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Overview

@ Brion’s identity recap

9 g-analogue of Brion's identity
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Lattice point generating functions

Definition
For K C R”, let
ok(x) = Z x!
ue KNZ"
be the /attice point generating function of K.
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Lattice point generating functions

Definition
For K C R”, let

ok(x) = Z x!

ue KNZ"

be the /attice point generating function of K.

For us, K will be either

@ a lattice polytope P, in which case op(x) is a Laurent polynomial, or

@ a rational polyhedral cone C, in which case o¢(x) is a rational
function, see e.g. the textbook [BR].
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Examples of ok(x)

If K= P is the lattice simplex with vertices (0,0),(1,0), and (0,1),
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Examples of ok(x)

If K= P is the lattice simplex with vertices (0,0),(1,0), and (0,1),
2

then op(x) =1+ x+y.
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Examples of ok(x)

If K= Cis the cone generated by vectors (1,0) and (0, 1) in R?
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Examples of ok(x)

If K= Cis the cone generated by vectors (1,0) and (0, 1) in R?
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Examples of ok(x)

If K= Cis the cone generated by vectors (1,0) and (0, 1) in R?
2
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then JC(X)=1+X+Y+X2+XY+)’2+---:m'
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Definition

For P a polytope and v a vertex of P, the vertex cone K, is the cone with
vertex v, generated by the “inward” directions at v.
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Definition
For P a polytope and v a vertex of P, the vertex cone K, is the cone with
vertex v, generated by the “inward” directions at v.

For the simplex P with vertices (0,0), (1,0), and (0,1) as before, we have
three vertex cones:
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Definition
For P a polytope and v a vertex of P, the vertex cone K, is the cone with
vertex v, generated by the “inward” directions at v.

For the simplex P with vertices (0,0), (1,0), and (0,1) as before, we have

three vertex cones:  K(1 )P
2
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Definition
For P a polytope and v a vertex of P, the vertex cone K, is the cone with
vertex v, generated by the “inward” directions at v.

For the simplex P with vertices (0,0), (1,0), and (0, 1) as before, we have

three vertex cones: Ko,1)P
2
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For each of these vertex cones K, P, we have an associated lattice point
generating function ok, p(x):
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For each of these vertex cones K, P, we have an associated lattice point
generating function ok, p(x):

® TkooP(N) = TEy
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For each of these vertex cones K, P, we have an associated lattice point
generating function ok, p(x):

® TkooP(N) = TEy

X

° 0K, 0 P(X) = T (o)
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For each of these vertex cones K, P, we have an associated lattice point
generating function ok, p(x):

® TkooP(N) = TEy

X

° 0K, 0 P(X) = T (o)

° UK(o,l)P(X) - (1—y*1){1—y*1><)
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For each of these vertex cones K, P, we have an associated lattice point
generating function ok, p(x):

® TkooP(N) = TEy

X

° 0K, 0 P(X) = T (o)

— y
® TKeyP(X) = (1—yH(A-y~19
Something to notice is that summing these functions up recovers op(x):

OKo,0) p(x) + UK(I,O)P(X) + UK(0,1)P(X) = op(x).
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Theorem (Brion, 1988)

This happens for P any simple lattice polytope.

Note: This theorem has been reproved and generalized. However, it was
first proved using the Atiyah-Bott-Berline-Vergne-(Baum-Fulton-Quart-...)

integration formula in equivariant K-theory, on the toric variety associated
to P.
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A geometric question

K-theory is a cohomology theory. What happens if we replace K-theory
with other cohomology theories that also have an integration formula?
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A geometric question

K-theory is a cohomology theory. What happens if we replace K-theory
with other cohomology theories that also have an integration formula?
This work (joint with D. Anderson) can be thought of as an answer, if we
replace K-theory with quantum K-theory.
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Some g-series notation

First, we will need some g-series notation:

Aniket Shah (joint w/ D. Anderson) (OSU) A g-analogue of Brion's theorem April 8, 2021



Some g-series notation

First, we will need some g-series notation:

Let

n—1

(a:q)n = [J(1 - ad)

i=0
be the g-Pochhhammer symbol. Let

( n >: (9:9)n
kike, ki) g TIi1(q a)

be the g-multinomial coefficient.

