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Abstract

Energy solutions are a probabilistic theory for singular SPDEs with tractable (quasi-) invariant
measures. The prototypical example is the stochastic Burgers/KPZ equation with its white
noise invariant measure. Energy solutions were introduced by Gongalves-Jara [4] and later
Gubinelli-Jara [7] and they are based on methods from hydrodynamic limits such as replace-
ment lemmas and martingale estimates. More recently, we understood how to use chaos
decompositions to construct and control infinitesimal generators in this setting, which leads
to a (weak) well-posedness theory of energy solutions. Compared to pathwise approaches
like regularity structures, this requires only relatively soft estimates and the method applies
to some scaling (super-)critical equations.

In these lectures, we will start with the guiding example of a diffusion in a singular diver-
gence-free vector field, where we can understand the main ideas of energy solutions without
many technicalities and we can already see some (super-)critical problems. Then we will
discuss a relatively general and abstract construction of infinitesimal generators, semigroups,
and energy solutions based on chaos expansions and infinite-dimensional analysis. Finally we
will study applications to singular SPDEs.
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1 Introduction

Disclaimer: This is a work in progress and in particular there are many references missing and we
should give more credit to other works.

Singular SPDEs are nonlinear stochastic partial differential equation with very irregular noise.
For example, if we derive an SPDE as a mesoscopic model for fluctuations in a random system,
then the noise in the equation will typically a space-time white noise. (As long as the microscopic
system does not have correlations that persist over infinite distances.)



2 SECTION 1

The bulk of these lectures will be quite abstract, and to motivate the following abstract con-
siderations let us first consider some examples that we will be able to treat.

The example which started the theory of singular SPDEs is interface growth. In the pictures
below you see different growing interfaces. In a 1986 landmark paper in physics by Kardar, Parisi
and Zhang [14] it was conjectured that the fluctuations in such interface growth can, in a certain
regime, be modelled by an SPDE which now is called the KPZ equation: h: R, x R* = R,

Oh=Ah+|Vh|2+¢,

where £ is a space-time white noise, i.e. a centered generalized Gaussian process with E[£(f)£(g)] =
(f,9)L2(r, xre)- This is a singular SPDE, because the noise makes the solution irregular and only
in d=1 it is even a function, in higher dimensions it could only be a generalized function (Schwartz
distribution)!-!. And even in d =1, which corresponds to the pictures below (two-dimensional
phases, one-dimensional interface), h is non-smooth and x +— h(t, ) is only as regular as a Brownian
motion and therefore |VA|? makes no sense.
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Figure 1.1. Growing interfaces. Image credit: Lowe et al., Geophys. Res. Letters, Vol. 34, L21507, 2007
(upper left), Nils Berglund (lower left), iStockphoto.com/rudigobbo (right)

In that case there is a simple trick to make sense of h: If we define w = e’ (“Cole-Hopf trans-
formation”), then w formally solves the stochastic heat equation

Orw = Aw + wé,

which is linear and well-posed as an It6 SPDE. Therefore, we can simply define h:=logw (luckily
w is strictly positive for positive initial conditions) and this gives us the right object to work with.
But in this way we do not get an equation for h.

The first widely visible!-2 breakthrough in singular SPDEs was a work by Hairer [13] in which he
solved the KPZ equation using rough path integrals (a pathwise version of stochastic integration).
The key point is that the roughness in A(t,-) is in the space variable, and therefore there is no direc-
tion of information and It6 techniques are not useful. While the pathwise approach does not care
about that. This inspired a lot of follow-up research, for example Hairer’s regularity structures [12]
and paracontrolled distributions by Gubinelli-Imkeller-Perkowski [6] extend rough path integration
to higher dimensions, which is necessary to treat equations with higher-dimensional space variables.

1.1. In fact it is expected/in some cases shown that in d > 3 there is no nontrivial solution to the SPDE, and h
is Gaussian and a solution of d:h =vAh + o€ for some effective parameters v, o > 0. The physically most relevant
case d =2 (three-dimensional phases) is more subtle and finer details of the equation should determine whether
solutions are Gaussian or not.

1.2. There was a previous work by Hairer [11] where he first demonstrated the usefulness of rough path techniques
for singular SPDEs and which layed the foundation for the KPZ paper. This is a beautiful and groundbreaking
work, and the main reason why it did not get the same attention as the KPZ paper is that the SPDE treated here
is not as famous as the KPZ equation.
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By now singular SPDEs are a flourishing area of research and hundreds of papers developed and
consolidated the field since those early days. We do not go into detail and simply stress that most
works in the area follow the original, pathwise philosophy: To solve a singular SPDE, we freeze a
realization of the noise £(w) (together with a finite number of “trees”; i.e. nonlinear functionals, built
from £(w)), and then proceed to solve the SPDE with deterministic arguments. At the moment
this is the only general approach we have for solving many singular SPDEs in a unified framework.
But for some equations there is an alternative approach, based on probabilistic techniques such
as martingales. Here we present this alternative approach. Let us give some examples of SPDEs
where this is applicable:

Example 1.1.

i. Stochastic Burgers equation: The derivative of the KPZ equation solves the stochastic
Burgers equation u: Ry x R— R

O = Ot + Opu® + 0,€.

We can derive this model as a mesoscopic fluctuation scaling limit from microscopic models
for local differences in interface growth. The simplest model is the (weakly asymmetric)
simple exclusion process on Z, i.e. a system of particles which perform continuous time
independent random walks with rate p (resp. 1 — p) of jumping to the right (resp. the left),
but which are not allowed to jump on top of each other; each site has at most one particle.
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Figure 1.2. Simple exclusion process

One motivation for studying this particle system is that it corresponds to a simple
interface model: We can imagine a piecewise linear curve (h(t,k):t >0,k € Z) over Z, such
that h(t,k+1) — h(t,k) =1 if there is a particle at site k, and h(¢t,k+ 1) — h(t, k) =—1
otherwise. Then local maxima become local minima with rate p, and local minima become
local maxima with rate 1 — p.

Figure 1.3. Simple exlusion as interface model

The oscillations of this random interface could for example be a toy model for the
interfaces in Figure 1.1. In that case the up and down motion is not symmetric, so we would
expect p <% (p=0 would correspond to growth only, and p >0 would for example allow
some melting of the snow). The large scale behavior for fixed p € (0, %) is described by the
KPZ fixed point, a complicated stochastic process which can only be described by explicit
formulas for its transition probabilities, but for which we do not know any differential
equation [16, 18].
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But if the random walk in the exclusion process is symmetric, i.e. p:%, then on large
scales the particle system converges to the SPDE

Opu— %&mu 1.,

on R x R, where £ is a space-time white noise (roughly speaking £(¢, ) is independent of
&(s, y) whenever (t,x)+ (s,y)). This equation is called the infinite-dimensional Ornstein-
Uhlenbeck process. If we take a small perturbation around the symmetric jump rates and

consider p :%—l— Ae, with A€ R and € — 0 as we scale out, then the scaling limit is given by
the stochastic Burgers equation

Oy — %amu D2 + D,

which is singular because u is only a generalized function and therefore u? is not classically

defined. In that case the scaling limit for the interface is the KPZ equation
Ouh = %&mh —(0uh)2+ €.

Using the Cole-Hopf transform, this convergence was established well before the start of
singular SPDEs [2].

Fractional, multi-component Burgers equation: If particles in the exclusion process are
allowed to do long range jumps in such a way that the rescaled random walk of a single non-
interacting particle would converge to an a-stable Lévy process, then the scaling limit of the
particle system is a nonlocal stochastic Burgers equation u: Ry x R — R (again interpreted
as a distribution in the space variable)

Opu=—(—A) u+ d,u®+ 2(-A)7/%¢,

where again £ is a space-time white noise and 6 € [%, 1], see [5]. For 6 >% we need to

consider a weakly asymmetric regime, while for 6 :% this limit arises from a fixed strength
of asymmetry. For 6 <1 this equation does not have a Cole-Hopf transform. For 6 :% it

is scaling invariant and therefore out of the range of pathwise theories, which are crucially
based on the fact that nonlinearities vanish on small scales and can be controlled by the
linear terms — this is called subcriticality.

If there are more than one particle type, say red, blue and green particles which interact
differently, then we could expect a multi-component fractional stochastic Burgers equation

D= —(—A)%u+ 0y (wTu) +v2(-A)"/%,

where I' € R¥*4X4 ig a tensor coupling the different components, and ¢ is a vector-valued
space-time white noise.

Stochastic surface quasi-geostrophic equation, regularization by noise: The surface quasi-
geostrophic equation is a popular model in fluid dynamics, describing for example the
evolution of the temperature in a fluid. It is given by

O +u-Vo = 0,
u = VEH(=A)"1/29
on Ry x T2 or Ry x R? and where V= (0,, —0). To the best of our knowledge, the well-

posedness of this equation remains a challenging open problem and one of the best results
is the well-posedness of the critical model with fractional viscosity [15]:

0 +u-VO = (—A)/29.
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This equation is formally scaling invariant, but of course the viscosity has a regularizing
effect and it adds energy dissipation, while the original equation formally conserves the
energy f §2. In particular, while the inviscous equation formally has an invariant measure
given by the law of the Gaussian white noise, the viscous equation does not preserve this
measure. We could regularize the equation differently, by adding an injection of energy on
top of the dissipation, so that formally the energy is preserved:

00 +u-Vl = (A0 +/2(—A)Y%,
u = VH=A)"12,
for a space-time white noise £&. Now the equation is scaling invariant, and also the energy is
preserved. Strictly speaking the energy f 62 is infinite at each time, but the “energy measure”
formally given by e 1?40 is preserved, which is the white noise measure.

iv. To some extent Landau-Lifshitz Navier-Stokes. To do.

We will see that, at least i.-iii., can be interpreted as infinite-dimensional stochastic differential
equations with a drift given by an infinite-dimensional drift. To get an idea how to solve those, we
first treat a conceptually simpler, finite-dimensional example.

Example 1.2. (Diffusion in the curl of the GFF) Let £ be a periodic Gaussian free field on
R?, i.e. the centered Gaussian process with covariance E[£(f)&(g)] = ((—=A)7V2f, (=A)~1/2g).
The recent works To Do! consider the diffusion on R

dX; =Vt {(Xy)dt +/2dW,,

where p € CS° is a mollifier. They show that on large scales, X behaves super-diffusively, roughly
speaking
E[| X|?] ~t\/logt, t— 00.

Translating this to a small scale problem, this shows that taking the truncation away, there exists
no limit: the sequence of processes

AXF =V po x £(X7)dt + v2dW,,

where p.(z) =e"2p(e~!), is not tight and does not converge in distribution. While on large scales
the issue are the long range correlations in the GFF, on small scales the issue is its irregularity:
We have (locally) £ €C~ 1 F= B;{gj for all x>0 but not for k=0. The law of the diffusion is
formally equivalent to the Kolmogorov backward equation

O = Aug + b-Vu, be=V'p.* &

We know from regularity structures that this equation is scaling subcritical exactly if (locally)
b €C~1F* (i.e. then u. is a perturbation of the heat equation on small scales). Our example shows
that in this case the subcriticality condition is a sharp obstacle to well-posedness and if it is only
slightly violated it may be impossible to construct a limit of (X¢)c~o.

