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MONSTER Convex Cones Spanned by Regular Polytopes, and Probabilistic Applications

We are interested in three types of regular polytopes

Cross-polytope Cube Simplex
Conv{te,,...,te,} [—1,1]" Conv{ey,...,e,.1}

Zakhar Kabluchko, Hauke Seidel, Dmitry Zaporozhets 1 |21



—"— wwu

MONSTER Convex Cones Spanned by Regular Polytopes, and Probabilistic Applications

Definition: Polyhedral cone

A polyhedral cone C C R" is the positive hull of finitely many vectors.

C=pos(vy, ..., V)

k
pOS(V17 ~"7Vk> = {Zaivi : aj > O}
j=1

For the rest of the talk when we speak of "cones” it will be short for polyhedral cones
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Definition of our cones

Cross-polytope Cube Simplex
¥ (0?) = P(o?) = CH(0?) =

n
pos(oe,.q te&:j€{l,..,n}) pos(oe,., + > ce:e€{£1}") pos(oe,, +e€:1<j<n)
j=1
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Polar cones

P C c R” polyhedral cone

P Polar cone C° = {v e R": (v,w) < 0foreveryw € C}

Proposition (kabluchko, S.; 2019+)
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Convex Cones Spanned by Regular Polytopes, and Probabilistic Applications

Angles of n-dimensional cones

P B.(0) any n-dimensional ball centred in 0.
P Inner solid angle a(C) of n-dimensional cone C C R": amount of B,(0) that is in the cone.
A(CNB,(0))

A(B,(0))

a(C) =P € (), ~N"(0,1)

a(C) =
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Solid angles of these cones
€= (&, &) ~ N™(0,1) = & ~ N(0,1) independent

a(CE (%) =P (cec?(0?) :[P(VVGC?<%>:<£,V)§O)

1 n
<§, ~eni1 + Zsje,-> < Oforeverye € {—1, 1}")
1
g

=

Zf,) (fjf > Zf)

o (P0?) =P %fm > max \s,\)

1<j<n
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Tangent cones and normal cones

P Fface of polytope P C R" or cone C C R”
P Tangent cone T(P) = {v € R" : 3¢ > 0 such that f+ v € P} for f € relint(F)
» Normal cone N(P) = (T(P))

Proposition (kabluchko, S.; 2019+)

P C R" cross-polytope of dimension n, F face of codimension [

1 -1
a1P) = (¢ (=) ) =P (wn—w 16> /Zlié,w)
alNe(P) = (B n—1+1) =P (6> VA=T+1 max g

(&)ienw ~ N (0,1) independent
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Definition: k" intrinsic volume

P Cpolyhedral cone
P 0 < k< dim(C)

wO= D afalN(0)

Fis k-face of C

» 1, (C) =0ifk> dim(C)
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kth intrinsic volumes of our cones

Theorem (Kabluchko, S.; 2019+)

0<k<n

(@ @) =2 (7)o (B (5 +K))a (et (02)
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Application: Random sections of regular polytopes

P> Pregular polytope centred in O

P S c R" random k-dimensional linear subspace chosen uniformly from the Grassmannian
Gr(k,R"), i.e. the set of all subspaces with dimension k.

» ¢°(j, k,n) number of j-faces of PNS, 0 <j < k< n
P We are interested in E¢”(j, k, n).
P Introduced by [Lonke, 2000]
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Pregular polytope centred in O

Lemma (Kabluchko, S.; 2019+)

oP(j,n—1n) = Z 1(rns.py almost surely,
Fis (j+I)-face of P

i.e. number of j-faces of PN S a.s. equals number of (j + [)-faces of P that are intersected by S.

E¢P(j,n —I,n) = |{F: Fis (j + [)-face of P}| - P(FN S # 0)
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E¢P(j, k,n) = |{F: Fis (j + n — k)-face of P}| - P(FN S # ()
P Pregular polytope centred in 0
P> C convex cone spanned by face F
FNS+#0<cnS+ {0}

Conic Crofton formula:

P(CNS #{0}) = 2 (v.1(C) + v45(C) + ...), [ = codimension of S
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Results

» E¢”(j,k,n) = |{F: Fis (j +n — k)-face of P}| - P(CN S # {0})
P P(CNS+{0}) =2 (v,1(C) + v,5(C) + ...), [ codimension of S

Cube: Simplex: Cross-polytope:
C= CFPH k C= C/+n k+l( ﬁ) C= Cﬁn k+l( )

Generalisation ofo to Parameters smaller O: Define the cone by the scalar products of the
vectors spanning it

> BTG, k) = 2K+, 5 ) (Vn_m(C@kH(k*i)) + Vpi3s (B (k=) + )

n—k+j

> [E¢® (,n—1n)= 2(/+[+1) (Vl+1 ( j+H+1 ( n+l )) + V3 (CﬁHl (7ﬁ)> + )
> E6% (. — 1) = 2(.7,,) (CF) + (D) + )

J+1+1 1+1
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Random Sections and Random Projections

» P C R" Polytope, S C R” random linear subspace of dimension k as before.
P TI;P orthogonal projection of P onto S.

