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Abstract Existence of minimizers for a volume constrained energy
E(u) := / W (Vu)dz
Q

where £ ({u = z;}) = a;,i = 1,..., P, is proved in the case where z; are extremal points of a compact,
convex set in R? and under suitable assumptions on a class of quasiconvex energy densities W. Optimality
properties are studied in the scalar-valued problem where d = 1, P = 2, W(¢) = ||, and the ['-limit as the
sum of the measures of the 2 phases tends to £~ () is identified. Minimizers are fully characterized when
N =1, and candidates for solutions are studied for the circle and the square in the plane.
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1 Introduction

In recent years there has been a remarkable development of techniques in applied analysis motivated
in part by questions arising in the study of materials. Some of the underlying mathematical problems
lie at the boundary of classical analytical methods, requiring new ideas and the introduction of
innovative tools. In this paper we treat a seemingly simple constrained variational problem which
falls outside the usual techniques of the Calculus of Variations for proving existence of minimizers.
In 1992 Morton Gurtin, motivated by a problem related to the interface between immiscible fluids
[10], suggested that we study existence of minimizers and possible optimal designs for the energy

I(u) ::/Q|Vu|2d:c

where Q@ C RY is an open, bounded, connected Lipschitz domain, and u : 2 — R is subjected to the
volume constraints

LY{u=0})=a and LY({u=1})=4. (1.1)

Here £V denotes the N-dimensional Lebesgue measure in RY and «, 8 > 0 satisfy a + 8 < £V (Q).

Previous works by Alt and Caffarelli [3] and Aguilera, Alt and Caffarelli [2] address a similar
problem where only one volume constraint is present and Dirichlet boundary conditions are imposed
on u. They obtain existence of minimizers for I and regularity properties for solutions as well as their
free boundaries. In our context, and in the presence of two or more constraints, a priori continuity
of minimizers would imply separability of the phases {u = 0} and {u = 1}, thus enabling us to use
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their arguments and obtain additional regularity for u and the free boundaries. However, continuity
had not been established during the making of this paper, and this seriously limited the choice of
variations and required the introduction of analytical methods specific to the multi-phase framework.
We must point out that since this work has been completed Tilli (see [17]) pursued it a step further
proving locally Lipschitz continuity of minimizers of I.

In this paper we obtain existence of minimizers for I subjected to (1.1). More generally, in
Theorem 2.3 we prove existence of solutions of

min {/ W(Vu)dz:ue WP (R, LN{u=2})=ai,i=1,... ,P}
Q

where {z1,... ,2p} are extremal points of a compact, convex set K C R?, with P > 1, a; > 0 and
> < LYV(), provided W : RN — [0, +00) is a C! quasiconvex function with p-growth, p > 1,
satisfying the structure condition

d N oW
Z Z 8_§ (f)fjkl/il/j >0 whenever gTV 75 075 c RdXN,V c Sdfl (1‘2)
ik

ij=1 k=1

where S9! is the unit sphere in R?. A characterization of (1.2) in terms of the behavior of W along
rank-one lines can be found in Remark 2.4(ii). Certain isotropic energy densities, such as functions
of the type W (&) = g(|¢], |adj &, |det &]) verify (1.2) (see Proposition 2.5).

In Section 4, using some optimality properties of minimizers obtained in Section 3 for W(§) :=
|€]?, we characterize the asymptotic behavior of minimizers of I subjected to (1.1) as a — LN () —~
and B — ~, with v € (0,£N(Q)). Precisely, we show that the limiting configurations satisfy the
constrained least area problem

p, = min{PQ(E) cEcCQ, LNE) = 7}

where P (E) denotes, as usual, the perimeter of E in (2. Similar results have been obtained for phase
transitions problems where the formation of phases is driven by a double well potential (see [13], [5],
[8]), while here the creation of interfaces is due to the volume constraints.

In Section 5 we characterize fully the solutions of (M) when W (£) = |¢[?,  is an interval and
d > 1 (see Subsection 5.1). Explicit solutions are unknown when Q@ C RY and N > 1. We study
the cases where () is a circle or a square on the plane. If ) is a circle, then on Subsection 5.2 we
determine the minimum energy among radial configurations, and we construct a family of competing
configurations u,, with energy strictly lower than the energy for radial functions if a + 8 << 1.
However, u,; are not solutions either, as they violate some of the optimality conditions obtained in
Section 3. We remark that due to Theorem 4.1, if a+ 3 — £2(2) then radial configurations will still
not be minimizers for (M). Finally, in Subsection 5.3 we address briefly the case where Q = (0,1)?,
and we show that although the piecewise affine configurations of the form

0 if z; < a,
u(r) = 1_;_5301 - 1_3_5 fa<z <1-0,
1 lfl'l Z ].—ﬁ

satisfy the optimality conditions, they are not minimizers for (M) if a + 8 << 1, and, once again by
virtue of Theorem 4.1, they will not have least energy when a + 3 approaches the measure of the
unit square.

2 Existence

Let us first fix some notation. In the sequel £V denotes the N-dimensional Lebesgue measure in
RY, HN=! is the (N — 1)-dimensional Hausdorff measure, M is the space of Lebesgue measurable



functions u : 2 — R? and x4 stands for the characteristic function of a set A. We denote by R?*N
the vector space of d x N matrices & (d rows, N columns) with components §;;, 1 <i<d,1<j < N.
Finally, 2 is an open, bounded, connected Lipschitz domain, C*(Q) is the space of k-differentiable
functions with compact support in Q, k € NU {+o0}.

