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Abstract

The expectation values of Wilson loop products for the pure Euclidean Yang�Mills
theory on R � R given by Ashtekar et al� �ALM���� are determined directly for all
piecewise analytic loops� For this a new kind of hoop independence is introduced and
their regularization scheme is slightly modi�ed�

� Introduction

For quite a long time the quantization of Yang�Mills theories has been investigated� One
of the main emphases is the approach via functional integration� The crucial point is the
de�nition of an appropriate measure d� on the space A�G of all connections modulo gauge
transformations� Heuristically one sets simply d� �� e�S�A�DA� where S�A� is the Yang�Mills
action and DA is a kinematical measure on A�G� but the resulting mathematical problems
are enormous� Some years ago� Ashtekar and Isham �AI	
� developed an interesting idea
to overcome these di�culties� They considered a certain completion of A�G� the compact
Hausdor
 space A�G� Now� Ashtekar and Lewandowski �AL	�� were able to construct a
natural kinematical measure d�� corresponding to DA� but the extension of S onto the whole
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A�G remained to be di�cult� This problem was circumvented using the duality between
measures on A�G and positive linear functionals on the space of all Wilson loop products�
Using the lattice regularization� Thiemann �Thi	�� and Ashtekar et al� �ALM�	�� de�ned
these expectation values and received the measure d��
Nevertheless� some technical problems remained open� The authors of �ALM�	�� did not

specify the type of hoop independence used for the projection A�G �� Gn� Both the strong
independence and the weak independence �AL	�� are not applicable � the �rst one because
obviously the lattice loops �x�y � �x�y�x�y�

��
x�y cannot be strongly independent for lattices

with more than two rows and columns� and the second one because then the integral would
become ill�de�ned �AL	��� Furthermore� the authors of �ALM�	�� used the completeness
of the plaquette loops �x�y� i�e� that the subgroup of the hoop group generated by the
�x�y coincides with the subgroup generated by all loops in the lattice� But� in general� the
completeness is not guaranteed if one chooses arbitrary paths �x�y from the base point to the
plaquette �x� y�� So we will prove that there exists a choice for the �x�y such that the plaquette
loops �x�y are complete� For the same reasons� the proof of the decomposition lemma� which
ensures that any loop � without self�intersections can be expressed by a product of the loops
corresponding to the plaquettes in the interior of �� has to be modi�ed�
The present article is intended to provide these missing mathematical details� Moreover�

we drop the restriction on quadratic lattices� We admit now any �nite connected graph �
a ��oating� lattice � for the regularization� For this we slightly modify the regularization
of the Yang�Mills action simply replacing a� �a � � � lattice spacing� by the area jGj of the
plaquette �see also �AK	��� and adapting the regularization to the given loops and not� as
usual� vice versa� Thus� the use of �oating lattices allows us to calculate the Wilson loop
expectation values for all sets of hoops directly� i�e� without approximating them in a certain
sense by loops in a quadratic lattice and without a subsequent �naive� limit� On the other
hand we need a little bit more sophisticated � and� unfortunately� more technical � analysis�
even if we would consider only quadratic lattices� At the beginning we de�ne a new type of
independence � the so�called moderate independence� which stands between the strong and
the weak independence and is well�suited to make the calculations mathematically rigorous�
We prove that it is strong enough to make the integration calculus still applicable� Then
we generalize the propositions in �ALM�	�� to the case of �oating lattices� The loops �x�y
correspond now to the so�called �ags fG� i�e� loops that run from the base point m to the
interior domain G � the generalized plaquette �� traverse G once and return to m� Choosing
a �ag to each interior domain we get a �ag world� The crucial point is now the proof that
there is a �moderately� independent and complete �ag world for any graph� Moreover� the
generalized decomposition lemma yields that� if one re�nes the underlying graph� any �ag
world can be naturally re�ned to a new �again moderately independent and complete� �ag
world and each �ag f of the old �ag world is a product of exactly the �ags of the new one
that correspond to domains in the interior of f �
By means of these propositions we can �nally compute the Wilson loop expectation values

reusing the calculations of Thiemann and Ashtekar et al�

� Preliminaries

In this section we summarize the basic facts about the space A�G of generalized connections
modulo gauge transformations following �AI	
� AL	�� ALM�	���






Let P be a �xed principal �bre bundle over the base manifoldM with structure group G
and m any �xed point in M � Furthermore� let fUig be a covering of M � f�ig a trivialization
of P over fUig and j a �xed index with m � Uj� In the following we suppose G to be either
SU�N�� N � 
� or U���� Connections on P are described by their connection ��form A on P
or� equivalently� their localized forms Ai on Ui� Similarly� we describe a gauge transformation
by its corresponding equivariant map � � P �� G or its localized forms �i � Ui �� G� We will
only consider C� connections and C� gauge transformations� The spaces of all connections
and all gauge transformations are denoted by A and G� respectively� and their quotient w�r�t�
the natural action of G on A is denoted by A�G�
Next� we de�ne Lm to be the set of all piecewise analytic loops in M with base point m�

i�e� all piecewise analytic maps � � ��� �� �� M � ���� � ���� � m� Two loops �� and ��

are multiplied by �� � ���t� ��

�
���
t�� for t � ��� �

�
�

���
t� ��� for t � ��
�
� ��
� Note� that � is not associative�

For any � � Lm and A � A we de�ne the holonomy h��A� � hA��� � h���A� � G as the
group element� which corresponds to the parallel transport w�r�t� A of ���j �m� eG� along ��

In the trivialization �j we have h���A� � Pe�
H
�
Aj if � is completely contained in Uj� A

change of the trivialization yields a conjugation of h���A� independent of �� Moreover� we
have h�h� � h��� for all �� � � Lm�
The fundamental idea of Ashtekar and Isham was to use the description of connections by

the traces of their holonomies� the so�called Wilson loops� First� they de�ned an equivalence
relation on Lm� Two loops ��� �� � Lm are said to be holonomically equivalent �� � ��

i
 h���A� � h���A� for any A � A� The equivalence classes ��� are called hoops�� The
hoop group HG is the set of all hoops with the well�de�ned projected multiplication of Lm�
���� � ���� � ��� � ��� and ���

�� � ��� with ��t� � ��� � t�� For instance� two loops are
holonomically equivalent if they can be obtained from each other by reparametrization or
insertion of retracings� Second� Ashtekar and Isham made use of the so�called Wilson loops
T� � A �� C de�ned by T ���A� � T��A� �

�
N
tr h��A�� Obviously� T factorizes over � and

G� i�e� T � HG � A�G �� C � Next� they de�ned the algebra HA �� ff � A�G �� C j f �Pn
i�� ci

Qni
ji�� T�ji j n� ni � N � ci � C g of all �nite linear combinations of �nite products of

Wilson loops and called its completion HA with respect to the sup�norm on A�G holonomy
algebra� Clearly� HA is a commutative C� algebra� This allows to use the powerful tools
provided by the theory of C� algebras� Due to the Gelfand�Naimark theorem there exists a
compact Hausdor
 spaceM�HA�� the space of all characters ofHA� i�e� all nontrivial� linear�
multiplicative functionals on HA� such that HA �� C�M�HA��� Giles �Gil��� had proved
that given all Wilson loops one can reconstruct the corresponding connection up to a gauge
transformation� Rendall �Ren	�� observed that� therefore� A�G can be densely embedded into
M�HA�� This justi�es the Ashtekar�Isham de�nition A�G �� M�HA� of the space of the
generalized connections modulo gauge transformations� The elements of A�G are denoted by
A� The isomorphism between HA and C�M�HA�� is given by the Gelfand transformation

� � HA �� C�A�G�
f ��� �f

with �f � A�G �� C �
A ��� A�f�

The theory of C� algebras yields also the measure theory and representation theory on
A�G� There is a one�to�one correspondence between Borel measures � on A�G� linear con�

�In the following we often drop the brackets� Then the symbol � means equality of loops and the symbol
� means equality of hoops�

�



tinuous positive functionals F on HA and continuous cyclic Hilbert space representations �
of HA� More precisely� any such functional F can be obtained by F �f� � R

A�G
�f d�F with a

certain unique Borel measure �F and any such � is unitary equivalent to the representation
	 of HA on L��A�G� d��� by multiplication operators 	�f�
 � �f � 
 with a certain measure
���
Ashtekar and Lewandowski �AL	�� �in the following shortly denoted by A�L� discovered

a second description of A�G via the hoop group HG�� They de�ned two kinds of indepen�
dence on Lm� A �nite subset � �� f�ig of Lm is called strongly independent i
 each �i
contains an open segment which is traced once and only once by �i and which is intersected
by the remaining �j at most in a �nite set of points� � is weakly independent i
 to any
�g�� � � � � gn� � Gn there exists an A � A such that h�i�A� � gi for all i� They proved that
strong independence implies weak independence� Then they could give a bijection between
A�G and the space Hom�HG�G��Ad of all homomorphisms from HG to G modulo a hoop
independent conjugation� More precisely� any h � Hom�HG�G��Ad yields an Ah � A�G via
Ah�T�� ��

�
N
tr h��� and vice versa�

This graph�theoretical approach was used by A�L to de�ne a natural integration measure�
the so�called induced Haar measure �AL	��� They introduced an equivalence relation on A�G
for �nitely generated subgroups HG��� 	 HG� A� � A� with respect to HG��� i
 hA���� �
g��hA����g for all � � HG��� with a �hoop independent� g � G� �� � A�G �� A�G�� is

the corresponding projection� Thus� there is a bijection A�G�� 
� Hom�HG����G��Ad
as for A�G and Hom�HG�G��Ad� Hom�HG����G��Ad itself is isomorphic to G���Ad if �
is weakly independent� Therefore A�L could reduce the integration over A�G under certain
circumstances to the case of the integration over a �nite dimensional Lie group� In detail� they
de�ned cylindrical functions� i�e� functions f being pullbacks ��f� of continuous functions f�
on Hom�HG����G��Ad � G���Ad with strongly independent � and showed that the set C of
all such functions is dense in HA � C�A�G�� Now� they de�ned RA�G f d�� �� R

G���Ad
f� d��

and chose d�� to be the Haar measure for each �� Thus they got a well�de�ned� regular and

positive measure �� on A�G� the so�called induced Haar measure�
Ashtekar and Lewandowski realized that �� could serve as a kinematical measure of phys�

ical theories in the functional integral approach� Since the elements of A�G are classical
potential con�gurations� the completion A�G seems to be a candidate for the space of his�
tories in the quantum regime and the physical measure is built from d�� by multiplication
with e�S� where S is the physical action of the theory� The crucial point was to choose such
an S de�ned not only on A�G but on A�G� Neglecting that fact� one could compute via
hfi � R

e�Sf d�� any expectation value of the theory supposed f to be a function on A�G�
Thiemann �Thi	�� and Ashtekar et al� �ALM�	�� �in the following shortly denoted by T�A��
proposed a solution of that problem in the case of the 
�dimensional quantum Yang�Mills
theory using lattice regularization� The main problem was the replacement of the Yang�Mills
action SYM � �

�

R
M
F��F

��dx by an expression whose domain is A�G� The only a priori
available quantities are the generalized holonomies� This indicates the use of Wilson�s lattice
regularization� For this one places a �nite quadratic lattice with spacing a and length R on
the 
�plane and de�nes Sreg

Y M � N
g�a�

P
�
��� �

N
Re tr h�� where the sum goes over all plaque�

ttes of the lattice� h� denotes the holonomy around the plaquette �� In the limit a� � and

�Marolf and Mour�ao �MM��	 obtained a third description of A�G via projective limits� However
 this
approach is unimportant for our purpose and we only mention it for completeness�
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R � � one can show naively the regularized action to converge to SYM � The advantage of
Sreg
Y M is its natural extendability to A�G� Now� T�A� could compute the expectation values
of the Wilson loops expected to determine the whole pure quantum YM� theory�

hT�� � � �T�ni �
�

Z

Z
A�G

d�� e� lima���R�� SregYMT�� � � �T�n

� lim
a���R��

�

Za�R

Z
A�G

d�� e�S
reg
YMT�� � � �T�n ���

after exchanging limit and integral�	 Afterwards they expressed each loop ��� � � � � �n and each
plaquette loop � by a product of �simple� loops �i�e� loops traversing exactly one plaquette
and connecting it with the base point m by conjugation�� provided� however� ��� � � � � �n are
contained in the lattice� Under the assumption that these loops are independent they could
reduce the integration over A�G to the integration over Gn� n �nite� Finally� they computed
the integrals explicitely and got an algebraic expression depending only on the areas enclosed
by the loops� For general ��� � � � � �n they suggested to approximate these loops naively by
lattice loops and to consider the limit of the expectation values� but this is simply given by
the limit of the enclosed areas�

� Moderate Independence

In this section we will introduce a new type of independence being crucial for the considera�
tions below � the so�called moderate independence�

��� Why a New Type of Independence�

We consider a quadratic lattice with spacing a and length R � la� l � N� � i�e� with l�

plaquettes� see e�g� �gure �� Now we assign �see �ALM�	��� a loop �x�y �� �x�y � fx�y � ���x�y
to each plaquette �x�y� x� y indicates the position of the plaquette� as follows� First� choose
a path �x�y from the base point m to the bottom left corner �x� y� and then de�ne �x�y ��
�x�y � fx�y � ���x�y where fx�y is a path traversing �x�y counterclockwise� For our example� we
choose �x�y to consist of a horizontal and a subsequent vertical path as in �gure ��

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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Figure �� Example of a lattice �l � �� and the loop ����

Obviously� the set � of all these loops �x�y is not strongly independent �for the exact
de�nition see next subsection� because� e�g�� ���� does not have a segment which is intersected
by any other �x�y at most in a �nite number of points� Of course� one can prove that �

�The factor �
Z
guarantees hT�i � ��
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is weakly independent� but this is not su�cient to allow the application of the integration
calculus� Therefore we need a third type of independence between these two ones� this will
be the moderate independence�

��� Moderate Independence� De�nition and Position among the

Independences

In the following� � denotes any �nite subset f�ig of Lm �or HG� and HG��� the subgroup of
HG generated by ��� First� we recall the de�nition of the strong independence �AL	���
De�nition ��� Strong Independence in Lm

� 	 Lm is strongly independent i
 any �i � � contains an open segment ei�
the so�called free segment� traced exactly once by �i and intersected by any
�j� j �� i� in at most a �nite number of points�


Our de�nition of the moderate independence di
ers very little from the previous one� We
only replace j �� i by j 
 i�

De�nition ��� Moderate Independence in Lm

� 	 Lm is moderately independent i
 any �i � � contains an open segment
ei� the so�called free segment� traced exactly once by �i and intersected by
any �j� j 
 i� in at most a �nite number of points��

We have simply replaced the rigid condition of a simultaneous freeness of segments by the
�exible condition of an iterative freeness� We will see that this keeps the integration calculus
valid and makes the set of all plaquette loops �cf� �g� �� independent�
We mention that the simple speci�cation of the elements of a moderately independent

set � is not su�cient� If we say �� is moderately independent� then there is an order of
the elements �i � �� such that the above criterion is valid� Analogously� the speci�cation
�f��� ��g or f��� ��g� resp�� are moderately independent� should be clear�
Finally� we recall the de�nition of weak independence �AL	���

De�nition ��� Weak Independence in Lm

� 	 Lm is weakly independent i
 for any �g�� � � � � gn� � Gn� n � ��� there
is an A � A� such that h�i�A� � gi for all i � �� � � � � n�

Obviously� this kind of independence can be extended from Lm to HG�
Instead of the previous two de�nitions being graph�theoretical we have here an algebraic

condition� Weak independence of � means no relations between the holonomies h�i and so it
ensures the freeness of the corresponding subgroup HG��� 	 HG� see subsection ����
The position of the moderate independence clari�es the next

Proposition ��� � strongly independent �
 � moderately independent �
 � weakly
independent�

Proof � The �rst implication is obvious�
� The proof of the second implication is technical and can be found in appendix A�

qed

�To avoid technical complications we set HG��
 � f��	g�
�The intersection condition can be replaced by �ei � �j � � �j �� i�� However
 this yields to an

equivalent de�nition�
�Footnote � holds analogously in the case of moderate independence� �ei � �j � � �j � i��

�



��� Algebraic Consequences of the Weak Independence

Proposition ��� Let � 	 HG be weakly independent� Then the following holds�
�� HG��� is freely� generated by ��

� Let there be given a � 	 HG� such that HG��� � HG���� Then we

have�
� is weakly independent �
 � and � have the same cardinality�

Proof �� See �AL	���

� ��

� For HG��� � HG��� there are expressions

�i �
KiY
ki��

�
��i�ki�
j�i�ki�

and �j �
LjY
lj��

�
��j�lj�

i�j�lj�

for any i� j � ��� n�� n �� �� � ��� and thus

�i �
KiY
ki��

�� Lj�i�ki�Y
lj�i�ki���

�
��j�i�ki��lj�i�ki��

i�j�i�ki��lj�i�ki��

�A��i�ki�

�i � ��� n��

� Due to the �rst point � is a free system of generators for HG���� Since � also
generates HG��� � HG��� and �� � ��� � is a free system of generators
for HG��� � HG��� ��Kur�����

� Let there be given �g�� � � � � gn� � Gn and let H be the group generated by
fg�� � � � � gng� SinceHG��� has the free rank n there is �Kur��� an epimorphism
� � HG��� �� H with ���i� � gi�

� Since � is weakly independent� there exists an A � A with h�j�A� �QLj
lj�� g

��j�lj�

i�j�lj�
�j� i�e� we have for all i � ��� n�

h	i�A� � hQKi
ki��

�
��i�ki�

j�i�ki�

�A� �

KiY
ki��

� Lj�i�ki�Y
lj�i�ki���

g
��j�i�ki��lj�i�ki��

i�j�i�ki��lj�i�ki��

���i�ki�

� �

�� KiY
ki��

� Lj�i�ki�Y
lj�i�ki���

�
��j�i�ki��lj�i�ki��

i�j�i�ki��lj�i�ki��

���i�ki�
�A � ���i� � gi�

Thus� � is weakly independent�
�

Let � be weakly independent� i�e� HG��� � HG��� is free� Consequently� � and
� have the same cardinality �Kur���� qed

��� Graphs and Loops

We recall some fundamental facts about graphs �see e�g� �Mas�	���
A graph �X�X�� consists of a Hausdor
 space X and a discrete subspace X�� the space of

the so�called vertices� X nX� is a disjoint union of edges� i�e� open subsets ei isomorphic to
the interval ��� ��� ei can connect one or two vertices� In the �rst case ei is called sling� Two

�In the case G � U��
 we understand by �free� anytime �abelian free��

�



vertices are connected by a multiple edge i
 there are at least two di
erent edges connecting
these vertices� I
 a graph has neither slings nor multiple edges� it is called ordinary� Fur�
thermore� �X�X�� is �nite i
 both the set of edges and the set of vertices are �nite� A graph
�X �� X �

�� is called subgraph �or re�nement� of a graph �X�X�� i
 X � 	 X and X �
� 	 X��

Obviously� any ��nite� graph is subgraph of an ordinary ��nite� graph� In the following we
will brie�y denote a graph by X instead of �X�X��� Additionally� X � X � means that X is
a subgraph of X ��
In a natural way one can choose an orientation to any edge� The initial �terminal� vertex

of an edge e is denoted by v�e �v
�
e �� A path f in a graph is a �nite sequence of �oriented�

edges �e�� � � � � en�� n � �� such that the terminal vertex of ei coincides with the initial vertex
of ei�� �� � i 
 n� w�r�t� the chosen orientation� I
 n � �� f is called trivial� I
 the initial
vertex v�f and the terminal vertex v

�
f of f are equal� f is called closed path or loop with base

point vf � v�f � f is called reduced i
 no edge is retraced immediately and is called genuine
i
 no vertex is traced twice �exception� initial and terminal vertex can be equal�� Finally� a
tree T is a graph without any non�trivial genuine closed path�
Obviously� any graph contains trees� If we partially order the set of all trees in a graph

using the inclusion� i�e� subgraph relation� we get

Lemma ��� Any tree in a graph X is contained in a maximal tree in X� If X is connected�
then a tree T in X is maximal if and only if T containes all vertices of X�

Using this lemma one can construct explicitely the fundamental group of a connected graph�
First choose a vertex v� and a maximal tree� Let fe
 j � � �g be the set of all edges of X not
contained in T and choose an orientation for each e
� Now denote by t

�

 and t

�

 the �unique�

reduced path along T from v� to the initial vertex of e
 and resp� from the terminal vertex
of e
 to v�� Finally� de�ne �
 to be the product of t

�

 � e
 and t

�

 � We have

Proposition ��� The fundamental group ��X� v�� is the free group generated by f�
 j � �
�g� where �
 denotes here not the loop itself� but its homotopy class�

The Euler�Poincar�e characteristic ��X� of a �nite graph is per def� the di
erence of the
number of vertices and the number of edges�

Proposition ��� LetX be �nite and connected� Then ��X� v�� is a free group with ����X�
generators and X is a tree i
 ��X� � ��

Let there be given now a �nite set of loops � � f�ig 	 Lm in a manifold M � Note that
Lm contains only piecewise analytic loops� The image of � in M de�nes naturally a �nite
connected graph �� via the following �see also �AL	���

Construction ��� �� Mark all end�points of overlapping intervals of two loops and all
intersection points outside those overlapping intervals� These points
become the vertices of ��� Due to the piecewise analyticity the
number of vertices is �nite�


� Divide any �i into paths between �neighbouring� vertices and call
these paths edges of ��� Again due to the piecewise analyticity the
set of edges is �nite�

�� Since any �i is a loop with base point m� �� is connected�

�



��� Relations between the Fundamental Group and the Hoop

Group of a Graph

In this subsection � is a �nite connected graph and m an arbitrary� but �xed vertex of ��
Furthermore� we denote by HG��� the subgroup of HG generated by all loops in ��
It was an important observation of Ashtekar and Lewandowski �AL	�� that there is a close

relation between the representation of a loop as a hoop and as an equivalence class w�r�t� the
homotopy in a graph� In detail� they got

Lemma ��� Two homotopically equivalent loops are holonomically equivalent� i�e� there is
an epimorphism � � ���� m� �� HG���� � is an isomorphism if G � SU�N��
For G � U��� we have ker � � ����� m�� ���� m���

Consequently� in the case G � SU�N� two loops are holonomically equivalent if and only
if they can be obtained from each other by reparametrizations or �if necessary successively�
cancelling retracings� Obviously� we have

Lemma ��� Let T be a maximal tree and f�
g the set of the corresponding generators of
���� m� as in Proposition ���� Then f�
g is strongly independent and complete
in �� i�e� we have HG�f�
g� � HG����

The free segments are the edges e
 not contained in T � Additionally� one can express any
�nite set of hoops by a �nite set of strongly independent hoops �AL	���

Lemma ��	 For any �nite set ��� of hoops there is a set � 	 Lm� such that
�� HG��� 	 HG����

� � is strongly independent and
�� �� � rank ����� m��

For this choose the natural graph �� of �� Choose now some generating set � of the funda�
mental group ����� m�� Obviously� � ful�lls the required conditions�
Now we want to investigate the independence of loops�

Lemma ��
 Let n be the rank of ���� m�� Then any � 	 Lm with �� � n and HG��� �
HG��� is weakly independent�

Proof Choose any maximal tree T in � and a corresponding system f�
g of generators of
���� m�� f�
g has n elements and is a free generating system� Due to Lemma ���
f�
g is strongly independent and thus weakly independent� Proposition ��
 �nishes
the proof� qed

Generally� one can not conclude that � is even moderately independent� To see this let
���� m� be generated by two loops ��� �� as in Proposition ���� Set �� �� �����

��
� and

�� �� �����
� We have HG��� � HG��� � HG�f��� ��g�� because �� � ���� �� and �� � ���� �����
� Suppose f��� ��g are moderately independent� Any segment of �� is already traced by ���
This is a contradiction to the assumption �� has a free segment�
The case �f��� ��g are moderately independent� yields an analogous contradiction�

Thus � is not moderately independent�
We �nish this section with a criterion for the completeness of loops in a given graph�

	



Proposition ���� Let � be a �nite connected graph and � a set of moderately independent
loops in �� Then is � complete w�r�t� � if and only if the cardinality of
� equals the rank of ���� m��

Proof The �
 direction is simple� Due to Lemma ��� there is a set � with HG��� �
HG��� � HG���� whose cardinality is just equal to the rank of ���� m�� Proposition
��
 yields that � and � have the same cardinality�
The �� direction is a little bit technical�
The free segments of the �i are as usual denoted by ei and the cardinality of � by n�
Suppose �rst that no �i has a retracing interval�
�� W�l�o�g� the free segments ei of �i are edges of �� Otherwise� if necessary� restrict

any ei� such that it is still contained in only one edge ki� Since �i has no retracing
intervals� the whole ki is a free segment of �i� Thus one can set ei �� ki�


� The graph T �� � n Sn
i��feig created by removing all free segments is again a

connected graph�
Set �j �� � n

Sn
i�jfeig� Then �n�� � �� �� � T � Due to the moderate indepen�

dence of the �i we have �i�ei� � � �i� � i� i�e�� �i is a loop in �i��� Suppose T
is not connected� Then there would exist a j � ��� n�� such that all �i with i � j
are connected� but �j is not connected� Since �j is a loop in �j�� and �j passes
ej� �j has to pass vertices of both connected components of �j � �j�� n fejg�
Thus ej must be passed at least once in each direction by �j� i�e� we have a
contradiction to the assumption that ej is a free segment� Thus� �i is connected
for all i � ��� n ���

�� T is a maximal tree in ��
Due to Proposition ��� we have n � rank ���� m� � � � ���� � � � �
  �
�
where �
 and �
 are the numbers of vertices and edges of �� respectively� Since
T � � nSn

i��feig we have �T � �
 � n and obviously �T � �
� For T connected�
we have ��T � � �T � �T � �
 � �
  n � ����  n � �� Thus T is a tree in �
due to Proposition ���� T is even maximal because T contains all vertices of ��

�� Let � �� f�ig be a free system of generators of ���� m� due to Proposition ���
for the just constructed maximal tree T and the edges feig� Thus� � ful�lls
HG��� � HG���� W�l�o�g� �i traces the edge ei in the same direction as �i� We
show that � is complete in ��
a� �� is a loop in T � fe�g � ����� where e� is traced once and in the same

direction as �� is� Thus �� � t�e�t� � �� with certain paths t� in T � i�e�
HG�f��g� � HG�f��g�� i�e�� f��g is complete in �����

b� Let HG�f��� � � � � �ig� � HG��i��� � HG�f��� � � � � �ig� hold for all i 

j� We have now �j � kj��ejkj��� where kj�� are some paths in �j�� n
fejg � �j� Furthermore� we have �j � tj��ejtj�� with tj�� 	 T 	 �j�
Thus �j � kj��t

��
j�� �j t��j��kj��� Since kj��t

��
j�� and t��j��kj�� are loops

in �j� we have �kj��t
��
j���� �t

��
j��kj��� � HG��j� � HG�f��� � � � � �j��g� �

HG�f��� � � � � �j��g�� Due to �j � tj��k
��
j���jk

��
j��tj�� � HG�f��� � � � � �jg�

we have HG�f��� � � � � �j��g � f�jg� 	 HG�f��� � � � � �jg�� Since �j is
a loop in �j��� we get immediately the � relation� i�e� HG��j��� �
HG�f��� � � � � �jg� � HG�f��� � � � � �jg�� Thus f��� � � � � �jg is complete in
�j���

��



The induction yields also HG��� � HG��� � HG��n���� i�e�� � is complete in
�n�� � ��

We allow now the �i to have retracing intervals� Denote by �
�
i the loop that remains

after cancelling all these intervals in �i� Obviously� �
�
i lies in the same hoop class as

�i� i�e� HG��� � HG����� Thus� since we have already proven the proposition for
the retracing�free ��� we get immediately the claim for arbitrary �� qed

� Flag Worlds

This section provides some facts about the hoop group of a graph ��lattice�� � in the two�
dimensional manifold M � R

� � For this we can specialize the facts of subsection ��� to the
case of planar graphs �see e�g� �Hal�	��� These have a crucial advantage� one can de�ne
domains enclosed by the graph edges� The set of all these domains induces a basis of the
corresponding hoop group HG���� Finally� we will investigate the behaviour of that set under
re�nement of the graph � generalizing the results of T�A��

��� Planar Graphs

This subsection collects some basic and simple facts about planar graphs and is intended to
clarify the notations� We call a graph X planar i
 there exists a homomorphism � � X ��
� 	 R� � We identify X and � in the sequel� Furthermore� in the following any graph is
supposed to be planar� �nite and connected�
Any graph is the complement of a disjoint union of domains� Exactly one of them if

unbounded � the so�called exterior domain Gext� The set of the remaining domains� the so�
called interior domains� is denoted by Lint��� and we set L��� �� Lint��� � fGextg� We say
that a domain G is contained in � i
 its boundary �G is in � and G �Gext � ��
One easily proves Euler�s polyhedron formula � � �  � � 
� where �� � and � are the

numbers of vertices� edges and domains� resp�� of the graph� Since ��� � ������� � �������
we have using Proposition ���

Lemma ��� The number of interior domains of a graph � is equal to the rank of ���� m��

We are now interested in the behaviour of L���� under re�nement of ��� Clearly� if we re�ne
a graph �� to a graph �� then any domain of �� is re�ned into a certain set of domains in �
�see e�g� �gure 
�� We have in detail the simple

Proposition ��� Let �� � �� Then the following holds�
�� For any G � L���� G� � L���� we have G �G� �� � �
 G 	 G��

Especially� two interior domains of one and the same graph are disjoint
or equal�


� For any G � L��� there exists exactly one G� � L���� with G�G� �� ��
�� For any G� � L���� there exists exactly one LG� 	 L���� such that

G �G� �� � �
 G � LG� and
S

G�LG� G � G��
�� Let now G� be any domain in �� not necessarily an interior domain�

There is exactly one set LG���� 	 Lint���� such that for all interior
domains G holds� G � LG�����
 G �G� �� � and SG�LG� G � G��

��
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Figure 
� Example for the decomposition of domains

We call L��� a re�nement of L���� �and analogously for Lint� i
 � is a re�nement if �
��

De�nition ��� A domain G 	 R� is called simple i
 it is the interior of a Jordan curve�
A graph � is called simple i
 each of its interior domains is simple�

Finally� we need

Proposition ��� Any ordinary graph � is subgraph of a simple� ordinary graph �� whose
exterior domain coincides with that of ��

The proof is quite easy� First one eliminates the retracings� second the repetitions of edges�
and �nally the repetitions of vertices by inserting appropriate edges as demonstrated in �gure
��
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Figure �� Cancelling �a� retracings� �b� repetition of edges� �c� repetition of vertices

��� Boundary Loops and Flags

We start with a simple

Lemma ��� For any simple domain G 	 � and any em � �� � �G there is exactly one
genuine loop� �G�em in � with base point em� such that
� �G�em � �G and
� �G�em traverses the domain G counterclockwise�
Vice versa� any such loop determines exactly one simple G 	 ��
We call �G�em boundary loop of G with base point em�

�We recall that we do not distinguish between loops and hoops in the sequel� The symbol � means equality
of loops and the symbol � means equality of hoops�

�




Analogously� for any G 	 � and any em � �� � �G there exists a loop �G�em in � with base
point em and the properties above�
Now we are interested in loops with base point m� that traverse only one domain G in ��

This is provided by

De�nition ��� Flag
Let G be a simple domain in a graph ��
We call a loop fG�m� em �ag with base point m� �ag point em and domain G
i

� f � �m em�G�em���m em�
� �G�em is a boundary loop of G with base point em and
� �m em is a path from m to em in ��
� there is a v � �G� such that
� �m em � �mv�v em�
� �mv � �G � fvg�
� �mv traces neither an edge nor a vertex twice and
� �v em 	 �G holds�

Then �m em is called �agpole�
We call fG�m�em minimal i
 v � em�

Since � is connected� we get from Lemma ���

Lemma ��� For any tripel fG�m� emg with the above properties there exists a corresponding
�ag fG�m�em�
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Figure �� Flags� Examples and counterexamples

Remark �� To any simple domain G and any m � �� there exists a minimal �ag�
For this choose a maximal tree T and an m� � �G � ��� Furthermore� choose
the shortest path � from m to m� along T � Let em be the nearest to m �w�r�t�
the up to there traced edges of �� point in �G � � and �m em the corresponding
initial path of � from m to em� Obviously� fG�m�em �� �m em�G�em���m em with the
boundary loop �G� em is a minimal �ag for G�


� All �ags beginning with the same �mv are equal modulo holonomy equivalence�
esp� any �ag is holonomically equivalent to a minimal �ag�

��



�� For G � U��� all �ags to one and the same domain are holonomically equiva�
lent�
Let fi � �m emi

�G�emi
���m emi

� i � �� 
� We have

f� � �m em��G�em��
��
m em�

� �m em�� em� em��G�em��
��
em� em�

���m em�� �m em�� em� em��
��
m em�

�m em��G�em��
��
m em�

�m em��
��
em� em�

���m em�� �m em�� em� em��
��
m em�

�m em��
��
em� em�

���m em�
�m em��G� em��

��
m em�� f��

� em� em� is any path from em� to em� along �G� In the last but one step we used
the commutativity of HG � HG��� induced by the commutativity of U����

�� Two �ags to disjoint domains are non�overlapping�

��� Flag Worlds� De�nition and Existence

In this and the next subsection we only consider simple graphs� i�e� graphs with only simple
interior domains� to avoid technical complications�
We are looking for a set � of hoops� such that any hoop in � can be expressed by a product

of elements of �� i�e� HG��� � HG��� holds� Furthermore� we are interested in integrating
cylindrical functions over HG���� For this we need the moderate independence of �� that
means at least the weak independence� Due to Proposition ��
 that is guaranteed only if the
number of elements of � equals the number of generators of HG���� i�e� equals the number
of generators of the fundamental group ���� m�� This in mind one could choose � to be a
system of generators as in Proposition ���� But� because of our regularization we need loops
enclosing an area being as tiny as possible� i�e� enclosing only one interior domain� For this
the above de�ned �ags are well�suited� We already know that the number of interior domains
of � equals the rank of the fundamental group �cf� Euler�s polyhedron formula in section �����
Thus the following de�nition is obvious�

De�nition ��� Flag World
A set F of �ags is called �ag world to the simple graph � �with base point
m� i
 F � ffG j G � Lint���g� where fG is any �ag to the domain G and
to the base point m�
F is called complete i
 HG�F� � HG����

Using Proposition ��
 we have immediately

Corollary ��� The �ags of a complete �ag world are weakly independent�

Now we are interested in moderately independent �ag worlds because they are necessary
for the integration calculus and because of

Proposition ��� Let F be a moderately independent �ag world in a simple graph �� Then
F is complete�

Proof � is a �nite� connected graph and F is a moderately independent set of loops in ��
whose cardinality is equal to the rank of ���� m� due to Lemma ���� Proposition
���� �nishes the proof� qed

We can construct naturally a �ag world to any tree as follows�

��



De�nition ��� Let T be a maximal tree in a simple graph ��
F is called T��ag world for � i
 the following holds for all �ags f � F �
�� f is a minimal �ag�

� The �agpole of f is a path in T �

Proposition ��	 Let T be a maximal tree in a simple graph ��
�� There is a T��ag world for ��

� Any T��ag world for � is moderately independent�

From this we get the crucial

Corollary ��
 For any simple graph � there exists a moderately independent� i�e� also
complete �ag world�

Corollary ���� Any loop in � is holonomically equivalent to a product of mutually non�
overlapping loops�

Proof �Proposition ��	

� First� let � be a tree� i�e� � � T � Then there is no interior domain and therefore
no �ag� too� We have F � � and HG�F� � f�g � HG����

� Now� � is not a tree� Let T be a maximal tree in � and E �� fe
g the correspond�
ing set of edges of � not contained in T � Now we can construct � from T inserting
successively edges e
� The intermediate graphs are denoted by �
� This allows to
use induction on the number of interior domains increased exactly by � in each
step� We can insert these edges� such that any new edge e
 lies on the boundary
of the corresponding graph �
�

� Thus the interior domains of the intermediate
graphs are simple due to Lint��
� 	 Lint���� Obviously� any �
 is �nite� planar
and connected�

� Suppose the proposition holds for any graph with k � � � � interior domains�
Now� � has k interior domains� T and E are chosen as above and e � E is an
edge in ��� We set �� �� � n feg and E � �� E n feg� By inserting e in �� we get
a new �simple� interior domain G� i�e� Lint��� � Lint��

�� � fGg� Obviously� T is
also a maximal tree in �� and E � is the set of all edges of �� not contained in T �
�� has exactly k � � interior domains and we have by induction�
�� There exists a T��ag world for ���

� Any T��ag world for �� is moderately independent�

� �� Existence of a T��ag world for �
We construct a �ag for G� Since any vertex of � is contained in T � there is a
path in T from m to a vertex of �G� We choose from among these paths a
path � which is minimal w�r�t� to number of traced edges� The terminal vertex
of � is denoted by em� em � �G� Due to Lemma ��� we choose a boundary
loop � of G with base point em� f �� ����� is now a minimal �ag for G and
F �� F � � ffg is a T��ag world for ��

�Suppose there is a tree T � with �� � T �� Then �� is a tree itself and �� has no interior domain�
Consequently
 � has no interior domain
 i�e� � is a tree� Thus
 there is no tree T � with �� � T � and so for
any tree T in � there is an edge e� � �� that is not contained in T �

��




� Moderate independence of any T��ag world for �
��� E � and G are still chosen as above� Set F � �� F n ffGg� where fG � F �
fG � ������ is the �ag for G with �agpole � 	 T � Obviously� F � is a T��ag
world for ��� and therefore moderately independent by induction�
Since fG is minimal� e is traced exactly once by fG� and because F � is a �ag
world in �� � �ne� not any fi � F � traces e� Therefore e is now a free segment
of fG�
Finally� F � itself is moderately independent with the free segments ei of the
corresponding fi � F �� Thus� F � F � � ffGg is moderately independent with
the free segments fe�� � � � � ek��� eg� qed

