INTRODUCTION TO DETERMINISTIC AND RANDOM DISPERSIVE
EQUATIONS

(CURRENTLY UNDER CONSTRUCTION)

BJOERN BRINGMANN

ABSTRACT. In this lecture series we discuss linear and nonlinear Schrédinger equations. Schrodinger
equations belong to the class of dispersive equations, which is ubiquitous in mathematical physics

and also includes wave equations and the Korteweg-de Vries equation.

In the first half of this lecture series, we present deterministic aspects of Schrédinger equations.
In particular, we discuss Strichartz estimates and Bourgain spaces. In the second half, we present
probabilistic aspects of Schrodinger equations. In particular, we prove multi-linear dispersive es-
timates for random initial data, which combine both dispersive and probabilistic cancellations.
Furthermore, we discuss a recent random tensor estimate of Deng, Nahmod, and Yue, which has

already been useful in many applications.

If time permits, we end the lecture series with a brief discussion of important open problems.
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2 BJOERN BRINGMANN

1. INTRODUCTION

In the following four lectures, we study dispersive equations with both deterministic and random
initial data. Throughout the lectures, I will focus on linear and nonlinear Schrédinger equations on
the torus, which are important examples of nonlinear dispersive equations. They can be written as
(NLS) i0u + Au = ofu*u (t,z) e R x T,

ule=o0 = b,
where d > 1 is the spatial dimension and o € {-1,0,1}. The focus of the four lectures will lie on
methods and techniques, and I hope to cover the following ones:
(i) Strichartz estimates
(ii) Bourgain spaces
(iii) Probabilistic multi-linear dispersive estimates

(iv) Random tensor estimates

As applications of (i)-(iv), I will discuss the following two classical theorems.

Theorem 1.1 (Deterministic local well-posedness, [Bou93]). The periodic cubic nonlinear Schrédinger
equation in two dimensions (o = +1, d =2) is locally well-posed in HE(T?) for all s> 0.

In Proposition 3.8, which will be proven in full detail in the lectures and tutorial sessions, we

obtain a more quantitative version of Theorem 1.1.

Theorem 1.2 (Probabilistic local well-posedness, [Bou96]). Let d =2, let o = +1, let (gn),ezd be a
family of independent, standard, complex-valued Gaussians, and let
In  ing
(1.1) o= —e"".
n%d <n>

Then, (NLS) almost surely has a local solution.

Remark 1.3. As we will see, ¢ from (1.1) lives in H~¢(T?)\L?(T?) for all € > 0. This form of random
initial data is relevant for proving the invariance of the Gibbs measure corresponding to (NLS),
but this will not be covered in these lectures.

Due to lack of time, we won’t prove Theorem 1.2 in full detail. However, we will see two of the
main steps (see Proposition 5.1 and Proposition 6.1).

Remark 1.4. The two main theorems are rather classical (and chosen for simplicity), but the
techniques are still current and some are quite recent. For instance, the random tensor estimate
was developed in [DNY22]. In the last five years, research in this area has been very active, and

there are many problems which can just now be solved.

Comment: These lecture notes were prepared for the summer school “Summer School on PDEs
and Randomness” at the MPI in Leipzig. Since the lectures at the summer school were accompanied

by tutorial sessions, the lecture notes contain plenty of exercises for the students.
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Notation:
All parts of this manuscript that are colored in blue will either be mentioned verbally or skipped

entirely during the actual lectures.

For ¢:T? - C, we define ¢:Z% - C by
oy 1 —inx
o(n) := W Ad dz ¢(x)e™™*.

Furthermore, for all ¢:T? - C, a:Z% - C, and 1 < p < oo, we define

1 1
1 P »
H‘bHLp(W) = (W de d$|¢($)|p) and HaHep(zd) = (ngdlanlp) .
Using the above definitions, the Fourier inversion formula and Plancherell’s identity are then given
by

o) = X 3™ and 0] ainy = [P gan

neZd

For any n € Z¢, we write
1

= Il = (3 n2)".

j=1
For all N € 20 we define the frequency-projection operators

(1.2) Pong= Y 1{|n| < N} o(n)e™.

neZd

Furthermore, we define
Pl :=P§1 and PN:PsN_PgN/Q fOI' aHNZQ

While sharp frequency-projections such as (1.2) behave poorly on LP-spaces (see e.g. [Fef71]), all
of our arguments are L2-based and this, therefore, causes no problems.
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2. STRICHARTZ ESTIMATES

In this section we study Strichartz estimates, which are estimates for solutions of linear dispersive
equations. To this end, consider

(2.1) 0+ Au=0 (t,z) e Rx T9,

ult=o = ¢.

The solution of (2.1) is given by
(2.2) w= eitA¢ _ Z e—it\n|2einuvq’g(n)7

neZd
where ¢:Z¢ - C is the Fourier transform of ¢. We emphasize that, in contrast to the heat flow,
the Schrodinger flow preserves the size of the Fourier coefficients and is therefore not smoothing.
The effect of the Schrédinger flow is more subtle, and hidden in the oscillation of n € Z¢ — e=itinl*

Question: Can we use the oscillation of n € Z¢ — =it £ obtain space-time bounds for e**? ¢?

In our estimate, we only want bounds by [¢[ 2 or possibly @] us.

In general, we do not expect any gain for a fixed time ¢y € R. The reason is that ) may

ito'"‘z, and then there is no oscillation in e‘it0|"‘2$(n). For instance, this can happen

oscillate like e
if ¢ = e 2 and ¢:T? - C has a slowly-varying Fourier transform. However, a cannot oscillate

like eitll” for every t € R, and thus we expect a gain after averaging in time.

Theorem 2.1 (Periodic L}L%-Strichartz estimate, [Bou93]). Let d > 2 and N € 2Y0. For all € > 0
and all ¢ € L2(T?), it holds that

7 e nr &2
(2.3) HPSN@ tAQSHLng([o,zw]de) Se NTN 4 H‘ﬂ‘@(wﬁ'

Remark 2.2. We make the following remarks regarding Theorem 2.1.

(i) Deterministic estimates, such as the Strichartz estimate (2.3), are often easier to prove on
the Euclidean space R? than on the torus T¢. However, the probabilistic theory is much
better understood on T?, which is our reason for focusing on this case (cf. Problem 7.2).

(ii) Using Sobolev embedding, we easily obtain that

: 4
HPSNeZtA(Z)HL§°L§([O,27r]><11‘d) SN0 1 ray:

This controls a stronger norm, but also requires more powers of N.
(iif) Let ¢(n) = N‘d/21{|n| < N}, which satisfies H¢HL2 ~ 1. It is easy to see that

e o|(x) 2 N‘%Nd1{|t| < N2 |zl <« N}
As a result, it follows that

. 1 _
“eltA¢"L§L§([O,2w]XTd) > N‘%Nd(]\f—2—d)4 - N,

This shows that, up to the e-loss, (2.3) is optimal.

(iv) The e-loss is necessary in dimension d = 2 (see e.g. [Dem20, Section 13]), but can be removed
(in the L{L-estimate) in dimension d > 3 (see [KV16]).
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v) The optimal range of LLf-estimates on rational and irrational tori is still being investi-
t
gated, see e.g. [BD15, DJLM23].

We split the proof of Theorem 2.1 into two steps. In the first step, we reduce the Strichartz
estimate to a lattice point counting estimate. In the second step, we then prove the aforementioned
lattice point counting estimate.

