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PRELIMINARIES

e Basics on symmetric tensors
e Kruskal's criterion for symmetric tensors
e The Hilbert function for finite sets in P”

e The Cayley-Bacharach property for finite sets in P

BEYOND KRUSKAL'S CRITERION FOR FORMS

e Symmetric tensors in S9C3
e The case of ternary optics

e Symmetric tensors in SYC*!
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Notation
- d,neN
- C"*1: {linear forms in xp, ..., x, / C}
- S9C"*1 : {forms of degree d in xp,...,x, / C}
T €890t s [T] e P(SIC™) 2PN N = ("19) — 1

- vg : P" — PN Veronese embedding of P" of degree d
va([a0X0 + - - - + anxa]) = [(@0x0 + - - - + anxn)?]

- A= {Pl, ey PE(A)} CP"~s l/d(A) = {l/d(Pl), ey Vd(PE(A))}
(vq(A)): linear space spanned by v4(P1), ..., vq(Pya))
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Definition

A finite set A C P" computes T € PV if T € (v4(A)).

Definition

A finite set A which computes T is non-redundant if, for any
A CA T va(A)).

A non-redundant = dim(v4(A)) = ¢(A) — 1
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Definition

The rank of T is r = min{{(A)| T € (vqg(A))}.

Definition

A finite set A C P computes the rank of T if A computes T, it is

non-redundant and ¢(A) = r.

Definition

T of rank r is identifiable if there exists a unique A computing the

rank of T.
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The d-th Kruskal’s rank of a finite set A C P" is
kg(A) = max{k |VA C A, U(A") < k, dim{vy(A")) = l(vq(A")) — 1}

o kg(A) < min{N +1,¢(A)}

o kg(A) maximal = ky(A’) maximal, VA" C A
o A general = ky(A) = min{N + 1,4(A)}
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Basics on symmetric tensors

Kruskal's criterion for symmetric tensors

The Hilbert function for finite sets in P”

The Cayley-Bacharach property for finite sets in P"

Theorem (Kruskal's criterion, 2017 [COV2])

Let T € PN, d > 3, let AC P" be a non-redundant set computing
T. Assume that d = di + do + d3, with di > dr > d3 > 1. If

oAy < Kn(A) + ka(A) + ko (A) — 2

then T has rank ¢(A) and it is identifiable.

. 1)
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Definition

The evaluation map of degree d on Y = {Yq,...,Y,} c C"*1is
evy(d) : S9C*t — C*

evy(d)(F) = (F(Y1),..., F(Y2)).

Definition

| A

Let Y be a set of homogeneous coordinates for Z C P" finite set.
The Hilbert function of Z is the map
hy :7Z — N

hz(j) =0, for j < 0, hz(j) = rank(evy(j)), for j > 0.

Definition
The first difference of the Hilbert function Dhy of Z is
Dhz(j) = hz(j) — hz(j — 1), € Z.

| \

A\
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Elementary properties of hy and Dhz

e Dhz(j) =0, for j <0
h2(0) = Dhz(0) = 1
Dhz(j) > 0, for all j

hz(i) = Zoggi Dhz(j)
hz(j) = 4(Z), for all j >0
Dhz(j) =0, for j >0

>_; Dhz(j) = ¢(2)

Proposition

o 7/ C Z = hz(j) < hz(j), Dhz:(j) < Dhz(j)
o Dhy(i) < i, 3i>0—s Dhys(i) > Dhz(i + 1)
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Proposition (A., Chiantini, Vannieuwenhoven 2018, [ACV])

Let T € SIC"*! and let A, B C P" be non-redundant finite sets
computing T. Then Dhayg(d +1) > 0.

Proposition (A., Chiantini, Vannieuwenhoven 2018, [ACV])

Let A, B C P” be finite sets. Then, for any d € N,

dim((vg(A)) N (va(B))) = =1+ L(ANB) + Y Dhaus(j)- (2)
Jj>d+1
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Theorem (Davis 1985, [Da])

Let Z C P? be a finite set s.t.
o Dhy(j)=j+1forje{0,...,i—1} and Dhz(i) < i;
o Dhz(jo) = Dhz(jo+1) =e, 3 jo > i— 1.