Remark For G � U��� even any �ag world F is complete�
To prove this choose any complete �ag world F � for �� Since �for G � U���� all
�ags belonging to one and the same domain are equal up to holonomy equivalence�
we have HG�F� � HG�F �� � HG���� i�e� F is complete�
In other words� for U��� all �ag worlds to one and the same graph � are equal
modulo holonomy equivalence�

The completeness of a �ag world is not at all trivial for the SU�N� because of

Proposition ���� Let G � SU�N�� Then there exists a simple graph �� such that a non�
complete �and so also not moderately independent� �ag world exists to
��

Proof It is su�cient to give an example�
Due to G � SU�N� holonomy equivalence equals homotopy equivalence and we will
indentify hoops and the corresponding elements of the fundamental group ���� m��
It is su�cient to construct a �ag world F � such that there is a loop f � ���� m� �
HG��� not contained in the subgroup HG�F� of the fundamental group generated
by F �
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Figure �� Example of a non�complete �ag world

Let � be the graph in �gure � with the �ag world F �� ff�� f�� f	� f�g� the maximal
tree T and the corresponding free edges e�� e�� e	� e�� We constuct from T and ei the

��



free generators ��� � � � � �� of ���� m� as in Proposition ���� We will prove� that F is
not complete showing that f�j HG�F�� where f is the loop de�ned in �gure ��
A simple calculation shows���

f � ���� �	

f� � ��

f� � ��

f	 � ���	�
��
� ����

f� � ���	 ���� ���	�

Suppose f � HG�F�� i�e� f � QJ
j�� f

�j
ij
� Q

k �
�k

k
with �j � Z and �k � f��� �g�

Choose this decomposition� such that the number J of used factors f
�j
ij
is minimal�

Due to the freeness of HG��� � ���� m� there must exist a j � with ij� � � and
�j� �  �� i�e�

���� �	 � f �
j���Y
j��

f
�j
ij

f
�j�
	

JY
j�j���

f
�j
ij
�
Y
k

��k
k ��

�j�Y
��	�

��
� � �

��
�

Y
k�

�
�k�

k�
�

In the last step f �j has been replaced by the corresponding reduced representation in

the �
 �see above�� e�g� f
�
	 by ����	�

��
� �

����� �i�e� not by ����	�
��
� ���� �

�� since here
�for j�j � �� the ���

��
� terms are not reduced��

The right�hand decomposition of f in �
 is �w�r�t� the number of used factors� longer
than the left�hand one� Again by the freeness of HG��� there must exist in the right�
hand decomposition of f in �
 a k with �

�k

k
� �

��k��

k��

� This case does not occur in the
decompositions of the fi in �
 above� thus this must occur during the multiplication
f
�j
ij
f
�j��
ij��

of two �ags� From the decompositions above we see that such a collision
of �
 is only possible� if ij � ij��� This is a contradiction to the minimality of the
decomposition of f into a product of �ags f �i � F �
Thus� f�j HG�F�� and F is not complete� qed

Remark �� Up to now� we do not know� whether non�complete �ag worlds can be con�
structed for graphs with less than � interior domains�


� Simultaneously� we have constructed an example for the fact that from
HG��� 	 HG��� and the equality of the cardinalities of � and � not generally
follows� that HG��� � HG����
But� obviously� HG�F� is freely generated by ff�� f�� f	� f�g� Thus� we have
constructed a genuine �free� subgroup of HG��� having the same rank as
HG����

��� Re�nement of Flag Worlds

Now we want to investigate the behaviour of �ag worlds under re�nement of the underlying
graph� We need the following

Lemma ���� Let � be a simple graph and G a simple domain in � �m�j G� with correspond�
ing re�nement fGi j i � Ig 	 Lint���� Let f be a minimal �ag belonging to
G with base point m� Furthermore� e is an arbitrary edge of � on �G�
Then� there exist minimal �ags fi with base point m� such that�

�	Note
 that in our convention the multiplication ���� of two paths means
 that �� is traced �rst and ��
second�

��



� fi is a �ag to domain Gi for all i � I�
� f is holonomically equivalent to the product of all fi in a certain order�
� ffig is moderately independent and any of the free segments lies in intG�e�

Proof Induction on the cardinality of I���

�� I � � is trivial� i�e� G � Gi is an interior domain itself�

� First� we consider the case I � f�� 
g�

We consider the case� that e and em do not lie on the boundary of one and the same
interior domain� Topologically� we have the situation of �gure �� if necessary� one
has to exchange the domains � and 
� Let �m em be the �agpoles of f from m to
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Figure �� Re�nement into two domains

em� �� ��� ��� ��� as in �gure � and �i the corresponding boundary loop for Gi with
base point m��
We set fi �� �m em���i���� ���m em for i � �� 
� after cancelling possible retracings� i�e�
we consider fi to be minimal�
� Obviously� fi is a �ag for Gi�
� We have f � f�f��
� Choose an edge e� 	 �G� � �G�� i�e� e� 	 ���� and set e� �� e� Then ff�� f�g
is obviously moderately independent with the free segments e�� e� 	 intG� e�

In the case that e and em lie on the boundary of one and the same domain� one
has to exchange� if necessary� �� and � in construction above� such that e��� � ��
The rest of the proof is completely analogous���

�� Suppose the lemma is proven for re�nements by k � � � 
 domains und let now
fGig be a re�nement of G by k � � domains�
a� Choose any i � I� such that Gi � �G contains at least one edge of � and

the domain eG built from the remaining Gj is again simple� �W�l�o�g� we set
i � k and j runs in the following from � to k � ��� More precisely� �G�

��I is �nite
 since � is �nite and thus Lint��
 is �nite�
��Let e lie between em and m�� Then fi is constructed as above� Only
 ff�� f�g is now moderately indepen�

dent if e� is any edge in ��� and e� �� e�
Let e lie between em and m�� Then m� and m� have to be exchanged� Thus
 also �� is exchanged with ��

By fi �� �mem���i���
� ���

mem we get f � f�f�� Furthermore
 ff�� f�g are moderately independent with e� to be
an edge of ��� � �G� � �G� and e� �� e�

��



�Gk and �m em span a �nite and for Gk � �G �� � again connected graph� We
demand that the set of the interior domains in this graph is equal to f eG�Gkg
and that eG is simple�
It remains the question� whether such an Gk exists� The �rst condition is
trivial� To prove the second one it is su�cient to choose a domain Gk� such
that �Gk � �G is connected�
To see this let � be a boundary loop of G� One gets an e� from this� if one
replaces the subpath �k of � belonging to �Gk by the path e�k corresponding
to the boundary �Gk n �G� Obviously� e� is a path in �� e� has neither
repetitions of vertices nor of edges� because neither � nor �k have the like
and because e�k touchs � only in its initial and terminal vertex �these are
distinct�� Otherwise� we would have a contradiction to the connectivity of
�Gk � �G� Therefore e� is a Jordan path� i�e� a boundary of exactly one
simple interior domain eG�
It remains now to ask for the existence of such a domain� Suppose not any
�Gi � �G is connected� Then there would exist a pair of indices �i�� i��� such
that we have the situation in �gure �� Obviously� this is a contradiction to
the connectivity of Gi� and Gi� �
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Figure �� Existence of a Gk with connected �Gk � �G

Thus� there is a re�nement of G into two simple domains f eG�Gkg� such thateG itself has a re�nement into fGjg in ��
b� Due to point 
� there are minimal �ags ef� fk for eG and Gk� resp�� such that

� f � effk �or fk ef��
� f ef� fkg or ffk� efg is moderately independent� where the free segments ee
and ek lie in intG � e�

c� Let ee be the free segment of ef � It is obviously an edge in � � � eG� Thus� by
induction there are minimal �ags fj� such that�

� ef is a product of the fj in a certain order�
� ffjg is moderately independent� where any of the free segments ej lies in
int eG � ee�

d� Thus� f can be represented as a hoop product of the fi in a certain order�
e� The proof of the moderate independence of ffjg � ffkg goes completely

analogously to the case of two domains�
i� Let f ef� fkg be moderately independent� Then ek lies in �intG � e� n ef �

otherwise ek would already be traced by ef � Thus� ek � e� since �intG n

�	



ef� � fk � �� and so ee 	 int G� Due to ej 	 int eG � ee 	 int G we have
ej� ek 	 intG � e�
ff�� � � � � fk��� fkg is moderately independent because e�� � � � � ek�� are
free segments of f�� � � � � fk��� and ek is free� because ek � fj 	 ek �
� ef � int eG� � �ek � ef� � �ek � int eG� � �� The second intersection van�
ishes obviously and the �rst one does because f ef� fkg are moderately
independent�

ii� Let ffk� efg be moderately independent� The argumentation is analo�
gous to the other case� however� here ffk� f�� � � � � fk��g is moderately
independent� qed

We have now

Proposition ���� Let ���� be simple graphs� �� a re�nement of � and m � ��
Then there exists for any moderately independent �ag world F of �
a moderately independent �ag world F � of ��� such that the following
holds for all interior domains GI of �� The �ag fI � F to GI is the
hoop product of exactly these �ags fI�iI � F �� that belong to the interior
domains GI�iI with GI�iI 	 GI � in a certain order�

Proof Obviously� we have m�j GI for all GI � Lint��� because m � ��
First� we de�ne ��� to be the graph built from all interior domains of �� that are
contained in the exterior domain of � and from all interior domains of �� Obviously�
��� is simple� � � ��� � �� and the exterior domains of ��� and �� coincide� Let now
F � ffIg � ff�� � � � � f�g be moderately independent with the free segments eI � We
can re�ne F to a moderately independent �ag world F �� � ff�� � � � � f���g � F of
���� where ��� is the number of interior domains of ���� analogously to the proof of
Proposition ���� Next� we consider for any interior domain of � the corresponding
re�nement of GI into the GI�iI � Lint��

��� Due to Lemma ���
 there exist minimal
�ags fI�iI with base point m� such that�
�� fI�iI is a �ag to the domain GI�iI �

� fI is holonomically equivalent to the product of all fI�iI in a certain order�
�� ffI�iIg is moderately independent and any free segment eI�iI is contained in

intGI � eI �
�	

The �ags fI in F �� n F � i�e� those �ags that belong to the interior domain of ��� but
are contained in the exterior domain of �� are left untouched� We only set iI �� �
and fI�iI �� fI � Now

�� F � � ff���� � � � � f��
�� f���� � � � � f��
�� � � � � � � � f������ � � � � f����
���g
is a moderately independent �ag world of �� because�
� eI�iI is traced exactly once by fI�iI per constructionem and is not traced by any

fI�j with j 
 iI because due to the just stated point �� ffI�j j j � ��� �I �g is
moderately independent with the free segments eI�j for a �xed I�

� But� eI�iI is also not traced by fJ�j with J 
 I�
fJ�j traces only fJ � intGJ and we have eI�iI 	 intGI � eI � Since the domains of �
are disjoint� we have intGJ�intGI � �� fJ�intGI � � and intGJ�eI � �� Finally�

��W�l�o�g� eI is an edge of � on �GI �
���I is the number of domains
 that the GI are re�ned into�


�



we have fJ � eI � � since F �� � ff�� � � � � f���g itself is moderately independent�
Thus� fJ�j � eI�iI � ��

Thus� eI�iI �ts all conditions for a free segment� Since F � is obviously a �ag world of
��� we get the proof� qed

��� Conclusions

We collect the most important facts with regard to the applications in section � neglecting
sometimes mathematical details� For this see the cross�references� Any graph is �nite� planar�
connected and non�empty�
Let there be given an arbitrary graph ��

� There is a re�nement of � to an ordinary graph ���
� Any graph can be naturally associated with a �nite set of connected interior domains and
an exterior domain �section ����� By a re�nement of � this set is re�ned�

� A graph is called simple i
 its interior domains are simple� i�e� are bounded by Jordan
loops�

� Any ordinary graph �� is subgraph of a simple� ordinary graph ���� The exterior domains
of both graphs are the same �Proposition �����

� Any simple domain G in a graph can be naturally associated with a �ag� i�e� a loop
running from a base point m to �G� traversing G exactly once and running back to m
�De�nition ��
��

� By choosing a �ag to each interior domain one gets a �ag world �De�nition ����� It is
called complete i
 it spans the full hoop group of ��

� We are looking for moderately independent and complete �ag worlds� The completeness
ensures that any loop in � can be expressed by elements of a �ag world� The moderate
independence is necessary for the integration of cylindrical functions� Fortunately� the
moderate independence implies the completeness �Proposition �����

� One can naturally construct �ag worlds to any simple graph� For this one chooses a
maximal tree in this graph and then for any interior domain a �ag consisting of a path
along the tree� a boundary loop of the corresponding domain and the inverse initial path�
Any such �ag world is moderately independent �Proposition �����

� There is a moderately independent �ag world for any simple graph �Corollary ��	�� Thus�
any hoop can be represented as a hoop product of mutually non�overlapping loops�

� Under re�nement of a simple domain G with a �ag f one can choose �ags fi to the new
domains Gi such that these generate all hoops �in G� and that f can be expressed as a
hoop product of the fi in a certain order �Lemma ���
��

� In simple graphs �� any moderately independent �ag world F of a simple subgraph � can
be re�ned to a moderately independent �ag world F � von �� such that any �ag fG � F
is a product of the �ags fG� � F � to the interior domains G� 	 G in a certain order
�Proposition ������

In section � we will see that especially the last point is crucial for the regularization of the
Wilson loop functionals� We can now decompose the �banner� of a given �ag in smaller
�banners�� But all small �banners� have �equal rights� since fI � fI�� � � � fI�
I � That is why
they give identical contributions if we integrate cylindrical functions in fI �
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� Integration on A�G

In this section we slightly generalize the integration calculus on A�G which was in detail inves�
tigated by Ashtekar and Lewandowski �AL	��� Their key idea was to de�ne �rst an equivalence
relation on A�G which identi�es two connections i
 their holonomies on a certain �nite set �
of hoops are equal �up to conjugation�� i�e� factorizing w�r�t� that relation they extracted the
properties of a generalized connection on that �nite set� But� if one knows these properties
for all �nite sets of hoops� one can reconstruct via A�G � Hom�HG�G��Ad the generalized
connection in A�G� The main advantage of the factorization is the reduction of the in�nite�
dimensional problem to a �nite�dimensional one� since A�G�� �� Hom�HG����G��Ad ��
G���Ad� Comparing that situation with the case of in�nite�dimensional topological vector
spaces� A�L de�ned �rst cylindrical functions as functions on A�G�� and second the integral
of cylindrical functions f � ���f� via

R
A�G f d� �

R
A�G�� f� d��� where d�� is a measure on

A�G�� �� G���Ad� The main problem is to guarantee that this integral is well�de�ned� A�L
could prove this for the choice that d�� is the Haar measure on G

���Ad� and if only strongly
independent � are allowed for calculating the integral above� The use of merely weakly in�
dependent � leads to contradictions� Our task is now to prove that the use of moderately
independent � keeps instead the de�nition valid� This point is crucial for the calculation of
the Wilson loop expectation values using the not strongly� but moderately independent �ag
worlds�

��� Equivalence of Connections

We recall �AL	�� the following

De�nition ��� Equivalence of Connections
Let HG��� 	 HG be a �nitely generated subgroup of the hoop group HG
with weakly independent �� Two �generalized� connections A� and A� are
called equivalent w
r
t
 HG��� i


hA���� � g��hA����g �� � HG���
with a �xed �hoop independent� g � G�
Furthermore� let �� � A�G �� A�G�� be the corresponding canonical
projection�

Using the bijection A�G 
� Hom�HG�G��Ad Ashtekar and Lewandowski �AL	�� could
easily analyze the structure of A�G���
Lemma ��� �� There is a bijection A�G�� �� Hom�HG����G��Ad� That means� two

generalized connections are equivalent if and only if they coincide mod Ad
on HG����


� Any choice of n weakly independent generators �i � HG��� yields a bijec�
tion �� � A�G�� �� Gn�Ad�

�� Given HG��� 	 HG the topology on A�G�� induced by the last point is
independent of the choice of generators�

Furthermore� we have �AL	��







Corollary ��� Let HG��� be a �nitely generated subgroup of the hoop group and � the
induced equivalence relation on A�G� Then any equivalence class �A� �
A�G�� contains a regular connection�

��� Cylindrical Functions

In the following we set B� �� Hom�HG����G��Ad �� Gn�Ad with � a weakly independent
set of n hoops� Furthermore we usually do not distinguish between a function f � HA and
its Gelfand transform ef � A�G �� C �
We now provide a slightly modi�ed version of the Ashtekar�Lewandowski de�nition of a

cylindrical function�

De�nition ��� Cylindrical Function
f � A�G �� C is called cylindrical function i
 there is a �nite set �
of weakly independent hoops and a continuous f� � B� �� C � such that
f � ���f�� I
 f can be obtained that way for a given �� f is called cylindrical
w�r�t� ��
The set of all cylindrical functions is denoted by C�

Lemma ��� Let f be cylindrical w�r�t� �� Then f is cylindrical w�r�t� �� if the following
holds�
�� � is weakly independent�

� HG��� � HG����

Proof We set m �� �� and n �� �� and we have
�� � A�G �� Hom�HG����G��Ad � Gn�Ad

A ��� h�A� mod Ad ��� �
h�A������ � � � � h�A���n�

�
Ad

and analogously for ��� Due to HG��� 	 HG��� there exists for all i � ��� n� a
decomposition �i �

QKi

ki
�
��i�ki�
j�i�ki�

� Set

��� � Gm�Ad �� Gn�Ad�

�g�� � � � � gm�Ad ���
hQK�

k��� g
����k��
j���k��

� � � � �
QKn

kn�� g
��n�kn�
j�n�kn�

i
Ad

Obviously� ��� is continuous and �� � ������ The function f� �� f��
�
� is again

continuous and we have
f � ���f� � ��

�
����

�f� � �����f��
Thus� f is cylindrical w�r�t� �� qed

Remark In contrast to �AL	�� we de�ne cylindrical functions not only on strongly inde�
pendent� but also on weakly independent �� For the present the set of cylindrical
functions seems to be enlarged� But� it is easy to see� that given an f � C there is
a set � of strongly independent loops� such that f is cylindrical w�r�t� B��
Let f � C� i�e� there is a �nite set � of weakly independent hoops w�r�t� that f is
cylindrical� Following Lemma ��� there is a set � of strongly independent loops�
such that HG��� 	 HG���� Due to the just proven lemma f is cylindrical w�r�t�
the strongly independent set �� Thus� our de�nition is equivalent to that one in
�AL	���

Finally� we quote �AL	��

Proposition ��� C is a normed !�algebra and C is isomorphic to HA�
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��� The Induced Haar Measure on A�G

De�nition ��� Let be f � C and � 	 HG be a moderately independent set of n hoops�
such that f is cylindrical w�r�t� �� i�e� f � ���f� with a continuous function
f� � B� �� C � Furthermore� d�� is an arbitrary measure on B��
Then we de�ne

R
A�G f d� ��

R
B� f� d���

We have to guarantee that the measures on the distinct B� are compatible in order to make
the integral in the de�nition above well�de�ned�
Ashtekar and Lewandowski suggested to choose the Haar measure on each B�� � strongly

independent� induced from Gn�Ad with n the cardinality of �� Indeed� they could prove
that the de�nition above provides a well�de�ned integral on A�G� We are only left with the
proof that the integral is still well�de�ned if we allow � to be merely moderately independent
instead of strongly independent� Fortunately� for this we can reuse the A�L proof with slight
modi�cations� Thus� we have

Theorem ��� Let
R
A�G f d�� be de�ned as in De�nition ���� where the measure on B� is

in each case the Haar measure on dn�Haar�
�� The integral

R
A�G f d�� is well�de�ned�


� The functional F � HA �� C

f ���
Z
A�G

f�A� d���A�

is linear� continuous� positive and Di
�M��invariant�
�� The cylindrical measure d�� is a regular� positive and Di
�M��invariant

measure on A�G�

Proof It remains to prove the integral to be well�de�ned� If it is� then our measure coincides
with the A�L measure de�ned by the only use of strongly independent hoops� since
the A�L measure is unique and we did not remove any of the conditions the integral
has to ful�ll � because any strongly independent � is moderately independent� Con�
sequently� all the other assertions of the theorem already proven in �AL	�� using the
strong independence can be generalized to our problem�
� Let there be given an f � C and two sets ������ 	 Lm of moderately independent
loops� such that f is cylindrical w�r�t� B�� and B����

� W�l�o�g� choose the free segments e�i�� e
��
i�� of �

�
i� � �

��
i��� such that they are in each

case completely contained in an edge of ���	��� ��
 Connect now any vertex v �� m
of ���	��� with the base point m by a piecewise analytic Jordan path hv� such
that hv � hv� �v �� v� and hv � ���	��� consist of at most a �nite number of
points� Construct all paths �i �� he�i eih

��
e�i
� where ei runs over all egdes of ���	��� �

Obviously� ������ 	 HG����� �� f�i j i � �� � � � � ng� and also HG�����HG����� 	
HG���� More precisely� Let � �j �

QKj

kj�� e
��j�kj�

i�j�kj�
be a �minimal� decomposition of

� �j into a sequence of edges� so �
�
j �

QKj

kj�� �
��j�kj�

i�j�kj�
is a �minimal� decomposition of

� �j in �i� The same holds for �
��
j �

Next� � is strongly independent with the free segments ei�

��If necessary
 free �� and ��� from retracings and use then the argumentation of Proposition ����� For the
de�nition of ������� see Construction ����
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Since HG�����HG����� 	 HG���� f is also cylindrical w�r�t� B�� Thus� it is
su�cient to prove

R
B�� f�

� d�B�� �
R
B� f� d�B� �

� Since we �xed the generators of HG���� we can interpret the integration on B�
as an integration on Gn�Ad� Since the Haar measure is Ad�invariant� we can
pull back any function of Gn�Ad onto the whole Gn and integrate hereon� The
analogon holds for B�� �

� Now we can express any � �i� � �� by a product of �i � �� such that for all i � ��� n��
there exists a K�i�� � ��� n� and that the following holds�
�� i� �� j � �
 K�i�� �� K�j ���

� �K�i�� is not used in any decomposition of the �

�
j�� j

� 
 i�� into elements of ��
�� �K�i�� �or �

��
K�i��� is used in any decomposition of �i� exactly once�

To see this choose K�i��� such that eK�i�� contains the free segment of �
�
i�� Since

there is a bijection ei 
� �i� these three conditions are only a reformulation of
the criteria for the moderate independence of the � �i��

� Since f is as well cylindrical w�r�t� � as w�r�t� ��� f � ���f� � ��
��
f��� Analogously

to Lemma ��� we have ��� � ���� where
� � Gn�Ad �� Gn��Ad

�g�� � � � � gn�Ad ���
hQK�

k��� g
����k��
i���k��

� � � � �
QKn�

kn��� g
��n��kn� �

i�n��kn��

i
Ad

is de�ned due to the decompositions � �i� �
QKi�

k�i�� e
��i��ki��

i�i��ki��
�

Thus� we have f� � ��f�� � i�e� f���g�� � � � � gn�Ad� � ���f�����g�� � � � � gn�Ad� �

f��
�hQK�

k��� g
����k��
i���k��

� � � � �
QKn�

kn��� g
��n��kn��

i�n��kn��

i
Ad

	
�

� Now we can integrate �considering f� to be both a function on G
n and Gn�Ad��Z

B�
f� d�B�

�

Z
Gn

nY
i��

d�i f��g�� � � � � gn�

�

Z
Gn

nY
i��

d�i f��

�� K�Y
k���

g
����k��
i���k��

� � � � �

Kn�Y
kn���

g
��n��kn��

i�n��kn��

�A
�

Z
Gn�n�

nY
i���i��K����n���

d�i

Z
G

d�K��� � � �
Z
G

d�K�n��

f��

� � � gK��� � � � � � � � � � � � gK�n�� � � �

�
�Permutation of the order of integration� The three dots in � � � gK�i�� � � �
denote a product of gi� which because of the construction above
does not contain a gK�j�� with j� � i���

�

Z
Gn�n�

nY
i���i��K����n���

d�i

Z
G

d�K�n��

Z
G

d�K��� � � �
Z
G

d�K�n����

f��

� � � gK��� � � � � � � � � � � � gK�n���� � � � � gK�n��

�
�Results from the translation invariance of the Haar measure�
since for all j� � n� � � � gK�j�� � � � does not contain a factor gK�n�� and
since gK�n�� appears in � � � gK�n�� � � � exactly once��


�



���

�

Z
Gn�n�

nY
i���i��K����n���

d�i

Z
G

d�K��� � � �
Z
G

d�K�n�� f��


gK���� � � � � gK�n��

�
�We used successively the translation invariance of the Haar measure
in order to eliminate the � � � �products as in the step above��

�

Z
Gn�

n�Y
i��

d�i f�� �g�� � � � � gn��

�Normalization of the Haar measure and bijection i� 	
 K�i���

�

Z
B��

f�� d�B�� �

� Thus�
R
A�G f d�� is well�de�ned�

�� qed

Remark The proof that the integral is well�de�ned gives us the earlier mentioned impor�
tance of moderate independence� Though the �ag worlds in section � are usually
not strongly independent� they can be used for the integration calculus� If one
instead demanded only the weak independence for the de�nition of the integral�
the integral would become ill�de�ned� Let� e�g�� G � SU�
� and � be a strongly
or� equivalently� a moderately independent loop� � �� �� is no longer moderately
independent� but� of course� still weakly independent� since extracting the square
root is possible in SU�
�� Let now f � tr h	 � tr h

