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Introduction 5,

The classical Hardy inequality may be written as

(A p,0) > (w p,p), ¢ €CN)

where A is the standard Laplacian on N and

is the classical Hardy weight.
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Introduction

The fractional Hardy inequality may be written as
(A%, 0) > (wop, ), ¢ € Ce(Z)

where A? is the fractional Laplacian on 7Z and

Cy
wy(z) = e + HOT

is the fractional Hardy weight.
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Introduction — Natural Questions

Suppose we have some w : Z — R satisfying

(A%, ) > (we, @)

for all ¢ € C.(Z).
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Introduction — Natural Questions 3,

Suppose we have some w : Z — R satisfying

(A%, ) > (we, @)

for all ¢ € C.(Z).

© Can w be improved to a larger weight?
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Introduction — Natural Questions 5,

Suppose we have some w : Z — R satisfying

(A%, ) > (we, @)

for all ¢ € C.(Z).
© Can w be improved to a larger weight?
© What is the leading term of w?
@ Is the constant sharp?

@ Does the inequality have a minimizer?
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Introduction — Natural Questions 3,

Suppose we have some w : Z — R satisfying

(A%, ) > (we, @)

for all ¢ € C.(Z).
© Can w be improved to a larger weight?
© What is the leading term of w?
@ Is the constant sharp?
@ Does the inequality have a minimizer?

Ciaurri and Roncal showed that

wo () :40F(1+‘120)2-F(’$| e 5 G +HOT
0 P(H72)? (o] + 2720 (la| + H2) faf*

is a Hardy weight for A7, 0 <o < 1/2.
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Set-Up — The Fractional Laplacian 3,
The standard Laplacian A on ¢?(Z) is the bounded operator

A=-V, V_=-V_V,.
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Set-Up — The Fractional Laplacian 3,
The standard Laplacian A on ¢?(Z) is the bounded operator
A=-V, V_=-V_V,..

By the spectral calculus, the fractional Laplacian A%, 0 < o < 1,
on ¢%(Z) is a bounded operator given by

A1) = gy [ = Dfw)
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Set-Up — The Fractional Laplacian 5,
The standard Laplacian A on ¢?(Z) is the bounded operator
A=-V, V_=-V_V,..

By the spectral calculus, the fractional Laplacian A%, 0 < o < 1,
on ¢%(Z) is a bounded operator given by

A7) = gy [, € - DA
— Z ko(z —y)(f(x) — f(y))

where

R B SN/
o(0) = gy fy ¢l

if |z| > o and 0 else.
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Set-Up — The Fractional Laplacian 5,

The standard Laplacian A on ¢?(Z) is the bounded operator
A=-V, V_=-V_V,..

By the spectral calculus, the fractional Laplacian A%, 0 < o < 1,
on ¢%(Z) is a bounded operator given by

A7) = gy [, € - DA
— Z ko(z —y)(f(x) — f(y))

where

R B SN/
o(0) = gy fy ¢l

if [z| > o and 0 else. The integral also converges if —1/2 < o <0
allowing us to define k, for —1/2 < 0 < 1 and ko = 1.
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Set-Up — Hardy Weights and Main Result a

A non-zero function w : Z — [0, 00) is called a Hardy weight if

(A%, 0) > (wp, @), ¢ € Ce(Z).
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Marius Nietschmann Optimal Hardy Inequality for Fractional Laplacians August 5, 2022



Set-Up — Hardy Weights and Main Result a

A non-zero function w : Z — [0, 00) is called a Hardy weight if
(A%, ) = (wep, ), ¢ € Ce(Z).
Moreover, w is critical if all Hardy weights w’ > w satisfy v’ = w.

For a critical Hardy weight w, there exists a unique positive har-
monic function ¢ (Agmon ground state), i.e., (A7 —w)y = 0.
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A non-zero function w : Z — [0, 00) is called a Hardy weight if
(A%, ) = (wep, ), ¢ € Ce(Z).
Moreover, w is critical if all Hardy weights w’ > w satisfy v’ = w.