But what if we regularize this problem slightly, say with a Fourier multiplier (1 + |z|?)~* for
some k> 07 In that case b. € C~1T2*~ C C~'+* locally, so the dynamics are subcritical and we
should be able to solve the equation using regularity structures. But for x — 0 the number of trees
we need to construct converges to co.

2 Lecture 1: Diffusion with distributional drift

We want to solve the d-dimensional SDE
dXt:b(Xt)dt—f—dBt, XQNM,
where b is a distribution with divb=0. We will assume that b is periodic with respect to integer
shifts. We will interpret the SDE in the weak sense, and define the drift by a limit:
t

X,=Xo+ lim [ bu(X.)ds+ By,

n— oo 0
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for smooth approximations b,, of b. We will construct such solutions and show weak uniqueness if
X additionally satisfies some “energy estimates/admissibility condition” and an “incompressibility
condition”. The uniqueness argument will rely on duality with the Kolmogorov backward equation,
for which we will construct sufficiently good solutions.

2.1 Construction of energy solutions to the SDE

To construct energy solutions, we go through the usual construction of solutions to martingale
problems: We replace b by a smooth approximation and prove tightness. Let us start with an
auxiliary observation. As usual we identify functions on T =R?/Z% with periodic functions on R%.

Lemma 2.1. Let X solve
dX:=b(X;)dt + d By,

where B is a Brownian motion and where b€ C>(T) is divergence free. Let Y;= X;mod Z®. Then
Y is an ergodic T% valued Markov process with generator L :%A +b-V and with unique invariant
measure the Lebesque measure on T If Yy is stationary, then for any T >0 the time-reversed
process Y; has the generator L* = %A —b-V.

Proof. Y is Markov because b is periodic and therefore predicting the future behavior of
(Xi+s)s>0mod Z4 requires only knowledge of X; mod Z<. To see that Y has the generator £ =
%A +b-V we can apply It6’s formula to X. Next, we have by integration by parts and because
b is divergence free:

| £i@)(e)ar /&d<%Aka>jﬂwgﬁwdx

A(%Af(w) +V'(bf)($))g(x)dx

L. <x><§ﬁg<w> - V'(bg)(f))dx

Tdf(x)ﬁ*g(ac)dac,

where £* = %A —b-V. With g=1 we see that the Lebesgue measure is indeed invariant. It then
follows from general results on Markov processes?:! that for Lebesgue distributed initial condition
the time-reversed process has the generator L£*.

Uniqueness of the invariant distribution holds because the diffusion is irreducible since we have
additive noise. Here is a shorter PDE-theoretic argument: The Kolmogorov forward equation, which
describes the evolution of the probability distribution of Y, is

Dup=L*p= (%A _ b-v>p.

From basic regularity theory we get that p(tp) has a smooth density for any ¢y > 0. Using the
equation on [tg,c0) and differentiating the L?-norm of p — 1, where by abuse of notation p also is
the density, we get with the L%(T) inner product (-, -)

o[ (o-17 = 2( (-1, (32-07 )o)
2<(p - 1), (%A— b-V)(p - 1)>
- [19-DP

2.1. See tutorial.
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where we used that 5-V is antisymmetric wrt. Lebesgue measure (as we have seen above), and
therefore (f,b-V f)=0. By the Poincaré inequality we have

- [e-np<pn? [1p-1p
so by Gronwalls inequality

/ (p(t) =1)? <emie=to) / (plto) = 1)?,
which converges to 0 for ¢t — oo. O

The time-reversal gives a very useful bound for expectations of the form E[| |, OT f(Y;)ds|?]. This
is based on the so called Ité trick:

Lemma 2.2. (Itd trick) Let Y be a periodic diffusion with generator %A +b-V, where be C>=(T9)

is divergence free. Assume that Yy is uniformly distributed on T?. Then we have for all T >0, for
all f € C*(TY) and for all p>2

P
E| sup

STV FIZeray-
t<T

[ armas

Proof. Let Y; =Yr_;. We get from the martingale problem

fY) = FO0)+ /0 LF(s,Yo)ds + M/,

T
fO) = S0+ [ Lo Nif - N,

T—t

where M7 is a martingale and M'is a martingale in the backward filtration (the filtration gener-

ated by Y). We can rewrite the equation involving Y as

T
f(0) = F(¥)+ / o f(Yr_3)ds + Vi — NI,

T—t

FY) + /O tﬁ*f(Y;)ds + M} — M _,.

Adding these two equations and using that £+ £*=A, we get

t ~ ~
/ Af(Ys)ds= M + Mj — Mif_,.
0

The quadratic variations are
t t
af)i= [V iRds, @)= [ 19 P
0 0

which follows for example by writing f(Y;) = f(X;) and applying It6’s formula to f(X;), and sim-
ilarly for Y. Thus, we have by Burkholder-Davis Gundy, Minkowski’s inequality and stationarity

p] < E[([)wa(ys)leS)p/z}
+]E[</OT|vf(YT_s)|2ds)p/2:|

([)TEHVJC(Y;)MP/pdS)p/Q

= TV fIZe

E| sup

t<T

/O Af(¥i)ds

N
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Corollary 2.3. Let (bp)nen CC%(T?) be divergence free such that supy, ||bn|lc-1++ < oo for some

k>0, and let (pn)nen be a sequence of probability measures on T? such that sup,en ||%|‘L2(Td) <
oo with the Lebesque measure X\ on T9.
Let Yo" ~ 11, and let Y™ be the periodic diffusion with generator %Aern'V. Then (Y™)nen is

tight in C(R.y, T%). Moreover, we have uniformly in n for all f € L*(T%)

t
E| sup / FOYs| | STY2)(=A) 2 [ pappa.
0

t<T

Proof. For simplicity we assume that Fb,(0) =0 for each n, i.e. that by, has vanishing zero Fourier
mode?2. In that that we can construct (—A)~!b, by Fourier analysis:

1

F((=A)"1b,) (k) = ok

Fbn (k).

The It6 trick yields under the assumption “* =1, bounding V(-A)"Y2<:

gy
g

t
/ b (V) dr
S

p P
| 5 =B 2 0l

S (t—3)E||(—A)71/an||fp(qrd)
S (t=9)2(=2) "2, f e ay
S (= 5)2ballg-1ens

where the last step follows from regularity estimates for A in Besov spaces. For non-stationary Yy"
we use the Cauchy-Schwarz inequality:

t p t p dun
]Eun{/bn(}/;”)dr } = /Ey{/bn(Yﬂ)dr ]dA (y)dy
dun 1/2 </E -

A | 2oy ‘1
d‘un 1/2 </E -
dA 1l z2(re)

1/2 ¢
_ dd“; ]EA[ / bo(Y;)dr

L2(T)
S (=52 l(=A) " ballg-rir.

N

t
[ bt

P12 1/2
)
2p 1/2
Jo)

2p:|1/2

N

<

t
JRa

Since p > 2 is arbitrary, tightness follows from Kolmogorov’s continuity criterion. Also, the argu-
ments did not depend on the fact that we plugged in b,, and therefore the claim for general f holds
by the same steps. O

Theorem 2.4. (Existence of energy solutions) Let (b,,), (un), (X™) as in the previous lemma.
Assume that b, converges in C~1T" to some b, that u, converges weakly to some u, and let Y be a
weak limit of the (Y™). Then:

1. Y solves the martingale problem with generator %A +b-V in a limiting sense: For all f €

C?(T%) the process

F(%) ~ (%)~ Tim t(%A 009 ) (1)

18 a martingale.

#. Y is incompressible: For all bounded and measurable f: T%— R we have

E[l YD) S £ le2(ra).

2.2. Otherwise we would solve (—A)~1(b, — Fb,,(0))
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ii. Y is admissible / satisfies an energy estimate: For all f € L?(T¢9)

/0 F(v)ds

We call such Y an energy solution of the SDE dY; = b(Y;)dt + dB; (interpreted periodically). In
that case we can extend the map I: L*(T?) — LY(Q, C([0,T7)),

E| sup STY2(=A) 72 f || p2er)-

t<T

t
1= [ s
0
continuously to H™', and we denote the extension with the same symbol I.

Proof.

i. Let f€C? and 0<s <t and let G: C([0, s], T9) be continuous and bounded. We have to
show that lim,, s [; (34 +by'V) f(Ya)ds exists and that

| (700 - £00 - 1 [ (3840,:9 ) 100000 )60, c0.0)| 0.

n— oo s

For simplicity we assume that b,-V f has no zero Fourier mode?3, for all n. The It6 trick
sup

yields
tr tr
/(—A+bn'v>f(Y;”)ds/ (—A+bm~v)f(Ys’”)ds
t<T |Jo 2 0 \2

STV (=2) 7 2((bn = b)Y ) 2oy
STY2|by, — byl =15 f | o=
§T1/2||b — bchfl*’NHfHCQ

E

Since by, is smooth and bounded, the map x +— fgbm-Vf(x(s))ds is a continuous bounded
map in the uniform topology and we obtain

/t<lA + bm.v>f(ysn)ds’ﬂ° t<lA + bm~V)f(Y5)ds,
0 2 0 2

weakly. Therefore, Fatou’s lemma for weak convergence yields

t t
E| sup /(%AermV)f(Y;)ds/ (%A+bm,.v>f(Ys)ds
t<T |JO 0
tr1 b1
<liminfIE sup/ —A+by,V f(Y;")ds—/ —A+by-V | f(YM)ds
n—oo | t<7|Jo \ 2 0 \2

SHbm - bm’HC*H”

and thus fot (%A+bm~V)f(Y;)ds is Cauchy in L! and the L!-limit exists. Moreover, by L!-

convergence

| (700 - 500~ tim_[(38+0,9 ) 705000 )G

m—0o0 Jg

m— 00 s

= tim 8 (100 1000 [(38 5009 ) 10000 G (V)]

— tin_ i | (70 = 10 = [ (584009 ) 10000 )G, |

m— 00N — 00

~ it B ([ (00— 10000 )00 | 40

m— oon—r oo

2.3. As discussed before, the contribution from the zero Fourier mode can be easily bounded by “brute force”
and we use the It6 trick to handle the rest.
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where we used that Y solves the martingale problem for %A +b,-V. Now the claim follows
from another application of the Ité trick.

ii. and iii. follow from Fatou’s lemma. O

Note that we only constructed energy solutions for near-stationary initial conditions with
density in L?. This can be relaxed to densities with finite entropy, but for deterministic ini-
tial conditions we would need an additional argument and in that case we would have to find
new versions of the admissibility and incompressibility conditions.