�
�� f is cylindrical w�r�t� � and

w�r�t� �� We integrate f w�r�t� � and receive
R
A�G f d�� �

R
G
tr gd�Haar � �� But�

w�r�t� � we have
R
A�G f d�� �

R
G
tr g� d�Haar � ��� i�e� the integral is ill�de�ned�

Thus� the moderate independence is best�suited for the mathematically rigorous
calculation of the Wilson loop expectation values in section ��

� Calculation of the Wilson Loop Expectation Values

In this section the expectation values of the Wilson loop products

hT�� � � �T�ni �� lim
a���Lx�Ly��

�

Za�Lx�Ly

Z
A�G

d�� e�S
W
regT�� � � �T�n

of the pure Yang�Mills theory are computed� Thiemann �Thi	�� and Ashtekar et al� �ALM�	��
were the �rst who succeeded in calculating hT�� � � �T�ni � at least for loops �i that lie in a
certain quadratic lattice � in the Ashtekar framework� Our goal is now to generalize their
results for arbitrary �i�
It is well�known �AL	�� that given the expectation values hT�� � � �T�ni for all �i one can

reconstruct the measure d�YM of the theory and vice versa� A direct de�nition d�YM ��
e�S�A�d�� is di�cult since one has to de�ne the action S not only on A�G but on the whole
A�G� The �rst step to overcome this problem is an appropriate regularization SW

reg�A� of
SYM�A� �

R
M

�
�
tr F��F

�� dx� Since the only variables used a priori in the Ashtekar approach

��We assumed in our calculation
 that in any case � � � gK
i�� � � � appears and � � � g
��
K
i�� � � � does not� Otherwise

in the last but three step we get a function partially in g��
K
i��� The claim remains valid since the Haar measure

is invariant under inversions
 i�e� we have
R
G
d�Haar f�g
 �

R
G
d�Haar f�g

��
�


�



are the Wilson loops� it seems very likely to use the lattice regularization� Strictly speaking�
T�A� set

SW
reg�A� ��

N

g�a�

X
�

��� �

N
Re tr h��A��� �
�

where a denotes the lattice spacing� � runs over all plaquettes of the lattice and h��A� is the
holonomy around the boundary of �� On the one hand� SW

reg converges naively to SYM � when
the lattice grows ad in�nitum and a goes to zero� and on the other hand� SW

reg is a function of

Wilson loops� i�e� it can be naturally extended from A�G onto the whole A�G� The second
step of T�A� was now the de�nition of hT�� � � �T�ni exchanging limit and integration �L is
the length of the lattice��

hT�� � � �T�ni �� lim
a���L��

�

Za�L

Z
A�G

d�� e�S
W
regT�� � � �T�n

� � �
�

Z

Z
A�G

d�� e� lima���L�� SWregT�� � � �T�n �

Now they were able to calculate explicitely the expectation values for all ��� � � � � �n contained
in a quadratic lattice� Finally� they suggested to compute these values for general �i by
approximating them by certain lattice loops�
We aviod this problem using a slightly modi�ed regularization� The idea is to adapt the

regularization to the given loops and not vice versa� We consider any �nite lattice with certain
interior domains G generalizing the quadratic plaquettes �� Then we replace in �
� � by
G and also a� by jGj� the area of the interior domain G� in the denominator� Following the
calculations of T�A� we get an explicite formula for hT�� � � �T�ni with arbitrary ��� � � � � �n
that coincides with the naive limit of T�A��

	�� Regularization of the Wilson Loop Functionals

In this subsection we want to introduce and discuss our regularization�

De�nition ��� Regularized Yang�Mills Action
Let G be a simple domain in R� � jGj its area� �G a boundary loop of G and
�A� � A�G� Then we set��

SG��A�� ��
N

g�
�

jGj
�
�� �

N
Re tr h�G�A�



�

N

g�
�

jGj ��� Re T�G�A�� �
Let now fGg be a �nite set of mutually disjoint simple domains in R� � such
that int ��G� is again a simple domain� fGg denotes not only the set of
domainsG� but also the supremum supG diam G of their diameters� Finally�
R denotes the supremum of the diameters of all circles with center�� in m�
which are completely contained in �G�
We set the regularized Yang�Mills action to be SfGg��A�� ��

P
G SG��A��

and de�ne S�A� � S��A�� �� limR���fGg�� SfGg��A���

��This de�nition is obviously independent of the choice of the boundary loop and the chosen A � �A	�
��The choice m is arbitrary� One can choose any point in M � R

� 
 but one has to �x that point once for
all�


�



Our de�nition�� reduces to that of Thiemann� Ashtekar et al� �Thi	�� ALM�	�� AL	�� if all
domains G are quadratic and congruent with area jGj � a� �a � � � lattice spacing�� One can
prove � at least in a naive limit � that S�A� converges pointwise to SYM �� �

�

R
M
tr F��F

��dx
with F�� � ���A�� � ig�A�� A��� Naive means that one expands A��x� and consequently also

h��A� � Pe�ig
R
�
A into a power series in x� Further calculations yield a series in jGj and

diam G� Comparing coe�cients and applying the de�nition of the Riemann integral gives the
limit� Obviously� this proof is only valid for analytical connections� for C� connections the
power series need not converge� But� using more sophisticated analysis one can surely get the
prove in the general case�
The main advantage of De�nition ��� is that it can be easily extended from A�G to A�G�

One has only to replace the �standard� holonomy by the generalized holonomy h��A� via
A�T�� �

�
N
Re tr h��A�� Thus� we have under the identical assumptions as in De�nition ���

De�nition ��� Generalized Yang�Mills Action
Let A � A�G� We de�ne S�A� �� limR���fGg��

P
G SG�A� to be the

generalized Yang�Mills action


In the rest of this subsection we want to focus on some properties of S on A�G� First
we investigate the existence of the limit for an important class of limiting processes � the
re�nements�

Lemma ��� If �fGgn� � � is an arbitrary� but �xed limiting process where each fGgn��

is a re�nement of fGgn� then for all A � A�G the limit limfGg��

P
G SG�A� �

��� �� exists�
Proof � A short calculation shows that �� �

N
Re tr

Qn
i�� gi �

Pn
i����� �

N
Re tr gi� for all

n � N � g� � � � � � gn � G�
� Next� we prove that

P
G�fGgn SG�A� increases with n�

Let fGI j I � Jg � fGgn and let fGgn�� � fGI�iI j I � J� iI � JIg be a
re�nement of fGgn for all n� Then we have

P
iI�JI jGI�iI j � jGI j �I� especially

jGI�iI j � jGI j �I� iI � Thus� we have �c �� N
g�
�

X
G�fGgn

SG�A� � c
X
I

�

jGI j
�
�� �

N
Re tr h�I �A�




� c
X
I

�

jGI j

�
�� �

N
Re tr

Y
iI

hfI�iI �A�

�

� c
X
I

�

jGI j
X
iI

�
�� �

N
Re tr h�I�iI �A�



��While writing the present paper we found the article �Study of Wilson loop functionals in �D Yang�Mills

theories� of Aroca and Kubyshin �AK��	� They used an analogous regularization
 i�e� they also permitted
arbitrarily bounded domains instead of the usual quadratic plaquettes� They even considered a more general
class of actions SfGg�A
 ��

P
G S��h�G�A


 where G runs over all plaquettes which the lattice on the

�compact
 two�dimensional manifold is divided into and where S� has to ful�ll the following axioms
�� S��g
 � S��g

��
 for all g � G�
�� S��g
 has an absolute minimum in g � eG�
�� limG�fxg

�
jGjS��h�G�A

 �

�
� tr F���x
F

�� �x
	


�



� c
X
I

X
iI

�

jGI�iI j
�
�� �

N
Re tr h�I�iI �A�



�

X
G�fGgn��

SG�A��

Here we have to explain the product
Q

iI
hfI�iI � First the boundary loop �I is

expressed by a product �I �
Q

iI
fI�iI of �ags to the domains GI�iI due to Lemma

���
� After pulling back the product on iI we used tr hfI�iI � tr h�I�iI for any
boundary loop �I�iI �

� Since any monotonically increasing sequence in R has a limit� we get the proof
with SG�A� � � �which follows from �� �

N
Re tr g � � �g � G�� qed

We emphasize we did only prove that the limit S�A� exists uniquely for any �xed sequence
of re�nements� But� nevertheless� the limit still depends on the concrete choice of such a
sequence �fGgn�� To prove this we use generalized connections with one�point � say x �
support de�ned by A�L �AL	���
For this they used that any connection A in A�G can equivalently be described �mod

Ad� by a homomorphism hA of the hoop group HG to the structure group G via A�T�� �
�
N
Re tr hA��� and vice versa� So they could de�ne an A � A�G in the following way� The

corresponding hA is equal to eG if � does not pass x� If � does� then they set

hA��� �� ���v�� �����v�� � � � ����v�k �����v�k �� ���

where v�i and v
�
i is the direction of the incoming and outcoming tangent of � when it passes

x for the ith time� Furthermore� ��v� is any function from the space of directions in the
tangent space of M in x� i�e� from SdimTxM�� to G� Since hA is obviously a homomorphism�
it determines uniquely an A � A�G�
Let us now consider two sequences fGgn and fG�gn of re�nements� The �rst does not

contain a domain G with x � �G for any n� but the second contains exactly two domains G�
n��

and G�
n�� for each n with x � �G�

n��� Furthermore� w�l�o�g� we demand that the boundaries
�G�

n�� pass the point x for all n in the same directions �v� We now specialize the connection
A to be considered� For this we de�ne ��v�� to be equal eG if v� �� v and we subject the values
in v� � v only to the condition ���v����� v� �� eG� The corresponding h��� is de�ned by
equation ��� and so we get A�
Obviously� we have SfGgn�A� � � for all n since no boundary of the considered domains

contains x which is the support of A and we get S�A� � � for the �rst limiting process� On
the other hand� in the second sequence we have anytime contributions by the domains G�

n���
namely SG�n���A� �

N
g�

�

jG�n��j


�� �

N
Re tr ���v������v�� � C

jG�n��j with C by construction a

non�vanishing constant� Thus we get SfG�gn�A� � SG�n���A� SG�n���A� �
C

jG�n��j 
C

jG�n��j � But�
fG�g � � implies

��G�
n��
��� � and thus S�A� � limR���fG�g�� SfG�g�A� �  �� Consequently�

the limit S�A� depends� in general� on the limiting process�
Moreover� if we consider even limiting processes that are not successive re�nements there

is almost no chance at all to ensure the existence of the limit� For example� one can construct
from the just treated sequences a third� new one� taking alternately a term of the �rst and of
the second sequence� Obviously� S�A� does not have a limit for this limiting process�


	



However� why should we need the existence or uniqueness of the limit S�A�� Actually� we
only have to calculate terms likeZ

A�G
e� limR���fGg��

P
fGg SG�A� eT���A� � � � eT�n�A� d���

In order to use the integration calculus one has to exchange the limit and the integral� A
priori we do not know� whether this is � at least mathematically � correct� Astonishingly� we
will see that such an exchange makes the limit of the integrals independent of the limiting
process� By now� we do not really know which e
ect is responsible for that behaviour and
thus we stop the discussion here and will return very brie�y to it after the explicit calculation
of the Wilson loop expectation values�

	�� What to calculate�

Given a �nite set � � f��� � � � � �ng of loops� We have to calculate the following expressions
����� � � � � �n� �� lim

R���fGg��

�

Z

Z
A�G

e�
P
fGg SG�A� eT���A� � � � eT�n�A� d��� �z �

���fGg������� ��n�

�

Z is chosen here so that we have ���� � ����

Due to the analyticity of the loops the set � generates a �nite� non�empty� planar and
connected graph ��� We enlarge �� to an ordinary graph �subsection ���� and afterwards
to a simple� ordinary graph �Proposition ���� denoted by � with the interior domains GI �
Furthermore we choose any moderately independent �ag world F � ffIg for � existing due
to Proposition ��	�
Now� due to Corollary ���� any hoop in � can be expressed by a hoop product of �ags in

F � i�e� by a product of non�overlapping loops� �i �
Qji

j�� f
��i�j�
I�i�j� �i � �� � � � � n� ��i� j� � ���

Thus� we get

NnT�� � � �T�n � tr hQj�
j�� f

����j�

I���j�

� � � tr hQjn
j�� f

��n�j�

I�n�j�

���

� tr

j�Y
j��

h
f
����j�

I���j�

� � � tr
jnY
j��

h
f
��n�j�

I�n�j�

�

	�� Calculation of the Expectation Values ����� � � � � �n� for G �
SU�N�

Throughout this subsection we reuse the calculations done by Ashtekar et al� in �ALM�	��
and generalize them if necessary�

����� Tensorial form of the Wilson loop products

The expression ��� can be rewritten in a tensorial form� For this we use that any g � G can
be described by its matrix elements gBA � Thus� tr g � gBA�

A
B and �gh�

B
A � gCAh

B
C � gCAh

B
D�

D
C �

�g � h�CBAD�
D
C are only contractions�

�	Strictly speaking
 Z actually depends on fGg
 but we suppress this here and in the sequel�

��



We have �for simplicity we write T� and h� instead of T��A� and h��A�� respectively��

NnT�� � � �T�n �

Y

I��

��k�I hfI �

B�
I


A�I
��k�I h��fI �


B�
I


A�I
C 
D

C
�

Here �A�
I �

�B�
I �

�C� �D are certain multi�indices containing the tensor indices which are explicitely

given in �ALM�	�� or �Fle	��� The tensor C 
D

C
collects the ��contractions�

Since det g � �� we can express �g���BA as follows �ALM
�	���

�g���BA �
�

�N  ��"
�BE����EN���AF����FN��g

F�
E�
� � � gFN��EN��

and we get with � the number of �ags in F

NnT�� � � �T�n �

Y

I��

��nIhfI �

BI

AI
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D

C
E 
F

E
�

Here E 
F

E
is the tensor that is built from the single ��tensors� Furthermore nI � k�I  �N���k�I

with k�I the number of the occurrence of fI and k
�
I that of �fI�

�� in the decomposition of the
�i into �ags fI � F � Thus� we have

�fGIg��� �
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Z

Z
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e�
P
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 tr hfG if �G is boundary loop and fG �ag for the domain G��
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�Replace A�G ��
 G

 and hfI �A� ��
 gfI as in section ���

�
�

Nn


Y
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��RG e� N

g�
�

jGI j���
�
N
Re tr gfI ���nIgfI � d�HaarR

G
e
� N

g�
�

jGI j���
�
N
Re tr gfI � d�Haar

�A 
BI


AI

C 
D

C
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F

E

�Properties of the Haar measure and de�nition of Z��

In the last but one step we used that F is moderately independent�

����� Re�nement of the graph

Let �� be a re�nement of �� Due to Proposition ���� there is a moderately independent and
complete re�nement F � � ffI�ig of the �ag world F � ffIg� such that fI � fI�� � � � fI�
I and
so hfI � hfI�� � � �hfI��I � ��� is equal to �� i�e� the number of interior domains in F � plus the
number of interior domains in �� which are in the exterior domain of �� �I is the number of
domains which GI is re�ned into� where �I � � if I � ��

��



Completely analogously to the preceding paragraph we have for the re�ned graph
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In the �rst line we used that the �ags fI�i for I � �� i�e� for domains of �� that are outside
�� do not occur in the decomposition of the �i since these �i only contain the �ags fI of F
and thus only the �ags fIi with I � �� Thus� also the tensor indices for I � � are trivial�
Consequently� the loops outside � do not make a contribution to �����
In the last step we set

d�jGj�g� �� e
� N

g�
�
jGj��� �

N
Re tr g� d�Haar�g��

Obviously� d�jGj is a conjugation invariant measure on G�

����� Calculation of the integrals

We have to calculate terms such as
R
G
��ng� d�jGj� First we decompose �ng into irreducible

representations using the projectors p
�n�
�m��j �Fle	�� ALM

�	�� built from the jth Young tableau

�m�� Since � � ��m� �
f
�n�
�m�

j�� p
�n�
�m��j we get

Z
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��ng� d�jGj �
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where we used that the integral of a function � w�r�t� a conjugation invariant measure on G
is already determined by the integral of tr �� Since all representations of one and the same

�




tableau are mutually equivalent� the integral in the �rst line is independent of j� Finally�
we set d�m� to be the dimension of the representation corresponding to the tableau �m� and

��m��g� �� tr �p
�n�
�m��j �n g� to be the character of �m��

����� Calculation of the limits ����

We have �� denotes the trivial representation�
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We consider now an arbitrary limiting process R � �� fGI�ig � �� where all terms of the
sequence fGI�ig are re�nements of fGIg� i�e�� all the corresponding graphs are re�nements
of the simple graph � that corresponds to the graph �� spanned by � � f��� � � � � �ng� We
observe �rst that the limit R�� is trivial since the expression above depends only on the
domains in the interior of �� but this graph is �nite and all graphs in the limiting process are
re�nements of �� Consequently� we have only to deal with the limit fGI�ig � �� Note that
from fGI�ig � � follows �I �� �I� Thus� we get using the �niteness of the product over
I and the sum over �m�
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�see appendix B��

c�m� is the eigenvalue of the quadratic Casimir operator of the representation �m��
In conclusion we emphasize that obviously the limit above is completely independent of

the limiting process R � �� fGI�ig � � supposed � is a restriction of any graph in the
limiting process� Thus� the existence and uniqueness of the limit is proven�

��



	�� Calculation of the Expectation Values ����� � � � � �n� for G � U���

The computation of ���� is much easier in the case G � U��� than for G � SU�N�� The
main reason for this is the commutativity of U��� which induces the commutativity of HG�
Furthermore� U��� is one�dimensional� i�e� we do not need tensor analysis� and the trace is
trivial� Since the integration over A�G is completely analogous to that with G � SU�N�� we
can use the same strategy as in the last subsection�
Moreover� we have T�� � � �T�n � T��


�n for all f�ig 	 HG� Therefore it is su�cient to

compute the expectation values only for T�� � � HG� We get with N � � from ���

T�� � � �T�n � T��


�n �

Y

I��

hfnII �

Here nI is the �e
ective� winding number of � �� �� � � ��n around the domain fI � More
precisely� nI is equal to the di
erence between the occurrence of fI and that of f

��
I in the

decomposition of � into the �ags fI � Due to the commutativity nI is obviously independent
of the choice of such a decomposition� In contrast to the SU�N�� nI can become negative�
We have analogously to SU�N�
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�

Let now �� be a re�nement of �� Then we have due to Proposition ���� a re�nement F � � ffI�ig
of the �ag world F � ffIg� such that fI � fI�� � � � fI�
I with �I the number of domains GI is

re�ned into� Using d�jGj�g� �� e
� �

g�
�
jGj

���Re g�
d�Haar�g� we get

�fGI�ig��� �
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IY
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R
G
gnIfI�i d�jGI�ijR

G
d�jGI�ij

�
�

As for SU�N� the domains of �� outside � make no contributions� such that the product over
I runs only to � and not to ����
Any g ��� gm� m � Z� yields a one�dimensional irreduzible representation of the U���

with charakter �m�g� � gm� We set Jm�jGj � �� ��
R
G
�m�g� d�jGj� where the � denotes the

U���� and get

�fGI�ig��� �

Y

I��

�

IY
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Using appendix B the limit fGI�ig � � and R�� is calculated as follows�

���� � lim
R���fGI�ig��

�R�fGI�ig���

� lim
fGI�ig��


Y
I��

�

IY
i��

JnI �jGI�ij � ��
J��jGI�ij � ��

�

�

Y

I��

�
lim

fGI�ig��


IY
i��

JnI �jGI�ij � ��
J��jGI�ij � ��

�

�

Y

I��

e�
�
�
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In the last step we used that the normalized Casimir operator �or� more precisely� its eigen�

value� of the representation g ��� gnI is equal to �inI�
�

�i
��� � i�e� cnI � n�I �

As for G � SU�N� the limit ���� exists and is unique� i�e� is independent of the limiting
process�

� Discussion

In the last section we �calculated� the expectation values of the Wilson loop products� Ac�
tually� the word �calculated� is an exaggeration � de facto we de�ned the values even if the
Yang�Mills action on A�G in�uenced the de�nition of �� But we did not deduce the values
of � from SYM in a mathematically correct way� Formally we got � by

���� �

Z
A�G

d�� e�SYM �A�T�� � � �T�n �
Z
A�G

d�� e� limSreg�A�T�� � � �T�n �

i�e� by extending SYM onto A�G� and subsequently by exchanging the limiting process and
the integration

���� �� lim

Z
A�G

d�� e�Sreg�A�T�� � � �T�n �

Consequently� this de�nition is the actual start of our considerations� In principle� that
approach is a kind of constructive quantum �eld theory that needs a physical justi�cation
only a posteriori�
In section ��� we already discussed that the regularization of SYM by

S �� lim
R���fGg��

X
fGg

N

g�
�

jGj
�
�� �

N
Re tr h�G




makes no problems on A�G� but breaks down on A�G� because the limit does not exist in
general� Thus� S cannot be in HA� But� surprisingly the exchange of limit and integral yields

��



very regular results� We have even shown that the limit ���� for our choice of regularization
exists for all �nite � 	 Lm and is independent of the limiting process� Is there a deeper
reason behind that#
However� we know that the given expectation values de�ne a unique Borel measure � on

A�G �AL	�� because we can extend these values to a linear continuous positive functional on
HA� Note that originally the expectation values are not mutually independent� but subjected
to the so�called Mandelstam relations� Since we de�ned the expectation values using integrals
on T�� these relations are indeed implemented� What properties does � have# Is � strictly
positive or is � absolutely continuous w�r�t� the induced Haar measure ��# Is it even possible
to de�ne an action S on A�G directly� i�e� without regularization� and is it therefore possible
to get the desired measure by d� �� e�Sd��#
The choice of regularization is also worth being discussed� In the present case the regular�

ization of SYM depends crucially on the dimension 
� It cannot be extended to three or more
dimensions because it uses � roughly speaking � the chance that for 
�dimensional manifolds
a loop has both dimension and codimension �� But the codimension is decisive� To avoid
renormalization one has to regularize the d�dimensional Yang�Mills theory by

lim
fGg��

N

g�
�

volG

X
fGg

�
�� �

N
Re tr Pe�ig

R
�G

A



�

where fGg is a decomposition of the base manifold into certain d�dimensional objects� How to
connect Pe�ig

R
�G

A and Pe�ig
R
�
A# Moreover� the used propositions for planar graphs cannot

be applied to higher dimensions� Thus� from dimension � on problems of knot theory will
be important and so also methods of the topological quantum �eld theory� Perhaps using
algebraic topology or invariant theory one can specify a class of constructible models�
Let us return �nally to the concrete generalization of the two�dimensional Yang�Mills

theory within the Ashtekar approach� In the last years some papers were published that
calculated the expectation values of the Wilson loops inA�G �e�g�� �KK��� Dri�	� GKS�	�� and
performed the continuum limit� They provided an area law� an indication for the con�nement
in the theory� All in all these papers delivered the same result as the Ashtekar approach does
today� Thus� we get a little justi�cation for our choice of the regularization� Perhaps it is
possible to translate further models into the new approach and to con�rm that way the results
got on A�G� However� it seems to be unlikely that one gets � at least in the next time �
general assertions for the equivalence of the �classical� and the Ashtekar approach� But� from
the mathematical point of view this would be very interesting because some problems of the
classical approach could be circumvented�
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Appendix

A Proof of Proposition ���

Lemma A�� Let � be a Jordan path in M contained completely in a chart Ui with triv�
ialization �i and p any point in the �bre over ����� Furthermore� let G be
compact and connected and � ���� �

�
� arbitrary�

Then �	�A����i�p� � P	���� where A��	�i is de�ned by A��	�i �� fA � A j
Ai���t�� � � for t�j ��� �� ��g� i�e� any point of P	��� can be reached by parallel
transport starting in p w�r�t� connections in A��	�i�

��

Proof � Let p � pi �� si������ �� ���i ������ eG�� Then �	�p�A� � Pe�
R
�
Ai� �	� dt� where %� is

the tangential vector �eld to � and Ai is the connection A in the local trivialization
�i�

��

� Obviously� there is a ��Form ai � TUi �� C with ai� %�� j	������	��������� � and
� R

	
ai� %�� dt � � �� ��

� Set A
�i �� ai � � for any � � g and extend A
�i to a connection A
 on TP ��	

Obviously� A
 � A��	�i for any � � g�
� For � constant� we have �	�p�A
� � Pe��

R
�
ai� �	� dt�
 � e
�

� Since the image of the Lie algebra g under the exponential map is the connected
component of unity of the Lie group G� we have G � �	�p�A��	�i� � f�	�p�A
� j
� � gg � fe
 j � � gg � G� i�e� G � �	�p�A��	�i� and thus �	�A����i�p� � P	����

� Let now p be arbitrary� Since the parallel transport commutes with the right
action� we have �	�A����i�p� � �Ad
g��	�A����i�pi� � �Ad
g�P	��� � P	��� because G
acts freely on P � We chose g� such that p � pi � g� qed