For a critical Hardy weight w, there exists a unique positive har-
monic function ¢ (Agmon ground state), i.e., (A7 —w)y = 0.

If o ¢ (?(Z,w), then w is called null-critical.

A Hardy weight w is said to be optimal if it is critical and null-
critical.
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Set-Up — Hardy Weights and Main Result 5,

A non-zero function w : Z — [0, 00) is called a Hardy weight if

(A%, ) = (wep, ), ¢ € Ce(Z).
Moreover, w is critical if all Hardy weights w’ > w satisfy v’ = w.

For a critical Hardy weight w, there exists a unique positive har-
monic function ¢ (Agmon ground state), i.e., (A7 —w)y = 0.

If o ¢ (?(Z,w), then w is called null-critical.

A Hardy weight w is said to be optimal if it is critical and null-
critical.

Theorem
The Hardy weight w, obtained by Ciaurri and Roncal is optimal.
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A Family of Hardy Weights 5,
Recall that we have defined the kernels kg for —1/2 < 8 < 1 as

dt
— A
Hﬁ(x | / t 0 t1+57 ’fL" > B’

and 0 otherwise and kg = 1j.

Marius Nietschmann Optimal Hardy Inequality for Fractional Laplacians August 5, 2022



ey,

A Family of Hardy Weights .

Recall that we have defined the kernels kg for —1/2 < 8 < 1 as

dt
fA
’%ﬁ( |/ ! 0 t1+57 "T‘>B7

and 0 otherwise and kg = 1j.

Proposition
For0 <o <a<1/2, we have

ag
A%K_o = Kg—a-
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A Family of Hardy Weights
Recall that we have defined the kernels kg for —1/2 < 8 < 1 as

dt
fA
%o(0) = g L ¢ @) el > 5,

and 0 otherwise and kg = 1j.

Proposition
For0 <o <a<1/2, we have

ag
A%K_o = Kg—a-

A family of Hardy weights for A% is given by
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Proof of Optimality B

Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
set ap = (14 20)/4.
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Proof of Optimality B

Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
set o = (14 20)/4.

a) The Hardy weight we o ts critical if and only if a < «.
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Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
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Proof of Optimality o

Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
set o = (14 20)/4.

a) The Hardy weight we o ts critical if and only if a < «.

b) We have k—q € (?(Z,wea) if and only if o < .
In particular, wg,o is null-critical if and only if o = a.

Proof of b).

One can show k_n € O(z7112%) and w, o € O(2727). Hence,

Z ffz_awo,a - § :x2(—1+2a)—20 _ Zx(4a—1—20)—1.

Ol
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Proof of Optimality B

Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
set o = (14 20)/4.

a) The Hardy weight we o ts critical if and only if a < «.

b) We have k—q € (?(Z,wea) if and only if o < .
In particular, wg,o is null-critical if and only if o = a.

Proof of b).

One can show k_n € O(z7112%) and w, o € O(2727). Hence,

Z ffz_awo,a - § :x2(—1+2o¢)—20 _ Zx(4a—1—2a)—1.

For the “in particular” statement observe that x_, is harmonic
for (A? — w, ) and is thus the Agmon ground state. O
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Theorem

The function wy, from the beginning is an optimal Hardy weight.
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Proof of Optimality B

Theorem

Let 0 <o << 1/2 and weo = A%k_o/k—o. We furthermore
set o = (14 20)/4.

a) The Hardy weight we o ts critical if and only if a < «.

b) We have k—q € (?(Z,wea) if and only if a < .
In particular, wg,o is null-critical if and only if o = a.

Theorem

The function wy, from the beginning is an optimal Hardy weight.

Proof.

A computation shows wy = Wy, for @ = a,. The theorem
above yields the claim. O
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