Then Z = Z; U Z> where Z; lies on a curve of degree e of P? and
th2(_j): Dhz(e+j)—e j€{0,...,jo—e—1}.

Proposition (A., Chiantini 2019, [AC])

Let T € S9C3 with a non-redund. dec. A C P2, Then, there is no
other B C P2 non-redund. dec. of T with AN B =0, £(B) < {(A)
and s.t.:

® Dhaug(j) =j+1j€{0,...,i—1} and Dhayg(i) < i;
° DhAuB(jO) = DhAug(jo T ].) =e<i, djo>i—1
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Definition

A finite set Z C P" satisfies the Cayley-Bacharach property in
degree d, CB(d), if, for all P € Z, it holds that every form of
degree d vanishing at Z \ {P} also vanishes at P.

| \

Examples

> Z C IP? set of 6 general points
= Dhz(j) =j+1,0 <, <2, Z has CB(1) but not CB(2)
> Z C IP? set of 6 points on an irreducible conic
Z has CB(2) and CB(1)
> Z C IP? set of 6 points, 5 aligned
= Dhz(0) = 1,Dhz(1) =2,Dhz(j) =1,2<j<4
Z has not CB(1)
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Theorem (A., Chiantini, Vannieuwenhoven 2018, [ACV])

If a finite set Z C P" has CB(d), then, for any j € {0,...,d + 1},

Dhz(0)+ ...+ Dhz(j) < Dhz(d +1—j)+...+ Dhz(d +1). (3)

<

Proposition (A., Chiantini, Mazzon 2018, [ACM])

Let T € SIC"*! and let A, B C P" be non-redundant finite sets
computing T, with AN B = 0. Then Z = AU B satisfies CB(d).

Proof.
v 3P e Z|hz(d) =¥, Dhz(i) > hz\(py(d) = X1y Dhz\(py (i)
v UZ) = 3T Dhz(i) = 1+ U(Z\{P}) = 3= Dhz\(py (1) =
Zi2d+1 DhZ(i) = Zi2d+1 DhZ\{P}(i)
v (2): dim((vg(A)) N (v4(B))) = dim({va(A\ {P})) N (va(B\ {P})))

v either A or B is redundant for T — | <
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Theorem (A., Chiantini 2019, [AC])

Let T € P(SYC3) and let A C P? be a non-redundant finite set
computing T. The form T is identifiable of rank ¢(A) if one of
the following occurs:
e d=2m
> km—1(A) = min{("F1), ¢(A)}
> ha(m) = £(A) < ("F?) -2
e d=4m+1
> kom(A) = min{ (*7"?), £(A)}
> ha(2m +1) = £(A) < (*5F) +
e d=4m+3
> komi1(A) = min{ (*73), £(A)}
> ha(2m+2) = L(A) < (*P) +m
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Sketch of the proof for the case d = 2m (I).
By induction on r = ¢(A) > 1.

Let B={P;,..., PZ(B)} C P2 be another non-red. dec. of T s.t.
¢(B) </{(A) and set Z =AU B:

v ANB#0, s:E(AmB)>0

T= Zajud Zbl/d P)—l—Zbud

Jj=s+1
s r 4(B)
To=> (a—bva(P)+ Y awa(P) = Y bva(P))
j=1 Jj=s+1 Jj=s+1

To is computed by A, By = B\ Awith AN By =10

> By is non-red. for Ty, otherwise — | <
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Sketch of the proof for the case d = 2m (ll).
> Ared. for Tg = A = {Pgt1,..., P, }C A, with g <s,
non-red. dec. of Ty s.t. £(A") =r' < r, ha(m) = L(A),
km—1(A") = min{ ("), r'} — | +
v ANB=0 = Z CB(d)

o r< ("))
UZ) < 2r = 2k 1(A) = 237" Dha(i) < 237! Dhz(i) <
Yo" Dhz(i)+ 32y, Dhz(i) < £(Z)—Dhz(m)—Dhz(m-+1)
— |+

o r>("")

