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Neural Networks

Tremendous practical impact with deep learning
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Deep Network Architecture

Elementwise
Nonlinearity

Linear operation
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Exploding and vanishing gradients
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e Gradients backpropagate
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e Danger of explosion (NaN) and vanishing (very small
changes)...

e ..alsointhe forward direction




Key: singular values of linear layers

- N s I

e Main threats are linear layers
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e Singular values bound factor by which layer

increases or decreases length of its input




Operator norm
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e Network Lipschitz constant < product of operator norms of
linear layers
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e Motivates regularization via control of operator norms.




Residual networks
L pul Baks

Operator norms of A. and A, are small
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Singular values of block near 1




Control the operator norm
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e Regularization [Drucker and Le Cun, 1992; Hein and Andriushchenko,
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2017; Yoshida and Miyato, 2017; Miyato et al., 2018]

e Generalization [Bartlett et al. 2017]

e Robustness to adversarial examples [Cisse et al. 2017]




Operator norm for Convolution

e Regularize networks by reducing the operator norm of the linear

transformation.

e Authors have identified operator norm as important, but they did not succeed

in finding operator norm for convolution.

e Resorted to approximations (Yoshida and Miyato, 2017; Miyato et al., 2018;

Gouk et al., 2018a).



Our Contribution:

e Characterize singular values of
convolutional layers

e Simple, fast algorithm

e Regularizer (via projection)



Convolution Layer

Discrete-value Convolution
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Multi-channel convolutional layer
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Operator matrix

1D Circular Convolution
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The operator matrix is a circulant matrix




Operator matrix

1D Circular Convolution
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ViYi= ) XipK, *
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The operator matrix is a circulant matrix

Discrete Fourier Transform  Frs = w™
w = exp(2mi/n)

Column of F are eigenvectors.



Operator matrix

1D Circular Convolution
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ViYi= ) XipK, *

p€E(n] _

The operator matrix is a circulant matrix

Discrete Fourier Transform  Frs = w™
w = exp(2mi/n)
Column of F are eigenvectors.

Singular values  {|(FK)ul,u € n}



2D Single-channel Convolution

Operator matrix is a doubly-block circulant matrix

Vij, Vi = Z Z Xitp,j+e¢fpgq

peln] g€[n]

circ(Kp.) circ(Ky:) ... circ(Kp—1,
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2D Single-channel Convolution

Operator matrix is a doubly-block circulant matrix F\"‘J l\l

Vij, Yo = Y > XitpjreKpg \/ .

p€[n] g€n]
circ(Kp.) circ(Ky:) ... circ(Kp—_1,)
circ(Kp—1,:) circ(Ko:) ... circ(Kp—2.)
circ(Ky,.) circ(Ksy.) ... circ(Ko,.:) L

Theorem ([Jain, 1989]) For any n? x n? doubly block circulant matrix A, the eigenvectors of A are the
columns of - (F®F)



2D Single-channel Convolution

Operator matrix is a doublv-block circulant matrix Nh\‘\_
Vij, Yi; = Z Z Xitp,j+eHpq

pE(n] q€[n]
circ(Ko,:) circ(Ky:.) ... circ(Kp—1,)
circ(Kp—1,:) circ(Ko:) ... circ(Kp—2.)
circ(Ky,.) circ(Ksy:) ... circ(Kop.)
Theorem ([Jain, 1989]) For any n® x n? doubly block circulant matrix A, the eigenvectors of A are the

columns of % (F®F)

Theorem  For the matrix A defined in (1), the eigenvalues of A are the entries of T K F, and its singular
values are their magnitudes. That is, the singular values of A are

{|(FTKF)uy| : u,v € [n]}.



2D Multi-channel Convolution

Yors = > > > XaripstaKpagea l\l l\‘
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2D Multi-channel Convolution
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2D Multi-channel Convolution
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Yers = Z Z Z Xd,r+p,s+qKC,d,p,Q' \ e
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Proof Sketch

All blocks in M have the same eigenvectors, so... l}i I\J
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Proof Sketch

We need the singular values of
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Proof Sketch

We need the singular values of
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Proof Sketch

If (v,, v,, v,) is a right singular vector of blue matrix, then l\j l\‘
(v,,0,0,0,v,,0,0,0,v,,0,0,0) is a right singular vector of the whole. ; \ .
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2D Multi-channel Convolution

Yors = Z Z Z Xdr+p,s+e8pq,c.d- L\ ll\‘

de[m] pe(n] g€[n]
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| Bim-1)0 Bm-11 -+ Bm-1)(m-1) |

def SingularValues(kernel, input_shape):
transform_coefficients = np.fft.fft2(kernel, input_shape, axes=[0, 1])
return np.linalg.svd(transform_coefficients, compute_uv=False)




Computational Complexity

def SingularValues(kernel, input_shape):
transform_coefficients = np.fft.fft2(kernel, input_shape, axes=[0, 1])
return np.linalg.svd(transform_coefficients, compute_uv=False)




Application: Regularization

e Regularize deep convolutional networks by bounding the operator norm of
each layer

e Improves generalization [Bartlett et al. 2017, Neyshabur et al. 2017]

e Improves robustness to adversarial attacks [Cisse et al. 2017]

Theorem [Lefkimmiatis et al., 2013] (paraphrased): Clipping the
singular values of a matrix A at ¢ projects A into set of matrices
whose operator norm is bounded by c.



Bounding the Operator Norm

e Clip singular values
e Problem: larger neighborhoods
e Solution: alternating projections, i.e.
o project into set with bounded operator norm
o project into set of convolutions with kxk neighborhoods
e For projection onto intersection, can use Dykstra's algorithm

e |n experiments, use simpler algorithm



Experiments



Experiments: Efficiency
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Effect of Clipping on test error

—— no clipping i —— no clipping
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Clipping to 0.5 and 1.0 yielded test errors of 5.3% and 5.5% respectively.

Baseline error rate 6.2%



Effect of Cllpplng on test error
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On batch normalization

e Earlier baseline uses batch normalization. which rescales weights

e Complicated interaction between batch norm and our method

e Repeated experiments without batchnorm




Robustness to hyperparameter changes

Operator-norm regularization and batch normalization are not redundant, and neither

dominates the other.
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Singular values for ResNet V2
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Conclusion

e Characterized singular values of a 2D multichannel convnet.
e Provided efficient & practical method for deriving them for deep networks.

e This opens the door to various regularizers.

e We showed an effective projection into set of bounded norm operators.




Future work

e Experiments on more datasets.
o Improve state of the art models such as Generative Adversarial Networks.

Paper: to appearinICLR 2019

Code: https://qithub.com/brain-research/conv-sv

Thank You!



