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Polytopes and geometric symmetries

Polytope: P C RYd > 2
» convex hull of finitely many points (convex polytope),
» full-dimensional,

» vertices v1,...,Un € RY.
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Polytopes and geometric symmetries

Polytope: P C RYd > 2
» convex hull of finitely many points (convex polytope),
» full-dimensional,

» vertices v1,...,Un € RY.

Symmetries:

Autgr(P) := {T € GL(RY) | TP = P}
Auto(P) := {T € O(RY) | TP = P}
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Edge-graphs and combinatorial symmetries

Edge-graph: Gp = (V, E)
> finite simple graph with V' ={1,...,n},
» i € V corresponds to vertex v;,

» ij € E & conv{v;,v;} is an edge of P.
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Edge-graphs and combinatorial symmetries

Edge-graph: Gp = (V, E)
> finite simple graph with V' ={1,...,n},
» i € V corresponds to vertex v;,

» ij € E & conv{v;,v;} is an edge of P.

Symmetries:

permutations of the vertex set

1
Aut(Gp) :={o e Sym(V) |ij € E <+ o(i)o(j) € E }.
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0 —1 907
T(l 0) - o = (1234)
1 3
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Polytope symmetries yield graph symmetries ...

1 2
0 —1 907
T(l 0) - o = (1234)
1 3

T e AutGL(P) = dorp € Aut(Gp)

, s.t. Tv; = Voo (i)

a7, € AUtGL(P) <~ o0¢E Aut(Gp).

s.t. 1‘0’(?1‘ = 'I'(,(,,'>
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Polytope symmetries yield graph symmetries ...

1 2
. ﬂ D o
4 3

T e AutGL(P) = dorp € Aut(Gp)

, s.t. Tv; = Voo (i)

=1L e Aug i) = o< AuGp).

s.t. 1‘0’(?1‘ = 'I'(,(,,'>
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Capturing symmetries via colors

¢ VUE =€

Mail result. (W., 2021+)

There is a coloring ¢: V' U E — € of the edge-graph so that

Aut(GS) = Auter(P).
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Capturing symmetries via colors

¢ VUE =€

Mail result. (W., 2021+)

There is a coloring ¢: V' U E — € of the edge-graph so that

Aut(GS) = Auter(P).

Aut(Gp) = {O’ € Aut(Gp) ’ C(Z)i C(U(Z:)()T foralli eV }

(j)) forallije E
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The metric coloring
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The metric coloring

&
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Idea: G% with coloring ¢: V U E — R defined by
c(ig) = ||vi — vjl, forallij € E
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The metric coloring

&
2020,

Idea: G% with coloring ¢: V U E — R defined by
c(ig) = ||vi — vjl, forallij € E
c(?) :== ||l foralli eV

Question.
Do we have Aut(Gp) = Auto(P)?
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Idea: <

n

with coloring ¢: V U E — R defined by
c(ij) = llvi —v;ll,  forallije E
c(i) == ||vill], forallieV

Theorem. (BREMNER, SIKIRIC, PASECHNIK, REHN, SCHURMAN)
We have Aut(K;) = Auto(P).
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The orbit coloring

Definition.

The orbit coloring assigns the same color to two vertices resp. edges of Gp if and only
if they are in the same orbit w.r.t. the action of Autqr(P).

N/
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The orbit coloring

Definition.

The orbit coloring assigns the same color to two vertices resp. edges of Gp if and only
if they are in the same orbit w.r.t. the action of Autqr(P).

®64¢
Q\/Q

The orbit coloring is the finest coloring with Aut(G%) = Autgr(P).

Theorem.
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The Izmestiev construction

P°i={z cR| (z,v;) <1 forallicV}.
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The Izmestiev construction

P°(c) :=={x € RY| (z,v;) < ¢;forallieV}, ceR"

Then P°(1,...,1) = P°.

OO

d?vol(P°(c))

Mi' =
802- (9cj c=(1,...,1)
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The Izmestiev construction

P°(c) :=={x € RY| (z,v;) < ¢;forallieV}, ceR"

Then P°(1,...,1) = P°.

OO

dual face to edge ij
ifije &
Mo PP Ll
802- (9cj c=(1,...,1) HUZHHUJH sin <I(’Ui,Uj)
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The Theorem of lzmestiev

d9?vol(P°(c))

Izmestiev matrix — M € R™*" with M;; := )
Jc; Oc; e=(1,...,1)

Theorem. (IzmesTiEV)

(i) Ms; <0 ifij e E.

(i) M;; =0ifij ¢ E andi # j.

(i) dimker M =d.

(iv) M®T =0, where ® := (v1, ..., v,) € R¥X™,
v)

M has a unique negative eigenvalue of multiplicity one.
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The Izmestiev coloring

Definition.

The lzemstiev coloring is ¢: V U E — R with
C(’L) = Mii; C(Zj) = Mij;

where M is the lzmestiev matrix.
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The Izmestiev coloring

Definition.

The lzemstiev coloring is ¢: V U E — R with
C(’L) = Mii; C(Zj) = Mij;
where M is the lzmestiev matrix.

Theorem.
The Izmestiev coloring satisfies Aut(G%) = Autar(P).

Corollary.
The orbit coloring satisfies Aut(Gp) = Autgr(P).
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Theorem.
There is a coloring with Aut(G%) = Auto(P).
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¢(2) := (Mg, [[oill),  e(ig) := (Mg, [|oi = wj])-
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Theorem.
There is a coloring with Aut(G%) = Auto(P).

Idea: use ¢: VU FE — R x R with
c(@) := (Mg, uill),  e(ig) == (M, lvi — v;])-
Open problem.

Can we also use
(i) = llvsll, (@) = |lvi — vyl ?

/_/“
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Other open questions

Open problem.

Is it sufficient to color edges (but not the vertices) of d > 37
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Other open questions

Open problem.

Is it sufficient to color edges (but not the vertices) of d > 37

Open problem.

Is there a coloring ¢: VU E — € with

Aut(ng) = AuthL(P) ?

DiscMath - 07. April, 2021 - Martin Winter 12 /18 www.tu-chemnitz.de


www.tu-chemnitz.de

Thank you.

\V/



