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Abstract

Let K � R
mn be a compact and convex set of m � n matrices

and let fujg be a sequence in W
���
loc �R

n�Rm� that converges to K

in the mean� i�e�
R
Rn dist�Duj �K� � �� I show that there exists

a sequence vj of Lipschitz functions such that kdist�Dvj �K�k�� �
and Ln�fuj �� vjg� � �� This re�nes a result of Kewei Zhang �Ann�

S�N�S� Pisa �� ��		
�� �����
� who showed that one may assume

kDvjk�� C� Applications to gradient Young measures and to a ques�

tion of Kinderlehrer and Pedregal �Arch� Rat� Mech� Anal� ���

��		��� �
	���� regarding the approximation of R � f��g valued

quasiconvex functions by �nite ones are indicated� A challenging open

problem is whether convexity of K can be replaced by quasiconvexity�

Mathematical Review Classi�cation� �	J��

� Main results

Let fujg be a sequence of weakly di
erentiable functions uj � Rn � Rm

whose gradients approach the ball B��� R in the mean	 i�e�Z
Rn

dist�Duj� B��� Rdx� �� ����

Motivated by work of Acerbi and Fusco �AF ���	 �AF ���	 and Liu �Li ���
Kewei Zhang showed that the sequence can be modi�ed on a small set in
such a way that the new sequence is uniformly Lipschitz� The following
Theorem is a slight variant of Lemma ��� in �Zh ����
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Theorem � �Zhang�� There exists a constant c�n�m with the following
property� If ����� holds then there exists a sequence of functions vj � R

n �
Rm such that

jjDvjjj� � c�n�mR
Ln�fuj �� vjg� ��

In fact one has the seemingly stronger conclusions

Ln�fuj �� vj or Duj �� Dvjg� ��R
Rn

jDuj �Dvjjdx� ��

For the �rst conclusion it su�ces to note that for weakly di
erentiable func�
tions u and v the implication

u � v a�e� in A �� Du � Dv a�e� in A ����

holds �see e�g� �GT ���	 Lemma ���� For the second conclusion observe
that jDuj �Dvjj � jDvjj� jDujj � c�n�mR �R � dist�Duj� B��� R and
integrate over the set fDuj �� Dvjg�

Theorem � has found important applications to the calculus of variations	
in particular the study of quasiconvexity	 lower semicontinuity	 relaxation and
gradient Young measures ��KP ���	 �Zh ���	 see also Corollary ��

The purpose of the present work is to show that the constant c�n�m can
be chosen arbitrarily close to � and that the ball B��� R can be replaced by
a compact	 convex set�

Theorem � Let K be a compact� convex set in Rmn� Suppose that uj �
W ���

loc �R
n�Rm and Z

Rn

dist�Duj� Kdx� �� ����

Then there exists a sequence vj of Lipschitz functions such that

jjdist�Dvj� Kjj� � ��
Lnfuj �� vjg � ��

Remarks�

�� A more natural and apparently much harder question is whether the
same assertion holds if K is quasiconvex rather than convex�

�



�� Jan Kristensen pointed out to me that in the scalar case m � � the
assumption that K be convex can be dropped� Let CK denote the con�
vex hull of K and CdistK the convex envelope of the distance function�
Kristensen�s proof uses �����	 applied with CK and �CK� � CK� 	
the identity CdistK� � dist�CK�� and the relaxation of nonconvex inte�
gral functionals �see e�g� �ET ��� to obtain

inff
R
B

dist�Dv�K�dy � v � u on �Bg

� inff
R
B

Cdist�Dw�K� � w � u on �Bg

�
R
B

dist�D�u� �CK�

� ��� ��n
R
B

dist�Du�CKdx�

A similar argument can be applied for m � � provided that a �some�
what arti�cial condition holds which is slightly stronger than the re�
quirement that CK agrees with the quasiconvex hull QK of K�

In the language of Young measures �see �KP ���	 �KP ��� for the relevant
de�nitions one can deduce the following�

