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Introduction

Two polytopes are combinatorial equivalent if their
faces lattices are isomorphic .

.

The realization space of a- polytope Pis the set of
all polytopes combinatorial equivalent top.

A

In this talk :

.

•

•

-

Pisa 3 - dimensional polytope . .

-

constrained realizations
.

°



A bit of history
.

(some) facts on 3- polytopes :

←

Realization spaces are contractible .
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←

Realizations with rational vertices
.

⇐
Realizations with edges tangent to the sphere I Efneabereebfeto/ Churston
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and such that the origin O is
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the barycenter of the tangency points .
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Kolbe realizations 3 - polytope P

koebe realization of P :Q is combinatorially equivalent top.
edges of Q are tangent to unit sphere 5?
Contact points = tangency points(
*
K - A - T : unique repres .

modulo admissible proj . transf
which six s

'

✓SpringbornExample : tetrahedron realization

vertices -
- th th Fa Ih )



Springborn realizations
Springborn realization ofP: Q is a Koebe realization and

the barycenter of the contact pts is the origin .

↳ S : unique represent . modulo rotations and reflections

Example octahedron

vertices = OF tf fora )
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Koebe realization space of P :

Realization space of P t tangency conditions↳ Lemma
.

Realizations with algebraic coordinates
are dense

.

QEQ] is the field extension of ④ given by vertices ofQ .

Koebe degree kelp) : = min Q IQ] : Q
Q Koebe

realization ofP



Examples
Koebe degree kelp) : = min QEQ] :Q

Q Koebe

realization ofP

Tetrahedron : vertices -- th -9 In 7h ) kept =L

Octahedron : vertices -
- f-OF fora fora )

K 'EE
Cube KlPk2

Proposition . Let # be the polar of P.

Then k (P) = k¥7
.



Properties

Theorem
.

Let P be a 3-polytope with a triangular face
and n -- # vertices . Then

KCP) £223
"

.

CAD

Theorem
.

The koebe degree of any stacked
3-polytope is one .
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Springborn degree HP) : = min ⑥ IQ) :Q
Q Springborn
realization

Proposition .
Let Q be a Springborn realization of P.

The algebraic degree of rollQ) divides olPl .

Tetrahedron : vertices -- th -9 In 7h ) TIPI =L .
TCP ) E 2Octahedron : vertices -

- FF tf fora ) rocca, .gr#--D0lPt-2



Bipyramids
BK bipyramids over K - gon

OSEE /
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Theorem
.

The Springborn and koebe degrees of a
3-polytope are not bounded by any constant .



Questions

Proposition .

Let P be a 3 - polytope with m edges.
KCPl s OCP) E l2mgt2# .

KIP )

Question
. Relationship between kept and OCP) .

Question
.

Can Kip ) be computed from the degree
of the cross ratios of contact pts ?

Question
. Algebraic degrees of higher dimensional
polytopes ?



Thank you !!