Proposition 2.1. For any sequence (up) C M converging a.e. to u € M and for any closed set
C C R? we have

LNz € Q:u(x) € C}) >limsup LN ({z € Q : u,(z) € C}).

n——+oo
PROOF. Since A := R? \ C is open we have

xXa(u) < liminf x4 (up) a.e. in Q.

n——+00

By Fatou’s Lemma we have

LN {z e Q- ulx) e A))

/XA(u)d:cg/limianA(un)d:c
Q Q

n——+00

< liminf/ Xa(up)de = liginfﬁN({x €0 uy(x) € A}).
[¢) n o0

- n—=4o
The statement now follows by passing to the complementary sets. 1

Note that since any LP(2)-converging sequence has subsequences which converge almost every-
where, the upper semicontinuity property asserted in Proposition 2.1 is still valid with respect to
LP(Q))-convergence.

Let us consider a finite collection of points {z1,...,zp} in R?, with P > 1. In this section we
obtain the existence of solutions for the minimization problem

(M) min {/Q W(Vu)dz :u € WHP(ORY), LN{u=2}) =i, i=1,... ,P}

where p > 1, @; > 0 and Y, a; < £ (), under some technical assumptions on W.
We first find conditions ensuring that the relaxed problem

(M)* min {/Q W(Vu)dz:u € WHP(;RY), LYN{u=2}) > i, i=1,... ,P}

has a solution.

Proposition 2.2. Assume that W : R™N — [0, 00) is a quasiconvex function satisfying
clgff <W(E) <C(gP+1)  VEe RN (2.1)
for some constants ¢,C > 0 and some p € (1,+00). Then problem (M)* has at least one solution.

PROOF. It is easy to check that the class of competing functions in (M)* is not empty. Let (up)
be a minimizing sequence for the problem and denote by @ the average of uy on 2. By Poincaré’s
inequality and Rellich’s Theorem, without loss of generality we may assume that the functions
v, = up — Uy, converge in LP(12) to some function v. As

LY ({un = Py} = / i do = / (Py = vp) da,
{un=P1} {un=P1}

we conclude that (4y) is bounded and hence, extracting if necessary another subsequence, the func-
tions (up) are converging in LP(Q) to some function u € WP(Q;R?). By Proposition 2.1 the



function wu satisfies the constraints of (M)*, and due to the growth condition (2.1) it follows by the
lower semicontinuity theorem of Acerbi and Fusco (see [1]) that

/ W(Vu)dr < hm inf | W(Vuy)dx
- Jo

This proves that u is a solution of (M)*. 7

Note that the previous argument may be carried through when the upper bound on W in (2.1)
is replaced by the weaker assumption that v — fQ W(Vu) is lower semicontinuous in the weak

topology of W1P(Q; RY).
Next we find conditions on W which ensure that any solution of (M)* actually solves (M).

Theorem 2.3. Let u be a solution of (M)* and assume that

(i) W is differentiable, satisfies

d N
ZZ <C+EPh (2.2)
=1 k=1
for some C > 0 and all £ € RN | and
Z Z 3 (©)&pv'vd >0 whenever €T #0,¢ € RN 1y e §471 (2.3)
i,j=1 k=1 5’
where S s the unit sphere in RY.
(it) z1,...,zp are extremal points of a compact convex set K.

Then u is a solution of (M).
Proor. We have to prove that
LY{u=2z)}) =, foralli=1,..., P

Suppose that £V ({u = z1}) > a1. Let » > 0 be such that LY ({u = 21}) —r > a1, and consider a
smooth cut-off function ¢ € C(RY;[0,1]) such that £V (supp ) < r. Without loss of generality,
we may assume that the extremal point z; is the origin, and let » € S¢~! be such that K \ z; C
{yeR? : y-v>0}. Let 0<§ <min{z;-v : i =2,...,P}, and define f : R — [0, +00) as

—t+8 if t<4
f(t) =

0 otherwise.

Set w := u - v, and consider the perturbations u. :=u +epf(w)v. If i =2,... P, and if u(z) = z;,
then w(z) > and f(w(z)) =0, so that u.(x) = u(z). Therefore

{ues = z;} D {u =z}
On the other hand,

N({ue = 21}) 2 LY({u = 21}) = L¥(supp ) > LY{u = 21}) =1 > e,



and we conclude that wu. is admissible for (M)*. Thus, taking into account the growth assumption
(2.2) and by virtue of Lebesgue’s Dominated Convergence Theorem, we can differentiate under the
integral to find

/ W (Vu+ eV [of(w)v]|) dz

d
— Op auJ
= E E /8§k i (w)v' + ¢ f'(w E: dz. (2.4)

i=1 k=1

Using a partition of unity, it is easy to see that any smooth function with compact support may be
written as a finite sum of cut-off functions ¢ as above, each one of which with small support, so we
may consider ¢ = 1 in , and (2.4) reduces to

d N

Awe(o,d)} ZZ Z

,Jj=1 k=1

i,

By (2.3) we deduce that Vw = Vulv = 0 a.e. on {0 < w < 6}, hence the function max{0, min{w, J}}
is constant in 2. On the other hand, LN ({w = 0}) > LV ({u = z1}) > 0 and LN ({w > §}) >
LN({u = z2}) > 0. We have reached a contradiction, and we may conclude now that £V ({u

z1}) = aq.

_

Remark 2.4. (i) Any differentiable quasiconvex function satisfying the growth condition (2.1) ver-
ifies also (2.2) (see [12]).