Our next goal is to prove uniqueness of energy solutions. This will be based on duality with
the Kolmogorov backward equation.

2.2 Solving the Kolmogorov backward equation

To prove uniqueness for the energy solution X, we want to solve the Kolmogorov backward equation
1
atuziAu—i—b-Vu, u(0) =g,

for a sufficiently rich class of initial conditions (. For simplicity we only consider periodic ¢, which
means we will only show uniqueness in law of ¥ = X mod Z?. We will explain later how we could
adapt the arguments to get uniqueness in law of X.

For b € C~1%(T%) our first goal is to make sense of the operator £ :%A +0-V on a suitable
subset of L?(T?). We will work with L2-Sobolev spaces

He = HY(T9) = BS'5(T%) = We2(T9).

To construct L, it is useful to work with paraproducts. We will not go into the details of para-
products here, but just use the following facts:

Lemma 2.5. The product of smooth functions (f, g)— fg can be decomposed as a sum of three
operators,

fo=feg+foOg+g9f,
which are continuous bilinear maps satisfying the following bounds?* for a € R and 8 <0
lfoglla«<Ifllzollgliess,  1f@gllao+a SIS lleollgllae,
and, if a+ >0,
1 © gllgers SIS lmallglles.

We call © the paraproduct and ® the resonant product.

You can find the construction of the paraproduct and the proof of these bounds in Chapter 2
of [1]. Equipped with this, we define now £: H! — H~17* via

Lf =Lof +Gf =3 Af+DOVS+DOVI+V (b0 f),  feH(TY.
gf

~——
Lof
Lemma 2.6. We have

1Lof e < I f Nl
1Gf lFr-1+e S

Flle.

[1bll -1+

2.4. Actually the first bound only holds if we replace H® on the left hand side by B ., or by H*~¢ for some
arbitrarily small € > 0. But for k >0 we anyways have some “spare regularity”, so to simplify the presentation we
ignore this small loss of regularity.



LECTURE 1: DIFFUSION WITH DISTRIBUTIONAL DRIFT 11

Proof. The bound for Ly is clear. We use the bounds for paraproduct and resonant product as
follows:

1BV fllz—14n S [blle=1+x IV fll2 S [1blle-1x [ f a1,
IVfebllp-—rex S IV Fllz2llblle—r+s Sz 1bl e -1x,
V-0 O N1+ S N0O flla= S N0lle—rexlLf e

O

Theorem 2.7. (Construction of the semigroup / solution of the Kolmogorov backward
equation) 25Let b€ C~1%(T9) and L = %A + bV =Ly+G. Define D(L)=L"'L?>={feH"
Lfe€L?. Then D(L) is dense and the closed operator (D(L),L) generates a contraction semigroup
(St)t>0 on L2(Td).

Proof.

1. A priori bound: Let (by)nen C C(T?) be a sequence of divergence free smooth approxi-
mations of b. Define the operators

Ln = ACO + g’m gnf = bn@vf + bn®Vf +V. (bn O] f) = b'n'vfa
and the bounded resolvent operator
1-L,) L 1?— H!

(we take this fact for granted but could also derive it from the following estimation with
an additional regularization argument; recall that b,, is smooth). Testing u,, := (1 —L,) "1 f
against f, we get

<un7 f> = <Un, (1 - £7L)U7L>
l[unl|?+ 11 (—L0) " 2uun|? = (ttn, Grtin)
[[nl[® + [[(=Lo)Pun?

= |lunllf

Bounding
1 1
[, £ < S llunlEr + 511 £ 17—,

we get uniformly in n

[wnllr <[ f Ml

2. Construction of a domain D(L) for the resolvent: Let (e;) be an orthonormal basis in L2.
By the a priori bound and a diagonal sequence argument we can extract a subsequence,
denoted by abuse of notation again by (n), such that

(1 — En)_lek — fr:=Rieg

weakly in H! (and strongly in H'~¢ for all £ >0, but we will not need this). We have for
all g e C°°:

<ekag> = h'rILn<( n (liﬁn)ilekag>

1-L,)
= lim ((1—£,) tex, (1= L})g)
1- L)

= 1i?n<( e, (1= L g) +{((1— L) tex, (L — L) g).

n

n

Since (1 —L*)ge€ H~*, and since ((1— L,) lex)n converges weakly in H! to f we get that
the first term converges to

(fi, A= L7)g) =((1 = L) fx, 9)-

2.5. This result is a consequence of classical perturbation theory. We set up the proof so carefully because later
we will use similar arguments to derive a stronger result which does not follow from perturbation theory.
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The remainder is bounded by

(L= L) ten, (L7 = L)g) < (1= La) " terlln (L5 — L) gl
S llexllz—llbn = blle—r++llgllar,

which converges to 0. Therefore,
(1=L) fr=r¢x.

By linearity, this convergence extends to the span of the (e;) and the resulting map
Y opaker> Y, axfi is linear — note that here we only allow sums with finitely many non-zero
ar. The extension to infinite series follows by an approximation argument, using the a priori
bound ||(1— £,) L f||< || f|| which extends by Fatou’s lemma to the limit. We write Ry f =

lim,, 00 (1= £,) "1 f, again with weak convergence in H'. We have thus constructed a space
D(L)={R.f: fe L},
such that every Ryf € D(L) satisfies (1 — L)R,f = f € L.

. Existence of the semigroup: We apply the Lumer-Phillips theorem (see below): We showed

that 1 — L is surjective, and L is dissipative because for f = Rig € f)(ﬁ)

(f,Lf) = IIfFIP=(f,(1=L)f)
= IfIP={f.9)
timinf (|| full* = (fa, 9)),

where f,:=(1—L,) !g and we used weak lower semi-continuity of the norm. Now g =
(1—L,,) fn and therefore (fn, g) = || full?+ | (=L0)*/2fal|?, so finally

(f,Lf) <liminf (—|(—Lo)"/2fa]|?) <0

N

and L is dissipative. Therefore, the Lumer-Phillips theorem shows that (D(£), £) is closed
and generates a contraction semigroup.

. D(L)=D(L) is the maximal domain: We clearly have

L7U2=(1-L)"1L2
If we can show that (1 — £) is injective on H', then for f€ (1 —£)"'L? with (1-L)f=g
we must have f = Ryg and thus f € D(L). For that purpose we note that actually
(f.Lf)==I(=Lo)"2fI”,  feDL).

Indeed, we can approximate f € H' D D(L) by smooth functions (f,) and b by smooth
divergence free functions b, , so that we can perform the integration by parts rigorously,
and then we use the fact that G maps H' boundedly to H ~'T* to pass to the limit.

Thus, if f € H! satisfies (1 — £) f =0, then

0 = {(1=L)f, [)=IIFlIF>+ I(=Lo) /> FIIZ2,
and therefore f=0. O

Theorem. (Lumer-Phillips) Let A be a linear operator defined on a linear subspace D(A) of a
Hilbert space H. Assume that

i. A is dissipative, i.e. (Ah,h) <0 for all h€ D(A), and
i. (A—A) is surjective for some A>0.

Then A is closed and it generates a contraction semigroup.

We have thus solved the Kolmogorov backward equation (9; — £L)u =0, u(0) = f by u(t) = Stf.
By definition, u € C* (R4, L?) N C(R4, D(L)), where D(L) is equipped with the norm || f||z2 +

[£F]Iz>.
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2.3 Duality of energy solutions and Kolmogorov backward equation

Here we combine the previous results to prove the uniqueness in law and Markov property of energy
solutions. Let us first connect energy solutions with the operator L:

Lemma 2.8. Let be C~*T* and let j—f\LELQ(Td). Let Y be an energy solution of dY;=b(Y:)dt +dBy,
with Yo~ u, and let (D(L), L) be the operator constructed in Theorem 2.5. Then Y solves the
martingale problem for L: For all f € D(L) the process

F(Y) — F(Yo) — /0 (Vs

18 a martingale.

Proof. Let f.= f* p. for a mollifier. Then f. € C? and therefore by definition of energy solutions

t
=100+ i [(bas 0w s+ v
n—oo Jo
is a martingale. Since f. € C?, we have that (%A + b,,L-V) f-=(Lo+ Gy) f- converges to Lf. in H~!
as n— 00, and therefore I ( (%A +b,-V) f-) converges uniformly to I(Lf:). Since f € D(L) C H' and
G: H' — H~! is continuous, we have that £f. converges in H ! to £f =0, and therefore I(Lf.);
converges in L' to I(Lf); *fo Lf(Ys)ds. Of course, also f-(Ys) — f(Ys) for s=0,t. Since the L!-
limit of martingales is a martingale, the claim follows. ]

Lemma 2.9. If Y is incompressible and it solves the martingale problem for L, then for all
feC(R4,D(L))NCHRy, L?) the process

fe¥) - £0.%9) - [ (Ot £) (s, Yo)ds

s a martingale.

Proof. (Sketch) We use time discretization, ¢} :%t and

n—1

f(tayvt)ff(oayb) = E (f(tﬁﬂ,ﬁhl)*f(t}?,}@g))
k=0
n—1

Z tk+17}/tk (tl"g)}/tg)) + Z (f(t£+17 }/tEJrl) - f(t£+17}/tg))a

and use the fundamental theorem of calculus for the first term and the martingale problem for the
second term. Then use incompressibility to show L'-convergence as n— oo, and that the L'-limit
of martingales is a martingale. O

Theorem 2.10. Let be C~ 1% and let Le L?(T%). Let Y be an energy solution of dY;=>b(Y;)dt+
dBy, with Yo~ p. Then the law of Y is umque and the finite-dimensional distributions are given by

BUAGG)fu0i)] = [ (SufiStumt oSt o1, f)@u(do),

where (St) is the semigroup generated by Lz%A +b-V. In particular, Y is a Markov process.

Proof. Markov property and uniqueness in law follow from the claimed identity. And the identity
can be shown recursively in n, with the induction base and induction step using basically the same
argument. So we only treat the case n=1. With our preparations this is now easy: For f; € D(L)
consider f(t,z) =S¢, _¢fi(x). Then f e C(Ry,D(L))NCHRy, L?) and therefore the martingale
problem with time-dependent functions gives

0=E| f(t1,Y:) — /(0.Yp) - / Out L) f(5,Y)ds | =E[f1(Y2,) — Si, fu(Yo)].
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Remark 2.11.

i.

ii.

1ii.

1v.

We only proved uniqueness in law for the periodic diffusion Y = X mod Z¢. To get uniqueness
in law for X we have to work with non-periodic initial conditions for the Kolmogorov
backward equation/semigroup and see it as an equation on IR?. This is possible and the
construction in Theorem 2.5 works verbatim. But the energy/admissibility estimate for non-
periodic test functions is a bit subtle, because now X is not stationary any more and we do
not have such nice formulas for the time-reversed process. But we still get a weaker version
of the It6 trick and under the assumption b€ C~'*" we can adapt all our arguments to get
also uniqueness in law for the non-periodic process X.

