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Chow ring of a variety

X is an algebraic variety
A R-cycle on X is a finite form sum

of R-dimensional varieties of X with integer coefficients

Ini Vi

EpIX) =
= < dim-k cycles of X7.



IY] is rationally equivalent to [E) if
I a subvariety V = X xp

<
s .
t

(2) X x IP'- IP'induces a dominant map 8 : V + ↑'

1) If (0)] = [Y) and [f -(0)] = [E]

Ratm(X) = = dim-k cycles rationally equivalent to zero
The Chow group A. X) of X is /dimX

A
. (X) = # Ap(X) =

ZmIX)

Rath(X) -R = 0 0



Functorial properties 1 : Pushforward

0
-

0
I D

If 8 : X - Y is a proper morphism ,

0
,

X

then 8x : ZnX) + En(Y)

V - [RIV) : R(W)] W if dimV=dimW,

0 otherwise
.

fx (Rat(X)) = Rat(Y) => 8 x : Ap(X) + AklY) complete
/

Example If the structure morphism & : X-> SpecR is proper

then deg(x) = (
,

:
= fx(a) if a = AoX)

O ofherwise



complete
/

Example If the structure morphism & : X-> SpecR is proper

then deg(x) = (
,

:
= fx(a) if a = AoX)

O ofherwise

/Speck) = 7



Functorial properties 1 : Pullbacks

If 8 : x + Y is a flat morphism ,

Ex open embedding , projection of vector bundle .

projection of cartesian products of pure dim

2

Non-Ex /A
-> . Ad

I

I "(0) is not equidim



Functorial properties 1 : Pullbacks

If 8 : x + Y is a flat morphism ,

Ex open embedding , projection of vector bundle .

projection of cartesian products of pure dim

then 8 *: Zx(Y) + Ex (Y)

IV] - 18 "V]

is well-defined and f
*

Rat(Y))= Rat(X) .



Affine Bundles f
E is an affine bundle of rank n over X C

with p : E - X if X has an open covering (Ma)
with the property that

p (Ua) = Hax An .

Prop The pullback p *: Ap(X) -> Aptr(E) is surjective .

Example Am(/A)= >
R <

,

R = n



A useful sequence

If i : Y -> X is closed subscheme of X ,

and let j : X-Y -> X be the inclusion ,

then ARLY) * An(x) = Amlu) - O is exact
.

Example P" = A"4 /pr-1

=> Am(pn-1) -> AmP") - Ar(/An) - o

is exact .



· If X is equidimensional .
codimY :

= dim X-dimY
.

· If X is smooth
. AR(X) :

= Adimx-R(X) .

· Setting [17 = AoX) as 1
, [Y][z] = [Ynz]

for Smooth Y ,
I intersecting transversely gives A(X)

a ring structure .

· If X smooth . Y = IP"

then A(X) & AY) = AxxY)



Chow ring of a blow-up .

If Y & X is a closed smooth subscheme of X.
then the smooth projective BlyX X is

-

Proj In
n

=

0

(1) It is proper and birational

(2) It is an isomorphism on Blyx - [Y)
.

(3) i"(Y) -> BlyX -exceptional divisor
↓

Y ->



1) It is proper and birational (if Y is not dense)

(2) It is an isomorphism on Blyx- [Y) .

(3) E = T"(Y) -> BlyX -exceptional divisor
↓

- -> x

E
-

Proposition There is a split exact sequence of groups

0 -> AmlY) -> Ap)E) * Am(X) + An(Bty(X)) - o



Wonderful compactification of
EX

the complement of a hyperplane IPL

arrangement De Concini -Procesi 1995 · 123

14 2434

L =

a vector space over R ⑧ ⑧ ⑳ 4

I 2 3

A = a finite set of hyperplanes
intersecting only at the origin

(He : et E)
For each SIE . Ls=MHe

.

rR(S) = dimL/Ls
etS

A flat is a subset FCE maximal among its
rank

.



1 : PL ------- IP(L/F)
nonempty flats F

Def The wonderful variety of A is

the closure of the image of IPL under 1 :

WA =
- EPL) = I PIXF) .

nonemPEa



Def The wonderful variety of A is

the closure of the image of IPL under 1 :

WA =
- EPL) = I PIXF) .

nonempty
flats F

IPL
~

· 123
S

I -
⑧ ⑳ 4

-&' 2434
I 2 3 14

24



Feichtner - Yuzvinsky 2004

A(W) = &IXF : nonempty flats]

[XFXG : F , G incomparable)
+ >ExG : rkF = 17

F = G

IPL
~

· 123
S

I -
14 24 34

-&I⑧ ⑧ ⑳ 4

I 2 3 14

24
34



Feichtner - Yuzvinsky 2004

A(W) = &IXF : nonempty flats]

[XFXG : F , G incomparable)
+ >2xG : rkF = 17

F = G

Backman-Eur-Simpson 2021

A(W) = DIGF : nonempty flats]

<Chr-hrva) /ha-hEvaEncomparable)
+ [hF : rkF= 1)

key : he's have elegant intersection properties .



Chow ring of
a matroid

· I a free abelian group Im

· Given a matroid M . SIE ,

Es : the image of es= ei under IR
*
+ RR*YRI

.

itS

· rk : 2
=

-> Nxo S it max II)
IES

· A set F is a flat if it is maximal among its rank

E) adding
non-member

preserves
rank

.