2.1. Reduction. Throughout these lectures, we will encounter multiple lattice point counting
problems. Our first counting problem will be captured by the following definition.

Definition 2.3. For any ¢,d > 1 and K € 2%, we define

q q
(2.4) Mg a(K) = sup Sup#{(kl, ko, kq) € (Z%)9: max k| <K, > kj=k, Y. |]<;j|2 = M}-
keZd peZ 1<j<q =1 i

The notation “M, 4" is in line with [BDNY22, Lemma 5.4] and the “M” stands for “molecule”.

Lemma 2.4 (Reduction). For all d>1, N €20 and ¢ ¢ LQ(Td) it holds that

(2.5) | s (Mo d(N)) H¢HL3(W)-

Proof. We first introduce the set

P<NeZtA¢‘

L}LA([0,27]xT4)

SN = {(noanl,m,ns) (Zd) 6r<1§JL<>§|nj|<N

—ng+n1 —nz +n3 =0, |nol* — 1 |* + naf* ~ nsf* = O}'

Then, we write

P<NeZtA¢‘

LELA([0,27]xT4)

[ dtdz Peyeitdg- Poye™ ¢ PoyeitBp - Poye'™ g

T (9p)dL
( ﬂ—) [0,27]x T4
(2.6) _ ﬁ Z ( [ dtdz (eit(|no\2—|n1|2+\n2|2—|n3|2)ei(—no+n1—n2+n3)m)
T

ng,n1,n2,n3eZe: [0,27]xTd
Injl<

< 3(no) - B(m) - 8(ma) - Es(ng)).

Now, since complex exponentials have mean-zero, calculating the (¢, z)-integral in (2.6) yields the
identity

(2.7) |

P<N€ZtA¢‘

> Lsy - &(no) - 4(n1) - d(n2) - d(ns).

L}LA([0,27]xT4) T

Using Cauchy-Schwarz and Plancherell’s identity, it follows that

1

<2.7>s( > 15N\$(no>$<n2>\2)2x( 5 1sN|$<m)$(n3>F)2

(2 8) no,n1,n2,n3€Z? no,n1,n2,n3€eZ?

< sup ( Z ISN) X sup ( z ISN)%XHQbHi%

’Vl(),nQEZd nl’nsezd nl,ngeZ‘i no,ngEZd

(SIS
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Using the definition of Sy, it easily follows that

(2.9) sup Z lg, SMay and sup Z 1g, S Mayg.
nO:”QGZd nhngeZd n11n3EZd no,ngEZd
After inserting (2.9) into (2.8), we obtain the desired inequality (2.5). O

Remark 2.5. At a technical level, it is more convenient to replace (2.6) with the identity

an _ it 2|
‘PgNe ¢‘ LELA([0,27]xT4) - H(PSNS 2 ‘Lng([o,Qw]xﬂrd)
2
~ ny+ng=n nyl- +|n9 :,uAnlAng .
) EED I i F1{ln1? + [nof? = p}d(n1)é(ne)
neZd peZ | ny noezd:
|n1\,|n2\§N

However, (2.6) is closer to the arguments in Section 5, which is the reason for our presentation.

2.2. Lattice point counting estimate.
Proposition 2.6 (Sphere estimate). Let € >0, let d > 2, and K € 2Y0. Then, it holds that

(2.10) supsup #{k € 2% k| § K, [k - * = puf s KK,
ceZd pe

We first show that Proposition 2.6 implies the desired bound on Ms 4.
Corollary 2.7 (Bound on My g4). For all >0 and K € 20 it holds that
(2.11) Mo 4(K) s KK
Proof. Recall that

Mo () = sup sup #{ (k1 bo) € 29 x Z%5 k|, kol < K, Ky + oo = b, [ + oo = o}
keZd peZ

Now, if k = k1 + ko, then
1 1
a? + kaf? = P+ e = = S[2k1 = &+ S [k

Thus, using the change of variables k] := 2k; and the sphere estimate (Proposition 2.6), it follows
that

My 4(K) $ sup sup #{k1 € Z% k| < K, ‘2k1 - k‘Q =24 - ‘kf}
keZd peZ

< sup sup #{ k] € 2% |k{| < 2K, k] - K[ = 20— [} 50 KOK2, 0
keZd pel

Before proving Proposition 2.6, we need two auxiliary lemmas.

Lemma 2.8 (Divisor estimate). Let R =Z or R = Z[i], i.e., the ring of Gaussian integers. For any
€ R\{0}, let d(p) be the number of divisors of y, i.e.,

d(p) = #{(a,b) e RxRea-b = p}.
Then, it holds for all € > 0 that
d(p) Se |pl*-



DETERMINISTIC AND RANDOM DISPERSIVE EQUATIONS 7

The proof of Lemma 2.8 is the subject of Exercise 2.12, but the main idea is simple: If, say,
R =7 and we have the prime-factorization

(2.12) 1= 1—[pjj7
7=1

then the number of divisors is given explicitly by

(2.13) d() =TT+ ay).
j=1

The combination of (2.12) and (2.13) yields a formula for the quotient d(u)/|x|°, which can then
be estimated directly.

Lemma 2.9 (Jarnik’s theorem [Jar26]). Let C be a circle in R? with radius R and let I' be an arc
of C of length r << RY3. Then, it holds that

(2.14) #(Z°nT) <2.

Proof. We only sketch the argument, which is best illustrated by a picture.
We argue by contradiction. Assume that a,b,c € Z> N T are distinct and let 7 be the triangle

spanned by a,b, c. Using linear algebra, we can write the signed area as

1 1 1

1 1
area(T):§det a1 b E§Z.

as by o

But since I' is convex, the area is non-zero, and therefore we must have
1
|area(7')‘ 25

On the other hand, since I' has length r and C has radius R, 7 is contained in a rectangle of

dimensions ~ r and ~ 7?/R. Thus, the area is bounded by
3

r
‘area(T)| pS B
In the case r «< R%, the two estimates yield a contradiction. ]
Proof of Proposition 2.6: We first treat the case d = 2, which is the main step. We then further
distinguish the cases p < K® and p > K°. In the first case, we write (k1 —c1)? + (ko — c2)? = 1 as
(k1 =1 +i(ka = c2) ) (k1 = 1 = (ks - e2)) = .
Using the divisor bound (Lemma 2.8), it then follows that
#{k e Z% K] 5 K, k- of? = ) sc |uff 5 K

In the second case, we note that the constraint |k| < K enforces that all points lie on an arc of
the circle [k — ¢|* = pu of length < K. Since the radius is \/z > K?, Jarnik’s theorem (Lemma 2.9)
implies that

#{k e 2% |k S K, [k - cf? = p} <250 K<,
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It remains to treat the case d > 3, which can be deduced from the case d = 2 and a slicing argument.
Indeed, it holds that

#{k e 2% k| s K, |k - cf* =

d
S #{(/ﬁ:]@)€Z2‘|(k1ak2)|5K:(k1—01)2+(k2_02)2::“_Z(kj_cj)Q}
kg,'",kdl .7:3
|ksl, | kalSK

SK° Y 15 K°K%2 O

k3, ka:
|k3|v7|kd|SK

Remark 2.10. In the proof of Corollary 2.7, the vector k € Z¢ satisfies |k| $ K. As a result, the
cases in the Proof of Proposition 2.6 which require Jarnick’s theorem are not needed in the proof
of Corollary 2.7. We therefore could have skipped Jarnick’s theorem here, but it can be essential

in other situations.

