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Examples of rank

Definition
The rank of a vector v P V is the minimal r P Zě0 such that

v “ w1 ` ¨ ¨ ¨ ` wr, wi P Xzt0u

where X Ď V is the cone of vectors of rank ď 1.

Examples

‚ V “ Cnˆm and X “ tvwT | v P Cn, w P Cmu

‚ V “ tA P Cnˆn | A “ AT u and X “ tvvT | v P Cnu

‚ V “ tA P Cnˆn | trA “ 0u and X “ tvwT | v, w P Cn, wT v “ 0u

‚ V “ CnbCnbCn and X “ tv1 b v2 b v3 | v1, v2, v3 P Cnu

‚ V “ Crx, yspdeq and X “ tfd | f P Crx, yspequ



Examples of upper bounds on the rank

‚ The maximum rank of an nˆm matrix equals minpn,mq.

‚ The maximum rank of a symmetric nˆ n matrix equals n.

‚ The maximum rank of a trace-zero nˆ n matrix equals n.

‚ The maximum rank of a 2ˆ 2ˆ 2 tensor equals 3.

Conjecture (Boris Shapiro)
Every homogeneous binary form of degree d ¨ e is the sum of at most d
d-th powers of forms of degree e.

Known: True for e “ 1, for d “ 1, 2 and for pd, eq “ p3, 2q.
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Special case: rank ď 1 = powers of linear forms

Consider
px` a1yq

d ` px` a2yq
d ` ¨ ¨ ¨ ` px` adyq

d

“

dxd `

ˆ

d

1

˙

b1x
d´1y `

ˆ

d

2

˙

b2x
d´2y2 ` ¨ ¨ ¨ `

ˆ

d

d

˙

bdy
d

with bk “ ak1 ` ¨ ¨ ¨ ` a
k
d.

Known: The map pa1, . . . , adq ÞÑ pb1, . . . , bdq is a finite morphism.

Using coordinate transformations, this implies:

Crx, yspdq “
!

`d1 ` ¨ ¨ ¨ ` `
d
d

ˇ

ˇ

ˇ
`1, . . . , `d P Crx, ysp1q

)
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The monic rank

Let V be a finite-dimensional vector space.

Let X Ď V be a non-degenerate irreducible Zariski-closed cone.

Let h : V Ñ C be a non-zero linear function and take H “ h´1p1q Ď V .

Definition
The monic rank of a vector v P V zh´1p0q is the minimal r such that

r

hpvq
¨ v “ w1 ` ¨ ¨ ¨ ` wr

with w1, . . . , wr P X XH .



Examples of monic rank

We keep V and X the same.

And, we define what is means to be monic:

‚ An nˆm matrix is monic when its top-left coefficient equals 1.

‚ symmetric nˆ n matrices ù top-left coefficient

‚ skew-symmetric nˆ n matrices ù top-right coefficient.

‚ 2ˆ 2ˆ 2 tensors ù coefficient at e1 b e1 b e1
‚ A binary form is monic when it is.

Remark
In each case, the function h P V ˚ is a highest weight vector.



Examples of upper bounds on the monic rank

Theorem

‚ The maximum monic rank of an nˆm matrix equals minpn,mq.

‚ The maximum monic rank of a symmetric nˆ n matrix equals n.

‚ The maximum monic rank of a trace-zero nˆ n matrix equals n.

‚ The maximum monic rank of a 2ˆ 2ˆ 2 tensor equals 3.

Conjecture (monic version)
Every homogeneous binary form of degree d ¨ e with leading coefficient d
is the sum of d d-th powers of monic forms of degree e.

Theorem
This is true for e “ 1, d “ 1, 2 and pd, eq “ p3, 2q, p3, 3q, p3, 4q, p4, 2q.



2 x 2 x 2 Tensors

V “ C2bC2bC2 “

"ˆ

a11 a12 b11 b12
a21 a22 b21 b22

˙ ˇ

ˇ

ˇ

ˇ

aij , bij P C
*

We have

X XH “

"ˆ

1 b c bc
a ab ac abc

˙ ˇ

ˇ

ˇ

ˇ

a, b, c P C
*

and 3 commuting actions of C on V :

‚ pv1 v2 | w1 w2q ù pv1 v2 ` λv1 | w1 w2 ` λw1q

‚

ˆ

r1 s1
r2 s2

˙

ù

ˆ

r1 s1
r2 ` λr1 s2 ` λs1

˙

‚ pA | Bq ù pA | B ` λAq
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X XH `X XH “ ???

