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Abstract
We analyze the Farey spin chain, a one dimensional spin system with
effective interaction decaying like the squared inverse distance. Using
a polymer model technique, we show that when the temperature is de-
creased below the (single) critical temperature T, = % , the magnetization
jumps from zero to one.

1 Introduction

Can a magnet keep its full mean magnetization (m) = 1 up to the Curie tem-
perature 7T, and then loose it at one stroke? Definitely such a property would
be different from the usual situation, where (m) continuously decreases to zero
(though not being differentiable at 7.), or jumps discontinuously by an amount
strictly less than the saturation value.

It has been proven [1, 2, 4, 5, 13, 15] that certain spin chains of long range
ferromagnetic interaction exhibit a discontinuity of (m) at 7, jumping from a
value in the interval (0, 1) to zero.

In one dimension such a phenomenon can only occur if the effective interac-
tion between spins of distance d decays at most like d~2, since there cannot be
a phase transition for a decay rate of d™® if a > 2.
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However these examples do not exactly provide a positive answer to the
question posed initially, since the jump of (m) at T, is strictly smaller than
one. Indeed for non-zero temperatures a mean magnetization (m) = =+1 is
only possible if the forces between the spins become so strong that one may
legitimately ask whether this could endanger the existence of a thermodynamic
limit.

In the present paper we show the contrary by considering the example of the
Farey fraction spin chain. Similar to [8] the abstract polymer model formalism,
is introduced in Sect. 2. Since the limit free energy coincides with the one
of the number-theoretical spin chain (Theorem 3), the single phase transition
(nonanalyticity of the free energy density) is situated at inverse temperature
g =2

In Sections 5 resp. 6 we consider the mean square magnetization in the
regimes below resp. above the temperature. Whereas (m?) (5) = 1 for low
temperatures ( Theorem 5), this quantity vanishes above T, ( Theorem 7).

We conjecture, and plan to prove, that the spin chain has exactly two extremal
Gibbs measures in its low temperature phase, and one above T, .

We also invoke a polymer model technique similar to the one developed in
[8] to estimate the strength of the interaction.

2 The Model

In [10] the so-called number-theoretical spin chain was introduced, whose low-
temperature partition function equals a quotient of Riemann zeta functions. In a
series of subsequent papers (see [11] for a survey) this model was then analyzed
further. In particular it was shown in [3] that a phase transition with a jump of
m from one to zero occurs at 1, = %

The number-theoretical spin chain shows an asymptotic decay of interactions
which is exactly of the form d=2, and the limit free energy density exists. The
main motivation of its study lies in its connection with number theory, and more
specifically in the hope that its ferromagnetic character together with a version
of the Lee-Yang theorem could shed a light on the location of the zeroes of the
Riemann zeta function.

iFrom the statistical mechanics point of view it should, however, be said
that it lacks the strict symmetries usually encountered in ferromagnets. It is
neither fully translation invariant nor invariant under spin reversal, although both



symmetries are asymptotically present in the bulk.

In [9] the so-called Farey fraction spin chain was introduced as a spin system
of statistical mechanics related to the Farey fractions in number theory. As we
shall state below, this chain, which has strong relations with the one mentioned
above, but a less direct number-theoretical interpretation of its partition function,
has all relevant symmetries.

The definition of the Farey chain in [9] was based on functions

on the additive group Gy, := {0, 1}1{1+¥} "inductively defined by setting M :=
(;9) and for k > 1

01
Mk(O') = Al_UkBUkMk_l(O'l,...,O'k_l) (O' S Gk), (1)
with A := (] }) and B := A" = (| ;). The function

Ey :=1n(T}) with T} := Trace(My) : G, — N

was interpreted as the energy function of a spin chain with £ spins with values
O01y...,0k-
Then by discrete Fourier transformation

(Fuf)(t) =25 D" f(o)- (1) (t€Gy) (2)
ceGy
the energy function has the form
E(o) ==Y _ L()(-1)"" (0 €Gy)
teGy
with the so-called interaction coefficients

Ji(t) = —(FpEy)(t) (t € Gy).

The ‘lattice gas’ spin values o; = 0,1 are used here for convenience. The mean
magnetization

1
my = — Si,
P>

however, is defined using the spin values s;(0) := (—1)% € {£1}.
The Farey spin chain has the following symmetries:
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1. When one interprets {1, ..., k} as a system of representatives of the residue
class ring Z/kZ = {l + kZ | | € Z}, then by cyclicity of the trace the
energy function is invariant under the shift

Sk : Gk — Gk , Sk(O')l =011 (3)

on the configuration space Gy of the chain. So the interaction is translation-
invariant, too ( Jy o S = Ji).