(ii) In the scalar-valued case where d = 1, quasiconvexity reduces to convexity, and the condition
(2.3) may be rewritten as

N
ow
SIS (©6 >0 forall¢ € RN\ {0},
i=1 6€l
Since W is convex, this is equivalent to saying that W has a strict minimum at the origin. More
generally, if W : RN — R is a C! rank-one convex function then (2.3) holds if and only if
t— W(A+tr®p) hasa strict minimum at ¢t =0 (2.5)

whenever p € R\{0}, A € RN v € SN~1and ATv = 0. Note that in Proposition 2.2 W is assumed
to be quasiconvex, and, consequently, it is rank-one convex. In order to prove the equivalence between
(2.3) and (2.5), assume first that p € R\ {0}, A € RN v e SN-1 ATy =0, and set

() =W(A+tv®u).

Since v is convex and C*, 1 has a strict minimum at the origin if and only if sign ¢’ (t) = signt for
t#0. As

d
Z (A+tv @ p) v’ = tu, (2.6)
j=1
we have for ¢t # 0
QNN
W) o= DN o (A +tv @ p)v'ug
k=1 i=1
N d
1 ow i J
= 3 ,;;1 9 (A+tr @ p)(A+ tv @ p) v’ (2.7)



It follows from (2.6) that
(A+tvop)v==tn#0

which, together with (2.3) and (2.7), yields

sign ' (t) = signt.
Conversely, if for some & € RN | v € S9! such that ¢7v # 0 (2.3) was violated, setting
Yt)=WA+tveETy), A=¢—vaéy,
then ATv =0,
d N oo o
YD) =D Y A (&Y <0,
ij=1 k=1 O

and this is in contradiction with (2.5).
(iii) Note that the function W (¢) = |£]?, corresponding to the Dirichlet integral, satisfies all the
hypotheses of Theorem 2.3. In this case a simple truncation argument proves that any solution u of
(M) satisfies

min{z1, 22} < u < max{z1, 22}

More generally, in the isotropic (scalar or vectorial) case where W (€) = ®(|¢]), the assumption (2.3)
reduces to ®'(t) > 0 for ¢ > 0, and it can be shown that any solution u of (M)* takes its values in the
closed convex hull K of {z1,...,zp}. This follows by comparing u with II(u), where IT : R? — R?
is the orthogonal projection onto a half-space containing all points z;. Precisely, set

v = inf{/ ®(|Vu|)dz :u e WHP(Q; K), LN{u=2}) > iy i =1,... ,P}.
Q

We claim that if an admissible v for (M)* takes values outside K then we may modify it so as to
decrease its energy. In fact, if LN ({z € Q : u(x) ¢ K}) > 0 then there exists a hyperplane H with
normal v € S%! such that K is contained in one of the half-spaces determined by H, and the other
half-space contains a subset E of the range of u with £~ (u~*(F)) > 0. Without loss of generality,
we may assume that

H:={yeR! :y-v=0}, Kc{yeR!:y-v<0},
and that there exists § > 0 such that

LUz eQ :u(x)-v>6)) >0

Let {n1,... ,m4_1,7} be an orthonormal basis of R?, and define
d—1
M(u)(z) = ) (u(x)-ni)mi + flz)v
i=1
where

u(z) v ifu(z)-vr<0
fx) =
0 otherwise.
Clearly, if u(z) € K then II(u)(z) = u(z), so II(u) is still admissible. Also |VII(u)(z)| < |Vu(z)| for
a.e. x € (1, and

|[VII(u)(z)] < |Vu(z)] on a set of positive measure. (2.8)



In fact, if |VII(u)(z)| = |Vu(z)| a.e. in Q then Vu -v = 0 a.e. on {u-» > 0}, and so the Sobolev
function v := max{(u - v),0} would be constant, in contrast with the conditions

LYNQv=0)>LY{u=2})>a; >0, LYN({v>d})>0.

Since @ is strictly increasing, by (2.8) we have
/ O(|VII(u)(z)]) dx < / O(|Vu(z)|) de.
Q Q

As K is the intersection of a countable family of half-spaces, an iteration of this argument proves
that for any u admissible for (M)* there exists a function @ still admissible for (M)*, with values in
K and with smaller energy. Thus every solution of (M)* takes its values on K.

(iv) We do not know whether solutions of (M)* are solutions of (M) if the points z; are not extremal,
even when d = 1, W (€) = [£]?, and there are three or more phases. However, in this particular case
it can be easily proved that any continuous solution of (M)* is actually a solution of (M). Indeed,
if for instance £V ({u = 21}) > a; then we can make local additive variations to obtain that each
component of v is harmonic in the open set

{zeQ:ul@) eR\ {22,25,...,2p}}.

This obviously contradicts the fact that £V ({u = z1}) > 0.

Next we exhibit a class of isotropic energy densities W which satisfy (2.3). We recall that W is
isotropic if it can be written as

W(&) = ¢(Ai(6), ..., An(§))

for some function ¢ of the vector of principal stretches (A1(€),...,An(£)), where 0 < A (&) <
A2 (€) < .o < An(€), and {A2(€) :i=1,...,N} are the eigenvalues of ¢7¢.

Proposition 2.5. Let W : RV*N & R be given by

W(f) :(p(/\l(f)v 7)‘N(§))7 €€ ]RNXNa
where ¢ : RN — R is a symmetric C* function such that for every i =1,... ,N

dp
O\

Then W satisfies (2.3).

(A) >0 whenever A\; >0 and \j >0 forallj=1,... ,N, j#i.

ProOF. Consider first a matrix ¢ € RV*Y such that

Elee; = A2 (&) es,i=1,...,N, 0< A (€) <...<An(6),

and {eq,... ,en} is an orthonormal basis of R . Fix B € RV*¥V

. If t is small enough then
0<M(E+1tB)<...< An(£+1tB),
)\z(f + tB) — )\z(é) ast — 0,

and

(€ +tB)" (£ +tB)ei(t) = A (£ + tB) ei(t), (2.9)



where e;(t) — e; as t — 0, and |e;(¢)| = 1. Differentiating (2.9) with respect to ¢, making the inner
product of the resulting equation with e;(t), and using the fact that e;(t) - %e;(t) = 0, we obtain at
t=0

d
Be; - &e; = N\i(§) — 7

In the case where B := v ® £Tv, since Be; - fe; = (£Tv - ¢;)?, we conclude that

Ai(E+tB).

