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ON A CONJECTURE OF WOLANSKY

Guofang Wang and Jun�Cheng Wei

Abstract� In ths paper� we consider the following problem �PM � �

�u� �jxj�eu � �� x � BR�

�

Z
�BR

�u

��
�M�

u � � on �BR�

where � is an unknown constant� � � �� BR � fx � R�jjxj � Rg� M is a prescribed
constant and � is the outer normal to the disk� Problem �PM � arises in the evolution
of self	interactioning clusters and also in prescribing Gaussian curvature problem� It
is known that for M � 
�� problem �PM � has a global minimizer solution �which is
radially symmetric�� We prove that for M � 
�� there exists a �c � � such that for
� � �c and M � �
�� ��
 � ����nf
m��m � 
� ���g� problem �PM � admits a non	
radially symmetric solution� This partially answers a conjecture of Wolansky� Our
main idea is a combination of Struwe�s technique and blow	up analysis for a problem
with degenerate potential�

�� Introduction

In this paper� we consider a problem proposed by Wolansky� In �W	
� he conjec�
tured

Conjecture ���� Let C� be the circular cone obtained from the disk BR by identi�
fying the rays f� � r � R� � 
 �g and f� � r � R� � 
 �g� Let M � ��� Then� if
� � �c for some �c � 	�� there is a metric d�� on C�� conformally equivalent to
the Euclidean metric where

�a� d�� is not radially symmetric�
�b� d�� admits a constant� positive Gaussian curvature on C� and total curva�

ture 
 M�	�
�c� d�� is point�wise isometric to the Euclidean metric on �C��

An equivalent formulation is as follows� Let us consider the following problem
�PM ��

����� ��u 
 �eV�u� in BR�

Key words and phrases� semilinear equation� exponential nonlinearity� free energy functional�
total curvature� conical singularity�
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���	� �

Z
�BR

�u

�	

 M�

����� u 
 �� on �BR�

where � is an unknown constant� M is a prescribed constant and 	 is the outer
normal to the disk� When V 
 
 log jxj� ����� and ���	� mean that eujxj�dx� admits
a constant� positive Gaussian curvature and total curvatureM�	� while ����� means
that eujxj�dx� is point�wise isometric to the metric jxj�dx� on �BR� WhenM 
 ��
and eV �x� � a � �� problem PM is critical with respect to the Moser�Trudinger
inequality� We refer reader to �KW
� �CD
� �CLMP
� �CY
� �CkL
� �DJLW�
� �W	

and references therein� When M � ��� problem �PM � is supercritical� If� in
addition� eV �x� � a � �� we refer to �ST
� �DJLW	
 and �WW
� In this paper� we
consider the case when M � �� and V �x� 
 jxj� with 
 � ��

Conjecture ��� is equivalent to

Conjecture ���� Given M � ��� consider the Dirichlet problem ����������� on
the disk BR with V 
 
 log r� Then there exists 
c � � such that ����������� admits
a non�radially symmetric solution� provided that 
 � 
c�

A solution of ����������� can be characterized in �W	
 as a critical point of a free
energy functional� For any M � �� let �M be a subset of the Orlicz space L logL
de�ned by

�M 
 f� � L logLj� � � a�e� and

Z
BR

� 
 Mg�

De�ne a functional F � �M � R by

����� F ��� 


Z
BR

� log ��

Z
BR

V ��
�

	

Z
BR

U��

with U� � H�
� �BR� satisfying

����� �U� 
 ��

A solution of ����������� is a critical point of F in �M � For problem of free energy
functionals� we refer to �BB
 and �CSW
� In �W	
 Wolansky observed that one can
construct a mountain pass value as follows� If �� 
 M 
 ���	 � 
�� all radial
solutions of

����� �u� jxj�eu 
 � in BR

with ���	������� can be explicitly determined �see section 	 below�� In fact� in this
case� ����� admits a unique radial solution uM �cf �W�
�� Furthermore� for large