. (01
2. Since AP = PB for P := (1 0)
]\/[k(ak, e ,O’l) == PMk(Ul, e ,O’k)tp.
This implies the mirror symmetry

Ek(aka - '701) = Ek:(o—la - '70k)

and a similar relation for the interaction coefficients.

3. Finally we notice that by 2) and transposition invariance of the trace
Ex(1—0)=Eg(o) for 1—0:=(1—0y,...,1—0y)

so that
k
Je(t)=0 for > t; odd.
=1

By 3) we need only consider ¢ in the even subgroup

= {t € G| Xr ¢ even} :

Jx(0) < 0, since this is the negative mean of the (positive) energy function
E}.. Note that this is the only interaction coefficient which does not influence
the Gibbs measure.



3 A Polymer Model Interpretation

The notion of polymer models grew out of an abstraction of situations like the
one encountered in the low temperature expansion of the Ising model. There one
may decompose contours X into non-intersecting cycles v; ( X = (71,...,%)),
and express the Boltzmann factor of the spin configuration in terms of products
of activities attributed to these cycles (the activity z(y;) of a cycle equals the
exponential of its length, multiplied with minus the inverse temperature).

In an abstract setting (see, e.g., Gallavotti, Martin-L6f and Miracle-Solé [6],
Glimm and Jaffe [7] and Simon [14]) one starts with a set P (which we assume
here to be finite), whose elements are called polymers. Two given polymers
71,72 € P may or may not overlap (be incompatible). Incompatibility is assumed
to be a reflexive and symmetric relation on P.

Thus one may associate to a l-polymer X := (71,...,7) € P! an undirected
graph G(X) = (V(X), E(X)) with vertex set V(X) := {1,...,l}, vertices
i # j being connected by the edge {i,j} € E(X) if v; and vy, are incompatible.
Accordingly the [-polymer X is called connected if G(X) is path-connected and
disconnected if it has no edges ( E(X) = ().

The corresponding subsets of P! are called C! resp. D!, with D° := P° :=
{0} consisting of a single element. Moreover P> := [ J;°, P’ with the subsets
D> :=J;2, D" and C* :=J;°, C'. We write |X|:=1if X € P..

Statistical weights or activities z : P — C of the polymers are multiplied to
give the activities zX = Hézl z(7;) of l-polymers X. A system of statistical
mechanics is called polymer model if its partition function Z has the form

X

z
Z = — 4
2 T (4)
XeDg
Then, up a normalization factor, the free energy is given by

(z) = ¥ Tl ©)

Xeog |

with n(X) :=ny (X) —n_(X), ne(X) being the number of subgraphs of G(X)
connecting the vertices of G(.X') with an even resp. odd number of edges (see
Gallavotti et al. [6]). It is known that (see, e.g. Prop. 20.3.5 of [7]) that

(—=1)V1n(G) > 0. (6)



This also follows from the deletion-contraction property
n(G) =n(G") — n(G"), (7)

where G' is obtained from G by deleting an edge and G" is the graph which
arises by contracting the same edge of G (see, e.g. Read [12]).
In the present context of a chain with k£ spins we use

e the set P, of 1+ k(k — 1) polymers given by

Py = {p}U{p,

l#recZ/kL}.

e \We map the polymers v € P, to group elements 7 € Gj. by setting p := 0
and p;, := 0, + 6,, where for i € Z/kZ the group element ¢; has the form
d;(l) = 1if l =i and zero otherwise.

This map induces a map
X = (717"'770 HX :Zﬁyl
i=1
from the set P;° of multi-polymers to Gf.
e The support of our polymers is given by supp(p) := Z/kZ and

supp(piy) ={l,l+1,...,r—1,r} CZ/kL.

Note that the polymer p,; is different from p;,, although the group el-
ements p;, and p,; coincide, and for £k = 2 the supports supp(p) =

supp(p1,2) = supp(pz,1).
The polymers v and ~' are called overlapping or incompatible if

supp(y) Nsupp(y’) # 0.

e We attribute to the polymers the activities

2(p) = 3-Isupp(P)| — 3=k 4pd 2(piy) = _ 3~ lsupp(pr,r)| (8)



Every group element ¢ € Gy allows for exactly two representations ¢ = X by
disjoint multi-polymers X € D}*.