G +1B) = (€T e) (2.10)

1
Ai(€)
We are now in a position to prove (2.3). Let £ € RY*N v € SN—1 be such that £7v # 0. Writing

foei = )\?(5)61‘

for a suitable orthonormal basis of R, {e1, ... ,en}, then thereis j € {1,..., N} such that {Tv-e; #
0, and so A; > 0. Construct a sequence of matrices {" such that £ — £ as n — +o0,

(EMTeme; = X2 (EMeys, 0 < AL(E7) < ... < An(EM).
Using (2.10), we conclude that

Z Zagl fﬁk'/i’/j = nh_)rrgo Z Zaﬁ, (€™ V'

i,j=1 k=1 ij=1 k=1

- Jim % e weE)ty)
N
0
= Jlim 30 SR OE). o ANE) g (€)Y e
i=1 v i
> timsup 22 (€ () s (€T
Op 1

A simple class of polyconvex functions satisfying the hypotheses of Proposition 2.5 is formed by
energy densities of the type
W(f) = g(|£|7 |adJ £|7 |det£|)

where g(n, i, A) is a C! convex function on [0, +00)?® such that

g—z(n,uak) >0, g (n, , A) >0, and g—i(mu,k) >0 forall (n,u,A) with n > 0.

Here det ¢ denotes the determinant of the N x N matrix &, and adj ¢ is the adjugate of the matrix
&, i.e. the matrix of the minors of order N — 1 with the property

(adj &)t ¢ = €T adj & = det 1. (2.11)

Using the same terminology for the principal stretches as above, we rewrite

W (&) = e(Aa(8), .- An(E))

where

N N
©(A\1,...,AN) =g \IZAg, JZA%...)\Z A2 A A A
i=1

with )\71;)\N+1 = 1.



3 Optimality Properties of the Solutions

As it was shown in the previous section (see Theorem 2.3, Remark 2.4), the problem
(M) min {/ |Vul?dr :u € WHH(Q), LN{u=0}) =a, LVN{u=1}) = ,8}
Q

admits solutions, and any solution belongs to u € W2(£;[0, 1]). Below we study some optimality
properties of these solutions.

Theorem 3.1. Let u € W12(Q;[0,1]) be a solution of (M). Then
(i)
[ o @IV + fVe - Vude =0
Q

for all o € C*(Q) and all f € WH(Q) with f(0) = f(1) =0;

(i)
| vl gty do = ( [ IVUI2d:n> ( | ") ds>
for all g € L™(R);

(i) Au is a signed Radon measure in Q with support contained in {u = 0} U {u =1}, and

|[Au|(2) < 2/ |Vu|? dx.
Q

Moreover,

(Au,¢) = lim n/ ¢ |Vul? dac—n/ ¢ |Vu|? dx
{u<i/n}

n—+00 {u>1-1/n}

for every ¢ € C.(Q);
(iv) if F € W™ (Q; RN) satisfies div F = 0 then

N
F
Z/a’aua—“dmzo. (3.1)
ij=1 Q (937j 813, (937j
Proor. By Theorem 2.3 and Remark 2.4 ii) we know that any solution u of (M) belongs to
W12(Q;[0,1]). Taking ¢ and f under the assumptions of part (i), it is clear that
{u=1}C{u+tepf(u) =1} and {u=0}C {u+epf(u) =0}
Therefore u + epf(u) is admissible for (M)*, and in light of Remark 2.4 ii),

0

E| [ vas s
= 2 of @)IVuP + @)V Vuda,
Q

proving (i). Part (ii) follows immediately from (i) setting

p=1, f)= /Otg<s> ds —t /Olgcs) ds.

To obtain (iii), consider the piecewise affine functions



By (i) we have for all ¢ € C1(Q)

(Au,p) = - / Vu-Veodr =— lim Vu -V fu(u)ds
Q n—-+oo Q
— : 2 ! _ .
= = Jlim /Q IVul"p fo(u)de = — lm {un, @),

where the finite Radon measures p,, are defined as
pin = |Vul? £l (u) LV Q.

By (ii) we have

jl(@) = [ 1vu iz = ([ vurae) ([1se1as) <2 [ 1vuae

thus there exists a Radon measure p such that, up to a subsequence,
pn = p and |p(Q)] < 2/Q |Vul|® dz.
We conclude that
Au=—p= weak—*ngrfoo —n|Vul2 LN [{u < 1/n} + n|VuP LY |{u > 1~-1/n}.

Finally, let F' be a Lipschitz mapping on €, with F' = 0 on 012, and such that div F' = 0. Consider
the flow

Wity = F o) _
dt (t,z) € R x Q0.
w(0,2) ==
It is well known that
det V,w(t, z) = 1. (3.2)
Indeed, using (2.11) we have
d ) d .
Nadetvww(t,m) = adjVyw(t,z) - avzw(t,w) = adjV,w(t, z) - Vo (F(w(t, x)))
= adjVew(t,z)Vew? (t,z) - VF(w(t,z)) = detVw(t, z)l - VF(w(t,z))
= detV,w(t,z)divF (w(t,z)) = 0.
Therefore
detV,w(t, z) = detV,w(0,z) = 1.
Define

ue(z) := u(we(x)), where we(z) := w(e, z).