Corollary � Let K be as a compact� convex set in Rmn and let � � Rn

be open� let p � �� and suppose that fujg generates a W ��p gradient Young
measure � � f�xgx�� and that

supp�x � K for a�e� x in ��

Then there exists a sequence fvjg that generates the same gradient Young
measure and satis�es

jjdist�Dvj� Kjj� � ��

Warning� There are slightly di
erent de�nitions of W ��� gradient Young
measures in use� Above we have adopted the convention that those measures
are generated by sequences for which fDujg is equiintegrable �and not merely
bounded in L�� No ambiguities arise for p � ��

Using Corollary � one can simplify the theory of W ��� gradient Young
measures and answer some of the questions raised in �KP ���	 see Corollary
� below�
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A version of Corollary � for Young measures with �nite pth moment was
discovered by Kristensen �Kr ��� and later independently in �FMP ���� It
can be used to obtain a simpler approach to W ��p gradient Young measures
��Pe ���	 �Sy ����

For � �� Rn Corollary � requires a local version of Theorem ��

Theorem � Let � � Rn be open and let fujg be a sequence in W ���
loc ���R

m
that satis�es

uj � u� in L�
loc���R

m� ����

dist�Duj� K� � in L�
loc��� ����

Then there exists an increasing sequence of open sets Uj� compactly contained
in �� and functions vj � W ���

loc ���R
m such that

vj � u� on � n Uj� ����

Ln�fuj �� vjg � Uj� �� ����

jjdist�Dvj� Kjj��� � �� ����

Remarks�

�� If � has �nite volume we have Ln�� n Uj � � and thus Ln�fuj ��
vjg� ��

�� If uj � u� inW
���
loc ���R

m then ���� holds by the compact Sobolev em�
bedding� In fact ���� and ���� imply weak convergence inW ���

loc ���R
m

�see proof�

�� Condition ���� is a statement of the fact that u� and vj satisfy the
same �boundary condition� �traces may not exist since we assumed no
regularity of ��

� Proofs in Rn

In order to remove the small �bad� region where dist�Duj� K � � we lo�
cally mollify uj� A key point is to use di
erent molli�cation radii in di
erent
regions of Rn �I learned about the use of x�dependent molli�ers through
the papers �SU ��� and �SU ��� of Schoen and Uhlenbeck� Each molli�ca�
tion step reduces the L� norm of the distance function by a �xed factor but
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slightly increases the L� norm on the good set� Careful iteration shows	
however	 that the latter e
ect can be controlled�

A more precise outline of the proof is as follows� In Lemma � we obtain
quantitative estimates for molli�cation on a ball� In Lemma � we combine
these estimates with a covering argument to achieve the desired reduction
of the L� norm� Theorem � contains the result of the iteration procedure�
Finally Theorem � is an immediate consequence of Theorem ��

In the following K always denotes a compact	 convex set in M �� Mm�n

� Rmn� We use the operator norm jF j �� supfjFxj � jxj � �g on M � The
distance function

dist�A�K � minfjA� F j � F � Kg

is ��Lipschitz and convex	 since K is convex� Its sublevel sets

K� �� fA �M � dist�A�K � �g

are compact and convex	 and for � � �� � � � one has

�K�� � K���� dist�A�K� � �dist�A�K� ��� ����

where a� � max�a� �� If we let

jKj� �� maxfjAj � A � Kg ����

we have
jK�j� � jKj� � �� jAj � jKj� � dist�A�K� ����

By
R
E

fdx we denote the mean value �Ln�E��
R
E

fdx�

Lemma � If u � W ����B�a� r�Rm and if

� � �
jKj�

R
B�a�r�

dist�Du�Kdx� � 	 ���n����

� � � ��
�

n�� jKj�

then there exists �u � W ����B�a� r such that

�u � u on �B�a� r

�



Z
B�a�r�

dist�D�u�K�dx � �� � �
�

n�� 

Z
B�a�r�nB�a�r���

dist�Du�Kdx�

Proof� The statement is invariant under the rescaling

u�
r

jKj�
u�
x� a

r
� K �

K

jKj�
� � �

�

jKj�
�

Wemay thus assume jK�j � �� a � �� r � �	 and we writeB �� B��� �� B� ��
B��� 
� Let � � ��� ��� �a speci�c choice will be made below	 and for
x � B��� let