Note that these quantities all specialize to 1 if ¢ =0, and if g — 1, then

(kl,k;...,k/)q - (kl,kgrj...,k/) )
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Some more notation

Suppose P has r facets, with primitive inward normal vectors vy,

., Ve
Then we can realize P as the intersection of half-spaces

P= n{u|<u, vi) > —ajt,

where a; is a nonnegative integer.

Aniket Shah (joint w/ D. Anderson) (OSU)

A g-analogue of Brion's theorem

April 8, 2021



Some more notation

Suppose P has r facets, with primitive inward normal vectors vy, ..., v,.
Then we can realize P as the intersection of half-spaces

P= m{uKu, vi) > —ajt,

where a; is a nonnegative integer. We assume P is smooth, i.e. if for
each vertex p, K,P is a generated by a basis for Z". Also, we assume P is
radially symmetric, meaning Y7 ; v; = 0.
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Some more notation

Suppose P has r facets, with primitive inward normal vectors vy, ..., v,.
Then we can realize P as the intersection of half-spaces

P= n{uKu, vi) > —ajt,

where a; is a nonnegative integer. We assume P is smooth, i.e. if for
each vertex p, K,P is a generated by a basis for Z". Also, we assume P is
radially symmetric, meaning Y7 ; v; = 0.

Suppose P is radially symmetric. Then, define the generalized
Rogers-Szegd polynomial

RSp(x, q) = Z (<u7 V1>+31,Z..i.a,i(u, Vr>+ar)qxu'

ue PNZ"
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Example for the interval

Let P = [0, k], then RSp(x, q) is the k-th classical Rogers-Szegd
polynomial [S].

RSo(x 6) = RSi(x, ) = 3 (%) .

i=0
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Just a little more notation

Let p be a vertex of P. Then, let ui(p),..., us(p) be the primitive vectors
along the edges of K,,P which are incident to p. In the example of (0,0) in

the simplex, we just have the highlighted vectors:
2
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Main Theorem

[Anderson-S, 2021]

For P a smooth, radially symmetric polytope,

xP
(Xul(p); q)oo . (X’-'n(p); q)OO

RSp(x, q) = (: q)z_,-ai Z

(q; q)oo peV(P)

¢P7P(Xa q)7

where ¢p , is an explicit g-hypergeometric series.

v

Note: We will see an example of ¢p ,. When the associated toric variety is
Fano, this function is a specialization of the K-theoretic J-function as
studied in Gromov-Witten theory. When g = 0, this becomes Brion's

identity
xP
op(x) = Z .
ooViE) (1 — xu1(P)) ... (1 — xun(P))
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The case of intervals

Let P be the interval [0, k]. Then the left-hand side of our main theorem is
the k-th Rogers-Szegé polynomial [S]:

RS ) = RSi(x9) = > (5) »

i=0
and
0 qki
Ppo = — —
;:(q 1 q)i(xa~"; q)i
0 ki
q
bpk = - -
,.ZO: (a7 a)i(x g " q)i

so, the main theorem states

_ (@9« ( ¢Po PPk
R PN <(x; = X q><>o>
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Degenerate case:

The degenerate case of our main theorem where the polytope is a point
also holds. For intervals, this is the identity

[e.e] oo
q: q)oo =
(4 )~ (quoolz(; Cahia) 1, ; i(x1q7"; q)

which (with a little work) can be rearranged to the Jacobi Triple Product
identity:

[Ta-a)a - —d/x) = (-1)Xq072

i>1 i€Z
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Bonus slide for the curious: the definition of ¢p

Definition

The vectors v;, which are inward normal to the facets, define a map

7" — 7". Let A be the kernel, and denote the inclusion of A into Z" by 3.
Let AL be the intersection of A with ZZ .

For p a vertex of P, let I(p) C {1,...,r} be the set of indices i so that v;

in the inward normal of a facet containing p. Then v; is a basis for Z", let
ui(p) be the dual basis. Then

¢P,p = Z

iz Mieip) < Pa b a ) sy Migie) (a7 a7 sa),

qaiﬂ (d);i
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The End
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