2.3. Proof of Theorem 2.1 and Galilean boosts.

Proof of Theorem 2.1: The L} L2-Strichartz estimate (Theorem 2.1) now follows directly from Lemma
2.4 and Corollary 2.7. Indeed, we have that

We also record a direct corollary of Theorem 2.1 and the Galilean symmetry of (linear and

) 1/4 _
PSNeZtAqb S (MQ,d(N)) HngL%(j]‘d) Se NgN% H(ﬁHL% a

LALA([0,27]xTd) ~

nonlinear) Schrédinger equations.

Corollary 2.11 (Strichartz estimate and Galilean transformations). Let d > 2, let € > 0, let N € 2Mo,
let ng € Z¢%, and let Q := ng + [-N, N]? be a cube of side-length N in Z?. Then, it holds for all
¢ € L?(T?) that

H Py RIZ ¢

d-2
LALA([0,27]xT4) Se NN H(ﬁHL%(W)'

Proof. This follows from Galilean symmetry and the case ng = 0 (Theorem 2.1). In this context,
Galilean symmetry can be stated as

PQ(eitA¢)(x) _ einox—i|n0|2tP§N(eitA(e—inoz¢))(x _ 277/015)7
which can also be checked via a direct computation. ]

2.4. Exercises.

Exercise 2.12. Prove Lemma 2.8 for R = Z and, if you are so inclined, also for R = Z[i]. Beware
that the implicit constant is only allowed to depend on ¢, but not on m > 1 from (2.12).

Exercise 2.13 (Understanding the Cauchy-Schwarz inequality in (2.8)). For all d > 1, N e 2o,
and ¢ € L?(T%), prove the inequality

< (H(N))1/4“¢“L§(Td)’

2.1 P.ye™®
(2.15) H <N€ ¢L§L§([o,27r]x1rd)N
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where, for all K € 2o,

(2.16) /’\/IV(K) = su]%sug#{(kl,kQ) e 7% x Zd;|k1|, |/€2| <K, ki —ky =k, |k;1|2 _ |k2|2 - /J,}‘
keZ2 ue
Since
M(K) 2 #{ (k1 ko) € Z0 x Z%: o], [ho| < K, By = Ko = 0, [la]* = [kof* = 0} 2 K,

the estimate (2.15) cannot directly be used for a proof of Theorem 2.1.

Exercise 2.14 (Generalization of Lemma 2.4). For all ¢,d > 1, N « oNo and ¢ e LQ(’JI‘d)7 prove
that

Exercise 2.15 (L}L%-estimate in d = 1). For all ¢ € L2(T), prove that
H RN

1
e N (Mq,d(N))Qq [l 22 (pay-

L79029([0,27]xTd) ~

PSNe

¢HL;‘L3([0,2WJXT) N HQSHL:%(T)'

Exercise 2.16 (LY LS-estimate in d = 1). For all € >0, N € 2Y0_ and ¢ € L2(T), prove the inequality

HPSNeitA¢"L§Lg([0,2Tr]><T) Se NEHQﬁHL%(W

Hint: This is probably the hardest exercise of this section. Use Exercise 2.14, which implies that
we only have to bound M3 ;. By inserting the linear constraint ki + k2 + k3 = k into the quadratic
constraint, reduce the estimate of M3 to a counting problem of the form

sup #{(a,b) € Z%a| ~ A,|b| ~ B, + 3” = pi}.
WEL

To solve the counting problem you may assume (without proof) that the divisor estimate holds in

the ring Z[p], where p = B - —1+2\/§i.
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3. BOURGAIN SPACES

3.1. Definition and basic properties. For any w:R x T - C, we define its space-time Fourier

transform as
~ 1 —i&t—inx
(3.1) (&, n) :=W[Rdtfwdme Sz (¢, ).

Definition 3.1 (Bourgain spaces). For any s € R, b ¢ R, and w:Ry x Tg — C, we define the global

norm
HUHX&”(R) = H<n>s<)‘>ba()‘ - |n’27n)HL§ea(szd) = H<n>s(f + |n‘2)bﬁ(€’n)HLEE%(Rde)'
For any interval I € R and v:I x T¢ — C, we also define the local norm
HUHXSJ)(I) = inf{”“”){s,b(ﬂa): ul, = ”}'

Remark 3.2. For b > 0, elements of X S’b(]R) are encouraged to have their space-time frequency
support near the paraboloid {(n, —|n|?):n € Z?}, and therefore are encouraged to behave like linear
Schrodinger waves.

Lemma 3.3 (Basic properties of Bourgain spaces). Let s € R, let b,b" € R, and let y € C°(R).

Then, we have the following estimates:

(i) (Linear evolution) For all ¢ € H*(T), it holds that
HX(t)eitAngXs,b(R) Sb,X ||¢HHS(T‘1)
(ii) (Duhamel integral) If b > 3, we have for all F:R x T - C that
t o
Hx(t)-[o dtle’b(t—t )AF(tl)

(ili) (Time-localization) If -3 <’ <b< 1, it holds for all 0 < 7 <1 and u € X**([0,7]) that

Xs:0(R) Sva HFHXS,bfl(R).

b-b'

e oy S7

(iv) For all w:R x T¢ - C, it holds that

H“Hxs,b(R): sup <1|[l;dtfqrddxu(t,x)v(t,x)|.

|‘v”X75,7b(R)—

[ “HXsyb([o,T])'

Since the properties in Lemma 3.3 can be found in many textbooks [ET16, Tao06], we leave the
proofs as an exercise (Exercise 3.9).

We briefly describe the why one should expect (i)-(iv): For (i), note that the space-time Fourier
itA¢

transform of e is a distribution supported on the paraboloid {(n, —|n|?):n € Z?}. The multipli-

cation with y in time leads to a convolution with X in the time-frequency variable, and thus the
space-time Fourier transform of y(t)e®®¢ is a function supported near the paraboloid. For (ii),
this is because integrals gain a derivative, and the Duhamel integral gains a derivative with respect
to the dispersive symbol (¢ + |n|?). For (iii), this is because X*? with b < 1 does not embed into
L H? (just like H? does not embed into L¢®), and thus decreasing the size of the interval can lead
to a small norm. For (iv), the reason is that, after switching to frequency-space, X $b is just a

weighted L?-space.
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Lemma 3.4 (Transference principle). Let A >0, let |- |y be a norm on space-time functions, and
assume that, for all ¢ € H3(T?),

it _itA
(3.2) sup [ 2], < Al 7. .
For all b> 1 and all u e X*°(R), it then holds that

(3.3) HUHY Sb AHuHstb(]R)‘

Proof. Using Fourier inversion, we write

u(t,x):fRdf > ey (£, n)

neZd

_ AdA Z eit()\—|n\2)einma~(>\_|n|2’n)

neZd
— dA itA _itA
fR e ey,
where ¢5:T% - C is defined by
da(n) = (X —|nf*,n).
Using our assumption (3.2) and the triangle inequality, it follows that

(3.4 July < [ arePe o], <A [ aAéx] . ruy

Using Cauchy-Schwarz, it follows that

(3:4) < ALl < [0 e )

™ Al oo ry:

0

Lemma 3.5 (Controlling LALY via X*%). Let N € 20, let Q be a cube with side-length N, and
let T ¢ [0,27]. Then, it holds for all u:R x T¢ - C that

d-2
(3.5) HPQ“HLng(IXW) So N +4§H“Hx0’%-5(1)'

Proof. Using the definition of Bourgain-spaces, it suffices to prove that

(3.6) S5 Nl

HPQUHL?L‘;([OQ#]XTCZ) XO’%_é(R)'

Using the transference principle (Lemma 3.4) and Strichartz estimates (Theorem 2.1 and Corollary
2.11), it holds that
2465

(37) [Pl s s qozmpensy S5 N7 el o3 gy
Except for the exponent b-parameter in (3.7), which is %+6 rather than %—5, this already coincides
with our desired estimate (3.6). In order to fix this, we will use a separate crude estimate, which
has poor dependence on N but requires less of b.

