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For every complete metric space X there is, up to a constant multiple, at
most one Borel regular measure p over X such that

0 < u(B(z,r)) = p(B(y,r)) < oo whenever z,y € X and r € (0,00);

where the symbol B(z,r) stands for the closed ball with center in = and
radius . In fact, the existence of such a measure imposes rather strong
regularity conditions on the space X itself (see [2], [7], [10]); in particular
from [3] we know that, if X is a bounded subset of R", then it is contained
in a sphere. In the case when X C R", regularity results about X turned
out to be the most important tool in the study of densities of measures in R”
(see [9], or, for a more detailed but less complete account, [8]). One of our
main results considerably improves several results from [9] by showing that
any X C R” is an analytic variety. Our proof is much simpler than those
presented in [9], which enables us to give as an application a simple proof
of a remarkable result of Marstrand [6] according to which the existence
of non-trivial s-dimensional densities (of a measure in R") implies that s
is an integer. Our results, however, do not seem to be strong enough to
show the main result of [9] that measures having s-dimensional density are
s rectifiable, because they do not give any information about the behaviour
of X at infinity.

In addition to the analyticity result mentioned above, we also show that
X is an algebraic variety provided that it is bounded and obtain more precise
results in the special cases n =1 and n = 2.

For various reasons, including the political changes in Europe, this note
has not been published for many years, although our main approach has
become known and used in the literature. We would like to thank the Max



Planck Institute for bringing us together and thus enabling us to recover the
manuscript and prepare it for publication.

Under a measure g over R" we will understand a monotone, o-additive
mapping of the family of all subsets of R" into [0, 00| such that u(A) =
inf{u(B); A C B and B Borel set} and that (AU B) = u(A) + u(B) when-
ever dist(A4, B) > 0 (i.e., p is a Borel regular metric outer measure). The
last property is equivalent to the o-additivity of p on the family of all Borel
sets, see [4], 2.3.2(9).

The support of the measure p over R" is defined by

spt(pu) = {x € R" ; pu(B(x,r)) > 0 for every r > 0}.

Since in our situation we will always have X = spt(px) C R", we avoid the
use of any special symbol for the space by adopting the following definition.

Definition A measure p over R” is said to be uniformly distributed if there
is a function f, : (0,00) — [0, 0o] such that

(i) w(B(z,7)) = fu(r) for every = € spt(u) and r > 0, and

(ii) fu.(r) < oo for some r > 0.

1 Uniformly distributed measures in R”

Lemma 1 Let p be a uniformly distributed measure over R*, x € R", and
0<s<r<oo,then (B(z,7)) < 5™(r/s)" fu(s).

Proof. Let Z C B(xz,r) be a maximal set such that ||z; —23]| > s/2 whenever
21,29 € Z and 21 # zy. Since the balls B(z, s/4), z € Z, are mutually disjoint,
by comparison of their volumes we infer that (s/4)" card Z < (5r/4)". Hence
card Z < 5"(r/s)™ and

u(Bla,r)) <Y p(Blz,5/2)) = fu(s)card Z < 5"(r/s)" fu(s)
since pu(B(z,s/2)) = 0in case when B(z, s/2)Nspt(u) = 0 and pu(B(z,s/2)) <
u(B(z,s)) if x € B(z,s/2) Nspt(u).

Corollary 2 Let p be a uniformly distributed measure over R*. Then



(i) fu(r) < oo for every r >0,
(ii) spt(p) is bounded if and only if u(R") < oo,

(iil) [gn exp(—sl|lz — z||*) du(z) = fol u(B(xz,\/—(Inr)/s)) dr converges for
all s > 0 and x € R, and

(iv) [fgn exp(=s|lz—z|?) du(2) = [g. exp(—s|lz—yl|?) du(z) whenever s > 0
and x,y € spt(p).

Proof. Since f,(s) < oo for some s > 0, (i) follows from Lemma 1. If spt(u)
is unbounded then there is an infinite set Z C spt(u) such that ||z, — 29| > 2
whenever zj,2, € Z and z; # 2. Since p(B(z,1)) = fu.(1) > 0 for every
z € Z, we have u(R") = oo.

The formula in (iii) follows from Fubini’s theorem (see, e.g., [8], Theo-
rem 1.15), and the finiteness statement follows by using Lemma 1 to estimate

/0 W(B(z, /=(Imr)/s)) dr < 5"/0 (=(nr)/s)"2 £, (1) dr < oo,

Finally, (iv) follows from the formula in (iii), since for x € spt(u),

/0 u(B(z, —(nr)/s)) dr = / £/ —(r)/s) dr

does not depend on x.