Lemma 1 The Fourier transform j, := JF; Ty, can be written as

) k
() = (3) Z 2(X) (t € Gy). (9)
XeDyE:X=t
Proof.
e For ¢t odd both sides are zero.

For t = 0 we perform the sum to obtain

jr(0) = 27F Z Trace(My (o)) = 2 *Trace(S*)

ceGy

with S :== A+ B = (%)), which has eigenvalues one and three. So

jx(0) = (3k +1)/2%. On the other hand, the r.h.s of (9) is of the form

) 0)+2(0) = (3) (1437

For t € G¢ \ {0} we assume without loss of generality, using cyclicity of
the trace, that

t=(Omys 1,00y, 1,. .., 1,0m,.,1)
with 0,, = (0,...,0) € Gy,,. Thenwith D:=A—B= (7))

k() = 2 *Trace (S™ DS™D ... DS™" D).
Now

DS™D = S™ — (3™ + 1)1 (10)
commutes with S, and D? = —1 so that

jr(t) = (=1)""'27"Trace (S*™ DS*™ D)
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with Amy := Y7 my_y and Amy := 3 my. Thus using (10) we
arrive at

ge(t) = (=1)" '2 FTrace (5™ FT4m2 — (1 4 38m2)gam)
= (cayE (e ),

This equals the r.h.s. of (9). O

4 Comparison with the Number-Theoretical Spin
Chain
The number-theoretical spin chain of length £ has the canonical energy function
H{ :=In(h{) with h{:G, =N
inductively defined by
h{ =1, h{, (0,00s1) = h{(0) +oxth{(1=0), (0 € G).(11)
It turns out to be useful to consider the grand canonical energy functions
H{ : G, — R with Hf(0):=Hf, (0,1) (0 € Gyg),

too, which is the logarithm of

h{: G, -+ N , h{(o):=h{, (0,1)=h{(c)+h{(l-o0). (12)
Namely in [8] polymer model techniques were applied to estimate the grand
canonical interaction. j& := —F HY. These were applied to the subset

Poi={p,eP|l<r} (13)

of polymers (where the inequality < in Z/kZ is understood as the one for the
representatives in {1,...,k}). This is the set of polymers which contribute to
the thermodynamic limit.



For t € Gy \ {0} the resulting formula

(0 =~ (D) + Flus/2) - 3 1) (14)

for these grand canonical interaction coefficients contains only nonnegative terms.
This follows from (6) and the fact that all activities (8) of polymers in P, are
negative. Similarly the canonical interaction of the number-theoretical spin chain
was shown to be ferromagnetic.

Lemma 2 The Farey interaction coefficients .Ji.(t) = —Fy Ex(t) can be written
as
n(X) x
Je(t) = =010k In(3/2) — Y N (t € Gy). (15)
XGC'OO
X=t

Proof. Since j;, := F,, T}, we have E;, = 2¥F,j, and

Je(t) = =275 )" Ey(o)

= 27" ) In [Z i(s) - <—1>”] (-1
= b kl(3/2) -2 Y | 3 ég“ (=17t (16)

0eGy XED;?O
where the redefined single-polymer activities Z, (), v € P are given by
Z(7) = 2,(7) - (=1)77,
that is Z,(p) = 2(p) and Z,(pir) = 2(piy) - (—1)7F7". By (5) we get
Ji(t) + 040 - kln(3/2)

- e
aeGk Xecp
_ X 9k o(t+X) _ n(X) x
Xecye rreGk Xeop

X=t



using the identity > o (—1)7* = 2"d,. O

Although formula (15) looks very similar to (14), the sum is over all connected
multipolymers based on the full set Py of polymers, instead of the subset (13).
Therefore not all terms in that sum are positive. By (6) and (8) the negative
terms are precisely the ones containing an odd number of copies of the polymer
p. Thus the positivity of the interaction for finite k does not follow immediately.

5 The Free Energy

Theorem 3 The limit free energy density

F(9)= Jim F(5) of F(9)i= i m(4(9) (5> 0)

with k-spin partition function Zy(B) := 3, g, exp(—BEx(0)) exists and equals
the one of the number-theoretical spin chain.