Proof �Proposition ���

Let � �� f��� � � � � �ng be a set of moderately independent loops� We have to show
that for any n�tupel �g�� � � � � gn� � Gn there is an A � A with h�i�A� � gi �� �
i � n���

Fix a covering fUkg of M � Choose a free segment ei to any �i � � due to De�nition
��
� such that
� �i � f�i eif

�
i with f

�
i � ei � � and �j � ei � � �j 
 i and

� any free segment lies completely in a chart Ui�
Next� choose open neighbourhoods Vi of ei� such that Vi 	 Ui are mutually disjoint
and that �j � Vi � � for any j 
 i� and modify the covering of M in that way� that
Vi lies in exactly one chart �denoted again by Ui�� Furthermore� choose open Vi��
and compact sets V c

i � V
c
i�� with some � ���� �� �� ei 	 V c

i 	 Vi and V c
i�� 	 Vi�� 	 V c

i �
Vi�� � f�i � � and �i�t� � V c

i�� �
 t � ��� � � ��� where �i � ��� �� �� ei is a
parametrization of ei� �See �g� ���

��
��A�p
 � P 	
 P is the parallel transport of p along � with respect to the connection A and 
��p�A
 the
corresponding group element�

��We dropped the factor ig�
��This is possible
 see e�g� �KN��	�p� ��
�
��Note
 that we have �xed a trivialization � and therefore a base point p in Pm from the very beginning�

��
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Figure �� The domains Vi� V
c
i � Vi�� and V

c
i��

It is a well�known fact that there exists a � � C��M� with � � � on �V c
i and � � �

on M n �Vi and analogously a �i�� � C��M� with �i�� � � auf V c
i�� and �i�� � � on

M n Vi�� for all i�
Let B � A be some connection�
� i � ��

A��� �� B � �B is again a connection�
� We have now A
�i�
j � � on ej for all

j � i � � �and obviously h�j �A
�i�� � gj for all j � i � ���

� i � ��
Let pi�� �� �f�i �A�i����p� � P	i��� be the parallel transport to A�i��� of p along

f�i and pi�� �� ���
f�i �A

�i����p � gi� the �inverse� parallel transport with respect to
A�i��� along f�i leading from P	i��� to p � gi� Due to the lemma above there is an
A� � A��	i�i with pi�� � �ei�A��pi��� and we have
p � gi � �f�i �A�i�����ei�A

���f�i �A�i����p���

� �f�i �A�i�����i��A���ei�A
���f�i �A�i�����i��A�

�p��� �due to �i�� 
 � on f�i �
� �f�i �A�i�����i��A���ei�A�i�����i��A���f

�
i �A

�i�����i��A�
�p���

�due to A
�i���
i jei
 � and �i�� jsupp A�i�ei
 ��

� �f�i eif
�
i �A

�i�����i��A�
�p�

� ��i�A�i��p��

where we set A�i� �� A�i���  �i��A
�� Obviously� A�i� is a connection� and we get

h�i�A
�i�� � gi�

Since A�i� � A�i��� outside Vi and Vi ��j � � �j 
 i� we have also h�j �A
�i�� �

h�j �A
�i���� � gj �j 
 i by induction� Furthermore� we have A

�i�
j � � on ej for

all j � i�
The proof ends setting A �� A�n�� qed

��This simple notation means� There is an A
	� for that B
 such that A

	�
i � ��	

Bi on �Vi and elsewhere

B � A
	� since because of the special selection of Vi the compatibility conditions of chart changes are not
touched�

��



B Calculation of limfGg��
�Q�I

i��

J�m
�jGI�ij�N�
J��jGI�ij�N�

�

Our calculation is similar to that of T�A�� Let G � SU�N� for N � �� G � U��� for N � ��
� be a representation of G �and therefore also of the corresponding Lie algebra g� and d� the
dimension of �� We set

J��N��� ��

Z
G

d��g�
�

d�
tr ��g� �

Z
G

d�Haar�g� e
���� �

N
Re tr g�� �

d�
tr ��g� with � �

N

g�
�

jGj
and analogously

J��jGj� �
Z
G

d�Haar�g� e
���� �

N
Re tr g� N

g�
�
jGj
�

d�
tr ��g��

In the following we write J� instead of J��N � �We note that we use J� both with the argument
� and jGj without anytime explicitely distinguishing between them�� Furthermore� we de�ne

J���� ��

Z
G

d�Haar�g� e
���� �

N
Re tr g�� and F���� ��

J�
J�

and analogously J��jGj� and F��jGj��
Obviously� F� is a real C

� function on jGj � ����� and jF�j � �� Furthermore� we know
that e����

�
N
Re tr g�� goes exponentially to zero for large � outside a small neighbourhood U�

of eG� Thus� for � �� only U� makes contributions� but in U� the term
�
d�
Re tr ��g� is near

� and thus we have F��jGj�� � for jGj � ��
The key idea is now to expand g into a Taylor series �ALM�	��� We have g � eA with

A � tI�I � g� where �I are the generators of g� such that tr �I�J � ��N�IJ with some
constant � � R� � Then we have

�� �

N
Re tr g �

�




X
K

tKtK  f���t��

and �� �

d�
Re tr ��g� � ��



tItJ

�

d�
Re tr ���I�J�  f���t��

where the fi��t�� �t �� �t
�� � � � � tdimG�� collect the contributions of higher order in

���t��� The linear
terms vanish since SU�N� and ��SU�N�� are trace�free and since U��� is even in t�
We can reduce now the integration over G to the integration over U 	 RdimG �� �I�R�I �

since there is a U with � � U � �U � eU 	 G 	 eU and injective e � U �� G� With the
Baker�Campbell�Hausdor
�Theorem one has �ALM�	��Z

G

d�Haar�g� f�g� � �

Z
U

dt

�����r�s� t��s

������ f�g�t��
with a positive �nite � � R and

����r�s�t��s

����� � �  f	��t�� f	��t�� � for
���t��� �� where r�t� s� is

de�ned by er�s�t� � eset� r�s� t� � U �
Now we have to compute limF �

� or� equivalently� lim�F� � ����
�F��jGj�� ��� �

�
J� � J�
J�

�jGj�

�
� ��J� � J��

�

J�
�jGj�  J ���J� � J��

J�
�

�jGj��
We treat only the �rst addend

J ��
�J� � J��

�

J�
�jGj� �

R
G
d�Haare

���� �
N
Re tr g�� g�

N
����� �

N
Re tr g���� �

d�
Re tr ��g��R

G
d�Haare

���� �
N
Re tr g��

�

�	



Again one easily proves that one can � up to corrections of the order of � � replace the
integration domainG for su�ciently large � by UT ��� �� fe
t � G j max ��tk�� 
 T ���g� T ���� �
for �� �� We have now �� means equality up to terms of order ��

J �
R
UT ���

d�Haare
���� �

N
Re tr g�� g�

N
����� �

N
Re tr g���� �

d�
Re tr ��g��R

UT ���
d�Haare

���� �
N
Re tr g��

�
g�

N

R
T�
dt f���t
 e

� �
�

P
K tK tK
����
�t������ 	�

P
L t

LtL
�� � ����t

�	
�
�

P
I�J t

I tJ �
d�
Re tr 
�
I
J

�� � ����t

R

T�
dt f���t
 e�

�
�

P
K
tK tK
����
�t���

� g�

N

R
T�
dt e�

�
�

P
K
tK tK
����
�t������ 	�

P
L t

LtL
�	 �
�

P
I�J t

ItJ �
d�
Re tr 
�
I 
J

R

T�
dt e�

�
�

P
K
tK tK
����
�t���

�
g�

N

�

�

R
p
��T�

dt e�
�
�

P
K tK tK������
t�

p
������

�

P
L t

LtL����
�

P
I�J t

ItJ �
d�
Re tr ���I�J��R

p
��T�

dt e�
�
�

P
K tK tK������
t�

p
����

� ���

Here in the �rst step we performed a coordinate transform G �� U � i�e� UT ��� �� T�� in

the second step we used that ��� de�ned by f���t� � ����t� �
�
�

P
K tKtK�� and� analogously� ��

go to � and that f	��t� goes to � for small
���t��� and in the third step we performed a second

coordinate transform �t �� �t�
p
�� �

If �� were zero� then the sum on I� J would reduce to a sum on I � J due to the symmetry
of the integral under re�ections �t�� � � � � ti� � � � � tdimG� ��� �t�� � � � ��ti� � � � � tdimG�� Indeed�
since �� is smaller than C�� for all �t�

p
�� � T�� those addends are neglectable up to corrections

of order �� Now we can throw out the ���terms because the term ��
�

P
I t

ItI �
d�
Re tr ���I�I�

is bounded below by C
P

I t
ItI � C � R� Finally� since

p
��T� goes to R

dimG for large � �and
�xed ��� we have

J � g�

N

�

�

R
p
��T�

dt e�
�
�

P
K tK tK������
t�

p
������

�

P
L t

LtL����
�

P
I t

ItI �
d�
Re tr ���I�I��R

p
��T�

dt e�
�
�

P
K tK tK������
t�

p
����

� g�

N

�

�

R
RdimG

dt e�
�
�

P
K tK tK ��

�

P
L t

LtL����
�

P
I t

ItI �
d�
Re tr ���I�I��R

RdimG
dt e�

�
�

P
K tK tK

� � g
�

�N

�

�

X
I�L

�

d�
Re tr ���I�I�

R
RdimG

Q
K�dt

K e�
�
�
tK tK �tItItLtLR

RdimG

Q
K�dt

K e�
�
�
tK tK �

���

� � g
�

�N

�

�

X
I�L

�

d�
Re tr ���I�I���  
�

IL�

R
RdimG

dt e�
�
�

P
K tK tKR

RdimG
dt e�

�
�

P
K tK tK

� � g
�

�N

�

�

X
I

�

d�
Re tr ���I�I��dimG 
��

In the last but one step we usedZ
R

dt e�
�
�
x� �

Z
R

dt e�
�
�
x�x� �

�

�

Z
R

dt e�
�
�
x�x�� ���

Although we did not write down all details of the calculation� we have �shown� that
there is a constant C � �� such that for all �su�ciently small� � � � there is a �� with

��



���J � �� g�

�N
�
�

P
I

�
d�
Re tr ���I�I��dimG 
��

��� 
 C� for all � � ��� Therefore we have

lim
jGj��

��J� � J��
�

J�
�jGj� � g�

�N

�

�

X
I

�

d�
Re tr ���I�I��dimG 
�� ���

Completely analogously we get for the second addend

lim
jGj��

J ���J� � J��

J�
�

�jGj� � lim
jGj��

J ��
J�

�J� � J��

J�
�jGj� �

�
g�

�N

�

�
dimG


�
�
X
I

�

d�
Re tr ���I�I�

�
�

�	�

The only di
erence � out of the sign � between both addends is the missing of  
 in the dimG�
term of the second addend that in the �rst one resulted from the integration of e�

�
�

t

ttItItItI

in ���� Such an integrand does not occur while computing �	�� There we have both in
J ��
J�
and

in
�J��J��

J�
only terms like e�

�
�

t

ttItI � Due to ��� they yield only a factor � and not � unlike the

�tI���Terms�
The result can be further simpli�ed since

P
I ���I�I� is the Casimir invariant� i�e�� we

have
P

I ���I�I� � c� �d� with the eigenvalue c� �
P

I
�
d�
Re tr ���I�I� depending on the

normalization of the �I � We choose it so that the eigenvalue c� of the Casimir invariant of the
fundamental representation is equal to �� Then� since � � c� �

�
dimG

P
I Re tr �I�I � ��N

�we had set tr �I�J � ��N�IJ�� � � � �
N
�

Thus� we have limjGj�� F
�
��jGj� � ��

�
g�c� and Taylor�s theorem gives F��jGj� � � �

�
�
g�c� jGj �

�
F ��
� ���jGj� jGj� jGj� with ��jGj� � ��� ���

The last step to analyze the power series is the proof that the second derivative of F� is
bounded in a neighbourhood on the right of jGj � �� We skip that here because this is very
similar to the calculations above� Using the �nal lemma we have

lim
fGg��


IY
i��

J�m��jGI�ij � N�
J��jGI�ij � N� � lim

fGg��


IY
i��

�
�� �



g�c�m� jGI�ij �



F ��
�m����jGI�ij� jGI�ij� jGI�ij�



� e�

�
�
g�c�m�jGI j�

since
P
I

i�� jGI�ij � jGI j for all �I and all re�nements fGI�ig of GI �

Lemma B�� Let
Pn

i�� ci�n � c 
 � �n� where all ci�n are non�negative� Then we have
limn��

Qn
i����� ci�n  f�ci�n�c

�
i�n� � e�c if�

� supi jci�nj � � for n���
� f � ����� �� R is bounded in a neighbourhood on the right of ��
� � � � is �xed�

The proof is straightforward�
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