Using the Hausdorff-Young inequality, it holds that

HPQ“HLng([o,zw]de) S HPQ“HLng(RXTd) S HP_&‘HLg/i”eiﬁ’(szd)'
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Using Holder’s inequality, it holds that

H%HLgmeim(szd) N H (5 + |n‘2)_1/4_61Q(n) HL%‘Z%(Rde) H <€ + ’n|2> (57 n) HL?@%(RXZ‘U

d
SN1 HUHXO’%T'H;(]R).

In total, it follows that

d
(3.8) 1Poul spa o ampensy S V3 [l oy

By interpolating (3.7) and (3.8), we arrive at the desired estimate (3.6). O

Remark 3.6. In the proof of Lemma 3.5, we slightly adjusted a parameter in (3.7) by supplementing
it with the “easy” second inequality (3.8), which is a pretty general trick in PDE. This generally
only fails if there is a good reason for it. For example, in deterministic dispersive equations it is
almost never possible to slightly decrease the power of the highest frequency-scale, since there is

no smoothing.

3.2. Nonlinear estimates.

Lemma 3.7 (Trilinear estimate). Let d = 2. For s > 200, b = % +0, b = %— 9, and I ¢ [0,27], it
holds that

3
(3.9) HU1U_2U3 HXS,bfl(I) s q HUJ HXSJJ’(I)'
j=

Proof. Using the definition of Bourgain-spaces, it suffices to prove the estimate with I replaced by
[0,27]. Using Exercise 3.10, it suffices to prove for all Ny, N1, Na, N3 € 2N that

- 3
(3.10) ‘|PNO(PN1U1PN2’LL2PN3U3)H D < (N(2))166 H HPNjujHXO,b’(R)'
j=1

X0:b-1 (10,27

where N > N > N®) > NG) jg the non-increasing rearrangement of Ng, N1, No, and N3. Using
duality (Lemma 3.3), b—1 = -b', and the definition of Bourgain-spaces, it suffices to prove that, for
all ug: R x T¢ - C,

- - 3
(3.11) | [ dtda PaguoPuw Pryua Pagus| 5 (N TT [ P, o
[0,27]xT2 3=0

(R)’

Since the other cases are similar, we only treat the case Ny > N1 > Ny > N3. Note that, in order for
(3.11) to be non-zero, it then holds that Ny ~ Nj.

Side note: We want to use the L} L:-estimate for ug,us, u2, and uz. However, doing this di-
rectly would cost (NoN; N2N3)4‘5. This would cost powers of the highest frequency scales Ny and
N1 which, if Ny is much smaller than Ny and N7, we cannot gain back. To avoid this loss, we use
an essential technique called box localization.
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We let Q = Q(Ny, N1, N2) be a collection of cubes that have side-length ~ Ny, cover the cube
centered at the origin with side-length ~ Ny, and have finite overlap. It then follows from frequency-
support considerations that

ditdz PNOUOPN1U1PN2u2PN3U3
[0,27]xT?2
= Z / dtd.’L‘PQOPNOuO~PQ1PN1U1'PNQ’LLQ~PNSU3.

ar oy, D2rT

Using Hoélder’s inequality and Lemma 3.5, it then follows that

(3.12)

‘(3.12)‘5( o g:eg HPQOPNOUOHL?Lg([O’Qﬂ]XTQ)HPQl-PNlulHL?L%([O,Q%]X'H‘Q))
d(Q(()):Qll)Ssz

o LA HL;ng([o,zn]xqw) HPN3U3HL§L;§([O,27T]X’]I‘2)
2)168
(3.13) S(N®) ( o g;EQ: | Pao Proto]| yo.r g HPleNlul“XO’b'(R))
d(Qo,Q1)sN2
x HPN2“2 onyb’(R) HPN3U3HXOJ>’(R)'
In order to obtain the desired estimate, it remains to treat the sum over Qo and @ in (3.13). Using
Cauchy-Schwarz, using that Q is finitely overlapping, and using orthogonality, it holds that

Z HPQOPNOUO on,b’(R) HPleNluluxoyb’(R)
Qo0,Q1€Q:
d(Qo,Q1)sN2

1
(% TPaPvuolyore) (2 1PePvulor )
Q0,Q1€9Q: Q0,Q1€Q:
d(Qo,Q1)sN2 d(Qo,Q1)sN2

1
2 2 2
: ( QOZE:Q IPa, PNouOHXO’b,(R)) 2 ( Q1ZE:Q [Pau P [xo. (R))

D=

1
2

S HPNOUO HXO,b’(R) HPN1U1 HXOJ"(]R)

This completes the proof of (3.11). O
3.3. Local well-posedness.

Proposition 3.8 (Local well-posedness in Xs’b—spaces). Let d =2,1et s >0,let D =Dg >1 be
sufficiently large, let 6 = §; > 0 be sufficiently small, and let b := %+ 6. Let R > 1 be arbitrary,
let Bg be the ball of radius R in H$(T?), and let 0 < 7 < D"'R™P. Then, for all ¢ € Bp, there
exists a unique local solution of the integral formulation of (NLS) in X*°([0,7]). Furthermore, the
data-to-solution map

Br —~ X**([0,7]), ¢ = u

is Lipschitz continuous.

We have all the necessary estimates available, and it only remains to setup the contraction-
mapping argument. This is left as an exercise (Exercise 3.11).
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3.4. Exercises.

Exercise 3.9. Prove Lemma 3.3.
Hint: (i) and (iv) are rather straightforward. For (ii) and (iii), one may want to look up the proofs
from [Tao06, Lemma 2.11 and Proposition 2.12] or [ET16, Lemma 3.12 and Lemma 3.11].

Exercise 3.10 (A step in the proof of Lemma 3.7). Using the estimate (3.10), which is satisfied
for all Ny, N1, Na, N3 € 2Y0 and all uy,us, u3: R x T? - C, prove the estimate (3.9) for all s > 205.

Exercise 3.11 (Contraction-mapping argument). Using the estimates of this section and a contraction-

mapping argument, prove Proposition 3.8.
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4. PROBABILITY THEORY AND BOURGAIN’S TRICK
4.1. Probability theory.

Definition 4.1 (Massive Gaussian free field). Let d > 1. Then, a random distribution ¢: T¢ - C is
called a d-dimensional (massive) Gaussian free field if it can be represented as
In _inx
(4.1) ¢ = gzjd e
where (gn),ez¢ are independent, standard, complex-valued Gaussians. We denote the unique cor-
responding measure by g = gq, i.e., we define
(4.2) g4 = Law( > g—neim).
neZd (n)

Remark 4.2. We make the following remarks regarding Definition 4.1.