Theorem 3 Let pu be a uniformly distributed measure over R* and let xg €
spt(u). For every x € R" and s > 0 let

F(z,s) = /n[exp(—SHZ’ — a|*) — exp(—s|z — o|*)] dp(2) -
Then

(i) F(z,s) is well-defined and finite for any x € R* and any s > 0; more-
over, its definition is independent of the choice of xo € spt(pu).

(ii) = € spt(p) if and only if F(x,s) =0 for every s > 0, and

(iii) if x ¢ spt(p) then there is an s, € (0,00) such that F(z,s) < 0 for
every s > Sy.



Proof. Statement (i) follows from Corollary 2, (iii) and (iv). If = € spt(u)
and s > 0 then F(z,s) = 0 according to Corollary 2, (iv). If 2 ¢ spt(u), let
e € (0,1) be such that B(z,e) Nspt(u) = (). Using Lemma 1, we estimate

o0

exp(—s||z — =) du(2)

[ ezl autz) = 3 [
n k=1 ¥ B(@,(k+1)e)\B(z,ke)

< Y exp(—sk)u(Bla, (k +1)e)

< (10)" Y exp(—sk?e) (k + 1) fu(e/2)
Hence
o Jesp(oslz = al) da(z) _ [ exp(=slz = al?) du()

570 [ exp(=sllz — @oll?) dp(z) ~ 500 exp(—se/4) fu(e/2)
< sliﬁr&(lO)" Z exp(—sk?(e? — &%/4))(k + 1)"

=0.

Consequently, there is an s, € (0,00) such that for every s > s,

1
[ esxplsllz = olf) dute) < 5 [ exp(=slz — ) duz)
n R
which proves (iii) as well as the remaining implication in (ii).
Theorem 4 Let i1 be a uniformly distributed measure over R*. Then
(i) spt(p) is an analytic variety, and

(ii) there is an integer m € {0,1,...,n}, a constant ¢ € (0,00) and an
open subset G of R* such that
(1) GNspt(p) is an m-dimensional analytic submanifold of R",

(2) R™ \ G is the union of countably many analytic submanifolds of
R™ of dimensions less than m, p(R" \ G) = H™(R" \ G) = 0.

(3) u(A) =cH™(ANGNspt(p)) = cH™(ANspt(u)) for every subset
ACR". (H™ denotes the m-dimensional Hausdorff measure.)



Proof. (i) For a direct proof, let H(z) = [;° exp(—s)F?*(z,s) ds, where F
is the function defined in Theorem 3. We easily see that H is a well-defined
function on R" and, using Theorem 3 (iii) and (iv), that spt(p) = {z €
R” ; H(x) = 0}. Moreover, H is an analytic function, since the function H
taking at (z1,...,z,) € C* the value

n n 2

/1006_8 [/n(exp(—s Z(zZ —1;)?)) — exp(—s Z(ZZ —aN)?) du(z)| ds

=1 i=1

is well-defined and holomorphic on the whole complex n-space C".

An alternative proof is obtained by noting that, for each s > 0, the set
{z : F(z,s) = 0} is an analytic variety, and that the intersection of (an
arbitrary number of) analytic varieties is again an analytic variety.

(ii) Whenever U C R" is an open set and U N spt(x) is a nonempty k-
dimensional analytic submanifold of R", then the Besicovitch Differentiation
Theorem (see [4], 2.9.7) implies that the limit

f(z) = lim W(B(z,1)/(+H* L spt(p)(B(z, 1))

exists at (u + H¥L_ spt(p))-almost every 2z € U and
wu(A) = / f(2) d(p+H* L spt(p))(2) for any Borel set A C U . (*)
A

(Here H*_ spt(p)(M) = HE(M N spt(p)) for any set M.) Then clearly

f(z) = limpg fu(r)/(fu(r) + a(k)r*) for any z € U N spt(u) where a(k)
denotes the volume of the k-dimensional unit ball. Thus

¢ = lim f,(r)/(a(R)r")

exists; moreover ¢ # 0 since otherwise (*) would imply u(U) = 0 and ¢ # oo
since otherwise (*) would imply H*(U N spt(p)) = 0. Consequently, f =
c/(c+1) at (u+H*L spt(u))-almost every point of U Nspt(p), from which,
using (*) once more, we infer that pu(A) = c- H¥ | spt(u)(A) for every Borel
set A CU.