The construction of X and proving its weak well-posedness can also be done without relying
on stationarity, simply by Schauder estimates for the heat semigroup and by the parapro-
duct estimates. If we would naively treat this equation in regularity structures we might
think that we need to construct O(%) tress for kK — 0 to make sense of the dynamics, but
using the Leibniz rule trick b ® Vu = V(b ® u) we can bypass this. This would lead to
stronger results, but to set the stage for the following SPDE results and the extension
discussed below, we preferred to use simple arguments based on energy estimates. Also, the
supercritical extension sketched below really relies on the approach taken here.

We could easily adapt the arguments to push the regularity of b to divergence free?-6

J
vecwe co=frestia-s 2],

Then C~ 1198 ¢ C=1**% for any x>0 and if we count regularity on a power scale this looks
critical. (Of course it is still subcritical but only with logarithmic correction from criticality).

To construct the semigroup, we used the “free” a priori bound |[(1— L)~ f ||z < || fllg-1-
But we have another bound for free:

(- £)f(x)| < /0 e 180 1)1z < || f 1

ie. [[(1—L)" f]loo <||f|loo- Interpolating these bounds, we get well-posedness for divergence
free

—7,log ’ < 277
beBp_’OO = f€8:||Ajf||Lpr R
J

as long as 7 <1 and )

p=—.

T 1oy

The key property we have to verify is that then there still exists a function space X such
that £ is a bounded linear map from X to H~'. And here we can take X = H'N L*> and
use interpolation. Note that critical regularity would be B, 7 for

54
P>

so in d > 3 this means we get well-posedness for supercritical equations. This interpolation
of the L and H' regularity is inspired by [19].

2.4 Recap: What did we need

While we were studying a concrete problem on concrete function spaces, many of the arguments
were quite robust. Let us collect all the ingredients we used so far:

i.

It6 trick: We need a stationary Markov process with invariant measure p and generator
L=Ly+G, where L is symmetric and G is antisymmetric on L?(u). Then we can estimate
for initial conditions with L? density with respect to the invariant measure

E sup STl/QH(—ﬁQ)il/Q'f||L2(T).

t<T

/O F(¥)ds

2.6. Aj is the Littlewood-Paley block. If you don’t know what that is, just ignore this part.
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There are also similar LP estimates, which we only needed for tightness. Those are a bit
more tedious to state.

ii. Construction of the semigroup: We need again a generator £L= Lo+ G, where L is symmetric
and G is antisymmetric on L?(z1). We used that

G H' = (1 Lo)' /2L () — (1= Lo) /2L () = H™?

is a bounded operator, and similarly for £y3. Most steps of the construction actually work
if G is a continuous operator from H' to a bigger space, say H~7 for some v > 0. In that
case the closure of (D(L), L) still generates a contraction semigroup. We used =1 only to
show that D(£) =D(L) is the maximal domain.

iii. Duality of energy solution and Kolmogorov backward equation: Here we needed that for
smooth f(¢) we have G, f®) — Gf®) in H~! (which basically means that G has to be a
continuous operator from H7 for some v >0 to H ! and which is a very mild requirement)
and that Gf(®) — Gf in H~! for smooth approximations f) of f; this last step means that
G should be a continuous operator from a function space containing D(L) to H ~!.

Therefore, if G: H' — H~! is bounded, all our analysis works. This is also what perturbation theory
would suggest, because then we can treat G as a perturbation of L£y. Unfortunately we will soon
see that this is not satisfied for any of our SPDE examples.

3 Lecture 2: White noise invariant measure and Fock space

Here we will set up function spaces for singular SPDEs on which we can carry over and
strengthen/extend the previous finite-dimensional arguments. These function spaces will be cen-
tered around the white noise and its chaos representation isometry to the Fock space.

3.1 Why white noise?

To analyze the (fractional) stochastic Burgers equation, we will work under the white noise measure
and with its Fock space representation. Depending on the problem, this could be replaced by
another measure, maybe Gaussian with another covariance or non-Gaussian. In any case we need
a reference measure which in some sense corresponds to the dynamics: On infinite-dimensional
spaces, measures are typically mutually singular with respect to each other, consider for example
the law of B and of 0B for 0 € R\ {—1,1}, where B is a Brownian motion®'. If our dynamics have
a tractable invariant or quasi-invariant measure (meaning that if we start absolutely continuous
with respect to a quasi-invariant measure, we stay absolutely continuous), then this is a natural
reference measure.

But this does not yet answer why white noise should be invariant for the stochastic Burgers
equation. To understand this, we again study a finite-dimensional example first:

Example 3.1. Let ¥ be an invertible covariance matrix on R? and consider an ODE with smooth
vector field f,

such that )
- —1..
v-(fl)e =) =0,
In that case we have with the M(0,%) distribution u for all sufficiently nice test functions ¢
1 — Lz, m 1)
f@)Ve@uda) == [ p@V-(f@)e =" Jda=0,

R R4
where Z is a normalization constant, and therefore 4 is an invariant measure for the ODE. Note
that our condition is always satisfied if f is divergence free,

V-f=0, and (f(z),2tz)=0.

3.1. Exercise: Show that law((Bt)c[o,1)) and law((0Bt);¢[o,1]) are indeed mutually singular. Hint: consider the
quadratic variation.
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The second condition is equivalent to E(x) ::%@c, %~ !z) being preserved by the dynamics:
OE(x(t)) = (£(t), 2 (1)) = (f(x(t), 2~ a(t)) =0.

Example 3.2. Consider now the inviscid Burgers equation
O = O u’.

For simplicity we work on the torus T =1R /7, but all arguments extend to IR. Then the energy
E(u) :%qu is formally preserved:

0B (u) = (u, Opu)r2(T) = (u, 6wu2)Lz(T) = <1, 2&Eu?’> =0
3 LZ(T)
by the periodic boundary conditions. The divergence free condition is a bit more difficult to
formulate in this setting. Formally we can take the functional derivative D, (differentiating in the
direction of d,) and get

/Dz[)z’uQ(x)d:E:Q/ Oz(u(x)d(z))dz =0,
T T

because the integral of any derivative over T is zero. Therefore, the measure

R

is formally preserved. How should we interpret this measure? On R? we have for X N%e_@’”“‘ddx
that X is centered Gaussian with

E[<Xax>]Rd<X7y>Rd]:<x;y>Rdﬂ x,yGIRd.

Therefore, we would expect that nw%e L2dy is an L2-valued centered Gaussian with

EKU,f>L2<7779>L2]:<f79>L2, f,gELQ.

This is nearly correct, except that 1 is almost surely not L?-valued but instead it takes values in
a larger space of distributions (H~'/27* works for example). Such 7 is called a white noise.

We could imagine other Gaussian invariant measures for nonlinearities which conserve other
quadratic energies. Indeed, many variations of Euler’s nonlinearities (e.g. Euler, surface quasi-
geostrophic or Leray « nonlinearities) formally have invariant Gaussian measures.

Definition 3.3. Let H be a separable Hilbert space. A white noise on H is a centered Gaussian
process (n(h))nen with covariance

E[n(g)n(h)]=(g,h).

Such a process always exists and one can show that it is equivalently characterized as a linear
isometry from H to L?(Q) such that n(h) is centered Gaussian for each h € H.

Now we made sense of the candidate invariant measure for the inviscid Burgers equation. But
that argument was purely formal and actually it is not clear if there are (even non-unique) weak
solutions to the inviscid Burgers equation with invariant white noise distribution. The issue is
that the white noise is only a generalized function and therefore d,u? is not well-defined and the
equation is very singular. We will see how to make sense of 9,u? as a distribution over the white
noise space, but this is too singular to control the solutions.

Therefore, we have to add additional terms to the equation. And indeed we started with the
goal of solving the stochastic Burgers equation3-2

Opu=Au+ d,u? +/2(—A) 2%

3.2. Here we replaced 9§ by (fA)l/ 2¢. But those two processes have the same law, and since we only care
about the martingale formulation of the equation, this replacement has no influence for us.
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Example 3.4. Let A be a symmetric, negative definite Fourier multiplier, i.e. F(Au)(k) =
a(k)Fu(k) for some symmetric function a: Z — (—o0, 0]. Then the equation

O =Av+/2AY?%¢

preserves the white noise measure: Indeed, consider the Fourier basis (eg)rez and note that

30,(k) = v Aex) + V2E(AY ?er) = a(k)by(k) + /—2a(k) &,(k).

This shows that, given the right initial condition, for each ¢ > 0 the family (0,(k))x consists of

independent complex-valued standard normal variables, up to the constraint o;(—k) = 0.(k). But
this is just the distribution of the white noise.

3.2 Chaos expansion and Fock space

From now on we focus on the white noise, but the following considerations work in principle for
any Gaussian measure. Let 1 be a white noise on T. Our next goal is to define function spaces on
L?(p) for p=1law(n) which resemble the Sobolev spaces from the finite-dimensional setting. We
will achieve this with the chaos expansion. We start with some preparations:

Definition 3.5. (Symmetric functions) For n € N let L2(T") C L*(T™) be the space of sym-
metric functions in L>(T™), which are such that p(z1,...,2n) = @(T(1); .- To(n)) for any permutation
o €%, of {1,....,n}. There is a canonical symmetrization map II: L*(T™) — L3(T"),

1
Mp(z1, ..., Tn) = ZZ O(Zo(1)s o) Tor(n))-
gE2in
For p € L*(T™) we write

lellLzerny == L@ ||z zn)-
Note that for ¢ € L?(T™) we have by the triangle inequality for the L?(E™)-norm:

1 1
Lg(’][‘n) = ||H(‘0||L2(Tn) g m Z ||(p(l‘g(1), ceny xo(n))HLQ(T") :mn!”(‘pHLz(Tn) = H(p||L2(Tn).
ocEY,

e

There exists a Brownian motion B such that
1
W)= [ e@B.  peIX(T)
0

Indeed, it suffices to set B, =1(1[0,2)) (continuous modification). From now on we will always use
B to denote this Brownian motion.

Definition 3.6. (Wiener-It6 integral) For p € L?(T") we define the n-th Wiener Ito integral
as the iterated Ité integral

1 Tn To
Wi(p) :=W,(I1p) ::n!/ / / Mp(x1, ..., Tp)d By, ++dBg,,.
0 Jo 0

The factor n! is explained by the fact that we are integrating over the arbitrary ordering
1< x2 < - <xp and there are n! possible orderings which all would give the same integral.