Proof. We use the canonical and grand canonical ensembles as bounds for F}.
1) Since the entries of the matrices M (o) are non-negative, an upper bound
for T}, = Trace(My,) is given by Trace ((} }) Mk) But for 0 € G,

Trace ((} o) Mx(c)) =h§ (o) and Trace (() })Mx(c)) =hS (1 —0),(18)
since both sides equal one for £ = 0, and

Trace (G 8) M, (U))
= Trace (( O)Al_UkBUkMk_l(O'l, e ;Uk—l))
0
0

= Trace (1) + 040 ) Moo .0 1)

= h{ (o1,...,0601) +ohS (1 —0,...,1—0%_1) = h(0)

and similar for the second identity in (18). Adding these identities and, using
Def. (12), shows that

T, <h$  (keN).
2) To derive a lower bound for T}, we notice that for o € Gy

Trace ((; o) Mx(0,0)) = h{ (o) and Trace ((7 ,) Mx(0,0)) =h{ (1 —0),
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since both sides equal one for £ = 1, and for 0 € G _;
Trace (((1] 8)Mk(0,a))
= 'Trace (((1) 8)14170’“*130’“*1]\4]6_1(0, O1y..., Uk_Q))

= Trace (((é 8) + ak,l(g (1))) My 1(0,04,..., ak,z))
= h{ ,(o1,...,060-2) +op_1h{ (1 —0y,...,1 —0,_9) =h{ (o)

and similar for the second identity. Thus
T:(0,0) =Tp(1,1 — o) > h{ (0)  (k€N). (19)

3) Since the (grand) canonical free energies are given by

i (Soee, (0770)) )

CES i ,
these two inequalities imply

k—1 In2

) - G < B < FE)

The canonical and grand canonical ensembles have the same limit free energy,

since

In(k + 2)
. .

So the limit free energy F' of the Farey chain coincides with the one of the

number-theoretical spin chain

The lower inequality in (20) follows from (12), the upper inequality from
h¢ < (k+ 2) - h{, which is a consequence of (12) and the relation

h(1—-0)<(k+1)-h{(0) (0 € Gyg)

F <F7<F+ (20)

(which follows from Def. (11) by induction). O

The same conclusion was reached in [9] by a different method.
Corollary 4 The Farey spin chain has exactly one phase transition, at } = 2.

Proof. This follows from the corresponding statement in [3] for the number-
theoretical spin chain. O
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6 Low Temperature Magnetization

Due to the invariance of the energy function Ej w.r.t. spin flips, the mean
magnetization my has expectation zero. However, the long-distance correlations
are measured by the square of that variable.

Theorem 5 In the low temperature phase (3 > 2
. 2 o
kh_}rglo <mk>k (B) = 1.
Proof. We complement estimate (19) by
Tk(a)>k (UGGk,(O,...,O)#U?é(l,...,l)),

which follows inductively from Def. (1) by noticing that for such o both off-
diagonal entries are > 1. We thus have

0< Zi(B)—2-27° < iak(n)n_ﬁ (21)

with
ap(n) := |{o € Gy | max(h{ (o), k + 1) = n}|.

It is known [10] that

Zi(B):= ) _ h{(o)”

ceGy

can be written in the form
Zi(9) = Y pnlmn
n=1

with r(n) < p(n) and gg(n) = p(n) forn < k+ 1,
p(n) = [{i e {L,....n} | ged(i,n) =1}
being Euler's ¢-function. Thus for Re(5) > 2

¢(B-1)
<) -

k—00

lim Z§(8) = > pln)n~’ =
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Substituting the identity

k

> ar(nn = Z5(8) = > p(n) (07 = (k+1)77)

n=1
for the r.h.s. of (21), we thus get

k
; _9.98 < | —Re(8)| .
lim [Zy(8) =227 < lim |(k+ 1)) 3 o)

n=1

k
< 1) Re@®]. =
< lim [(k+ 1) 0] Zln 0,

so that limy_,o Zx(8) = 2-27F for Re(3) > 2. Using 0 < m? < 1 and
mz((0,...,0)) =mi((1,...,1)) =1, we thus get limy <mi>k (B)=1. O

This extends the same conclusion, reached by a different argument for 5 > 3 [9].
For the ferromagnetic spin chain the limit mean magnetization (m) :=
limy_, 0 (), equals 1 for the canonical ensemble and § > 2, whereas it van-
ishes in the high temperature region [3].
For the grand canonical ensemble, as for the Farey ensemble, (m) vanishes
identically, since the interaction is even. Of course this does not say much about
the actual structure of the extremal Gibbs states.