ˆ

2 0 0 µ1
0 µ3 µ2 λ

˙

“

ˆ

1 b c bc
a ab ac abc

˙

`

ˆ

1 ´b ´c bc
´a ab ac ´abc

˙

“

ˆ

2 0 0 2bc
0 2ab 2ac 0

˙

ñ X XH `X XH “ C3 ¨

"ˆ

2 0 0 µ1
0 µ3 µ2 0

˙ ˇ

ˇ

ˇ

ˇ

µ1, µ2, µ3 P C,
#ti | µi “ 0u ‰ 1

*

Idea: Take a tensor
ˆ

3 0 0 µ1
0 µ3 µ2 λ

˙

,

modify it using our action and substract an element of X XH . Do this is
such a way that the result is an element of X XH `X XH .



X XH `X XH “ ???

ˆ

2 0 0 µ1
0 µ3 µ2 λ

˙

“

ˆ

1 b c bc
a ab ac abc

˙

`

ˆ

1 ´b ´c bc
´a ab ac ´abc

˙

“

ˆ

2 0 0 2bc
0 2ab 2ac 0

˙

ñ X XH `X XH “ C3 ¨

"ˆ

2 0 0 µ1
0 µ3 µ2 0

˙ ˇ

ˇ

ˇ

ˇ

µ1, µ2, µ3 P C,
#ti | µi “ 0u ‰ 1

*

Idea: Take a tensor
ˆ

3 0 0 µ1
0 µ3 µ2 λ

˙

,

modify it using our action and substract an element of X XH . Do this is
such a way that the result is an element of X XH `X XH .



X XH `X XH “ ???

ˆ

2 0 0 µ1
0 µ3 µ2 λ

˙

“

ˆ

1 b c bc
a ab ac abc

˙

`

ˆ

1 ´b ´c bc
´a ab ac ´abc

˙

“

ˆ

2 0 0 2bc
0 2ab 2ac 0

˙

ñ X XH `X XH “ C3 ¨

"ˆ

2 0 0 µ1
0 µ3 µ2 0

˙ ˇ

ˇ

ˇ

ˇ

µ1, µ2, µ3 P C,
#ti | µi “ 0u ‰ 1

*

Idea: Take a tensor
ˆ

3 0 0 µ1
0 µ3 µ2 λ

˙

,

modify it using our action and substract an element of X XH . Do this is
such a way that the result is an element of X XH `X XH .



X XH `X XH “ ???

ˆ

2 0 0 µ1
0 µ3 µ2 λ

˙

“

ˆ

1 b c bc
a ab ac abc

˙

`

ˆ

1 ´b ´c bc
´a ab ac ´abc

˙

“

ˆ

2 0 0 2bc
0 2ab 2ac 0

˙

ñ X XH `X XH “ C3 ¨

"ˆ

2 0 0 µ1
0 µ3 µ2 0

˙ ˇ

ˇ

ˇ

ˇ

µ1, µ2, µ3 P C,
#ti | µi “ 0u ‰ 1

*

Idea: Take a tensor
ˆ

3 0 0 µ1
0 µ3 µ2 λ

˙

,

modify it using our action and substract an element of X XH . Do this is
such a way that the result is an element of X XH `X XH .



pX XH `X XHq `X XH “ 3H

pa{3, b{3, c{3q ¨

ˆ

3 0 0 µ1
0 µ3 µ2 λ

˙

´

ˆ

1 b c bc
a ab ac abc

˙

“
ˆ

2 0 0 µ1 ´ 2bc{3
0 µ3 ´ 2ab{3 µ2 ´ 2ac{3 λ` paµ1 ` bµ2 ` cµ3q{3´ 8abc{9

˙

We want:

‚ λ` paµ1 ` bµ2 ` cµ3q{3´ 8abc{9 “ 0

‚ µ1 ´ 2bc{3 ‰ 0, µ2 ´ 2ac{3 ‰ 0, µ3 ´ 2ab{3 ‰ 0

This is doable unless λ “ µ1 “ µ2 “ µ3 “ 0. (But that case is easy.)
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Shapiro’s Conjecture (Monic Version)

We want to show that
d
ź

i“1

t` P Crx, yspeq monicu Ñ Crx, yspdeq

p`1, . . . , `dq ÞÑ `d1 ` ¨ ¨ ¨ ` `
d
d

is a finite morphism.

This is implied by:

Conjecture
The only solution of the equation

dxde “
d
ÿ

i“1

`

xe ` ci1x
e´1y ` ¨ ¨ ¨ ` ciey

e
˘d

is pcijqij “ 0.
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Reduction to a Gröbner basis computation

Assume that pcijqij satisfies

dxde “
d
ÿ

i“1

`

xe ` ci1x
e´1y ` ¨ ¨ ¨ ` ciey

e
˘d

Case 1
We have cie “ 0 for all i. Devide by xd.
ù This replaces e by e´ 1.

Case 2
After permuting summands and scaling y, we get c1e “ 1.
ù A Gröbner basis can contradict this.

The computation finished for pd, eq “ p3, 2q, p3, 3q, p3, 4q, p4, 2q.
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Thank you for your attention!
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