These functions satisfy the volume constraints of (M) because by (3.2)

LY ({u. =0}) = / detVuw, (z) de = LN ({u = 0}),
{u=0}

10



and, similarly, £ ({u. = 1}) = LY ({u = 1}). If u € C? then
2

0*u dw.; Ou al 0*u  Ou
—9 ot o
/ Z amzamj de Ox; du /Ql;l ! 0x;0z; Ox; dx

OF; Ou Ou
= -2
/ | Oz dx; Ox; de.

d .
e 6:0/Q|V(uow5)|2 dx

By a simple approximation argument, the formula above is still valid if u € W12(Q;R) is a solution
of (M), and we conclude that

-

/|V(uow5)|2dx:—Q/VFVU-Vud:c.
=0J9Q Q

Remark 3.2. If u is locally a Lipschitz function in (2, statement (ii) can be reformulated as

/ |Vu|dHN_1:/ |Vu|? da
{u=t} Q

for £1-a.e. t € (0,1). In order to prove this assertion we will use the co-area formula (see [7], Chapter

3)
/Q h(@)|Vo(z)| de = /_ :O ( /{ e dHN_l(:c)> dt (3.3)

valid for any Borel function h : @ — [0,+00] and v € Wlifo(ﬂ R). By part (i), with ¢ = 1
f € CL(R), and setting h(z) := f'(u(z))|Vu|, we obtain

0:/Q|Vu|2f'(u) dx = /01 F(t) (/{u:t} |vu|dHN1> dt = 0.

This proves the existence of a constant C' such that [;,_;, [Vu| dHN=1 = C for L'-ae. t € (0,1).

Using the co-area formula once again, we conclude that C' = fol |Vu|? dz. As mentioned in the
introduction, following the present work Tilli ([17]) has obtained the locally Lipschitz property of w.

In Proposition 3.4 we will need to exploit certain divergence-free fields with a given trace on a
Lipschitz domain, and the result below can be used to ensure their existence.

/Hd:cZO
Q

then there exists f € Wol’z(ﬂ; RY) such that div f = 6.

Proposition 3.3. If 0 € L?(Q) satisfies

PRrOOF. We first recall a consequence of Tartar’s equivalence lemma ([16]), which, in turn, generalizes
aresult of Peetre (see [15]): let Eq be a Banach space, and let Es, E3, be normed spaces. If A : By —
E, is a linear bounded operator and B : E; — Ej3 is a compact linear operator, then Range(A) is
closed provided

[ulle, < Cll|Aullp, + ([ Bull ] (3-4)

11



for some constant C' > 0. We apply the equivalence lemma with E; := L*(Q), By := [H~*(Q)]V,
E3 := H71(Q), Au := Vu, and Bu := u. With these choices, the estimate (3.4) reduces to

llullz < CllIIVullg-1 + llullg-1]

and it has been proved by Necas in [14].
Since Range(A) is closed, then so is Range(AT), where AT : [H}(Q)]Y — L?(Q) is the divergence
operator. We conclude that

{0 € L*(): / Odx = O} = [Ker(A)]* = Range(AT) = Range(AT)
Q

and the statement follows. 1

An immediate consequence of Proposition 3.3 is that if 7 € H'/?(9Q,RY) satisfies
/ T-ngdHN"1 =0,
o0

where nq is the unit outer normal to 012, then the problem
divg=20 in Q
g=T on 0f)

admits a solution g € W12(Q;RY). Indeed, it suffices to apply Proposition 3.3 to the function
6 := —div h, where h € WH2(€; RY) is such that h = 7 on 8, to obtain a function f € Wy>*(; RY)
satisfying div f = 6, and set g := f + h.

In the following proposition we exploit (3.1), to show that the normal derivative on the boundary
of the level sets {u = 0}, {u = 1}, is locally constant. As it turns out, the normal derivative for
minimizers is globally constant ([17], and also see [2] in the case of one volume constraint).
Proposition 3.4. If u € WLOO(Q) satisfies (3.1), if Au = 0 in {0 < uw < 1}, and if the free

loc

boundary S := {u =0} U {u =1} is C', then then du/On is locally constant on S.

PRroOF. Let g € C°(B,), where B, is an open ball of radius r in 2 such that B, N {u =1} = {.

Suppose in addition that
/ g-vdHN"1 =0
{u=0}

where v is the outer normal to {u > 0}. In view of Proposition 3.3 and the remark thereafter, we
consider the fields F'* and F~ such that

divFt=0 in B} :=B,\{u=0}

Ft=yg on ST :=0B N{u=0}
Ft=0 on OB} \ {u =0},
divF~ =0 in B, := B, N (int{u = 0})
F~ = on 0B N{u =0}
F~=0 on 0B \ {u =0},
and define
F*  in Bf
F:=¢ F~ in B,
0 otherwise.

12



A smoothing argument shows that (3.1) holds with F' (which, a priori, is only in Wo1 2(B,,RV) and
not necessarily Lipschitz) because |Vu| is bounded in B, by assumption. Hence, we have

OF;, du du N OF;" du du
= 121/ amja—m,-a—m,-dx—i;/m 9z, oa; oz,
B Ou Ou N_1 / + 0 (Ou Ou
B Z/ g’yjam, 0z i B+ E; Oz \ 0z; Ox; dz.
1,j=1 ”
Note that
N9 /0u du du d o 1
i el — v 2| _ = 2
Zaxj <ax,~ axj> a2t o { [Vl } oz {2'“" ]
j=1
hence

_ Ou Ou , n_y L0 |1 9
0 = 2/ 9 8; on i /Bi B Ox; 2|Vu| dy
/ Zgwi ‘6_1; dHN*l:l/ g-v

S+ P an 2 S+

by the identity du/dz; = v;0u/0n on the boundary. We have proved the implication

oul?

