staged trees

T1 ∶
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R[p]T1 = R[p0,p1]

7 Lamprini Ananiadi // Gröbner Bases for toric staged trees



Gluing Construction of toric staged trees

T1 ∶

w

p11

a
1

p10

a 0

R[p]T1 = R[p10 ,p11]

G = {G1 = {0,1}} gluing information
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Gluing Construction of toric staged trees

T1 ∶
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a
1
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a 0

R[p]T1 = R[p10 ,p11]

G = {G1{0,1}}

TG :

B1

p11

b1

p10b0

R[p]TG = R[p10 ,p11]
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Gluing Construction of toric staged trees

T1 ∶
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R[p]T1 = R[p10 ,p11]

G = {G1{0,1}}

TG ∶

B1

p11

b1

p10b0

R[p]TG = R[p10 ,p11]

T2 ∶

w

v1

p111

b
1

p110b0
a
1

v0

p101

b
1

p100b0

a 0

R[p]T2 = R[p100,p101,p110,p111]
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Gluing Construction of toric staged trees
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R[p]T2 = R[p00,p01,p10,p11]

IT2 = IT1 × ITG = ⟨p00p11 − p01p11⟩
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Gluing Construction of toric staged trees

T2 ∶

w

v1

p311

b
1

p210
b0

a
1

v0

p101

b
1

p100
b0

a 0

R[p]T2 = R[p100,p101,p210,p311]

G = {G1 = {00,01},G2 = {10},G3 = {11}}

gluing information (toric compatible)
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Gluing Construction of toric staged trees
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Gluing Construction of toric staged trees
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Gluing Construction of toric staged trees
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R[p]T3 = R[p1000,p1001,p1010,p1011,p210,p311]

IT3 = IT2 × ITG = ⟨p000p011 − p010p001,
p000p11 − p010p10,
p001p11 − p011p10⟩

etc...
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Gluing Construction of toric staged trees
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IT = ⟨p000p0110 − p010p0010,
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p0011p11 − p0111p10,
p0010p0111 − p0011p0110⟩
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Gluing Construction of toric staged trees
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Theorem (Duarte, A. 2019+)

The set of implicit equations of a toric staged tree T
obtained by this gluing construction is a quadratic
Gröbner basis.
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