Lemma 3.7. The Wiener-Ito integral is a (multiple of a) linear isometry from L2(T™) to L*(Q):

W) lI72(0) = EWa(9)*] =nlll»

%g(E’n) = ”!HHWH%%En)-

Proof. This follows by repeated application of It6’s isometry. O

Definition 3.8. We write H,, C L*(Q) for the image of Wy, and we call H,, the n-th Wiener-Ito
chaos.
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Note that by closedness of L?(T™) also each space H,, is closed and that H, and H,, are
orthogonal subspaces of L2(f2), which again follows by repeated use of Itd’s isometry. Our next
goal is to show the chaos representation

20, F,P)=EP Ha,

n=>0
where

F=o(n(e): ¢ € LX(T)).
We will only sketch the argument.

Definition 3.9. We define the Hermite polynomials recursively via

Hy(z)=1, Hy(z)=xH, 1(x)— H},_1(x).

The first few Hermite polynomials are

H0($):1, Hl(l'):lﬂ, H2($):IE271,
Hj(x) =23 -3, Hy(x)=2*— 622+ 3.

One can show (exercise!) that H,, =nH,_1 and that the map H,(z,t) ::t”/QHn(%) solves

the backward heat equation (8,5 += A) H,(x,t) =0 with initial condition H,(z,0)=1lim;_,oH,(x,
t) =x™. This leads to the followmg result:

Lemma 3.10. Let M be a continuous local martingale with My=0. Then

Ho(M, (M) = n[)tHn_l(Ms, (M),)d M.,

Proof. We apply Ito’s formula to H, (M, (M);): Since H,(0,0)=0 and (8t +%8§)Hn50, we get
t
H Mt; / a H sa > )dMs +/ <at+%az>Hn(Msa <M>s)d<M>s
0

:n/ Hyy 1 (M., (M),)d M,

Corollary 3.11. For ¢ € L*(T) we have with ®™(z1, ..., 2y) 1= @(x1)-p(x):

Wa(0®™) = Hu(n(9), [l l122(T))-

Proof. Consider the continuous martingale M;” = n(1j9 4¢). Then we get by repeated application
of Lemma 3.10:

Ho(n(), [@1|22(m)) =Ha(M, (M#)1)

tn
=nl / / / AMEAM--dMy

Corollary 3.12. We have the chaos representation property

L2(Q,F,P)=EP Ha,
n>0
where

F=o0(n(e): pe L*(T)).
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In particular, every random variable X € L*(Q, F,IP) can be represented uniquely as

X= Z Wn(@n)v Pn € LS(T"),

and n=0
o0
E[X?) =" !l enlfzern
n=0

Proof. It suffices to apply Corollary 3.11 and to note that the monomial ™ can be written as a
linear combination of Hy(z,t) with & <n. Therefore, any random variable which is orthogonal to
@, Hn is orthogonal to all polynomial of 7(¢p), for all ¢ € L*(T). See Theorem 1.1.1 of [17] for
details. O

The following result is very useful, but we will only apply it once in our lectures, and therefore
we skip the proof in the lectures:

Theorem. (Gaussian hypercontractivity) For all p € (0,00) there exists a constant Cp >0
such that for all n € Ng and all ¢ € L2(T"):

E([Wa() 7] < Cp )P/ 2] @12 gy = CHE[ Wa() 2P/2,

Proof. For p <2 there is nothing to show, so let p>2. By the Burkholder-Davis-Gundy inequality,
together with the Minkowski inequality ||fT DAz ||per2qy < [l lle/2)d 2, we have

E[IWn(w)I”]<E[§12113|M(<p1%%)|”} [( /Wn (e, 150! )2d$)p/2]

p/2
<Cfﬂ(”g/ B+t T “Wpdm)
( 1)2//1E[|Wnz(cp(xl,xz,~)1%f§2]2>)|P]2/P152<51dx2dx1)
- <

p/2
C;( ’Il' / /|(P L1505 T | 13 <51d$n d$1)
p/2
:Cz?(”/ /|<P L1y ey Tp) |2d T d:z:1> ,

where in the last step we used that ¢ is symmetric in its n arguments. The right hand side equals
C;(n!)p/QH(prz(Tn), and this completes the proof. O

p/2

\

4 Lecture 3: Energy solutions, the generator, and its semi-
group

4.1 Sobolev spaces
From now on we assume that F=o(n(¢): ¢ € L?(T)). Then
LY Q) ~TL*:= L(T"),
n=0

and the space on the right hand side is called the (bosonic) Fock space. From now on we mostly
identify L?(2) with I'L? and we interpret elements as I'L? as random variables on §2. Let us define
two operators:

No, = np,, number operator,
Lopn = Apy:= (awlxl + -+ axnxn) ©n, Laplacian.
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Definition 4.1. (Sobolev type spaces) For a, f € R we define
HE = {¢=(Pn)neng (1 - Lo)*/*(1+N)PpeTL?,

el = [I(1—Lo)*2(1+N) e

Mg

(1+n) 26” )a/2‘pn”%§
=0

o0
Z (1+7)22 | o[-

S

So a measures the regularity of the kernels (,,), while 5 measures the decay of the kernels as
n— oo. For a, 8> 0 this is a subspace of I'L? and therefore elements of ‘H§ correspond to random
variables. But if a <0 or 8 <0 we have only “distributions on random variables”, i.e. an element
¢ € Hg cannot be evaluated for w € ) and instead we can only make sense of the expectation B[ X¢)]
for “nice” random variables X.

Using these function spaces, we would like to do a similar analysis as for the finite-dimensional
singular diffusion example from the first lecture. Of course, that now there are two regularity
indices suggests already that we will have to do something more complicated, but we will worry
about that later.

4.2 Fock space representation of the generator, bounds
We start by considering the Ornstein-Uhlenbeck generator Lo, i.e. the generator of

Ow=Av++2(-A)"%.
Lemma 4.2. (Fock space representation of the OU generator) For o € H3 we have ¢ €
D(Loy) and
(Lop)n=Apn:=(Opyz, + -+ + O1,2,)

Proof. It suffices to prove this identity for W,,(¢,) with ¢, € H2(T™). And by an approximation
argument we may take ¢, = p®" with ¢ € C*(T) such that [|¢||L2(r)=1. Then W,(¢®")(v) =
Hp(v(p)), where Wy(...)(v) is a Wiener-Ito integral with respect to the white noise v, and for the
stationary solution of the Ornstein-Uhlenbeck process we have

dHn(vi(9)) = Hp(vi(0))ve(Ap)dt + H (0i(0))[|(=2) 20| F2(mdt + My

= nHn_1(vi()) Hi(ve(Agp))dt —n(n — 1) Hn—2(vi(9)) (0, Ap)r2(rydt + d My
= nWo1(¢®" " HWi(Ap)dt —n(n — D)W, —a(¢®" ~2) (0, Ap)ra(mydt +d M,

where we used that H,;,=nH,,_1. Now we use the multiplication rule for the Wiener chaos, see [17],
Proposition 1.1.2, and rewrite the first term on the right hand side as

nWu—1(@®" " HM(Ap) = nWp(e®" 1@ Ap) +n(n — 1) Wh_2(0®"~2) {0, Ap)r2(T)
Wo(Ap®™) 4+ n(n — 1) W _2(9®" %) (0, Ap)L2(T).

The second term on the right hand side cancels with —n(n — 1)W,, _2(¢®"~%)(¢, A@)r2(T), and
therefore

AW (®™) (ve) = Win(Ap®™) (vy)dt + d M.
|
Lemma 4.3. (Fock space representation of the Burgers generator) The operator G corre-
sponding to the dynamics Oyu® is formally given by
G=G++G_, Gy: L2(T™) — L2(T+Y),
with
Gion(@ins1) = H(—nd(z1—22)010n(21, T3:04+1)),
G-on(T1:n-1) = H(=2n(n—1)01pn(r1, 71, 72:0-1)),
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where ik = (T4, Tig1, ..., Titk), and where we recall that 11 is the symmetrization operator.
Proof. (Sketch) We take again ¢ € L?(T) with ||¢||z2=1 and consider H,(u(¢)). Then
dHn(ui(p)) = —Hp(u(9)ui(up)dt = —n W1 (=" ui(Dup)dt.

Now, using that [ C,¢(x)dz =0 for any constant C, we can replace u? by the Hermite polynomial
and

uQ(@Ap)ZA%@?Q)@W(?J)dy=Wz</T5§§’23yw(y)dy)-
The general multiplication rule for Wiener chaos variables from [17], Proposition 1.1.3, yields

Wo—1(f)Wa(g) = Wara(f®g) +2(n—1)Wh_1(f ®19) + (n —1)(n —2)W,—5(f ®29),

where
f ®rg($1:n+1—2'r) :H</f($1:n—1—'ra yl:'r)g(mn—l—r—i-l:n-&-l—?m yl:r)dyl:r)-

Now observe that

([ 57asetin Y=t -t

from where we can directly read off G, and G_. It looks like there is still a contribution G_3, but
note that

@(y1)p(y2)6 (41 — y2)dy,0(y1) :/

Y1

@(y1)0y,0(y1) =%/8y(<p(y)3) =0

and therefore G_3=0. O

Remark 4.4. You may feel very uneasy at this point about all the formal manipulations that we
made in the last “proof” and that seem impossible to make rigorous. Instead, we should truncate
the Burgers nonlinearity by introducing a Fourier projection operator P.u = .7:_1(11[7871_’671].7%)
and consider

P (0x(Pou)?).

Then all the Dirac deltas get replaced by approximations P.d and we can make the previous
arguments rigorous.

Lemma 4.5. (Bounds for the Burgers generator) Let G be as in the previous lemma. Then
we have for each f€R:

1G20llsz, S llelae
For p e H} andwEH}g with a4+ B> 1 we have
<g+§0>1/’>:—<§0a94/)>7

and therefore

(Go, ) =—(p,G¥).

Proof. (Sketch) We can rewrite the operators using Fourier series, which we should actually still
symmetrize but we can omit that by using the bound ||ILf ||ge < || f||#e:

F(Gron)(krnt1) = —2min(ki+ k2)@n(ki + k2, k3.n41),
]:(g—@n)(kl:n—l) = —2m'n(n—1)k1 Z Sbn(qapakj%n—l)-
p+q=k1

Then the claimed bound follows by plugging in the definition of the H};_l norm and by some
explicit estimations of Fourier series. See [10] for details, but it can be a good exercise to do the
computation yourself.4!

Once we have the bound, it suffices to prove (G, V) =—(p,G_2) for v, e HZ =, Hm-
This follows again by a direct computation. O

4.1. If you try the computation, maybe go for Hgﬂpﬂﬂgik for some k >0 (maybe k=2 or so). Getting k=1 is
a bit subtle, although in the recent paper [3] it is shown that the estimate even holds with k=1/2.



22 SECTION 4

These bounds can be improved, for example we actually only lose 3/2 degrees of regularity in the

upper variable and not 2. But there are two important limits of the estimates: To control G_¢p we

need p € HB/ *€ for some £ >0, and no matter how smooth @ is, G is never better than H__ 1/2_8.