HNfl
on d

1 .
- §|VU|Z

2

Oul™ 4gN-1 = (3.5)

/ g-vdHN"1 =0 = / g-v|—
S+ S+ on

for g € C°(B,,RY). for g € C°(B,,RY), and this ensures the existence of a constant A such that

2
/ g-v @‘ dHN-! = /\/ g-vdHN='  forallg € C°(B,,RY).
S+ on S+
We conclude that the normal derivative of u is locally constant on S™. 1

4 Asymptotic Behavior of the Solutions

In this section we investigate the asymptotic behavior of solutions u,s of

(M)ag min {/Q |Vul?dz : ue€ WLZ(Q),EN({U =0}) =q, EN({u =1} = ,8}

as (a + B) 7 LN(Q). We denote by mag the Dirichlet integral of u,g and, for any constant v €
(0,1€2]), we set

Py = min{PQ(E) :EcQ, LNE) = 7} (4.1)

where P (E) denotes, as usual, the perimeter of E in 2. The main result of this section is the
following;:

13



Theorem 4.1. For any v € (0,£N(Q)) we have

lim  (LY(Q) — (@ + B))mag = pi. (4.2)

a—=LN(@Q)—y
atB<LN(Q)
Moreover, any limit point in the L*(Q) topology of uap is the characteristic function of a minimizing

set for (4.1).

Theorem 4.1 will be deduced easily from Theorem 4.2 below, recalling that the theory of I'-
convergence ensures that minimizers of (M),g converge to minimizers for (4.1), and that minima for
(M)qp tend to the minimum for the limiting problem, i.e. (4.2) holds.

Theorem 4.2. For any u € L*(Q) and «, B > 0 with a + 3 < LN (Q), we define

/QWuP ifue HY(Q), LN ({u< 0) > o, ¥ (fu> 1)) >

Fa,g(u) .
+00 otherwise,
and
[Po(E)?  ifu=xg and LN(E) =~
G (u) :=
400 otherwise.
Then,
F(LZ(Q)) - hm (,CN(Q) — (OL =+ ﬁ))Faﬁ(u) = G,Y(u) fOT allu = L2(Q)
a—LN(@)—y
a+,@<_£;\'(Q)

PROOF. Without loss of generality, we can assume that £ (2) = 1. We fix sequences {ay,}, {8n},
converging to (1—+), v, respectively, and we denote by F*(u), F~(u), the upper and lower I'-limits,
precisely:
Ft(u) = {inf} {lim sup(1 — (ap + Bn)) Fa, 8, (Un) : up — u in L2(Q)}
Un n—-+oo

and
F~(u) := inf {lim inf (1 — (an + Bn)) Fa, g, (un) : 4y = uin L2(Q)} .

{u,} (n—=+o0

We have to prove that F~ > G, > FT.
Step 1. We first establish the inequality '~ > G, namely

liminf (1 — (ay + Bn)) Fa, g, (u) > G4 (u) (4.3)

h—+o0

for any sequence {u,} converging to u in L*(Q). It is not restrictive to assume that the liminf in
(4.3) is a finite limit, and to assume, by a truncation argument, that 0 < u,, < 1.

We first prove that u = yg is a characteristic function and that £~ (E) = 5. Indeed, by Propo-
sition 2.1 with C' = {0} and C = {1} we infer

LN ({u = 0}) > limsup LN ({u, = 0}) = (1 =), LN {u=1}) > limsup LY ({u, = 1}) = 1.

n——+00 n——+00

In particular, there exists a Borel set £ C ) such that u = xg. Since

/und$2ﬁn+/ Uy, d,
Q L

n

14



with L, = {0 < uy, < 1}, passing to the limit as n — 400 we obtain

EN(E):/QudeV

as claimed.
Denoting by [, |Du| the total variation of a L
that

1
loc

1/2
/|Dun| = / |Vun|dm§(£N(Ln))l/2 (/ |Vun|2dm>
Q L Q

n

[(1—(an+ﬁn))/9|Vun|2dm]1/2

(Q) function u (see for instance [9]), we notice

IN

Fy, 3, (un) < 4o00. Therefore, asPo(E) = [, |Dxg| and u — [, |Du| is L], (€2) lower semicon-
tinuous we get

6w = ey = ([ |Du|)2s1gg+irg( / |Dun|)2 (4.4
< lminf(1 - (o, +5,) [ [Vu P

and this proves (4.3).

Step 2. Now we prove the inequality F'*(u) < G, (u). It is not restrictive to assume that u = xg
is a characteristic function, LN (E) = v and Po(FE) < +o0.

We first assume that £ = D N for some bounded open set D with smooth boundary in RV,
and we prove that

Ft(u) < [HN"' (@D n D))" (4.5)
Let
dist(z, 0D) if z ¢ D

d(z) ==
—dist(z,0D) ifzeD

be the signed distance function from D. Due to the smoothness of D, for ¢ > 0 sufficiently small we
have that

{zeRN : d(z) =t} = {®(z) : z € 0D} (4.6)

for t € (—o,0), where ®4(z) := = + tv(z) and v is the unit outer normal to D. For n large enough
it holds

LNz e |d@)] <o})>1— (an+Bn)
and hence we can find \,, p, € (—0,0) such that A\, < p, and
N e dm) AP =an,  LY{z €D ¢ d@) > ) = fo.
By construction, the functions

[min{d(x), pin} — An]*
Hn — An

up(z) =

15



satisfy the constraint £ ({u,, = 0}) = ay, LY {un = 1}) = By, and clearly u, — u in L?(2). Using
the identity |Vd| = 1 and the co-area formula (3.3) with h = 1 we can estimate