(i) Our definition corresponds to a unit mass m = 1. For a general mass m > 0, one would

replace (n) =+/1+ |n|?> by \/m? +|n|?. In the following, we often omit writing “massive”.

(ii) The Gaussian free field is a natural model from probability, and we refer to [She07] for a
survey of its properties.

(iii) The Gibbs measure of (NLS) is given by the complex-valued ®%-measure. In dimension
d=1,2, <I>fl is absolutely continuous with respect to the Gaussian free field. Thus, in
dimension d = 1,2, if we want to prove the almost-sure local well-posedness of (NLS) with
respect to the Gibbs measure, it suffices to prove it with respect to the Gaussian free field.

In order to work with the Gaussian free field, we later need the following standard lemma, which
will not be proven here.

Lemma 4.3 (Wick’s theorem). Let k£ > 1 and let X, Xo,---, Xor be mean-zero complex-valued
Gaussian random variables. Then, it holds that

2k
(4.3) E[[Txi]=> T] E[XiX;]
=1 P {i,j}eP
The sum in (4.3) is over all pairings P of {1,2,---,2k}, i.e., all partitions of {1,2,---,2k} into two-

element subsets.
For example, if k£ = 2, then Lemma 4.3 implies that
E[X1XoX3Xy] = E[ X1 X5 ] x E[X3X4] + E[ X1 X5] x E[ X2 X4 ] + E[ X1.X4] x E[ X2.X3].
Lemma 4.4 (Regularity of GFF). Let ¢:T? - C be a Gaussian free field. Then, it holds that

EH¢||12LI;(W) < oo — S<1—§.

Remark 4.5. In dimension d = 2, it follows that the Gaussian free field has regularity 0—. Thus, it
is barely outside the scope of Theorem 1.1.

Proof. 1t holds that
2
E|61 oy =E 3 (> 2 = S (m)2e-Dglg = ¥ (m)2e-D),

neZd <n)2 neZd neZd
The latter sum is finite if and only if 2(s - 1) < —d, which yields the desired claim. U
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4.2. Wick-ordered nonlinear Schrodinger equation. For reasons that will become clear later,
we now study the Wick-ordered nonlinear Schrédinger equation, which is given by
i0iu + Au = o(|Jul? = 2|ul?,) u t,z) e R x T,
wALS) : (P -2lul3)u (42)
U|t:0 =¢.

There exists an invertible gauge-transformation G: L?(T%) - L?(T%) which transforms smooth
solutions of (NLS) into smooths solutions of (WNLS), and thus (NLS) and (WNLS) are equivalent
for regular initial data (see Exercise 4.8). For initial data below L2 however, this equivalence
breaks down. The additional term —2|u[?, acts as a renormalization, which is a standard step in
the treatment of many random PDEs.

Using Fourier analysis, we obtain the following decomposition of the Wick-ordered nonlinearity.

Lemma 4.6 (Decomposition). For all smooth u:T% — C, it holds that
(|U|2 - QHUH%,?)u =N(u7uau) +Nt(u7u7u)a

where
N(UJ)UQ,U:}) = Z 71:[1(nl)ﬂ2(n2)ﬂg(nS)ei(TL1—n2+n3)x’
n1,n2,n3eZ%:
n2#¥n1i,Nn3
Nt(ul,u27u3) = Z ﬁl(n)@}(n)ﬂg(n)emx.
neZd

The simple proof of Lemma 4.6 is left as an exercise (Exercise 4.9).

Remark 4.7. We make the following remarks regarding Lemma 4.6.

(i) The nonlinearity N (u,u,u) is the main term on the right-hand side of (WNLS). The
condition ng # ni,ng is due to Wick-ordering and will be crucial later.
(ii) The superscript in N stands for (doubly) resonant. This term is harmless (at least in

dimension d = 2), and we will ignore it almost entirely.

4.3. Bourgain’s trick. In the following, we specialize to d = 2 (as in Theorem 1.2) and our goal
is to solve
(4.4) idu+ Au =0 (N(u,u,u) + N (u,u,u)) (t,z) eRxTY,
U|t=0 =9,
where ¢ is a sample of the Gaussian free field.

Problem: ¢ only has regularity 0— and (4.4) cannot be solved in X%

We use the linear-nonlinear decomposition

(4.5) u=e" g+,

The nonlinear remainder v then must satisfy v(0) = 0 and the evolution equation

(4.6) W00w+Av=0 Z (N(wl,'LUQ,wg)+Nt(UJ1,U/2,’LU3)).
wi,w2,ws3

(e g0}
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Goal: Since v(0) = 0 is smooth, we want to solve (4.6) in X*? for certain s > 0.
Since s > 0, the N (v,v,v)-term can be treated deterministically. Among others, however, we
have to address the following two issues:
(I) Can we control self-interactions of €2 ¢, i.e., N'(e2 ¢, e ¢, e $) in X P17 This will be
addressed in Section 5.
(IT) Can we control interactions between "¢ and v, such as ./\/(eimgb,eimqﬁ,v), in X%b1?
This will be addressed in Section 6.

In both (I) and (II), we will need to uncover a nonlinear smoothing effect.

4.4. Exercises.

Exercise 4.8 (Gauge-transformation). Define the gauge-transform G: L{°L2 — L{° L2 by
G(u)(t,z) = 2Nty (4 ).

Show that G is invertible and compute its inverse. Furthermore, show that for any smooth function
wRxT¢ - C, u is a classical solution of (NLS) if and only if Gu is a classical solution of (WNLS).

Exercise 4.9 (Decomposition). Using the Fourier expansion of u into (|ul* - 2|lu[?,)u, prove
Lemma 4.6.

Exercise 4.10 (Invariance of Gaussian free field under linear Schrodinger equation). Let ¢ € R,
let d > 1, and let ¢:T? - C be a d-dimensional Gaussian free field. Prove that e??¢ is also a

d-dimensional Gaussian free field, i.e., prove that ¢"®¢ and ¢ have the same law.
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5. THE CUBIC STOCHASTIC OBJECT

In the main proposition of this section, we control the first Picard iterate for the random initial
data from (1.1).

Proposition 5.1. Let s:= % -6 and b:= % +d2, where 0 < §3 «< 41, and let ¢ be as in (1.1). Then,
it holds that

(5.1) [H'N ztA¢7 etdgp €ZtA¢)H ] S5 1.

Xb1([0,27])

Proposition 5.1 is a direct consequence of Lemma 5.3, which uses probabilistic cancellations, and
Lemma 5.4, which relies on dispersive effects.

5.1. Reduction. We first introduce a different counting problem than in Section 2.

Definition 5.2. Let d > 2, let Ny, Ny, Na, N3 € 280 and let (uq,¢1,2,03) = (=1,1,-1,1). We then
define

M47d(Nj,Lj:O <5< 3)

= sup#{(no,nl,ng,ng) e (ZH%:|n;|~ N; forall 0<j<3,
(5.2) peZ

3 3
(tjinj) # (tkymy) forall0<j#k<3, > tjn; =0, ZLj|nj]2 = ,u}.
=0 =0

In the following, we often write

Nmax = max(Ng, N1, Na, N3).