7 High Temperature Demagnetization

Now we consider the mean magnetization in the high temperature regime 3 < 2.
To show that the expectation of the square vanishes, we need a correlation
inequality. So consider for n € N the configuration 7 € G,, 1o with spins 7, :=
Taao =0, :=1for 2 <1 <n-+1, and the event

& ={0€Gyipp2|og=mfor 1 <1l <n+2}

of an initial string of n adjacent 1-spins enclosed by 0-spins.

Due to the long range character of the interaction, one might think that,
given &/, the ferromagnetic interaction would tend to align the other spins in
the 1-direction (equal to 75 = ... = 7;,41), at least if n is large.
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This would mean a negative conditional expectation of s; = (—1)7 for i €
{n+3,...,n+k+2}. Because of the dominance of the multi-body interactions
this is, however, not the case.

In fact, the non-inverted spins (—1)™ = (—1)™+2 = 1 tend to produce an
anti-ferromagnetic effective coupling between the spins in the regions 2, ..., n+1
and n+3,...,n+ k + 2 they separate:

Proposition 6 For AC {n+3,...,n+k+2} and 3> 0
(3A|€,?>k+n+2 (B) >0 with sy := Hsi, (22)

icA
(f|€), denoting the expectation of f : G; — R, conditioned by the event £ .
Proof. We set
TP .Gy =N |, T0) = Tiinsa(r,0)
and E}! :=In(7}") . We first prove
(FeBy)(t) <0 (te Gp\ {0}), (23)

using a polymer technique similar to the one above. Namely we redefine the set
Py of polymers by

L L R :
Py = {pmvpm}lgmgk U {plﬂ"}lgkrgk )

and map them to the group elements pL := pf := §,, € Gy, resp. py, =
0; + 0, € Gg. Depending upon the length n of the 1-substring, the polymer
activities are given by

3~ Isupp(pf,)

2(n+1)

3~ lsupp(pf})

) and z(p,) := —37supp(er)l

Ry ._ _
 #(Pm) ¢ 2(n + 1

2(py) == —
where

supp(pfn) ={1,...,m}, supp(pf;) = {m,...,k} and supp(p;,,) :={l,....7}.

Polymers with intersecting supports and the polymers p% , pf® are mutually
incompatible.  We now claim that in analogy with (9) the Fourier transform
Jr = Fi1} can be written as

o =2m+1)(3)" Y 2X)  (teGy. (24)

XeDE:X=t
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To show this, we write ¢ = (¢y, ..., %) uniquely in the form
t:(omnlaommla"':omu) (mZZO)
so that
ji(t) = 2 *Trace (NS™ DS™D ... S™)
with N:= AB"A=(n+1)-(;1)+D.
e If u is odd, then
Jrt)=(n+1)- (- 1)@=3)/29"k Trace ((1 1)SA"“DSA"”D)
with Am; := 2514{1)/2 Ma;—1 and Amy = Zgill Ma;. So

]l?(t) = 2(n + 1) . (_1)(u71)/22,k3Am1
. (u=1)/2
= ey (@)F T o
i=1
e If u is even, then
Jr(t) = (=1)"* 2 *Trace (DSA™ DS4™)
with Amy =), 11 mg;—1 and Amy 1= Z, 1 Ma;. So using (10)

JEE) = (F1)M2ERm 430
u/2—1

= 2(n+1)-(3)" (—%) [T (=32 +

=1

3m11 / 2
(2 T
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In both cases this coincides with the r.h.s. of (24). Similar as in Lemma 2, we
get

FED0 = 5 T e

from which (23) follows, using (6) and the negativity of all polymer activities.
Now

Yoeg, Sa(o)e P
ZO’GG]C e_BE,Z(U) ,

so that (22) is a consequence of the first GKS inequality for ferromagnets. O

(54l EF Nk rnyn (B) =

Theorem 7 In the high temperature phase 0 < 3 < 2

li = 0.
Jim (), (8) =0
Proof. Since by translation invariance <m§>g = é G=1 (s185),, it suffices to
show that for ¢ > 0 there is a uniform correlation estimate of the form
| (s155), (B) <e (5 € {oe),---. 9 —Jo(e)}) (25)