(=t 0) [ Fufde = (1= (ors0) | Vi o

{z€Q: A <d(z)<pn}
1- (an + ﬂn)

— - \"n T MnJ pN x : x
= L e e 0 A < d(@) < jun)

[w{x €0 ,lnAf ;ndu«) < un})] ’

[un - A /: HY " ({z € 0« d(z) = t}) dtr _

Hence, to get (4.5) we need only to prove the inequality

limsup HV"'({z € Q : d(z) =t}) < HY='Y(6DN Q). (4.7

t—0

Indeed, let us fix an open set A D Q. By (4.6), for |t| < min{o, dist(Q,0A4)} we have
{r €Q :dx)=t} C ®(ANOID),

hence

limsup HY~'({z € Q : d(z) = t}) <limsup HN 1 (®,(ANdD)) = HN=1(ANaD).
t—0 t—0

Clearly (4.7) follows by letting A | Q .
Finally, by Lemma 4.3 below we can find a sequence of bounded open sets D,, with smooth
boundary in RY such that u, := xp,nq converge to u = g in L*(Q), LN (D, N Q) = v, and

lim H" (0D, NQ) = Py(E).

n——+oo
Applying (4.4) to u, and using the lower semicontinuity of u — F*(u) (see [6]), we obtain

F*(u) < liminf F*(u,) < liminf HN=1(0D, N Q) = Po(E).

n—-—+00 n—-—+00

1

Lemma 4.3. Let E C Q be a set with finite perimeter such that 0 < LN(E) < LN(Q). There
exists a sequence of bounded open sets D,, C RN with smooth boundary in RN such that LN (E) =
LN(D, N ), xp, converges to xg in L*(Q), and

lim HN='(0D, N Q) = Pa(E).

n——+00

PROOF. Let us first assume the existence of nonempty balls B, B’ such that B C E and B' C Q\ E.
By a local reflection argument (see for instance [4]) we can extend E to a bounded set with finite
perimeter E' in RY such that |Dyg|(89) = 0. It is possible to find bounded open sets E,, with
smooth boundary, converging to E' and such that (see [9])

lim PRN(En) = PRN(E’).

n—-+oo
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By the lower semicontinuity of perimeter in open sets we infer

Po(E) = Po(E') < liminf Po(E,) < limsup HY 1 (0E, N Q)

n—+oo n—+oo
= limsup Ppw~(Ey,) — Po(ER)
n—+00
< lmsup Fuv )~ Pl 5

< Pen(E') — Pamg(E') = Pa(E') = Po(E)

whence HVN=1(0E, N Q) converges tp Po(E).

Since LN (E,, N Q) converges to LY (E), possibly adding to E,, small balls contained in B’ and
possibly removing from E,, small balls contained in B we obtain sets D,, with the same properties
such that £V (D, N Q) = 7.

To prove the general case, we notice that any set E C Q such that 0 < Po(E) < +o0o can be
approximated, in area and perimeter, by sets Ej such that £V (Ej) = £V (E) and such that both
Ej, and Q\ Ej, have nonempty interior: the approximation can for instance be achieved choosing a
point z € Q where the density of E is 1/2 and defining

Ep = EUBy(z) \ B, (x) h>1

. N . . . .
with pp, = (LN (Byn(2) \ E) /wn) Y , chosen in order to satisfy the volume constraint. Hence, since
the approximation property is true for Ej, a diagonal argument leads to the existence of D,, also in
the general case. 2

Proof of Theorem 4.1. Let {a,}, {fn} be sequences converging to (1 — ), v, respectively, and
let u, € WH%(Q;[0,1]) be the corresponding solutions to (M),,, g, (see Remark 2.4(ii)) . By the
general properties of I'-convergence (see [6]) we need only to know that the sequence {uy} is relatively
compact in L2(f).

Let E C Q be a set of finite perimeter such that LY (E) = v, and in view of Theorem 4.2 let
{v,} be a sequence converging to yg in L?(Q2) and such that

lim (1— (an + Bn)) /Q |V, |? de = [Po(E)]?.

n——+oo

Since u,, are minimizing, we have

fimsup (1= (o, + 5)) [ [V do < [Pa(E)L,

n——+oo

and (4.4) yields
lim sup/ [Vu,|dz < Po(E) < +o0.
Q

n—-+oo

Since the embedding BV (2) C L'(f) is compact, and as the functions are equibounded, we conclude
that {u,} is relatively compact in the L?(f2) topology. ]
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5 Competing Configurations

5.1 One dimensional solutions

In the scalar case where  is an interval, d = 1 and {z1,22} = {0,1}, the solutions of (M) can
be easily characterized. Assuming with no loss of generality that = (0,1), we claim that any
minimizer v in Q is affine in {0 < v < 1}. In fact, denoting by {A;}icr the connected components
of {0 < u < 1}, we have

1
1
|u'|> dz = / |u'|* dx = —_—
Jo =32 [, e =3
The inequality between arithmetic mean an harmonic mean gives

/ | da caurd([)]2 _ [card(I)]Q‘
Y. 0) 1-a-8

This proves that card(I) = 1, i.e. {0 < u < 1} has only one connected component, and that the
least energy is 1/(1 — a — f3).