v�x �

Z
B�x���

u dy �

Z
B�

u�x� zdz�

Then

Dv�x �

Z
B�x���

Du dy

and	 by convexity of the distance function	

dist�Dv�x� K �

Z
B�x���

dist�Du�Kdy � ��n��

Let � � B � ��� �� be a cut�o
 function that satis�es

� � W ���
� �B���� � 	 � on B	��� jD�j � �

and de�ne
�u � ��� �u� �v�

Then �u � u on B nB��� and

D�u � ��� �Du� �Dv � �v � u
D� in B�

Thus
D�u � Du in B nB����

dist�D�u�K � dist�Dv�K � ��n� in B	��� ����

�



We next estimate v � u� In view of ���� and the assumption jK�j � � we
have for a�e� x � B���

jv � uj�x �
R
B�x���

ju�y� u�xjdy

� �
Ln�B��

�R
�

R
Sn��

ju�x� 
e� u�xjdHn���e
n��d


� �
Ln�B��

�R
�

R
Sn��

�R
�

�dt dHn���e
n��d


� �
Ln�B��

�R
�

R
Sn��

�R
�

dist�Du�K�x� tedt dHn���e
n��d


�� T��x� � � T��x� ��

We have T��x� � � � n
n��

� � and thus Fubini�s theorem yields

Z
B���nB���

�jv � uj � �dx �

Z
B���nB���

T��x� �dx

�
�

Ln�B�

�Z
�

Z
Sn��

�Z
�

�
B�
Z

BnB���

dist�Du�Kdx

�
CA dt dHn���e
n��d
 ����

� �

Z
BnB���

�distDu�Kdx�

Since the distance function is convex and ��Lipschitz we have

dist�D�u�K � � dist�Du�K � ��� �dist�Dv�K � jv � ujjD�j

� dist�Du�K � ��n�� ��� ��jv � uj � ��

Let
� � �

�
n�� �

�



Then ��n�� �� � � and

dist�D�u�K � dist�Du�K � � � ��jv � uj � � in B��� nB	���

The estimate ���� gives

dist�D�u�K 	 � in B	���

Since D�u � Du in B n B��� the assertion follows from ����	 ���� and the
de�nition of �� �

Lemma � There exist positive constants �n 	 �� c��n 	 ���� with the
following property� If u � W ���

loc �R
n�Rm� � � ��� �c�jKj� and if

� ��
�

jKj�

Z
Rm

dist�Du�K 	��

then there exists a function �u � W ���
loc �R

n�Rm such that

�

jKj�

Z
Rn

dist�Du�K� � �n�� ����

Ln�fu �� �ug � �n
�
�jKj�
�

�n��
�� ����

Remark� If Du � K on Rn n V then

fu �� �ug � V� � fx � dist�x� V  � 
g�


 � c��jKj
n��
� ���n������n�

Proof�

�� We may suppose jKj� � �� Let

� �� ��


n�� 	 c

�n���
� 	 ���n����

E� �� fx � Rn � sup
r

R
B�x�r�

dist�Du�Kdy � �g�

�



Note that by the Lebesgue point theorem

dist�Du�K � � a�e� in Rn n E� ����

Since c� � � we have

� � �
�

�
n� � �� ����

�� Claim� For each x � E� there exists a radius R�x � � such that

Z
B�x�R�x��

dist�Du�Kdy �

Z
B�x�R�x����

dist�Du�Kdy � �� �����

To prove the claim consider the function

h�r ��

Z
B�x�r�

dist�Du�Kdy

and let
R�x � � supfr � ���� � h�r � �g�

Then R�x 	 � since � 	 � and h�R�x�� � � by continuity of h�
The claim is proved�

�� For R�x as above consider the family of closed balls

F � fB�x�R�x � x � E�g�

By the Besicovitch covering theorem there exist at most k�n �count�
able subfamilies F �j� of disjoint balls such that the union of the sets

A�j� � �B�F�j�B

covers E�� Thus there exists a subfamily F � of disjoint balls such that
the set

A � �B�F �B

satis�es Z
A

dist�Du�Kdy �
�

k�n

Z
E�

dist�Du�Kdy� �����

�



�� In view of ����� we may apply Lemma � successively to each of the
disjoint balls B�xi� Ri � F � to obtain a function �u � W ���

loc �R
n�Rm

that satis�es
�u � u in Rn n A �����Z

B�xi�Ri�

dist�D�u�K�dy � �� � �
�

n�� 

Z
B�xi�Ri�nB�xi�Ri���

dist�Du�Kdy�

�����
The de�nition of Ri � R�xi �see ����� implies thatZ

B�xi�Ri���

dist�Du�Kdy � ��n
Z

B�xi�Ri�

dist�Du�Kdy�

Hence ����� yieldsZ
B�xi�Ri�

dist�D�u�K�dy � ��� ��n�� � �
�

n�� 

Z
B�xi�Ri�

dist�Du�Kdy�

�����
Let c� � min��c�� ��� where �c� is de�ned by the equation

��� ��n�� � �c� � ��� ��n�

Then the de�nition of � implies that

��� ��n�� � �
�

n��  � ��� ��n�

Since the balls in F � are disjoint and their union is A we deduce thatZ
A

dist�D�u�K�dy � ��� ��n

Z
A

dist�Du�Kdy� �����

On the other hand ����� yields in combination with ���� and ����

dist�D�u�K� � dist�Du�K� in Rn n A�

dist�Du�K� � � in Rn n E��

Thus Z
RnnA

dist�D�u�K�dy �

Z
E�nA

dist�Du�Kdy�

��



If we add this to �����	 use ����� and de�ne

�n � ��
��n

k�n
�����

we �nally obtain

Z
Rn

dist�D�u�K�dy � �n

Z
E�

dist�Du�Kdy�

This proves the �rst assertion of the lemma�

�� To �nish the proof it only remains to estimate Ln�A� One has

Ln�A �
P

B�xi�Ri��F �
Ln�B�xi� Ri

� �n
P
Ln�B�xi� Ri��

� �n
P

�
�

R
B�xi�Ri���

dist�Du�Kdy

� �n

�
� � �n� 


�
n����

Hence ���� holds and the lemma is proved� �

Proof of the remark� The function u is only modi�ed on the balls B�xi� Ri
and one has �see point �� above

Ln�B�xi� Ri � �n�n�����n�����

�Ri � c���
��n������n � 
�

Now we must have xi � VRi � V��� since otherweise
R
B�xi�Ri�

dist�Du�Kdx �

�� Thus B�xi� Ri � V�� �

Let c� � c��n be as in Lemma ��

Theorem � There exists a constant �c�n with the following property� Sup�
pose that K is a compact� convex set in Rmn� u � W ���

loc �R
n�Rm� � �

��



��� �c�jKj� and

� ��
�

jKj�

Z
Rn

dist�Du�Kdx 	��

Then there exist v � W ����Rn�Rm such that

Dv � K� a�e�

Lnfu �� vg � �c�njKjn��� ���n�����

Corollary � If Du � K on Rn n V then

fu �� vg � V�


 � c
�jKj
n��
� ���n������n�

In fact values of u outside V� play no r�ole in the construction of v�

Proof of Theorem 	� By scaling we may suppose jKj� � �� The proof is
based on a simple iteration of Lemma �� Let  � �n denote the constant
in ����� and inductively de�ne

K� � K� Ki�� � �Ki�i � Mi � jKij��

�i � �
i

��n���Mi�

The value of � � � will be chosen below� We have

ln
Mi��

Mi
� ln

Mi � �i
Mi

� �
i

�n�� � M� � ��

and hence

� �Mi � ec	� �� �M�
�X
i��

�i � c�c
c	� �� ���

Construct a sequence ui by successive application of Lemma �	 starting with
u� � u� Let