4.3 Construction of energy solutions
We have now two operators Lo and G, such that H§ = (1 — Lo)*/?T'L?, such that (Gp, p) =0 for
sufficiently nice ¢ (i.e. ¢ € H1), and such that G is in some sense controlled by Lo, i.e. G is a
bounded operator from ’H};—) ’HEEI If we ignore the lower regularity index, then this looks very
similar to the assumptions that we made in the periodic diffusion example.

Let us see how far we can push the arguments from that example to our current setting. To
construct energy solutions we consider the approximation

Opuf = Auf + P.04( 2 +4/2(-A)¢.

This equation is well-posed because we can decompose it as
uf=uS<4+us> :=Puf+ (1 —Pe)us,

where u® < solves the finite-dimensional equation

Ot < = Aus< + P05 (us )2+ 2(—A)PL,  uS S =P,

and where u®> solves the infinite-dimensional linear equation

Ot =Aus> +\2(—A) (1 - P us>=(1—P)us.

Based on this representation we can check that the white noise is also invariant for u* and that u*®
has the generator G¢ which has the same bounds and antisymmetry properties as G, uniformly in €.

Lemma 4.6. (Itd trick) Assume that law uf =, and that with the white noise law p we have
dys € L%(p). Then we have uniformly in &

dl/8

dp

/ Lop(u
5(@)=2/ 0. Dy |*de,
T

E| sup

TEE()|[Pan
Sup 1ECPIT 20,

L2(u)

where

for
Dz@n(xlznfl) == n@n(x; xl:n71)~

Proof. This follows by exactly the same arguments as in the finite-dimensional setting. Note that
E(p) corresponds to |V f|? in finite dimensions, and this term comes from the quadratic variation
of the forward and the backward martingale. O

The L?P(p) norm of £(p) may be difficult to compute. But if ¢, =0 for all n> N, then we
can use Gaussian hypercontractivity to replace it by the L(u) norm which is

E[Q /| |amDmso|2dx] 9 (—£0) 2 B

This last identity follows from a direct computation, or by Dynkin’s formula for the quadratic
variation,

E(p)=(Lo+G°)¢* —2¢(Lo+ G%) o= Lop? — 20Lop,

where we used that G€ is a first order differential operator and it satisfies Leibniz’s rule.
To prove tightness of (u), we will use Mitoma’s criterion, which says that (u¢). is tight in C' (R,
&’) if and only if for all f € C* the family of real-valued processes (u°(f))c is tight in C(R4,R).
We also write

C={(pn):3N s.t. Fop(k)=0if n>=N or |[k| >N}

for the cylinder functions, i.e. the polynomials depending on finitely many Fourier modes.
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Theorem 4.7. (Existence of energy solutions, Gongalves-Jara [4], Gubinelli-Jara [7])

Assume that law ug = ve and that with the white noise law p we have i—fe L?(p) such that C::j
converges in L?(u) to some j—:. Then (u®) is tight in C(R4,S’) and any limit point u satisfies:

1. u weakly solves the stochastic Burgers equation with initial distribution v: ug~ v and for all
feC>=(T)

)=o)+ [ s~ iy || Pon0uf)ds+ Vi),

0

where M( f) is a martingale with quadratic variation (M(f));=2t||(—=A)Y2f||?2. Moreover,
for all cylinder functions ¢ €C the process
¢

p(ur) = @(uo) — lim [ L2%(us)ds
. . 6—0Jo
s a martingale.

i. u is incompressible: For all ¢ € L? (1) and all t >0 we have

Eflp(ud)ll S lelle2cr)-

i11. u s admissible / satisfies an energy estimate:

/O t@(us)ds

We call such u an energy solution of the stochastic Burgers equation. In that case we can extend
the map I: L?(u) — LY, C([0,T))),

E| sup

t<T

] SI(=L0) @l

szﬂw&m,

continuously to Hal, and we denote the extension with the same symbol I.

Remark 4.8. This construction works whenever Gy € Hy L for all p €C, and if for ¢ €C we can
improve either the regularity or the integrability in the estimate

/O tsﬂ(us)ds

under stationary initial conditions. If we can take the L?(£2) norm on the left hand side, then we
could apply Kolmogorov’s continuity criterion. By hypercontractivity, this is always the case if
the invariant measure is Gaussian and if G comes from a polynomial nonlinearity, and if ¢ €C.
Similarly, if we had some regularity to spare we could use an interpolation argument with the
trivial bound where we pull the absolute value inside the integral, see [9], and in this way we
could improve the factor T2 to T(*+%)/2 for some x>0 which again is enough for Kolmogorov’s
continuity criterion.
For example, we can use the same construction for:

E| sup

t<T

271/2
] STV,

i. Fractional, multi-component Burgers equation:
Opu=—(—A)u+ 0y (u-Tu) +v2(—A)%/2%¢,

if T" is fully symmetric in its three arguments, and if 6 > % Note that 6 :% is scaling critical,
and therefore the construction works in the supercritical regime.

ii. Stochastic surface quasi-geostrophic equation:
00 +uVh = (—A)0+4/2(—A)/3%,
u = Vi(=A)"1/2%,
for a space-time white noise &, and for v > 0. The equation is critical for v=1.
iii. Vorticity formulation of 2d Navier-Stokes under the enstrophy measure:
O +uVw = (=A)w+v2(-A)7/%,
u = VH-A)"lw,
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for a space-time white noise £, and for v > 0. The equation is critical for y=1/2.

The bound
1Gee s, < Il

is also uniformly satisfied for many other critical or supercritical models, for example Landau-
Lifshitz stochastic Navier-Stokes equations or stochastic Burgers equations in the supercritical
dimensions d > 3, or in the weak coupling regime in the critical dimension d =2, where also the
anisotropic KPZ equation satisfies the same bound. But in those cases the operators (G.) do not
converge and describing the limit of (1) is more difficult, see [3] and the references therein.

4.4 A first construction of semigroups, failed duality

Now that we constructed energy solutions, we would like to use duality with the semigroup/Kol-
mogorov backward equation to prove their weak uniqueness. For this purpose we follow the same
arguments as in Theorem 2.5:

Proposition 4.9. (Construction of the semigroup / solution of the Kolmogorov back-
ward equation) Let Q:’Hé—)’H:g as a bounded operator, for some «, 8 € R. Then there exists
a dense domain D(L) for L= Lo+ G such that the closure of (D(L),L) generates a contraction
semigroup (Si)i>0 on LA(T9).

Proof. This follows from exactly the same arguments as in the finite-dimensional Theorem 2.5 if
we take the approximations £5= Ly + ]l/\/<l]lco<ig]l/\/<i]l£0<l' In fact, Steps 1.-3. of the proof

did not use that G maps H' to H~'**, but just that continuously G maps H' to some H 7. We
only needed a “good image space” for G to show that

(0, L) =~II(=Lo) %I,

from which we deduced that our domain D(£L) (which we constructed quite arbitrarily) agrees with
the maximal domain D(L) = L~H§. O

These conditions are satisfied for all the examples mentioned above, in particular for the frac-
tional stochastic Burgers equation with 6 > %, so also in the supercritical regime 6 € (%, %)

And in principle we do not care very much whether D(L)=D(L) or not or whether (D(L), £)
is closed. But without D(L)=D(L) there is already an issue with uniqueness: We construct the
domain by selecting some subsequences. It is conceivable that other subsequences converge to
different limits and that this gives different domains, which lead to different semigroups. At this
point, we do not know if this is the case.

Ultimately, we are interested in the uniqueness of energy solutions (and the duality between
energy solution and semigroup would then also give the uniqueness of the semigroup). Looking
back at the proof of this uniqueness, we needed to show that for p € C

G™p— Gy in?—[o_l,

which basically means that G maps C to Hy * and which is again satisfied in all the examples
mentioned above. But then we need to find for all ¢ € D(£) some (¢°) C C such that ¢ — ¢ in H
(easy to find) and such that Go®— Gy in H, '. Since G only maps H$ to H_; and since we only
know D(L) C H{, this last condition is out of reach with our current arguments.

4.5 Commutator with the number operator, improved generator

Our goal is nearly in reach, but somehow we still need to improve the A/-regularity of the domain.
We will achieve this with the help of the following commutator estimate:

Lemma 4.10. (Commutator estimate) Let G be the operator corresponding to the Burgers
nonlinearity. Then the commutator [N, G]:= NG — GN satisfies the estimate

IV, Gle g Sllell-
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Proof. We have
W, Gen = (n+1)G10n = Gi(npn) =G1pn
W, G Jon = (n—1)G_pn — G_(npy) = —G_ipn,
so the claim follows from our estimates for G. O
Theorem 4.11. (Domain with improved regularity) Let G:Hy —H | and [N, G]: Hi—H, ',
both as bounded operators. Let D(L) =L 'H)={p € H}: Ly € H]}. Then:
i. (1— L) is injective on Hp;

ii. D(L) is dense and the closed operator (D(L),L) generates a contraction semigroup (St)t>0
on HY.

iii. (1—L)C is dense in Hy .
iv. We have ((1—=L)p, p)= H<p||§{% for all p e D(L).

Proof.
i. (1— L) is injective on Hy: Let ¢ € Hy be such that (1 — £)p=0. We introduce the operator
LA=Lo+ A+ N)GA+N)E
Then

2

0 = X(A+N)2(L-L)p, o)
AN 21— £, )+ XA A) L~ L), )
)

= (MA+N)21=Lo)p, o) + XA+ N) ALY = L), ),

where we used that (A +N)~lp € H] and therefore (G(A+N) Lo, (A +N)~"1p) =0 which

leads to
(AN 2 =LY, ) = (A +N) (1= Lo)gp, ¢).