This argument can basically be repeated in the vector-valued case with Q@ = (0,1) and d > 1.
Recalling that in this case we have existence for any finite set of constrained points K = {z1,...,zp}
(not necessarily extremal points of a convex set, see Remark 2.4(iv)), it can be shown that the
problem is equivalent to finding the shortest connection between these points. In fact, setting ~ :=
1 — >, a; the remaining length fraction, we denote by path any finite sequence w := {w,... ,w,}
such that

{wy,... ,w.} =K
and we claim that the infimum of (M) is given by

2
~Linf Z |wjt+1 —wj| : w is a path
In fact, using the Lagrange multiplier rule, the above infimum can be represented by
r—1 |UJ'+1 —W'|2 T
P inf 2 L. wis a path, a; =7
(P) ; . ; j

If w € H'(0,1) is any admissible function for (M) and I is any connected component of A4, := {u ¢
K}, then the condition u(0I) C K implies that

2 OSC(U I)] 2
/|u| dt > ) > 5

where § > 0 is the least distance between two points in K. Hence, A, has only finitely many
connected components. It is now easy to establish a one to one correspondence, with equivalence of
the energies, between admissible functions u € H'(0, 1) for (M) and admissible pairs (w;, a;) for (P).
In fact, given u € H'(0, 1) admissible for (M), the length of each connected component I = (s, t) of
A, determines a certain positive number a;, and we set

w; = lncl}l’,r.sl u(z), Wiy = lgrtl u(z).
If u is a solution for (M) then

/|u,|2 g = Wit — w0
I aj 7
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and clearly (wj,a;) is admissible for (P). Conversely, any {(w;,a;)} admissible for (P) corresponds
to a function v admissible for (M) which is piecewise affine, with slope |w;;1 — wj|/a; in intervals
with length a;, and whose whose level sets {u = z;} are formed by n; intervals (possibly reducing
to a single point) with total length «;, where

n; = card ({j : wj = 2z;}).

5.2 The circle : radial and comparison configurations

Here we study candidates for solutions of the problem
(Mr) min {/ \Vul>dz :u € WH(B), LN{u=0}) =a, LN ({u=1}) = ,8}
B

where B is the unit ball of R? and W}?(B) denotes the space of radial functions in W1?(B).
Let u(z) := g(|z|) € W}2(B), where g is continuous in (0, 1]. We define

r:=sup{r € (0,1] : g(r) € {0,1}}.

If g(7) = 0 we can make a nonincreasing rearrangement of g, preserving the measure of level sets of
u (see for instance [11], Lemma 7.17) in order to obtain a new function @(z) = g(|z|) whose Dirichlet
integral does not exceed the one of u, and still admissible for (M). If g(7) = 1 the same argument can
be applied to 1 — u. This proves that to determine the minimum energy we may restrict ourselves
to nonincreasing or nondecreasing functions g.

An elementary computation shows that g(r) = a + blnr in {0 < g < 1} for suitable constants
a, b. In the nonincreasing case these constants can be computed using the volume constraints to find
b=1/1In(ro/r1) and a = —bInr;, where

I} T—
To =1\ = L= .
m m

With these choices of a, b, the Dirichlet integral reduces to 47/ In((m — a)/8). Taking into account
also the nondecreasing case, we find that the minimal energy of (M) is

min 47 47
In ”;#O‘ "InZ=8 |’
[e]

We claim that, in general, the solutions of (M) are not radial. Consider the family of functions

z-+—12

ugp(z) :=a+bln

in the complex variable z = x + iy, and defined in the unit disk @ = {|z| < 1}. These functions are
harmonic, and their level sets are circles orthogonal to 012, i.e., the solutions of the constrained least
area problem (4.1). This might suggest that the functions min{max{0, uq}, 1} are solutions of (M),
for suitable a, b depending on «, 3, at least when a+ 3 is close to . However, this is not true because
the normal derivative is not constant on level sets and the necessary condition for minimality stated
in Proposition 3.4 is violated. This can be seen either by direct computation or by the conformal
change of variables w = log[(z + 1)/(z — 1)], mapping the circles on vertical segments in the w plane
and ) onto a strip; in the new configuration the functions have constant normal derivative, hence
in the original one this property is not true.

19



However, these functions can be used to show that for a, 8 << 1 the solutions of (M) are not
radial; in fact, using the equations Augp = 0, Jugp/In = 0, it can be proved that

1
/ Vugs|? dz :/ Ouab gy 4b/ 1 gy =
Q {z=0} O 1y +1

Denoting by ro and r; the radii of the circles {uq, = 0}, {uap = 1}, respectively, for a, 8 << 1 we
have

4 T2 re 7ri
1~a+blng, ONG—f—blnz, (0% T, NT
and we find that the least energy of (M) cannot exceed
2w
4n2”
In of

For a = 3, this quantity is asymptotically 4 times smaller than the least energy of radial solutions.

5.3 The square: piecewise affine and comparison configurations

Let Q = (0,1)2, d =1, fix , 8 € (0,1), with a + 8 < 1, and consider the piecewise linear function
u: (0,1)%2 — R? such that

0 if z; < a,
u(r) = 1_;_5371 - 1_3_5 fa<z <1-0,
1 lfﬂfl Z ].—ﬁ

We claim that, in spite the fact that u satisfies the optimality conditions found on Section 3, u will
not solve (M) neither when a + 8 << 1 nor when a + § is close to 1. Indeed

1
2 —
fywer ==

and if we consider a competing configuration v such that v = 0 on a right triangle with right angle
at (0,0), v =1 on a right triangle with right angle at the vertex (1,1), and v is linear in between,
then it can be shown that

l—a-p

(V2—a- VPP

/|Vv|2d:c</ |Vul|? dz
Q Q

for a + B sufficiently small, for instance if a + 8 < 3 — 2v/2. Finally, considering the limiting
configuration which is equal to one on a quarter of a circle centered at (0,0) with radius r, and
it is constantly equal to zero elsewhere on the square, then r = 24/8/m, and the perimeter of the
interface is v/73. By Theorem 4.1 we conclude that if /73 < 1 then u cannot be a solution for (M).

/ |Vol? do =
Q

In particular,
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