Lemma 5.3 (Probabilistic cancellations/Reduction). Let s € R and b := %4— d2 be as in Proposition
5.1. Then, it holds that

[HN ztAQS’ ztA(z)’ ztA¢)‘|

Xeb1([o, 2%])]

(5:3) S sup N2 Ng*(N1N2N3) Mo (Nj,15:0 < j < 3),
No,N1,N3,
Nse2No

where (v0,t1,t2,t3) = (-1,+1,-1,+1).
Proof. Tt suffices to prove the following estimate:

[HPNO PN1 tA(b’ Pr,e ltAgb’PNs ltA HXsb 1( OQW]):I

SN2 N25( Ny NoyN3) 2 Myo(Nj, 1520 < j < 3).

(5.4)

max

Indeed, since we gave ourselves an Nmiff factor of room, we can easily prove (5.3) by summing

(5.4) over dyadic scales. To simplify the notation, we introduce the phase function

Q=Q(ng,n1,n2,n3) = —|n0|2 + |711|2 - |7”L2|2 + |n3|2.
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To prove (5.4), we first note that

e—itAPNOJv‘(PNI eitA¢, f)]\[2 eitA¢’ PN3 eitAd))

. . 3
(5.5) = Z (e—themox( H 1Nj(nj))<n1>_1<n2>_1<n3)_1gn1_gnzgn3)-
ng,n1,ne,n3eZ: §=0
np=ni-nz+ns,
na2#ni,n3

Using the statement from Exercise 5.8, it follows that

HPNO (Pn, €29, Py,e" 26, Py 6ztA¢)HXéb '([0,27])

2

(5.6) DIR(T 12001 ()25

WEZ noeZ?

RS S I—
> (Hle<nj>)<m> (n2) ™ (73) " g Gz I
nl,ng,ngezgz j=0

np=n1—-n2+ns,

n2#ni,ng,
Q=p.

We now claim that the family (gn,GngGns )nssnims 1S, Up to permutations, orthogonal in L?(P).
Indeed, for any nq,ng,n3 € Z? satisfying ns # nq1,n3 and nj,nh,njs € Z? also satisfying n} # n/,nj,

Wick’s theorem (Lemma 4.3) implies that

E[gnl%gn:&gn’l%gng]
(5.7) B o o
=1{(n1,n2,n5) = (n}, n,m5) } + 1{ (1,2, m3) = (nf, m,m}) .

Using orthogonality up to permutations, it follows that

Z Z 2(b 1) )QSE

,U«EZ noEZQ

2

3
> ( [11y, (nj))ml)_l<n2)_1<”3)_19n1%9n3
ni,na,nzez?:  Jj=0
no=ni—-n2+ns,
n2#ni,ng,
Q=p.

3
58 X X WV Y (Tt () nn) 2na)ns) >

HEZ ngeZ? ni,m2,nzeZ?  J=0
no=ni-n2+ns,
n2#n1,ns,

Q=p.

Side note: We emphasize that the bound (5.8) heavily relies on the randomness in g, Gn, gn, and

is significantly better than any bound we could obtain if g, Gn,gn, is replaced by 1.

Using that the summand is non-trivial only for |u| $ N2, 2(b—1) = —1+245, and Definition 5.2,
it follows that

3
(5.8) s N2 N N72N; N2 xsup Y (]‘[ ,(n3))

max

peZ no,nl,ng,n3622 Jj=0
np=n1-n2+ns,
n2#N1,Nn3,
Q=p.
45, s —2 A7=2 A7-2 ) .

This completes the proof of (5.4). O
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5.2. Lattice point counting estimates.

Lemma 5.4. Let d > 2, let Ny, N1, Ny, N3 € 2Y0_and let (10, ¢1,2,03) = (=1,1,-1,1). For all € > 0,
it then holds that

(5.9) Mua(Nj,1:0< 5 <3) S (N NG T (NE)yd,
where N > N > N2) > NO) is the non-decreasing rearrangement of the frequency-scales.

Remark 5.5. The statement of the Lemma 5.4 is technical, but it quantitatively answers a natural

. : . ithnal2 ins
question: For how many frequencies ni,ng,n3 € Z¢ do the corresponding plane waves e ithng|" ginjx

where j =1,2,3, interact strongly?

The proof is the subject of Exercise 5.10, but I will describe the general idea and make an

additional comment. For simplicity, let us assume that
(5.10) No~ N1 2 N2 Ns.

In that case, we would write the linear constraint as ng = ny — no + ng and insert the formula for ng
into the quadratic constraint. After algebraic manipulations, the quadratic constraint then reads

as
(5.11) 2(n1 —n9)-(ng—ng) = —p.
According to our lemma, we are supposed to have the estimate

#{(nl,m,n:’)) € (Z%)3:|n;| ~ N for 1< j <3, n1,n3 # ng, 2(n1 —ng) - (ng —ng) = —M}

(5.12) d-1+e nrd
Se (NlNQ) N3.

The estimate (5.12) can be proven using the sphere and divisor estimate (Proposition 2.6 and
Lemma 2.8). Note that, up to the e-loss, (5.12) is optimal. The reason is that

S #{} ~ (N1 N2N3)?

NI

and that the bilinear form (nj — n2)(ng — ny) takes at most ~ Ny Ny different values. Thus, one
cannot do better in (5.12) than

(N1 N3 N3)?
NiNy

Remark 5.6. Note that the condition ny,n3 # no is crucial. Otherwise, for =0 and Ny = N3, any
tuple (n1,n2,n3) with ny = ng satisfies the constraint, and thus we obtain a lower bound by

~ NENG.

If Ny ~ Ny and Ny ~ N3 ~ 1, this would be much worse than the upper bound in (5.12).
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5.3. Proof of Proposition 5.1:

Proof. Using Lemma 5.3 and using that N(® ~ N1 (otherwise, the linear constraint cannot be
satisfied), it follows that
2
itA itA itA
E[ | (c"%0. " 0,c qz’)wal([[),zw])]
S sup N2 NZ(NyNyN3)2Mya(Nj,1;:0 < j<3)

No,N1,Na, e
N3e2No
(5.13) s sup (NW)2+802-2( NI N2 Ag, 5 (N, 15:0 < j < 3).
e

Using our counting estimate (Lemma 5.4), it follows for all € > 0 that

(513> < sup ((N(l))25+862—2(N(2)N(3))—2 « (N(l)N(Q))1+26(N(3))2)
No,N1,Na,
(5.14) Nge2"o
< sup (N(l))2371+852+26(N(2) )71+26.
No,N1,N2,
N3ze2No

This is acceptable as long as
1
<= =409 — €,
S 9 2 — €
which can be satisfied (by choosing € = d2) in our case. O

Remark 5.7. In the above argument, we make no use of the additional (N ))1*2_factor in (5.14).
Whether or not this factor can be used to increase the regularity s depends on the specific interac-
tion:
(i) For highxlowxlow-interactions, it holds that N(®) ~ 1, and thus we cannot increase s.
(ii) For highxhighxlow-interactions, however, N® « N and thus we can increase the regu-
larity from s = % -01 tos=1-9.

This observation is crucial for many recent developments, see e.g. [Bri21, DNY19].
5.4. Exercises.