Since the statement (ii) is trivial if x is the zero measure, we may assume
that spt(u) # 0. Let G be a maximal open subset of R* such that G Nspt(u)
is an analytic submanifold of R”. Since G N spt(p) # O (see [4], 3.4.8), we
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infer from the above analysis that there is an integer m € {0,1,...,n} such
that 0 < ¢ = lim,\g f,(r)/(a(m)r™) < oo. Since this integer m is deter-
mined uniquely, we conclude that G N spt(u) is an m-dimensional analytic
submanifold of R". Therefore, according to [4], 3.4.8, R" \ G is a countable
union of analytic submanifolds of R", all of dimension less than m. Hence
H™(R" \ G) = 0 and, since p is absolutely continuous with respect to H™
(see [4],2.10.19(1)), u(R™\ G) = 0. This proves (2). The statement (3) is an
easy corollary of (2) and of the analysis at the beginning of the proof of (ii).

Theorem 5 Let i be a uniformly distributed measure over R* with bounded
support and let xy € spt(p). Then x € spt(p) if and only if

Py(z) = / [(z = 2,2 — 2)F — (2 — wg, 2 — mo)"] dp(z) =0
for every natural number k > 1.

Proof. Because spt(yu) is a compact set,

F(z,s) = Z (_Ij) /Rn [(z — 2,2 — 2)F — (z — 2o, 2 — 20)"*] dp(2)

k=1

and hence F(x,s) = 0 for every s > 0 if and only if Py(xz) = 0 for every
k=1,2,...

Corollary 6 Let p be a uniformly distributed measure over R" with bounded
support. Then this support is an algebraic variety.

Proof. According to Theorem 6, spt(n) = (ieo{z € R* ; Py(z) = 0}.
But each Pg(z) is a polynomial in the coordinates of the point x. Hence
Hilbert’s theorem for polynomials over a Noetherian ring (see [1], chap.III,
§2.10, Corollary 2) implies that there are natural numbers ky, ..., k; such that
spt(p) = o {z € R? ; Py, () = 0}. Hence the support of the measure j is
the zero-set, for example, of the polynomial P(z) = 22‘21 P,?j (x).

By considering the condition P;(z) = 0 we obtain the following result
which is contained already in [3].

Proposition 7 Let pu be a uniformly distributed measure over R* with bounded
support. Then this support is contained in some (n — 1)-dimensional sphere.
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Proof. P;(z) =0 means

[ o) =200 dute) = [ oo, z0) = 20z, 20)) du).

We denote by ¢ = [,z du(z)/p(R*) the barycentr of the measure p. Then
(x,2) — 2{c,z) = (wg, 20) — 2(c, 79) and consequently ||z — ¢||* = ||z¢ — ¢||?
for any x € spt(u).

Remark If spt(u) is a discrete, bounded set, then it is clearly finite. Let &
denote its cardinality. Then

spt(pu) = {z € R" ; P,(x) =0 for every m < k}.

This can be shown using the Newton identities for the sums of the m-th
powers.

2 Uniformly distributed measures in R and
RQ

Now we investigate uniformly distributed measures on the straight line and
on the plane.

Proposition 8 The support of a uniformly distributed measure over the
stratght line R is either the whole R or a discrete set.

Proof. It suffices to assume that () # spt(u) # R and to show that spt(u)
contains an isolated point. Let xy ¢ spt(p). Then there exists some x; €
spt(u) such that |z — x| = min{|zg — x| ; = € spt(u)}. We assume zy < w1;
the case xy > x; is similar. If z; is an accumulation point of spt(u) then
there are 5, x3 € spt(p) satisfying 0 < 2(x9—1x1) < 3 — 7 < 21 —xo. Hence
we can choose an € € (x3 — @9, x3 — x1). Because spt(p) N [zg,z1) = 0, we
obtain p(B(x1,¢)) = p(lxr, z1 +¢]) < p([zr, 2 + ¢]) < p(B(za,¢)). That
implies p((x1 + €,22 +¢)) = 0 but x5 is an interior point of (z, + &, x9 + €).
This contradiction shows that z; must be an isolated point of spt(u) and
hence that spt(yu) is a discrete set.

A simple combinatorial proof of the following lemma and of its corollary
may be left to the reader.



Lemma 9 Let pu be an uniformly distributed measure over R with discrete
and unbounded support. Then there are positive reals a,b and a bijection
¢ : Z — R mapping the integers onto spt(u) such that

a for even 1

¢(”1)_¢(i):{ b forodd i

Corollary 10 There are three kinds of nonzero uniformly distributed mea-
sures over R. The first kind are multiples of the Lebesgue measure by pos-
itiwe constants. The second kind are the unbounded and discrete uniformly
distributed measures described in Lemma 9. The last kind are bounded and
discrete uniformly distributed measures; by Proposition 8, such measures may
be supported either by a single point or by a pair of points.