�i � �
Mi

R
Rn

dist�Dui� Kidy�

�i � Lnfui�� �� uig�

��



By Lemma �
�i�� � �i

�i � �n�n�� �Mn���
��n���
i �i�

Thus
�i � i�

�i � c	 �Mn�����n���i����

where c�� c and c	 only depend on the space dimension n� Since
P

�i 	�
it follows from the de�nition of �i and ���� that

ui � v� Dui � h in measure�

Moreover Z
Rn

dist�Dui� K�� � �M�i � �� �����

Application of the dominated convergence theorem with majorant jKj�� �P
i

dist�Dui� K�� shows that Dui � h in L�
loc�R

n�M	 and testing with

smooth	 compactly supported test functions we deduce

ui � v W ���
loc �R

n�Rm�

Moreover	 by �����	
Dv � K�� a�e�

and

Ln�fu �� vg �
�X
i��

�i � c� �Mn��
i ���n�����

Now choose � such that
� � �� � c�e

c	�� �����

Since � � �c� we have � � �c�c
��
 	 � � �c�� exp��c�c�c

��
  and the choice

�c�n � c�c
n��
 exp����n� �

c�c�
c



gives the desired estimate for Ln�fu �� vg� �

��



Proof of Corollary 
� Let ui be as in the proof of Theorem � and let

Vi � V � fui �� ug�


i � c�� �Mn���
��n���
i �i

��n�

We have Dui � K in Rn n Vi	 and the remark after Lemma � yields

Vi�� � �Vi�i �

Since �i � i� the de�nition of �i implies that

X

i � c� �M

n��
n ��

n��
n �

�
n �

The assertion follows from ������ �

� Local estimates

Proof of Theorem �� We may suppose jKj� � ��

�� Claim� uj � u� W ���
loc ���R

m� Du� � K a�e�

Proof� Let U be open	 U �� � �as usual this notion indicates that
�U is compact and contained in �� For A � Rmn let PA denote the
best approximation of A in the convex	 compact set K� The sequence
PDuj is bounded in L��U and hence there exists a subsequence that
has a weak limit h in L��U� Since U is bounded	 in particular

PDujk � h in L��U�

Now
jDuj � PDujj � dist�Duj� K� � in L��U

and hence Dujk � h in L��U� The usual argument yields h � Du�	
and uniqueness of the limit implies that the whole sequence converges�
Convexity of the distance function and Mazur�s and Fatou�s lemma �or
standard lower semicontinuity results show that dist�Du�� K � � a�e�
in U 	 and hence a�e� in � by arbitrariness of U �

��



�� Let V �� U �� �� We construct vj that almost satisfy ���� and
����� The proof will then be �nished by a diagonalization argument�
Let � � C�

� �V � � � � � �	 and de�ne

wj � �uj � ��� �u��

Then
Dwj � �Duj � ��� �Du� � �uj � u�
D��

In particular
Dwj � K in � n V

�j ��

Z
�

dist�Dwj� Kdx �

Z
V

dist�Duj� Kdx�

Z
V

juj � u�j jD�j dx�

By the assumptions �j � �� Let � � �� In view of Theorem � and
Corollary � there exist j� � j��U� V� �� � such that for all j � j� there
exist vj � W ���

loc ���R
m that satisfy

fvj �� wjg � U� Ln�vj �� wj 	 �� Dvj � K�a�e�

It follows that
vj � u� in � n U�

Ln�fvj �� ujg � U 	 � � Ln�f� �� �g � V  � Ln�U n V �

dist�Dvj� K � ��

�� Let f �Ukg be an increasing sequence of open sets �Uk �� � whose union
exhausts �� Let Vk �� �Uk� �k � C�

� �Vk such that

Ln� �Uk n Vk 	
�

k
� Ln�f�k �� �g � V  	

�

k
�

� � �k � � and let �k 	
�
k
� By point �� there exists jk such that for

j � jk there exist functions vj that satisfy

vj � u� in � n �Uk

Ln�fvj �� ujg � �Uk 	
�

k
� dist�Dvj� K 	

�

k
�

��



We may suppose without loss of generality that jk is �strictly increas�
ing� To �nish the proof de�ne

Uj � �Uk if jk � j 	 jk � ��

�

� Application to quasiconvex functions

A function f from the m� n matrices Rmn to R� f����g is called quasi�
convex if for all bounded domains U � Rn with Ln��U � � and all F � Rmn

Z
U

f�F �D�dx �

Z
U

f�F dx � Ln�Uf�F  �� � W ���
� �U �Rm�

whenever the integral on the left exists�
Quasiconvexity is the fundamental notion in the vector�valued calculus of

variations �see �Mo ���	 �Mo ���	 �Ba ���	 �Da ���	 �Ev ���	 �Sv ���� It states
that a�ne functions minimize the functional u ��

R
U
f�Du subject to their

own boundary conditions� Quasiconvexity is di�cult to handle	 however	
since no local characterization is known for n�m � � �and cannot exist for
m � �� n � �	 see �Kr ���� Even the approximation of general quasiconvex
functions by �nite ones is a largely open question� As a corollary of Theorem
� we obtain at least the following result that answers the question in �KP ���	
p� ���	 equation ����� �see pp� ��� and ��� for the relevant de�nitions�
We remark that every R�valued quasiconvex function is continuous and even
locally Lipschitz since it is rank�� convex �see e�g� �Da ����

Corollary 	 Let K � Rmn be a convex� compact set with non�empty inte�
rior� Let f � Rmn � R � f����g be a quasiconvex function that satis�es

f � C�K�R� f � �� on Rmn nK�

Then� for all F � K�

f�F  � supfg�F jg � Rmn � R� g � f on K� g quasiconvexg� ����

Proof�

��



�� We may assume � � int K	 since quasiconvexity is invariant under
translation in Rmn� We have

K � � int K� �� � �� ����

Indeed	 if A � �K	 then tA � �� � tB � K for all t � ��� � and all
B in a small neighbourhood of �� Hence tA � int K	 for all t � ��� ��
Thus ���� holds�

�� Let G� denote the right hand side of ���� and let P denote the nearest
neighbour projection onto K� For k � N � f�g de�ne

hk�F  � f�PA � k dist�A�K � f�

Let gk � hqck denote the quasiconvex hull of hk	 i�e� the largest quasi�
convex function below hk� Thus gk�F  � G�� On the other hand by
standard relaxation results �see e�g� �Da ���	 Chapter �	 Theorem ���

gk�F  � inff

Z
Q

hk�Dudx � u� Fx � W ���
� �Q�Rmg�

where Q � ��� �n� Hence there exist Lipschitz functions uk such that

lim sup
k��

Z
Q

hk�Dukdx � G�� uk � Fx on �Q� ����

In particular Z
Q

dist�Duk� K� ��

Hence Duk is bounded in L� and	 after possible passage to a subse�
quence we may assume that uk � u� in L��

�� By Theorem � there exist vk � W ����Q�Rm which satisfy

Ln�fuk �� vkg� �� vk � Fx on �Q� ����

jjdist�Dvk� Kjj� � �� ����

��



Taking into account ����	 the uniform continuity of h� and the inequal�
ity h� � hk we see that

lim sup
k��

Z
Q

h��Dvkdx � lim sup
k��

Z
Q

h��Dukdx � G��

In view of ���� and ���� there exist �k � � such that ���k Dvk � K	
���k F � K� Using the uniform continuity of h� as well as quasiconvexity
and continuity of f we obtain

f�F  � lim
k��

f����k F  � lim sup
k��

Z
Q

f����k Dvkdx

� lim sup
k��

Z
Q

h���
��
k Dvkdx � G��

The proof is �nished� �
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