Exercise 5.8. Let d > 1, let k> 1, and let ¢1,--, 1 € {~1,+1}. Furthermore, let a:(Z%)* - C, let
Q: (24)* > 7, and let w:R x T? - C be given by
A, = Z a(ny, -, nk»)ei(blnl+.”+Lknk)x€_itQ.
N1, ngeZd

Then, it holds for all s € R and b € R that

2
HUH.2)(57b([0,27T])S E Z<n0>25<’u)25| Z a(nlg"',nk)| .

noeZ4 pez ny, - npel:
L1ny+Hlpng=no,
Q=p

Exercise 5.9. For all d>2, M, N € 2Y0_and e > 0, prove that

(5.15)  sup sup#{(m,n) €Z4xZhmn+0, |m -kl <M, |n-€ <N, m-n-= ,u} S (MN)&tre,
k0eZ4 pel
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For this exercise, you may use (without proof) that the following strengthened divisor estimate is
satisfied: For all A, B > 1, ag,bg € Z, and u € Z, it holds that
(5.16) #{(a,0) e Zx Zia,b+ 0, [a-ag| < A, |b-bo| < B, a-b=p} 5 (AB)"

For a proof of (5.16), see [DNY19, Lemma 4.3.(1)].
Hint /Note: Apply (5.16) to the entries of m and n. While it is not a hard exercise, it is not
completely trivial either. The reason is that even if m,n € Z¢ satisfy m,n # 0, they may still have

zero entries.

Exercise 5.10. Using Exercise 5.9 (and potentially Proposition 2.6), prove Lemma 5.4.
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6. RANDOM TENSOR ESTIMATES

As described in Subsection 4.3, solving the evolution equation for the nonlinear remainder v
requires control over interactions between ¢ and v. One of these interactions is the subject of
the next definition.

Proposition 6.1. Let s := %—51, let b:= %+52, let b := %—52, where 0 < 09 < 1 < 1. Furthermore,
let ¢ be as in (1.1). Then, it holds that

2

(6.1) E|:H’U HN(eitA¢7eitA¢,v)“

S 1.
Xo ([0,27]) - X501 ([0,27]) | T

Compared to Proposition 5.1, the new aspect of Proposition 6.1 is that it concerns a random
operator, and not an explicit random distribution. Unfortunately, I will not have time to present
a full proof of Proposition 6.1. Instead, I will focus on general random tensor estimates, which are
a new technique [DNY22] and can be used to prove Proposition 6.1.

6.1. Abstract random tensor estimate.

Definition 6.2 (Tensors). A tensor is a map h: (Z?)? — C, where .J is a finite index set. We often
write h = hy,, and, if J = {j1, j2, -, i}, we often also write h = P, e

Example 6.3. For Proposition 6.1, the most important tensor is

3
6.2) Pngnyingns = ( H 1Nj(nj)) x 1{ny,n3 = na} x 1{ -ng+ny—ng+ng= O}
) =0

x1{ - nol? + [na|* = [nof® + |ns|* = 1},

where p € Z.

Definition 6.4 (Tensor norms). Let h = hy,,, be a tensor and let X and Y form a partition of J,
ie, X,YcJand XYY =J. Then, we define

2
o . 2
(63) HthxﬁnY T Sup{2|2hnx]UnX| * Z ’UnX| < 1}
ny nx nxe(Z4)X
After viewing h as a linear operator from E%X to f,%y, the tensor norm Hh” coincides with
nx-—-ny

the usual operator norm. We emphasize that, even for a fixed set J, there are many different
choices of X and Y and thus many different tensor norms.

Proposition 6.5 (Abstract random tensor estimate [DNY22]). Let h = hp nyn,ny be a tensor,
where A and B are finite index sets. Let N € 2Y0 and assume that, on the support of h, it holds
that

(6.4) In1l, |n2|,I(111€E}4X|1’La|,III)1€%X|1’Lb| < N.

Furthermore, let (g,,),cz¢ be a sequence of independent, standard complex-valued Gaussians and
let H=H,

nAnNp

(6.5) H

nanp

be he random tensor defined as

= Z hnl'I’LQ’rLATLB (gm%— 5n1n2)-

ni,ma EZd
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Then, it holds for all ¢ >0 and p > 1 that

1
(6.6) E[|HI} ,~ny]7 SepN© XuYeiie) HhH"A”X_’"B"Y '

Remark 6.6. We make the following remarks regarding Proposition 6.5.

(i) The estimate was stated in the simplest possible form for our application, but can be
generalized. For any m > 1, a similar estimate holds for products of m Gaussians.

(ii) The estimate has found many applications in the recent literature, see e.g. [Bri20, BDNY22].
In these applications, one first uses Schur’s test, which yields

huwwyw(sup 5 |hww|) (sup 5 rhnxnywr).

NANX npny NBNY nanxy

The right-hand side is then controlled through further counting problems.
(iii) The estimate is closely related to operator bounds for structured random matrices. In fact,

it can be proven using the methods in [vH17].

6.2. Proof of abstract random tensor estimate. We present a slightly different proof of the
abstract tensor estimate than in [DNY22], which is more modular. It relies on the following three

ingredients:

(i) Tensor merging estimate (Lemma 6.7),
(ii) Probabilistic decoupling (Lemma 6.8),
(iii) Gaussian case (Lemma 6.9).

Lemma 6.7 (Merging estimate). Let Ay, As, By, By, and C be disjoint finite index sets and let

R = hfllA) np e and h(?) = hgi? nByne be two different tensors. Then, it holds that
(1) 1) (1) (2)
6 7 H Z hnA 1B NC nAQnt nc HnAlnAQ —>np,np, < thAlnBl nc HnAl—>nBl nc thAQnanC HnAQnC—>n32 :

Proof. Let z = z, ALTA, be arbitrary. By first using the tensor estimate for A(?), we obtain that

2

2

n31n32

=2

TLBl 7'L32

Il pproons, & %

nBy NAyNC

(1) (2)
Z hnAl np;nc hnA2n32 neAna;na,
NA MANC

Z thL"BQnC( Z hglglnglncznAlnAz)

nA,NC nay

2

B
Z NnA;NByNC Fnagna,
na,

By using the tensor bound for h()), we also obtain that

2 X

(1) H Z Z
z
= H nanBnC ling »np ne | nAl”Az
TLA2 nBlan

NAy, NAy

B
Z nAlnBlnC nAlnA2
’nAl

This implies the desired merging estimate (6.7). O
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Lemma 6.8 (Probabilistic decoupling). Let h and ¢ = (gn),ez¢ be as in Proposition 6.5 and let
9" = (g peza be an independent copy of g. For all p > 1, it then holds that

E[H Z hninanang (gmgnz - (5n1n2) ‘: ]l/p
n1,noeZd s
(6.8) p -
S T E[H Z hn1n2TLATLB gnlg7/’l2 nA—)’nB:I .

nl,nQEZd

Proof. For expository purposes, we write E; and Ey for the expectations taken over g and ¢,

respectively. Furthermore, for any a = (anyn, ), nyezd, We write

(69) F(a’mnz) = H Z hn1n2nAnBan1n2 5
nl,TLQEZd nA=NB
which is convex and one-homogeneous. It holds that
- L P 1/p
Eg H Z hnlnznAnB (gmgng - 6n1n2) ‘ ]
L napa—npg

n1,noeZd

r 1/p
= Eg _F(gn1% - 5”1”2 )P]

- _ 1/

»F Eg’ [gnlﬁ_g;llg’lllz])p] '
— 1l

(6.10) < EgEg’[F(gm% - giug;m )p] p'

In the last line, we used Jensen’s inequality. For any ¢ € [0, %

5], we define

(6.11) g(p) :=sin(p)g + cos(p)g'.

By definition, it holds that g(0) = g and g(%) = g, and thus g(¢) interpolates between g and g'.
We note that

0p9() = cos(p)g —sin(p)g".