The following proposition completely characterizes those uniformly dis-
tributed measures over the plane that have a bounded support. A number of
examples of such measures with unbounded support can be also constructed,
but a general description has not been found yet.

Proposition 11 There are three kinds of nonzero uniformly distributed mea-
sures over R? with bounded support.

(i) The support of the measure is a circle.
(ii) The support is formed by the vertices of a regular polygon.

(iii) The support is formed by the vertices of two regular n-gons having the
same center and radius.

Proof. Because of Proposition 7, we may assume that spt(u) C {z €
R? ; ||z —¢|| = r}. Let ¢ : R — R? be defined by ¢(t) = ¢+ (rcost,rsint)
and let ¢ : R — R be such that g(t) = u(¢(0,t]) for t € [0,27) and
g(t+2m) = g(t) + u(R?) for every ¢ € R. Then g is the distribution function
of some uniformly distributed measure A over R and = € spt(A) if and only
if ¢(z) € spt(p). The statement now follows from Corollary 10.

Remark Clearly, a measure over R" is uniformly distributed provided it is
locally finite and fulfills the following homogeneity condition:

For every pair z,y € spt(u) there is an isometry ¢ : R* — R”
such that ¢(z) =y and ¢up = p, where (¢ppp)(A) = p(d~'(A)).
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The measures described in Corollary 10 and Proposition 11 are homogeneous
in this sense. On the other hand, the three dimensional measure concentrated
on the set

{(z1, 29, 23, 24) € R 5 25 = 2% + 235 + 23}
is uniformly distributed (see [5] or [9]) but not homogeneous. It is unknown
whether there are non-homogeneous uniformly distributed measures in R? or

R, or in any R” with bounded support or with discrete support.

3 An application: Proof of Marstrand’s The-
orem

Using our results we will present here an alternative proof of one of the main
results in [6] which roughly says that the “density dimension” is always an
integer.

Theorem 12 Let i be a metric outer measure over R*, n > 1, s a nonneg-
ative real number and let the sets B C A C R" satisfy

(i) u(B) >0, and
(i) lim,~o7r~*u(B(z,r)NA) exists and is positive and finite for any v € B.
Then s is an integer.

Proof. Using standard regularization methods, the measurability of both
x — limsup, o r*u(B(z,7) N A) and = — liminf\or~*pu(B(z,r) N A),
and (ii) we may in addition assume that i = pl_A is Borel regular (i.e.,
a measure) and locally finite in some open superset U of A and that B
is a compact set on which the functions © — k*fi(B(z, 1)) uniformly con-
verge, as k tends to infinity, to a continuous function d : B — (0,00). The
Besicovitch Differentiation theorem ([4], 2.9.7) ensures the existence of an
xo € B with lim,~ o i(B(zo,7) \ B)/fi(B(xo,7)) = 0. For k > 1 we define
fi (M) = k*fi(xg + £ M) and By = k - (B — x). Since lim,_,o 1x(B(0,17)) =
d(zg)i® for any integer i > 0, we infer from well-known weak compact-
ness results for measures, see e.g., [8], Theorem 1.23 or [9], Proposition
1.12, that there is a sequence k; " oo of integers and a Radon measure
® over R" such that ®(C') > limsup,_, ., fix,(C) for any compact set C' and
®(G) < liminf; o fig,(G) for any open set G. We show that @ is a nonzero
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uniformly distributed measure with fg(r) = r7%d(zo). Then it easily follows
that s = m for the integer m from Theorem 4 (ii). This will finish our proof.

Since ®(B(0,1)) > d(xg) > 0, we have () # spt(®). Let x € spt(®), R > 0
and fix a positive ¢ < R. Then 0 < ®(B(z,¢/2)) < liminf; , fig, (B(z,¢)).
According to the choice of o we have lim;_, fig, (B(0, ||z||+2¢)\ By,) = 0 and
therefore for any i sufficiently large we may find a point y; € B(z,¢) N By,.
Consequently, we can estimate

®(B(z,R)) > limsup fi, (B(z,R)) > limsup jig, (B(y;, R — €))

1—00 1—00
= limsupk;® i(B(xo + yi/ki, (R — €)/ki)) > d(x0)(R —€)*
1—00

since all (xg + y;/k;) belong to B and the “average density” uniformly con-
verges on B. Similarly, one estimates that the ® measure of the interior of
the ball B(z, R+¢) is < d(zg)(R+2¢)® and, tending with ¢ to zero, we infer
that ®(B(x, R)) = d(x¢)R® as required.
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