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Simplicial complexes – Basic definitions

An (abstract) simplicial complex ∆ on vertex set [n] is a subset of 2[n] with the
property

F ∈ ∆,G ⊂ F =⇒ G ∈ ∆.

An element F ∈ ∆ is called face, and the dimension of F is dim(F ) = |F | − 1.

The dimension of ∆ is dim(∆) = max{dim(F ) : F ∈ ∆}.

The f -vector f (∆) = (f−1(∆), f0(∆), . . . , fdim(∆)(∆)) of ∆ is defined by

fi (∆) = |{F ∈ ∆ : dim(F ) = i}|.

The h-vector h(∆) = (h0(∆), h1(∆), . . . , hdim(∆)+1(∆)) is defined via

h∆(t) =

dim(∆)+1∑
i=0

hi (∆)tdim(∆)+1−i =

dim(∆)+1∑
i=0

fi−1(∆)(t − 1)dim(∆)+1−i .
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The Stanley-Reisner ring

Let S = F[x1, . . . , xn] be the polynomial ring in [n] variables over a field F.
The Stanley-Reisner ideal I∆ for a simplicial complex on vertices [n] is defined as

I∆ =

xF =
∏
i∈F

xi : F /∈ ∆

 ⊆ S.

The Stanley-Reisner ring F[∆] is defined as

F[∆] = S/I∆.
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Simplicial Complexes – Examples

(d − 1)-simplex: ∆d−1 = 2[d]

∆1 ∆2 ∆3

boundary of the d-cross polytope: ∂Cd = ∂conv{±ei : i = 1, . . . , d}

∂C1 ∂C2 ∂C3
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Subdivisions of simplicial complexes – (Some) known results

Theorem (Brenti,Welker)
Let ∆ be a (d − 1)-dimensional simplicial complex. Then for the barycentric
subdivision sd(∆) it holds that

hj(sd(∆)) =
d∑

r=0
A(d + 1, j , r + 1)hr (∆).

If hi (∆) ≥ 0 for 0 ≤ i ≤ d, then the h-polynomial

hsd(∆)(t) =
d∑

i=0
hi (sd(∆))td−i

has only real and simple roots. In particular, h(sd(∆)) is log-concave and unimodal.

Similar results hold for partial barycentric subdivision, interval subdivision and edgewise
subdivision.
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Chromatic subdivision via Schlegel diagrams

Schlegel diagram of 2-cross polytope

Schlegel diagram of 3-cross polytope
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The chromatic subdivision via Schlegel diagrams

Start with the 2-simplex
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The chromatic subdivision via Schlegel diagrams

Replace the 2-simplex by the Schlegel diagram of C3
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The chromatic subdivision via Schlegel diagrams

Replace 1-simplices by Schlegel diagrams of C2
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The chromatic subdivision via Schlegel diagrams

Join these new Schlegel diagrams with the link of the replaced 1-simplices

Jan-Marten Brunink Osnabrück University The chromatic subdivision of simplicial complexes



The chromatic subdivision via Schlegel diagrams

Join these new Schlegel diagrams with the link of the replaced 1-simplices

Jan-Marten Brunink Osnabrück University The chromatic subdivision of simplicial complexes



The chromatic subdivision – Combinatorial description

Let ∆ be a simplicial complex. The chromatic subdivision χ(∆) of ∆ is the simplicial
complex with vertices (F , v), where F ∈ ∆ and v ∈ F . A set {(F1, v1), . . . , (Fk , vk)} is
a face of χ(∆), if the following holds:

F1 ⊆ F2 ⊆ · · · ⊆ Fk ,

if Fi ( Fj , then vj /∈ Fi .

Example
For the (d − 1)-simplex ∆d−1 one has:

# vertices of χ(∆d−1) = 2d−1d

# facets of χ(∆d−1) = # ordered set partitions of [d ] = #OP(d)
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The chromatic subdivision – Combinatorial description

({1,2},1)

({1,2},2)

({1},1)

({2},2)

({1},1) ({2},2)

({3},3)

({2,3},3)

({2,3},2)

({1,2,3},1)
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The f -vector transformation

Theorem
Let ∆ be a (d − 1)-dimensional simplicial complex. Then

fk(χ(∆)) =
d−1∑
l=k

OSP(l + 1, k + 1)fl (∆).

COPk(l)= set of ordered set partitions of [l ] with k colored elements.

OSP(l , k) = #{σ ∈ COPk(l) : each block of σ contains at least one colored element}.

Example
(235|1|46) and (235|1|6|4) would contribute to OSP(6, 4).
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The h-vector transformation

Theorem
Let ∆ be a (d − 1)-dimensional simplicial complex. Then

hj(χ(∆)) =
d∑

r=0
B(d , j , r)hr (∆)

with B(d , j , r) =
∑d

l=0
∑j

i=0(−1)j−i(d−i
d−j
)(d−r

d−l
)
OSP(l , i).

Properties of B(d , j , r):

Symmetry: B(d , j , r) = B(d , d − j , d − r).

Recursion: B(d , j , r) = B(d , j , r − 1) + B(d − 1, j − 1, r − 1)− B(d − 1, j , r − 1).∑d
j=0 B(d , j , r) = #OP(d).
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Combinatorial interpretation of B(d , j , 0)

The h-vector of the (d − 1)-simplex is h(∆d−1) = (1, 0, . . . , 0)

=⇒ hj(χ(∆d−1)) = B(d , j , 0).

Recursion for B(d , j , 0): B(d , j , 0) =
∑d−1

i=0
(d

i
)
B(i , i − j , 0).

B(d , j , 0) = |{(A1| . . . |Am) ∈ OP(d) : |A1 ∪ · · · ∪ Abm
2 c| = j}|
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Algebraic properties of the chromatic subdivision

Let ∆ be a (d − 1)-dimensional simplicial complex. Then we have the following:

dim(F[χ(∆)]) = dim(F[∆])

depth(F[χ(∆)]) = depth(F[∆])

pdim(F[χ(∆)]) = pdim(F[∆]) +
∑

i≥1(i + 1)fi (∆)

reg(F[χ(∆)]) =

{
d − 1, if H̃d−1(∆;F) = 0,
d , else
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Open problems

Combinatorial interpretation of B(d , j , r)

Is the h-polynomial hχ(∆)(t) real-rooted?

Combinatorial interpretation of the local h-vector and γ-vector of χ(∆d−1)

Properties of iterated chromatic subdivision and partial chromatic subdivision

Jan-Marten Brunink Osnabrück University The chromatic subdivision of simplicial complexes



Thanks for your attention
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