Since (sin(y),cos(p)) and (cos(y),-sin(p)) are orthonormal in R? for all ¢ € [0,%], rotation-
invariance of Gaussians implies for all ¢ € [0, 7] that

(6.12) (9(¢),209(9)) £ (209(2). 9(9)) £ (9:9").

By using (6.11) and the triangle-inequality, it follows that
— 1t/
EEy[F(gu s~ 0 0)" |
5 _\P
~EEy[F( [ 7 00(9m (99 (9))) ]
</5EE,[F(5( (2)9ns ( )))p]l/p
s J, Bl e\ Gni\P)Gna\ P

(6.13) < fo : EgIng[F (@pgm () gns (w))p]l/p + fO : EgEg'[F (gm (¢) @gm(«p))p]l/p'

By using (6.12), the integrands in (6.13) are given by

1/p

BBy [ (2090 () 3m@)) | = BBy [F (901 (9) 29 (@)) | = BBy [F( g 3 )] -
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As a result, it follows that
—\Pql/p
(6.13) = 7 ByByr [ F (g0, 97, ) | -
After recalling the definition of F', this implies the desired inequality (6.8). O

Lemma 6.9 (Gaussian case). Let h = hyn,npy be a tensor and assume that, on the support of h,
it holds that

<
‘no‘, meaxlna|, nelax|nb| < N.
Then, it holds for all € >0 and P2 1 that

1
» 1
p €
] S VPN max (thonA"B HnonA—mB’ [ Pngnans Hm—»nomg)'

nA—NpB

(6.14) IE[H > Bognans 9o
no
The main ingredient in the proof is the non-commutative Khintchine inequality. For a precise

statement and elegant proof, we refer to [vH17].

Proof. For each ng € Z%, we let L,,:¢? L 2 , be the linear operator defined as

(Enoz)ns = Z PnonanpZna-

na

Using the definition of £,,,, we can write

i

H Z hnonAntno
no op

= H Z gno£n0
nA-nNpg o

where | - [op is the usual operator norm. Using the non-commutative Khintchine inequality [vH17,
Theorem 3.3] for non-symmetric matrices (see [vH17, p.6]), it follows that

1
2

1
)
op'

We now estimate the two arguments in (6.15) separately. Using the definition of £,,,, we can write

(6.15) E[| 32 gm0 Lo zp]i s VAN max (| 2 L5 Lo |” |22 Lao 5,
no ng ng

)
op

the entries in the first argument as

(gﬂ:ﬁ;oﬁ”o)n,n = Z hnon’AthnonAnB'

ATtA no,MB

Using the merging estimate (Lemma 6.7), it follows that

| oo
IS citul, =] S Famatoniod
no

P no,nB

na—n'y

[ -
nA—>n0nBH nO"’LAnBHnonB—Vm:4
2

na—->nong

< [Fengnans |

= thownB H

Arguing similarly, it also follows that
|Z 2L,
no

This yields the desired estimate (6.14). O

2

nonA—N"RB

< Pongnans |
op

Equipped with Lemma 6.8 and Lemma 6.9, the proof of Proposition 6.5 is now rather simple.
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Proof of Proposition 6.5: Using Lemma 6.8, it sufffices to control

ol
H Z hnlnznAntn1g ng

n1,n2 nA—nNE

Since (gn )pezd and (g),),,eza are probabilistically independent, this can be done by applying Lemma
6.9 twice. 0

6.3. What is left to be done? In order to complete the proof of Proposition 6.1, we still have
to do the following:

(i) Using Schur’s test and counting estimates, control the tensor norms of

3
hnonlngng = ( H 1Nj(nj)> x 1{711,713 * ng} X 1{ —ng+ny—Ng+ng= 0}
=0
x 1{ = [nol” + [ [* = |2l + |ns|* = ).

This is the subject of Exercise 6.11.
(ii) Deal with a (technical) problem due to the e-loss in Proposition 6.5, which is an issue in

Proposition 6.1 when v enters at much higher frequencies than both factors of e®**¢ (see
e.g. [DNY19, Claim 5.2] and [BR23, Proof of Proposition 5.1}).

In order to complete the proof of Theorem 1.2, we then still need to solve the equation for the

nonlinear remainder v, i.e., we need to solve

(6.16) WO+ Av=0 Z (N(wl,wg,wg)+M(w1,w2,w3)).
w1,w2,w3

e{e"Pov}

In Proposition 5.1 and Proposition 6.1, we have obtained estimates for
N(eitA(ﬁ, eitA¢’ eitA¢) and N(eitA¢, eitA¢’ U),
respectively. While the remaining terms have not been treated here, their estimates are simpler (or
similar).
6.4. Exercises.

Exercise 6.10. Let M >2 and let ( gm)%zl be independent, standard, complex-valued Gaussians.
Show that

(6.17) E| max |gm|] ~ og(M).

'ynl:l,...7

Furthermore, let G € CM*M he the diagonal matrix with diagonal entries g1, ..., gas. Using (6.17),
prove that

E[| ] ~ Viog(a1).

Note: It follows that, without additional information on h, at least a logarithmic dimension-
dependent loss in Proposition 6.5 is necessary.
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Exercise 6.11 (Estimate of tensor norms). Let d > 2 and let h = hpynynyns be as in (6.2). Using

Schur’s test and counting estimates, prove the following three estimates:

(6.18) |AI2 ngngong S med(N1, Na, N3)* 1€ min( Ny, No, N3)* 1+,
(619) ||h||7212n3—>n0n1 S min(N()v Nl)d_l min(N27 N3)d_l'
(6.20) |2 s ongng S Min(No, No)* 2 min( Ny, N3)@ 2+,

We remark that the second estimate (6.19) is rather crude, but potential improvements require
further number-theoretic restrictions and/or considerations.
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7. OPEN PROBLEMS

In this section, I list some of the main open problems in random dispersive equations. All of
the problems concern the invariance of Gibbs measures, but the core of the problems is primarily
about probabilistic well-posedness. The open problems listed here are currently driving research in
this field, but most likely are not suitable first projects for a beginning graduate student. If you
are looking for a problem of the latter kind, feel free to talk to me in person.

Problem 7.1. Prove the invariance of the Gibbs measure for the defocusing cubic nonlinear
Schrédinger equation on T3, i.e., in dimension d = 3.

This is the extension of [Bou96], which we mostly proved, from d = 2 to d = 3. It is really difficult
because it is critical with respect to probabilistic scaling [DNY22].

Problem 7.2. Prove the invariance of the Gibbs measure for the defocusing cubic nonlinear

Schrédinger equation on R2.

Since the @fl-measures are translation invariant, random distributions ¢: R? - C drawn from the
fbg—measure exhibit no spatial decay. Together with the infinite speed of propagation of Schrédinger
equations, this makes Problem 7.2 quite challenging. The one-dimensional case was treated by
Bourgain in [Bou00].

Problem 7.3. Consider the two-dimensional sine-Gordon equation
(sG) (8§+1—A)u+sin(ﬁu):0 (t,x) e R x T

where 5 € R. What are the optimal conditions on g which guarantee the invariance of the corre-
sponding Gibbs measure under (sG)?

One of the most interesting aspects of Problem 7.3 is the non-polynomial nonlinearity, which
creates a challenge for frequency-based methods. Partial progress towards this problem has been
made in [ORSW21].
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