P H#F 1 (SNP) = #TF,(TsP)

» E¢ (j, k,n) found by Affentranger, Schneider (°92)

» E¢%(j, k, n), E6® (j, k, n) found by B6réczky, Henk (99)
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Gaussian Polytopes

» X, X,...~N90,1)i.id
P pbauss .— Conv{X,,...,X,}, d < n Gaussian polytope
P> Similar polytopes:
P Symmetric Gaussian polytope:
P = Conv{+Xy, ..., £X,}, d<n

P Gaussian zonotope:
PP — Xy Xy 4 oo+ [X, X, d<n
(Forx,y € R? define [x,y] := Conv{x,y} C RY)
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Absorption Probability

P pSauss .— Conv{X,,...,X,} C R%, d < nGaussian polytope
P We are interested in the absorption probability P[x € P$2Uss], x € R,

» N9(0,1) invariant under rotations
= Better definition: f52Us5(|x|) := P[x ¢ PS34s$], i.e. for o > O:

fgaUSS(U o= [061 PGauss]

P Non-absorption probability /5245 : [0, 00) — [0, 1]
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Absorption Probability - fand p

P pGauss .— Conv{Xi,...,X,}, d < n Gaussian polytope
» X~ N90,1) independent of X; , ..., X,
P pbauss(g) := P[oX ¢ PS2UsS| easier to compute.
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Absorption Probability - Calculations

pi™"" (o) = PloX & PY™™] = P[—aX ¢ PY™] = P[0 ¢ Conv{4X, + oX, ..., X, + oX}]

n n
=P Ko—ZAixiJrAUXforAl,...,Ane[R,,\zazAi> =A=d —...—/\n—O]

=il i=1
=P[CNU={0}]
with

i=1

n
Es= {(/\17.,.7)\,7“) ERML: N4 > O'Z/\i}'
i=1

» Short calculation = C = ¢ (¢2)

» Urandom hyperplane uniformly distributes on Gr(n, R"*1).
P Conic Crofton formula can be applied.

n
Ys= {(yl,-..,ym) ER™:D YK+ VX = 0}
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Absorption Probability - Results for p

The two other cases are very similar.
PR (0%) = PloX & PR*] = 2(vg_ (G5 (07)) + v4-5(C} (02))
P (o) = PloX ¢ P™™] = 2(vg_1(CF () + v4-5(CY (07))
Prg” e (07) = PloX ¢ PR"*"°%) = 21y 1 ((P(02)) + vg5((PP(0?))

+.)
+.)
+.)
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Absorption Probability - Connection between fand p

PI’OpOSitiOI’] (Kabluchko, Zaporozhets; 2017; Kabluchko, S.; 2019+)

P> Gaussian polytope, symmetric Gaussian polytope or Gaussian zonotope
P Non-absorption probability f-: [0,00) — [0, 1], P € {Gauss, symm, zonotope} satisfies

* 1
/ i (\/Zu) uste Mdy =T (g) A fpP <X>
J0
for every A > 0.

Ford = 2 we have

[ et (2)-2a (0 )
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Gaussian polytope:

/O fog*e (Vau)eMdu = .. = AA“/O e S (a7(vaD) — 07(—v2) ot

/«Gauss = P[M2 + €2 < 2u] + di[P[MZ + €2 < 2u]
67517 7§n ~ ( ) ) I'l'd'v Mn = max{flv 7£n}

Symmetric Gaussian polytope:

/Oo ngnm (m) e MNdy = . W 7)\1 (2@(\/7’) . 1) )
0

= 5" (Vau) = [P[Mﬁq' + &2 < 2u] + (%[P[Mz“’ + & < 24]
&€, & ~N(0,1)i.id., M= max{€?, ..., &2}

Gaussian zonotope:

/ £ (Vau) e Mdu = \/m/ \/t {( ﬁ/ﬂezzdz)? e~ xdt.
0

Zakhar Kabluchko, Hauke Seidel, Dmitry Zaporozhets 21 |21



Convex Cones Spanned by Regular Polytopes, and Probabilistic Applications

References

AFFENTRANGER and SCHNEIDER
Random projections of regular simplices
Discrete & Computational Geometry (1992)

BOROCzKY and HENK
Random projections of regular polytopes
Archiv der Mathematik (1999)

KABLUCHKO and ZAPOROZHETS

Absorption probabilities for Gaussian polytopes, and regular spherical simplices
arXiv preprint arXiv:1704.04968 (2017)

LONKE
On random sections of the cube
Discrete & Computational Geometry (2000)

Zakhar Kabluchko, Hauke Seidel, Dmitry Zaporozhets 21 |21