 � �� he proved that �M 
 ��uM is a local minimizer of F in �M � On the other
hand� when M � ��� F is unbounded in �M � Hence one can construct a mountain
pass value� see the de�nition in �W	
 or section 	 below� However� the functional
F is lack of compactness when M � ��� It is di�cult to analyze the Palais�Smale
sequence ��AE
 or �P
� of F or the heat equation of ������������
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One can also use another formulation of the problem� see �Ws
� For convenience�
here we use a third formulation which is motivated in studying the Moser�Trudinger
inequality ��M
� in �DJLW�
� �CSW
 and �Wg
� Let us consider the following func�
tional

����� JM �u� 

�

	

Z
BR

jruj� �M log

Z
BR

jxj�eu

in the space H�
� �BR�� It is also easy to check that the Euler�Lagrange equation of

JM is ������������ JM and F are almost equivalent� see section 	 below or �CSW
�
So we can also de�ne a mountain pass value for JM � Again� there is the problem
of analyzing the Palais�Smale sequence of JM �

In this paper� we �rst use a trick of Struwe �St�
 to show that for certain dense
subset � of ���� �	 � 
����� the mountain pass value discussed above is achieved
for JM with M � �� Then we consider convergence of solutions of ������������ By
generalizing the results in �LS
 �see also �NS
� �Su
� �Wj
� �WW
 and �Y
�� we show
that

Theorem ���� There exists a 
c � � such that for any 
 � 
c and M � ���� �	 �

����nf�m��m 
 	� ���g� the conclusion of Conjecture ��� holds�

This means that expect the set �m�Nf��mg Conjectures ��� and ��	 are true�
On the other hand� it is very di�cult to handle the problem when M � f��mjm �
Ng � ���� ���	 � 
��� This method was also used in �ST
� �DJLW	
 and �WW
�

Equation ����� with V 
 
 log jxj can also be interpreted as an equation on a
surface with conical singularities� For such a problem� we refer reader to �CL	
 and
references therein�

Part of this work was carried out while the �rst author visited Chinese University
of Hongkong and Max�Planck Institute for Mathematics in the Sciences� He would
like to thank two institutions for hospitality� The research of the second author is
supported by an Earmarked Grant of RGC of Hong Kong and a Direct Grant of
the Chinese University of Hong Kong�

�� Existence for a dense subset

First we list an obvious Lemma�

Lemma ���� A critical solution of JM in H�
� �BR� satis�es ������������

Proof� Clearly� a critical solution of JM in H�
� �BR� satis�es

�	��� ��u 
 M
eV�uR

BR
eV�u

and ������ Integrating �	���� we get ���	�� �	��� is ����� with

� 
 M�

Z
BR

eV�u����

�

Lemma 	�� means that F and JM are equivalent as the �rst derivative�
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Lemma ���� For any � � �M there exists u � H�
� �BR� with F ��� � JM �u� �

M logM � while for any u � H�
� �BR� there exists some � � �M with

�	�	� JM �u�� F ��� 

�

	

Z
BR

jr�u� w�j��

where w � H�
� �BR� satis�es

��w 
 ��

Proof� The same argument in �CSW
 gives the proof� For convenience of the reader�
we give the proof of the second statement� For any u � H�

� �BR�� let � � �M de�ned
by

� 
 M
eV�uR

BR
eV�u

�

A direct computation shows

JM �u�� F ��� 

�

	

Z
BR

jr�u� w�j��

where w was de�ned above� �

Let uM be the unique radially symmetric solution of ����������� �see �W�
 and
�W	
�� In fact� uM has following form

uM �x� 
 log
	�	 � 
���

� � �jxj���
� log

	�	 � 
���

� � �jRj���

with

� 

M

���	 � 
��M
�

If M � ��� ���	 � 
��� then � � �	�
����� Let �M 
 ��uM � From �W	
� for
large 
 � �� �M is a local minimizer of F in �M � By Lemma 	�	� uM is also a local
minimizer of JM in H�

� �BR�� In fact� we have

Lemma ���� For any M � ���� ���	 � 
��� there exists a �M � � such that

�	���

D�JM �uM ���� �� 


Z
BR

jr�j� �M

R
BR

jxj�euM ��R
BR

jxj�euM
�M

�
R
BR

jxj�euM ���

�
R
BR

jxj�euM ��

� �M

Z
BR

jr�j�
�

for any � � H�
� �BR� with � �	 ��

Proof� First� from Lemma 	�	 and the result of �W	
� one can show that

�	��� D�JM �uM ���� �� � � for any � � H�
� �BR� with � �	 ��

Then� we claim that there exists a �M � � such that �	��� holds� If the claim were
false� then there exists a sequence �i � H�

� �BR� satisfying

�a�
R
BR

jr�ij� 
 � for any i 
 �� 	� ����

�b� D�JM �uM ���i� �i�� � as i���
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From �a�� we know that there exists �� � H�
� �BR� such that

�i� �i converges to �� weakly in H�
� �BR��

�ii� �i converges to �� strongly in L
p�BR� for any p � � and almost everywhere�

From �i�� �ii� and �b�� we can show that D�JM �uM ����� ��� 
 �� It follows from
�	��� that �� 
 �� which is impossible� �

On the other hand� since the best constant for the Moser�Trudinger inequality
is ��� JM is unbound below when M � ��� In fact� let x� 
 �R� � ��� We now de�ne

v��x� 
 ��jx� x�j� log
�	��

��� � jx� x�j���
� x � BR�

where ��t� 
 � for jtj � R�� and ��t� 
 � for jtj � R�	� It is easy to see that
v� � H�

� �BR� and moreover by simple computations �see Lemma 	�	 of �WW
��

JM �v�� 
 	��� �M� log
�

�
� O���

where jO���j � C as �� ��
Since uM is a local minimizer of JM and JM �v�� 
 JM �uM � for � small� it is now

natural to de�ne a mountain pass value by

�M 
 inf
l�LM

max
t������

JM �l�t���

where LM consists of all paths connecting uM and v�� i�e�

LM 
 fl � C����� �
� H�
��BR��jl��� 
 uM and l��� 
 v�g�

The de�nition of �M was suggested in �W	
� If �M is a critical value� we then obtain
a non�radially symmetric solution� The main di�culty is the lack of compactness of
the functional JM when M � ��� To overcome this� we use a technique introduced
by Struwe �St�
� However� to apply the method of Struwe �St�
� we have to show the
monotonicity of �M with respect to M � which is di�cult since the de�nition of LM
depends on M � With the help of Lemma 	��� we now de�ne another mountain�pass
value�

Consider any small interval I in ���� ���	� 
��� In such a small subinterval� we
can show that for any M � I� �M � �� � �� where �M is obtained in Lemma 	��
and �� can be made a �xed constant� Let us �x some M� � I� And we can also
choose v� in the de�nition of LM such that JM �v�� 
 JM �uM � for any M � I� Now
we change the de�nition of LM and �M a little bit as follows

LI 
 fl � C����� �
� H�
��BR��jl��� 
 uM�

and l��� 
 v�g

and

�	��� ��M 
 inf
l�LI

max
t������

JM �l�t���
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Note that we can choose jIj so small so that

JM �v�� JM �uM�
� 
 JM �v�� JM �uM � � JM �uM �� JM �uM�

�

� ��

Z
BR

jr�v � uM �j� �O�jM �M�j� � �� � �

for kv � uM�
kH�

� �BR�

 ��� where �� � �� �� � � are small �xed numbers �which

can be chosen to be independent of I�� Hence ��M de�nes a Mountain�Pass value
and moreover

��M � �� � JM �uM�
� � JM �uM ��

Since the de�nition of LI is independent of M � I� we now have the required
monotonicity�

Lemma ����
��M
M � as a function in I� is monotone�

Proof� It is trivial by de�nition� See� for instance� �ST
 or �WW
� �

Applying Struwe�s method in �St��	
� �see �ST
� �WW
 for similar arguments��
we obtain that

Proposition ��	� There exists a dense subset � 
 ���� ���	 � 
�� such that� for
any M � �� ��M is achieved by wM � H�

� �BR�� which� in particular� is a solution
of PM �and is di	erent from uM��

�� Convergence

Let M� � ���� ��	 � 
���nf�m��m 
 	� ���g� By Proposition 	��� there exists a
sequence Mi � � and Mi � M� as i � �� Let ui be the solutions of �	��� and
����� corresponding toMi constructed in Proposition 	��� From results of �BM
 and
�LS
 �see also �L
�� if eV � a � � for some constant a� then either� ui converges in
H�

� �B�� or� M� 
 ��m for some positive integer m� However� here eV 
 jxj�� we
can not apply their results directly� So we need to generalize their results�

Theorem ���� Let ui be a sequence of solutions of equations ����� and ����� with
M 
 Mi and Mi � M� as i � �� If M� � ���� ���	 � 
��� then there are two
possibilities


��� ui converges to u� in H��
�	� maxui � �� as i��� In this case�

M� 
 ��m

for some integer m�

Proof� From the result of �LS
� we only have to consider the case that the blow�up
point is the origin� That is� there exists a sequence fxig such that ui�xi� � ��
and xi � � as i��� And for simplicity� assume there is no other blow�up point�
Hence� we may assume that ui�xi� 
 maxui� Consider the following rescaling
argument �see also �NT
�� Set

�i 
 exp��
�

	 � 

fui�xi� � logMi � log

Z
BR

jxj�euig��
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Clearly� �i � �� There are two possibilities�

�i� limi��
jxij
�i


��

�ii� limi��
jxij
�i


 c for some constant c � ��

If case �ii� occurs� we may assume that

xi
�i
� x� � R

� �

De�ne vi�x� 
 ui��ix � xi� � ui�xi� in ���
i �BR � xi� �
 fy � R

� j�iy � xi � BRg�
Clearly� vi satis�es

����� ��vi 
 jx�
xi
�i
j�evi in ���

i �BR � xi�

and

���	�

Z
���
i �BR�xi�

jx�
xi
�i
j�evi 
 Mi�

Since �i � �� ���
i �BR � xi� � R

� � The result of �BM
 can be applied to obtain
that vi � v� in Ck

loc�R
��� where v� satis�es that

����� ��v� 
 jx� x�j
�ev� in R

� �

�����

Z
R�

jx� x�j
�ev� �M

and

����� v� � � for any x � R
� �

We now have

Lemma ���� If v is a solution of ������������ then

Z
R�

jx� x�j
�ev 
 �	 � 
����

Proof� The idea of the proof is similar to one in �CL�
� So we only give the sketch�
We may assume that x� 
 �� Set

����� w�x� 


Z
R�

�

	�
�log jx� yj � log�jyj� ���jyj�ev�y�dy

and

� 

�

	�

Z
R�

jxj�evdx�
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Clearly�
��w�x� 
 jxj�ev in R

� �

A potential analysis as in �CL�
 and �CL�
 gives

����� �� log jxj � c � w�x� � �� log jxj� c for x � R
� �

for some constant c � �� Let �w 
 v�w� From ������ ����� and ������ we know that
�w is a harmonic function with �w�x� � c log jxj � c for any x � R

� � Hence �w 
 c�
for some constant c�� It follows that

v 


Z
R�

�

	�
�log jx� yj � log�jyj� ���jyj�ev�y�dy

����� and ����� imply that

����� � � 	 � 
�

Furthermore� we can also estimate

r
�v

�r

 � � o���

and
�v

��

 o���

as jxj � �� We now apply the following Pohozaev identity for �����

R�
�

	

Z
�BR

jrvj� �

Z Z
�BR

j
�v

�r
j�� 
 R

Z
�BR

jxj�ev � �	 � 
�

Z
BR

jxj�ev�

Taking limit on the both sides of the previous identity and using the estimates
obtained above� we have