We consider the family {5; ln 2} ..... nmax Of €vENts
=

yeeesTl

gnl

g—n—2*

=8, , , CG, with G):={0eG,|o; =1},

using the shift map (3) on G,. As these events are disjoint,

ZPﬁ,g g; ln a) = Pgg <U gn ln 2> < Pﬁag(G;) = % (26)
n,l il

for the Gibbsian probability P, (£) := Y, . e ##() /Z;(/3) of an event £. On
the other hand if 3 < 2, for ¢ > 0 there is a nyax(g) with

Mmax N

SO B (6, ) 2 A1 <) (27)

n=1 =1
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for all large g. This property, which is specific to the high-temperature region,
can be proved as follows. We note that the thermodynamic limit of the internal
energy

U:= lim Uy with Uj:= <%Ek>k

k— 00

exists and equals U () = %ﬁF(ﬂ). By concavity and analyticity of 8 — GF (),
and by F(3) = 0 for § > 2 we conclude that

u@)>0  (6<2).

This implies a positive limit density of spin flips between neighbouring spins and
thus the existence of an n,,.x(¢) meeting (27).
Since by spin inversion symmetry

(s157), = =2 (<sj o)y Bag(Co)+ 3 (551€7%02) Py (e;fn_2>)
n,l

for C, := G\ Un,E,",_,. by (26), (27) and Proposition 6
<818j>g <2Pg,(Cy) <.

Together with a converse estimate this proves (25). O

Acknowledgement. One of the authors (P.C.) would like to thank the Max-
Planck-Institute for Mathematics in the Sciences (Leipzig), where this work was
done.

References

[1] Aizenman, M., Chayes, J.T., Chayes, L., Newman, C.M: “Discontinuity of
the Magnetization in One-Dimensional 1/(z —y)? Ising and Potts Models”,
Journal of Statistical Physics, 50, 1-40 (1988)

[2] Aizenman, M., Newman, C.M: “Discontinuity of the Percolation Density in
One Dimensional 1/(z — y)? Percolation Models”, Commun. Math. Phys.
107, 611-647 (1986)

17



[3]

[4]

[5]

[6]

[7]
[8]

[9]

[10]

[11]

[12]

[13]

[14]

Contucci, P., Knauf, A.; “The Phase Transition of the Number-Theoretical
Spin Chain”, Forum Mathematicum 9, 547-567 (1997)

Dyson, F.J.: “Existence of a Phase Transition in a One-Dimensional Ising
Ferromagnet”, Commun. Math. Phys. 12, 91-107 (1969)

Dyson, F.J.: “An Ising Ferromagnet with Discontinuous Long-Range Or-
der”, Commun. Math. Phys. 21, 269-283 (1971)

Gallavotti, G., Martin-Lof, A., Miracle-Solé, S.: “Some Problems Connected
with the Description of Coexisting Phases at low Temperatures in the Ising
Model”, In: Statistical Mechanics and Mathematical Problems (Batelle,
1971) A. Lenard, ed., Lecture Notes in Physics 20. Berlin, Heidelberg, New
York: Springer 1973

Glimm, J., Jaffe, A.: “Quantum Physics”, 2nd ed. New York: Springer

Guerra, F., Knauf, A.: “Free Energy and Correlations of the Number-
Theoretical Spin Chain”, J. Math. Phys. 39, 3188-3202 (1998)

Kleban, P., Ozlik, A.E.: “A Farey Fraction Spin Chain”, cond-
mat/9808182. To appear in Commun. Math. Phys. (1998)

Knauf, A.: “On a Ferromagnetic Spin Chain”, Commun. Math. Phys. 153,
77-115 (1993)

Knauf, A.: “Number Theory, Dynamical Systems and Statistical Mechan-
ics”, Max-Planck-Institute for Mathematics in the Sciences Lecture Notes

Nr. 3 (http://www.mis.mpg.de). To appear in: Reviews in Mathematical
Physics (1998)

Read, R.: An Introduction to Chromatic Polynomials. J. of Combinatorial
Theory 4, 52-71 (1968)

Ruelle, D.: “Statistical Mechanics of a One-Dimensional Lattice Gas”, Com-
mun. Math. Phys. 9, 267-278 (1968)

Simon, B.: “The Statistical Mechanics of Lattice Gases”, Vol. I. Princeton
Series in Physics. Princeton University Press. Princeton 1993

18



[15] Thouless, D.J.: “Long-Range Order in One-Dimensional Ising Systems”,
Physical Review 187, 732-733 (1969)

19