Now we want to send A — oo. By the dominated convergence theorem we have

(RA+N)T21=Lo)o, o) = llelF
while

(AN (LA = L), 0)] < (LA = L), 0)|

< LA =Ly ellagsllelg

= NA+N), GIA+N) " ol ll el
= [V, GIA+N)"Yollgzllellg

S H(/\+N) Yollalleollag

= )

A+ L+ Nl e llag
converges to 0, again by the dominated convergence theorem. Therefore, ¢ =0.

ii. D(L)=D(L): Recall that we constructed a map Ry: H) — H (actually also Ry: Hg ' — H})
such that (1 — £)Ryp= ¢ for all ¢ € H), and that D(L) = RiHY. For ¢ € L7HY, let ) =
(1— L), so that (1—L)Ry(1— L)y = (1 — L)1 By injectivity of (1 — L) on H{ we must
have Ryi(1 — £)4 =1 and therefore ¢ € D(L).

iii. (1—L£)Cis densein Hg ' If p € Hg b is such that ((1—Lo) "V2(1— L)1, (1—Lo)"2p)=0
for all ¢ €C, then

0=((1—Lo) " (1= L), ) = (b, (1= L5) (L= Lo) ')

for all ¢ €C, where we used that 1) € HL, and (1 — L) ¢ € H} to justify the integration by
parts. Therefore, (1 — £*)(1 — Ly) " 1p=0. But since £*= Ly — G and since we never used
the sign of G it follows by exactly the same arguments as for £ that (1 — £*) is injective
and therefore (1 — Lo) ¢ = ¢, thus ¢ =0.
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iv. (1=L)p,p)= HSDH%_[(IJ for ¢ € D(L): Since now we know that (1 — £)C is dense in H !,
we can find ¢° such that (1 — £)@° converges to (1 —L)¢ in Hg *. Since R; is a bounded
operator from Ho ' to H, we get that Ry (1 — £)¢° converges to Ry(1— L) in H. And we
saw in step ii. that Ri(1 — L)1 =1, so that ¢ converges to ¢ in Hj. Therefore,

(1=L)p, ) =lim ((1 = L)¢%, %) = lim (1 — Lo) g%, %) = lim [[ =[5, = | [I3,
e—0 e—0 e—0
where we used that (Gp®, ¢°) =0 on cylinder functions ¢°. O

The difference of this result compared to the previous one is very subtle, but these small
improvements allow us to build the connection to energy solutions. If we would assume slightly
better estimates for G, say [|Gp ||y -1+~ Sl |l31 for £ and/or A>0, together with the commutator
estimate, then we would be able to prove that "Hé ND(L) is dense for any 8> 0; alternatively, we
could assume that |[Gpl|y, -1 < 0[[¢l|yy for some sufficiently small 6 > 0. Both of this essentially
corresponds to a subcritical regime, and to handle the critical case where we lose one order of
regularity both in the upper and in the lower variable without smallness assumption, we only know
how to get the weaker results from the theorem. Next, we see that those are nonetheless sufficient
to prove well-posedness of energy solutions.

4.6 Duality of energy solutions and semigroup

Here we combine the previous results to prove the uniqueness in law and Markov property of energy
solutions. Let us first connect energy solutions with the operator L:

Lemma 4.12. Let u be an energy solution as in Theorem 4.7, and let (D(L), L) be the operator
constructed in Theorem 4.11. Then u solves the martingale problem for L: For all p € D(L) the
process

w(ut)—w(uo)—/o Lp(us)ds

s a martingale.

Proof. Let ¢ € D(L). Since (1 — L£)C is dense in H ', we can find ¢° such that (1 — L£)¢® converges
to (1— L)y in Hy'. Since Ry (from the proof of Theorem 4.11) is a bounded operator from H; ' to
H{, we get that Ri(1— L)¢° converges to Ri(1— L)y in H§. But in the proof of Theorem 4.11 we
showed that R(1— £)v =1 and therefore ° converges to ¢ in H{, and then also L¢° converges to
Ly in Hg'. Since ¢° € C we can use the martingale problem for cylinder functions, and we get that

t
0 (ue) = ¢ (uo) — lim [ L0 (us)ds
6—0 Jo
is a martingale. Since ¢°€C C H1, we get that L9 converges to L¢° in ’Ho_l as 0 — 0, and therefore
by the admissibility condition we get that

t
lim | L£%°(us)ds=I(Le®)y,
6—0Jo
with convergence in L'. Now we use the admissibility condition once more, together with the fact
that Lp° converges to Ly in Hg ', to get I(Lp%)— I(Lyp), as € — 0, again with L'-convergence.
The incompressibility now yields ¢®(us) — ¢°(uo) = @(ut) — ¢(uo) in L', and since an L'-limit of
martingales is again a martingale, the proof is complete. O

The next two results are now shown line-by-line with the same arguments as for the singular
diffusion:

Lemma 4.13. If u is incompressible and it solves the martingale problem for L, then for all
e C(R4,D(L))NCY Ry, L?) the process

t

plt,u) = pl0,u0) = [ (0t £)o(s,u)ds
18 a martingale. 0
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Lemma 4.14. Let u solve the martingale problem for L, and let (St)i>0 be the semigroup con-
structed in Theorem 4.9 or 4.11. Then the law of u is unique and the finite-dimensional distributions
are given by

By () on(ur,)] = / (Sexp1Sts—ts02--St 1 _vpm) (w)pa(du),
Td

where (St) is the semigroup generated by L. In particular, u is a Markov process.
Combining these results, we obtain:

Theorem 4.15. Let u be an energy solution as in Theorem 4.7, and let (D(L), L) be the operator
constructed in Theorem /.11, with semigroup (St). Then the law of u is unique and u is a Markov
process with transition function (S).

5 Lecture 4: Applications

5.1 Critical equations

Example 5.1. The conditions of Theorem 4.15 are satisfied for:

i. The fractional stochastic Burgers equation on Ry x T or Ry x IR,
Ouu=—(=A)u+0,(uTu) + VI(-A) 1%,

if ' € R?*4*4 is fully symmetric and if > % 0 :% is scaling invariant and therefore scaling
13

critical. We can construct energy solutions and semigroups for v > %, but for v € (E’Z) we

are lacking the duality and therefore the uniqueness.

ii. The surface quasi-geostrophic equation
0 +uwV0=—(~A)0-+VE-A)%,  u=VH(-A)

for y>1. y=1 is scaling invariant and therefore scaling critical. We can construct energy
solutions and semigroups for v > 0, but for v € (0,1) we are lacking the duality and therefore
the uniqueness.

iii. 2d Navier-Stokes under the enstrophy measure:

Ouo+uViw = (~A)w+VI(-A) /%,
u = VH=A)Tw,

for a space-time white noise ¢, and for v > % ~v=1/2 is scaling invariant/critical. We can
construct energy solutions and semigroups for v > 0, but for v € (0,%) we are lacking the
duality and therefore the uniqueness.

5.2 Hairer-Quastel universality

This is from a joint work with Massimiliano Gubinelli [8], although written somewhat differently.
Consider the nonlinear SPDE

8,51)8 = A'UE —+ 61/27)1/2(91F(7)1/2’U8) —+ A/ 2(7A)§

on Ry x e 1T, where ¢ is a space-time white noise, F' is a suitable nonlinearity, and where we recall
that Py /5 is the projection onto the Fourier modes |-| <1/2. For now we assume that F € L*(v)
for the standard normal distribution v, and that [ F(z)zv(daz) =0 (which is for simplicity, and
which is for example the case if F'is even). Let

ue(t,x) =e 2 (72, e ),
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so that u. solves
Opue = Aue + 5_1P(25)*1awF(51/27)(25)*1u8) + v 2(_A)€

on R4 x T, where £ is a new space-time white noise (now on R4 x T') which we denote by the same
symbol for simplicity. Then u. is invariant under the law of the white noise. This can be shown
similarly as for the stochastic Burgers equation. The generator is Lo+ G¢, where G¢ corresponds
toe™ P(Qa) 10, F( 1/2 7)(25) 1U5)

To compute G, we would like to express F(e'/?P.-1u.(z)) as a series of Wiener integrals. For
this purpose it is convenient to assume that the white noise u. has vanishing zero Fourier mode.
Since the zero Fourier mode |, pUe is conserved by the dynamics (every term on the right hand side
is a derivative), this “average-zero” white noise is also invariant and we will work with this invariant
measure. Then

Note that e'/?P_ 1u.(z) is centered Gaussian with

E|(e"/7Pg0) - 1ue(2)) = <Bus(85)2)=¢ |65~ E(O)|a=e 6~ () [Fo=c 3 [E(R)2=e 3 1.

k70 k| <5z, k0

where 0°=F ~'1|_(90)-1,(2c)-1 and &5 =0°(x —-). If 2—18 is an integer, then the right hand side is
1. From now on we always make this assumption. Of course it is possible to adapt the analysis to
treat also the white noise with random zero Fourier mode and to treat general €, but the formulas
will be easier if 51/27)(25)71%(%) is a standard normal variable.

Then we can decompose, using that %Hm) N (Hermite polynomials) is an orthonormal
basis in L%(v): - mete
- 1
PPy -ela)) = 3 JE[ (X)F(X)]ﬁﬂm@l/%g)ma(x))

m=0 :

- 1 o
= Z m )F(X)]Hrn(51/2p(25)*Ws(x))a
m=0
=:icpm(F)

for X ~ v standard normal. By assumption the term for m =1 vanishes, and the term for m =0
is killed by the derivative 0, — without the derivative it would give a diverging contribution which
we would have to remove by a renormalization.

Recall that

Hm(EI/QfP(%)*l“E(x)) = Hyp(uc('/265)) = Win((7/205) ™) (ue) = ™ 2 Wi ((85)®™) (ue),

and therefore

Gp=1_ G=Mpi= /W 2(03)9™) Dapda,

m>=2 m>2

where D,W,,(on) =nWy_1(pn(z,-)) is the Malliavin derivative. I expect that with similar argu-
ments as for the quadratic term, we get for m >3

m(02(05) ™) Datpdx

m—3

S
Ho'! B
where for m =3 we interpret 57%3: logé. But this is very tedious, so let us take a lighter
approach and restrict to test functions ¢ in the first chaos, which effectively means that in the
definition of an energy solution, Theorem 4.7, we are only going to check the first part of i., i.e.
that u is a weak solution of the stochastic Burgers equation with the nonlinearity defined by
approximation, and we will check ii. and iii., but we will not show that u solves the martingale
problem for cylinder functions. For the subcritical Burgers equation we can deduce the martingale
problem for cylinder functlons from the other properties, see [10], basically by giving the drift
higher time regularity than — and using Young integration techniques. Only for critical equations
it is crucial to directly prove the martingale problem for cylinder functions, because then we do
not know how to get this from the weak solution description.
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With that out of the way, let p(u) =u(f) for ¢1 € C*. Then

/W (05)2™)Dypda = /W (05)®™) f(z)dx

= - [ e
T
and taking the Fourier transform:

]-"( A (5§)®’”3xf($)d$)(k1:n) / i / ()™ (21:m)0s f (w)dz
_ /H 5 (k)0
= l\k\;é(zs)*l(%i(kﬁr"'+km))f(k1+"'+km)’

so that
2

la—zove( [ aero.sea)

=m! > (L 27k [3) @ik 4+ Em)) (R 4 R 2
‘kl:m‘w<(25)71

:m!z Z Lyt ke 1+ K [3) LA (0,

£ Jkiiml|ee<(26) 71

and estimating the sum by an integral we get

1k1+~-~+km:e(1+|k|g)*1 < 5—(m—3)7
\kl:m\ooé(%)*l

again with interpretation e~ (™3 = logé for m=3.
Therefore, we get for p(u) =u(f):

> cm(F)s?1Wm< A (6§)®m3xf(:r)dx>

2
1650 = G=2p 31 =

m>=3 Hot
2

= > c,,n(F)Qsm—2m!H(1—50)—1/2</ (6§)®’”6wf(:c)dx)

m>3 T
< Z cm(F)Qsm*Qm!s_("”_S)

m>=3

1

< — 2m!
S 5(1 +log€>z em(F)*m!

m2>=3

< slogéz %E[Hm(X)F(X)]

m=3

< clog B[F(X)?,

where in the last step we used that (LHm) is an orthonormal basis in L?(v) and Parseval’s

Vm!
identity. Therefore, G5¢ converges in Hg ' to the Burgers generator Gy and from this we readily
get that any weak limit of (u.) is an energy solution to the stochastic Burgers equation.