� 
 	�	 � 
��

This proves the Lemma� �

Remark� ��� Lemma ��	 is also true without ������
�	� When �	 
 
 � �� all solutions of ����������� are classi�ed� see �CL�
 and

�CL�
�
��� When 
 � �� solutions of ����������� may not be radially symmetric� Actually�

in �CK	�p	��
 examples of non�symmetric solutions were given when 
 � 	 is an
integer� These solutions satisfy all conditions in Lemma 	��� and the conclusion
certainly�

Completion of the proof of Theorem ���� From Lemma ��	 and the argument above�
we get a contradiction sinceM 
 ��	�
��� Hence we have� if the blow�up happens�

����� lim
i��

jxij

�i

 ���
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which means that xi approaches the origin much slower than bubbling o��
Now we want to show� in this case� that M� 
 ��m for some integer m� Let

�i 
 jxij
���� exp��

�

	
�ui�xi� � logMi � log

Z
BR

eui���

It is easy to see� from ������ that

������
jxij

�i
� �� as i���

De�ne wi�x� 
 ui��ix � xi� � ui�xi� in ���
i �BR � xi�� One readily shows that wi

satis�es in ���
i �BR � xi�

������ ��wi 
 j
�ix

jxij
�

xi
jxij

j�ewi

and

����	�

Z
���
i �BR�xi�

j
�ix

jxij
�

xi
jxij

j�ewi 
 Mi�

Brezis�Merle�s result implies that wi converges to w� in Ck
loc�R

��� where w� is a
entire solution of

��w� 
 ew� with

Z
R�

ew� �M

and
w���� 
 � and w��x� � ��

It follows from the classi�cation result of Chen�Li that w� 
 �	 log�� � jxj�����
We can also interpret the above as follows� Let vi�x� 
 ui�x��
 log jxj� Clearly

vi�x� satis�es

�vi 
 Mi
eviR

BR
evi

in BRnf�g�

�i 
 expf
�

	
�vi�xi� � logMi � log

Z
BR

evi�g�

jxij

�i
� ��� as i���

Set �vi�x� 
 vi��ix� xi�� vi�xi�� It is clear that

�vi�x� 
 wi�x� � 
 log j
�i
jxij

x�
xi
jxij

j�

Hence �vi converges to w� in any compact subset of R� � The argument above holds
for local maximum of ui�

Now we can follow the argument given in �LS
 to show the Theorem� Applying
the argument of Lemma � in �LS
 to vi and the above argument� we have�
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There exists m �� � m � M���� sequences of points fx
�j�
i gm��

j�� in BR and

m sequences of positive numbers fk�j�i gm��
j�� with limx

�j�
i 
 � and limk

�j�
i 
 �

�� � j � m� �� such that for any � � j � m� �

������ ui�x
�j�
i � � 
 log jx

�j�
i j 
 max

jx�x
�j�
i j�k

�j�
i �

�j�
i

�ui�x� � 
 log jxj����

where �
�j�
i 
 jx

�j�
i j����e

� �
� �ui�x

�j�
i ��logmi�log

R
BR

eui�
with

������ lim
i��

jx�j�i j

�
�j�
i

���

������ B
�k

�j�
i �

�j�
i

�x
�j�
i � � B

�k
�j��
i

�
�j��
i

�x
�j��
i � 
 �� for any j �
 j��

������
�

�t
ui�ty � x

�j�
i �jt�� 
 �� for any �

�j�
i � jyj � 	k

�j�
i �

�j�
i �

������ lim
i��

Z
B
�k

�j�
i

�
�j�
i

�x
�j�
i �

jxj�eui 
 lim
i��

Z
B
k
�j�
i

�
�j�
i

�x
�j�
i �

jxj�eui 
 ���

������ max
x� 	BR

fui�x� � 
 log jxj� 	 log min
��j�m��

jx� x
�j�
i jg � C� for any i�

From �������������� the argument in �LS
 applies to our case to get the conclu�
sion� �

Proof of Theorem ���� From Theorem ��� and Proposition 	��� we have a second so�
lution for anyM � ���� ���	�
���f�m��m 
 	� � � � g� It is non�radially symmetric�
This gives the proof of Theorem ���� �
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