Dhz(m) + Dhz(m+1) < £(Z) =237 Dha(i) <
2r — ha(m—1) =2r — (1) <2m
— |«
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Theorem (A., Chiantini 2019, [AC])

Let T € P(SC3) and let A C P? be a non-redundant finite set
computing T. The decomposition A computes the rank of T if
one of the following occurs:

e d=2m
> ha(m) = £(A) (< ("F2))
e d=4m+1

> kom(A) = min{ (*"?), £(A)}
> ha(2m+1) = 6(A) < (1) +
e d=4m+3
> komi1(A) = min{ (*7"3), £(A)}
> ha(2m+2) = 6(A) < (*"P) + m+1
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Assume that d =8 (m = 4) and n = 2. Consider:
*x T € P(S8C3) = p*
* A={P1,...,Pya} CP?dec. of T
v A'is non-redundant
V' k3(A) = min{10,¢(A)}
V' ha(A) = L(A)

> ((A) < 13 = T is identifiable of rank ¢(A)
> ¢(A) € {14,15} = T has rank ¢(A)
v {(A) = 15 = the number of dec. of the general T is 16, [RS]

((A) = 147
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* A:{Pl,...,P14} CP2 dec.
v Ais non-redundant
v k3(A)=10
v hy(A) =14

* AY = {P{/,...,Piﬁl} C (IF’2)V

of T

dual set of A

j |01 2 3 4 5
e () |I 3 6 10 14 14
Dha) |1 2 3 4 4 0
o 0 — Op2(—6)%* X Opa(—4) @ Opa(=5)* — Jav — 0
g1 G2 g3 Q4
L L Ly g
M = L5 L6 L7 L8
Ly Lip L Lo
Lis Ly Lis Lie
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* B={Pj,..., Pé(B)} C P2 another dec. of T

v' B is non-redundant
v {(B)=14

* Z=AUB

Z has CB(9), otherwise AN B # () and B doesn't exist — | «
j‘012345678910

Dhz(j) [1 2 3 4 4 4 4 3 2 1 0
UZ)=28, ANB =0, Z=(4,7)
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0 —— Op(—6)P* ——— Op(—4) ® Op2(—5)%* Jav
0 —— Op(-11) —— Op(—4) ® Op2(—T7) Jzv

|

0 = Op2(—6)%* 2y Opa(—4) & Ope(—5)%* = Jgv — 0
9 % G
Ly Ls Ly L3

SM= 1Ly L Lo Lia| ~q =950, g#0g#0
L3 L7 Ly Lis
Ly Lg Lo Lis

BY «x § € P(H(Jav(7))/(S*(C°) @ H(Jav (4)))) = P
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- (g(A)) = P13 c P
- P(H°(Jav(8))), P(H°(Jpv(8))) = P30 C (PH)Y
- P(H(Javupv(8))) = PI7 C (PH)Y

Theorem (A., Chiantini 2019, [AC])

The map f : P ——» (1g(A)) defined by

< birat If(S)=IP’(H°(JAv(8))+HO(JB@V(S)))V.
IS birational.

x T € S8C3 general unidentifiable of rank 14 = T has 2 dec.
computing its rank

* {vg(A)) contains a P! of tensors with 2 dec. computing the
rank
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The algorithm
INPUT: A= {P1,...,P1s} CP? e AY = {PY = [vj]}}4, C (P?)V
T =32 Avs(P) = [(pos - paa)]¥
PROCEDURE: check that
1) dim(vg(va),...,vg(v14)) = 14

2) hy(A) = 14
3) ks(A) =10
4) the 13 x 12 matrix of the linear system (po, ..., pas) - A2 = O1x13

has rank 12

OUTPUT: T has rank 14 and is identifiable
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Theorem (A., Chiantini 2019, [AC])

Let T € P(SIC"*1) and let A C P" be a non-redundant finite set
computing T, with d > 3 and ha(1l) = min{n+1,r}. The form T
is identifiable of rank ¢(A) if one of the following occurs:
e d=2m
> ha(m—1) > ¢(A) — min {251, 211
e d=2m+1
> km(A) = £(A)
> ha(m—1) > ¢(A) — min {251, 2211
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