Def The Bergman fan I'm is the fan consisting of

cones of the form

6=

I
, F,,..., erm)

for each chain of nonempty proper flats

Example Ha
, 3 B3

rk : S > min) /S1 , 23 rk : S - 151
es

,
Es x

-ex
= 1RYR(2

,
2 , 2)

- la

71 I

= IRYRI,-- [

-
=

-

-es ez V 2 , 3



Def A fan I is

(1) pure-dim if every
maximal cone has the same dim .

(2) Simplicial if for every come 6
, dimb=/generators of 81 .

(3) complete if the support 12)
= NR

.

(4) balanced if at each oo RO

[40
dimt= dim 8+1

Example I'm is pure of dim r-1 , simplicial , balanced ,
but often not
complete



Chow ring of a simplicial

A(z) =

RIXp : P a ray]

Iz + JE

with

Iz = <Xp , ... xPn if ...., n
don't form a cone)

Iz =

<240 . r xy ,
ve M7

AHK :18 Balanced => deg
: A '(E) -> R

. ↑x0 it s

PE max 8



Kahler package (A
, deg , K)

A
"

is a finite dimensional , graded real vector space
d - e

deg is a symmetric bilinear form A
*

x A -> IR

K is a convex set of linear operators 1 : A
** A o

s .t . deg (2x , y) =

deg (x , Ly)
(2) Poincare duality R = I

The symmetric bilinear pairing
AR x Ad-K -> R

2 B -> deg (d)
is non-degenerate .



Example (IP2)3
x

,xxx31- 1

H9(11p73) =

IRIX , xa ,
x3] g

, R
(x,, xa , x 347

PD
X , XaX3 3

k = 0
, deg(1 . x

, x2xz) = &

R = 1
, deg ( xixixj)

=

0
X

, x2 XaX3 X , x3 2

but deg (Xix j xm)
= 1

.

X I X 2
X 3 ↓

2 0



(2) Hard Lefschetz R = I

For
any G , to ..... ed-ak in K

,
the symmetric bilinear form

A* -> Ad-R

2 - (i)
is an isomorphism .



Example (IP2)3
x

,xxx31- 1

A"(11p73) =

RIX , xa ,
x3] g

, R
(x,, xa , x 347

HL
> X , XaX3 3

R = 0

1 1- 6X , XX3 La X , x3 2

R = 1 I
- 7

/

X I X 2
X 3 ↓

X
I

1-> X
, Xa + x , x3

Xy i x , Xa
+ XaX3 2 0

xy1 x, x3
+

XaX3



The Hard Lefschetz property
it I

=> 2 : A
"
- A ec k

is

injective for i no greater than %

surjective for i no smaller than a2 .



Example (IP2)3

A(11p73) =

RIX , xa ,
x3]

(x,, xa , x 347

↑
X , XaX3 (3) 3

X
, x2 XaX3

,XX3 (2) 2

HLT j ↑
:

↑
-

X 1
=

X 2 - 3 19, ) I
X

I
2 18) 0



13) Hodge
- Riemann Relations

For any to ...., ed-abel ,
the symmetric bilinear form

A
*

x A
*
- IR

(a , (1)
*

deg(a(*ei))
is positive definite on the kernel of the linear map

AR -> A
d - R+1

2 - (ei) .



Example (IP2)3
x

,xxx31- 1

A "(1p73) =

IRIX , xa ,
x3] g

, R
(x,, xa , x 347

HR R = 0 her A + A
t

=

0 = AI 4 I21 ex

The form A"x Ao -> R

a deg(xe) = 6

k = 1 Ker (A * -> As I has basis X
, -Xa ,

x
, -43

a - ex

The form Ax A -> IR

(x 1
- xi ,

x
,

- xj) -- - deg(xep) = - 10r-2 .



Example

· X is a smooth projective variety
an special case of complex Kahler manifolds

The Kahler metric induces

12) the Hodge decomposition on HiX ; 4)

(2) the Lefschetz decomposition on HiX ; a)



Example

· X is a smooth projective variety
an special case of complex Kahler manifolds

The Kahler metric induces

12) the Hodge decomposition on HiX ; 4)

Hi(X , 4) = & 2 H" * (X ; k)
p + q

= i

where HP8(X ; K) = classes of closed forms of type (p . G)
.



Example

· X is a smooth projective variety of dimn

an special case of complex Kahler manifolds

1 H""(X , R) ,
Poincare pairing , ample divisor classes)

i
=

0

· M is a matroid

If In simplicial and complete

=> D = ZCpXy gives a piecewise-linear funtion He



· X is a smooth projective variety of dimn

an special case of complex Kahler manifolds

1 H""(X , R) ,
Poincare pairing , ample divisor classes)

i
=

0

· M is a matroid

4p is ample if 4p (n) +4p(v) <Yp(u + v)

F U , ve NR in different cones .



· X is a smooth projective variety of dimn

an special case of complex Kahler manifolds

1 H""(X , R) ,
Poincare pairing , ample divisor classes)

i
=

0

· M is a matroid

Since I'm is often not complete ,

D is ample if Up is a restriction of 4

on a complete I'
= Im

.



· X is a smooth projective variety of dimn

an special case of complex Kahler manifolds

1 H""(X , R) ,
Poincare pairing , ample divisor classes)

i
=

0

· M is a matroid

(AM) , deg , ample divisor classes)