5.3 Gaussian fluctuations for periodic KPZ

This part is from a joint work in progress with Huanyu Yang. The results for KPZ are known and
were previously shown by Gu-Komorowski to do using the Cole-Hopf transform. Using energy
solutions and the generator £, we could extend them to fractional, multi-component Burgers
equations by the same arguments.
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Definition 5.2. A stochastic process h with values in C(Ry,C(T)) is called a stationary energy
solution of the periodic KPZ equation

i. For all feC>(T)

t

ht(f):ho(f)+/

h(A P+ Jim [ (@Psh) = [Pslfa)(H)ds+ M)
0 —0Jo

where M(f) is a martingale with quadratic variation (M(f));=2t| f]7.

1. The distributional derivative u=0,h is a stationary energy solution of the stochastic Burgers
equation, i.e. ug is a white noise, and moreover 44(0) =0 for all t >0 (so strictly speaking
uy is not a white noise but a mean free white noise).

Such stationary energy solutions of KPZ exist and they can be constructed in the same way as
energy solutions of the stochastic Burgers equation.
Our goal is to prove the following result:

Theorem 5.3. Let h be a stationary energy solution of the periodic KPZ equation. Then there
exists 02 € (0,00) such that for each x € T we have that

1 w 9
Wh(t, x)—N(0,0%)

weakly, as t— o00.

Probably the assumption of stationary initial conditions can be relaxed.

This result may be surprising at first, because famously the KPZ equation has non-Gaussian
fluctuations under the scaling ¢ ~'/3h(t, t?/3z). But since we are on the torus, we cannot rescale
space and the Burgers equation decorrelates exponentially fast, and this gives forces the fluctua-
tions to be Gaussian. To see this, we use the mild formulation,

ht(l')

t
pelofa) + Jim, [ (0rPaho)? = [Ps o) (pr- o = s + Mz
0

= peeho(e) + i [ (P2 = [Palle)(pr—sli — s + 217
where p is the heat kernel of the periodic Laplacian
Fpil(k) = e 1P,
and where (M, =MP*—"7))

s€04] is a martingale with quadratic variation

t
<Mpt7}<z—~>>t:/0 ps—o(x —-)|22dls.

This quadratic variation is deterministic, so M is Gaussian (of course it is, because it is built by
integrating the space-time white noise against a deterministic function). We will see that with the
constant test function 1 we can interpret, up to a small error

t

lim ((’Pg’UJS)Q*||’P§H%2)(pt75(1'7'))d82/0 %(Ad?ﬁ(x)dx)(us)ds.

6—0 Jo

The functional Wa(...)(us) is in H, !, and since u decorrelates exponentially quickly we can decom-

pose for t=m
/()tW/E(A&??]l(x)dx)(us)ds:ilz: liﬂm/é(Af?Q]l(iﬂ)dx)(us)ds

with L? random variables that are nearly independent. Therefore, by the central limit theorem
also this contribution should give rise to a Gaussian limit.

To make this intuition rigorous, we first replace the point evaluation h:(z) by testing against
1, which is more regular:
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Lemma 5.4. We have

=0.
L2

lim H%mt(m — h(1))

t—o00

Proof. This is based on the fact that by Parseval’s identity

Hpt(x — ) _ ]1”%2: Z 67‘2”k|2t§e*|27f|2t

k#0
for large t. Moreover,

()= ho(1) +0+ Jim [ (P~ [Ps1:)(3)ds + M(1),

We subtract the mild formulation and bound the differences of the three different terms separately.
For the initial condition we have

[pex ho() — ho(1)] = [ho(pe(x — ) — ] < [Rollzell pel = -) = Lllz= S ol zze =",

so this vanishes even without dividing by /. For the drift we have to adapt the energy estimate
to allow time-dependent functions. This can be done by the same arguments, see [9]. Moreover,
we can improve the energy estimate to an L? estimate because we are stationary and do not need
to apply Cauchy-Schwarz to pass from non-stationary to stationary initial conditions. This yields

E[ [ (P = 1Pslza) =) - mds]
< /()t||<zo>—1/2<<7>5u>2 —Psl2) (pe—sl — ) — 1)

/Ot

where as usualy &)= 6%(y —-) for 55:]:’111[_671,671]. The term

W( 602 0rta =) ﬂ)dy)

2
ds,

<c0>-1/2w2( [ 6=t - 1>dy)

is basically Gy for ¢1=p;_s(x —y) — 1, except that we are missing a derivative. We could treat
this by hand, but since 1 has no zero Fourier mode we can cheat and write

1= 0.0, '(pr—s(x —y) — 1),
where

F(0; ' f)(k) = (=2mik) " f(k),  k#0,
and ;! is not defined if f(0)+0. Then we can apply our estimate for G and get

ool [ee - - nay)

:/Ot”(—Eo)‘l/QQc’);l(pt—s(fc —y)—1)|%ds

2
ds

t
< / 11+ A (—L0) /205 (po—sa — ) — 1)
0
t
< / (=) 207 (pp—a(w — ) — 1) 2adls
0
t
= [ e =)~ 1] s

t
5/ e Cl=9)ds<1,
0

and after dividing by /7 this contribution vanishes.
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For the martingale part we have a similar estimate:
t t
BMY ) <M = [ sa =) - 1ds S [ e 00 das g,
0 0

so again division by +/f kills this term for t — oco. O

Therefore, it suffices to prove the claimed convergence to a Gaussian for Ltht(l). Of course,

NG
%ho(]l) vanishes for t — 0o, so we only have to handle the drift and the martingale.

Lemma 5.5. The stochastic Burgers equation on T has a spectral gap, i.e. for all p € D(L) with
wo=0 we have

(=L)p, ) = 12n P[],
and therefore the semigroup satisfies for all p € L?(u)

1Ss — wollF2 < e~2127 1%,

Proof. Let ¢ € D(L) with ¢o=0. We showed that
(=L)p, ) = lI(=L0)' %],
and we have by Parseval with Zo=7Z\ {0}:
(o) (o)
I 202 =3 nt S kPl 22" nt 3 g0 = 2r 2l o]
n=1 keZy n=1 keZy
For the convergence of the semigroup we simply differentiate ||Syp||72: Since Sypo= @o=0, we get

o1 See|? 2(Svp, LS1p)
= —2||(—=Lo)"/2Swp|?
< =227 ?(|Swpll?,

so the claim follows from Gronwall’s inequality. For general ¢ (not necessarily in D(L) or ¢o=0)
we first replace ¢ by ¢ — o and then we use an approximation argument, because D(L) is dense. [

Corollary 5.6. For each ¢ e?—[o_l with =0 there exists a unique solution v € H{ to the Poisson
equation

_‘Cw:SD7 ,(/)0:0

1

Proof. As in our construction of Ry = (1— L)1, we can also construct Ry= (X — L)~ for each

A > 0. Moreover,

1(=Lo) %0l - [(=Lo)*Ragll = (¥, Rap)

= ((A=L)Rxp, Rap)
MBag 12+ [[(—=Lo)*Rage |2
I(—Lo)"/*Rap %,

WV

so uniformly in A:
I(=£0)*Rap |2 < [I(=Lo) "¢
And since (Rxp)o=A"1po=0, we can estimate

spectralgap

©o=0
IRxellagy S I(=Lo) PRaglP S I(=Lo) 20l S I1(1=Lo) %051,

~

again uniformly in A\. Now we can use a similar limit procedure as in the proof of Theorem 2.5 to
show that Ry¢ converges subsequentially weakly in H{ to some limit Ryp, and that —LRop = .
Moreover,

(L, ) =(=Lo) |,
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so if L1 =0 then 1 =1y and this proves the uniqueness of the solution to the Poisson equation. [J
We are now ready to prove our main result of this section:
Proof. (Proof of Theorem 5.3) Consider

Y= ¢2:A5§21(x)dx.
Then ) € H "

<

(k1:2) = / 6_2”“”/ 02(21)0x(22)1(z)dzdz
T2 T

/e*QWik'Zé(zleQ)dz

T2

_ / 6727ri(k1z1+k221)d21
T

== lk‘1+k2:05
and therefore for all 5 € R
[(L+N)E(L = Lo) "2 |2 =320~ (14 |20k |2 " gy 1ha=0 > Y (14 k]2 ! < oc.
K1,k k

By the previous result we can thus solve the Poisson equation —L¢p = 1, and by the martingale
problem and the extension of the I map to H ! we get that

Ny:=(ur) — p(uo) — I(Lp)r = o(ur) — p(uo) + 1(1):

is a martingale, i.e.

I())e= Nt — p(uo) + p(us),
and trivially

%(—@(Uo) 1 our) =+ 0

ht(l')

in L?. Thus, we have written
1 1

NG Vi
where the o(1) term converges strongly to 0 (in L2, convergence in probability would also be
sufficient).

To proceed, we have to compute the quadratic variation of the martingale M* + N. Note that
for smooth x(u) =F(u(f1),...,u(fm)) € C we have from Itd’s formula, using the equation for h and

letting X(u) = F(—=u(dpf1), s —u(Ixfm))
dx(ue) = dx(he) N
- (...)dt+z OiF(—he(Duf1), .oy —he(Dpfm))dM, S

i=1

= (.)dt+ Z OiF (e F1), ooy el fin))AM; O

i=1

(M{t 4+ Ny) +o(1),

=:N)X
and therefore

d<NX+Mg>t = Z a’iF(ut(fl)a"'7ut(fm))ajF(ut(fl)7""ut(fm))2<a‘”fi’awfj>dt

ij=1

= (27(3wax(ut))2dx - 4/T0wax(Ut)9($)dx + 2|9|2)dt

— 20, Dox(us) — gllFadt.
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By an approximation argument this identity remains true in our setting, and therefore
A(M" + N ) =2[|8, Dyp(ur) — 1|Z2dt.

The expectation of this expression simplifies a lot:
E[(M" + N)i =2t(||(—Lo)' % |1* + 1),

where we used that the mixed term vanishes because [9,Dypdz=0. By the ergodic theorem we get

1 1 nt
(St +8)) =L ["20,D.0(0) - Uads — 21(1(~Lo) 1P+ ),
nt

and therefore %(M,]Ll + N,,.) converges in distribution to ¢B, where B is a Brownian motion and

where
o2 =2(|[(—Lo)/?¢|>+1) € (0, 0).

Now our claim follows by considering ¢t =1. g
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