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EXISTENCE AND UNIQUENESS OF ENERGY WEAK

SOLUTIONS TO BOUNDARY AND OBSTACLE PROBLEMS
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Abstract� We prove existence and uniqueness of weak solutions to initial�boundary
value problem and problem with inner obstacle for elliptic�parabolic equations

�t b�u�� divfj��u�jm����u�g � f�x� t��

��u� � ru� k�b�u���e� j�ej � ��m � �

with a monotone nondecreasing function b� These equations arise in the theory of
non�Newtonian �ltation and mathematical glaciology�

�� Introduction

Let QT � ��	
� T �� � � R
n � n � �� Consider initial�boundary value problem

Mu �� �t b	u
� div a	b	u
�ru
 � f	x� t
 in QT � 	���


u � 
 on ST � � ��	
� T �� 	���


b	u
 � b� on ��ft � 
g 	���


where b � R � R be monotone nondecreasing and continuous while function a be
continuous on R � R

n � strictly monotone in p � R
n for any w � R and satis�es the

growth condition

ja	w� p
jm
�

� c	jpjm ��	w
 � �
�m � �� ��m� ��m� � �� 	���


where �	w
 is the Legendre transform of the primitive of b� i�e��

�	w
 � sup
z�R

fzw �

Z z

�

b	�
d�g� 	���


In view of 	���
� we have

�	b	u

 � ub	u
�

Z u

�

b	�
d�� 	���


Considering problem 	���
�	���
 under strict monotonicity condition

�a	w� p
� a	w� q
� � 	p� q
 � cjp� qjm�m � � 	���
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� A�V�IVANOV AND J�F�RODRIGUES

Alt and Luckhaus proved existence of solution to problem 	���
�	���
 in the natural
class of weak solutions with �nite energy

sup
t����T �

Z
�

�	b	u

dx�

ZZ
QT

jrujmdxdt � ��� 	���


Uniqueness of that energy weak solution to problem 	���
�	���
 was proved recently
by Otto in his paper ���� where along with conditions 	���
 and 	���
 it was used also
assumption

ja	b	u�
� p
� a	b	u�
� p
j
m�

� cju� � u�jfjpj
m ��	b	u�

 � �	b	u�

 � �g� 	���


Using these conditions Otto proved also important L��contraction for problem 	���
�
	���
�

In reality in the papers ��� and ��� the results cited were obtained for mixt boundary
value problem with in general non�homogeneous Dirichlet data and with additional
term g	b	u

 of the left�hand side to equation 	���
 	under appropriate assumptions
on Dirichlet data and function g	w

� We shall restrict to consider here problem
	���
�	���
 for the sake of simplicity and breavity of a presentation�

In the study of turbulent �ltration of a �uid or a gas through porous media 	�������

as well as of nonstationary saturated � unsaturated �ows though porous media 	���
�
in the theory of non�Newtonian �uids 	���
 and in the mathematical glaciology 	���

equations of the type

Lu �� �t b	u
� divfjru� k	b	u

�ejm��	ru� k	b	u

�e
g � f	x� t
�

m � �� b is nondecreasing and continuous on R function�

k is continuous on b	R
� j�ej � �

���
�� 	���



arise� Unfortunately the results of papers ��� and ��� can not be applied to equation
	���

 in the case m � 	�� �
 because the strict monotonicity condition 	���
 is ful�lled
for equation 	���

 only if m � �� For equation 	���

 with m � 	�� �
 the following
strict monotonicity condition holds�

�a	w� p
� a	w� q
� � 	p� q
 � cjp� qj�	jp� k	w
�ejm � jq � k	w
�ejm

m��

m � 	����


Extention of results of papers ��� and ��� to equation 	���

 with m � 	�� �
 is one of
the aims of given paper�

The main aim of this paper is to state our results on existence and uniqueness of
energy weak solution to the obstacle problem

u � ��Lu � f� 	u� �
	Lu� f
 � 
 in QT �

u � 
 � � on �T �

b	u
 � b� � b	u�
� u� � � on � ��ft � 
g

���
�� 	����


where operator L is de�ned by 	���

 and the obstacle � � �	x� t
 is given on QT

function�



WEAK SOLUTIONS TO BOUNDARY AND OBSTACLE PROBLEMS 	

As for as we know both existence and uniqueness of energy weak solution to problem
	����
 are not established in the case m 	� � and b	u
 	
 u� Existence and uniqueness
of a strong solution to problem 	����
 in the case m � � with bounded function b
are established in ���� In paper ��� one can �nd also some references on the obstacle
problems for quasilinear degenerate parabolic equations�

Using the results of papers ��� and ��� as well as the �rst part of given paper we
establish existence of energy weak solution to problem 	����
 assuming that obstacle
� and function b satisfy some compatibility condition 	see the statement of Theo�
rem ���
� In particular existence of weak solution of problem 	����
 is established if
function b is strictly monotone on R�

Applying the methods of papers ���� ��� as well as the �rst part of given paper we
prove uniqueness of energy weak solution to problem 	����
 in the case when obstacle
� is independent of time�

Acknowledgement� A completion of this paper was realized during a stay of one
of the authors at the Max�Planck Institute for Mathematics in the Sciences �Leipzig�
in July� ����� A�V�Ivanov would like to thank the MPI and Professor Mueller for
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�� Statement of the main results

Further in this paper we always assume that the following conditions are ful�lled�
�
 � is bounded in Rn � n � ��
�
 b is monotone nondecreasing and continuous function on R such that b	

 � 
�

k is given continuous function on b	R
�
�
 Function f � f	x� t
 satis�es condition

f � Lm�	QT 
� ��m� ��m� � �� m � ��

�
 Initial function b� � b�	x
 is de�ned by formula

b� � b	u�
 with some measurable function u� � u�	x
�

b� � L�	�
��	b�
 � L�	�
 	see	���

� 	�


It is shown in ��� that function � de�ned by 	���
 is superlinear in the following
sence

jwj � 	�	w
 � C� for any 	 � 
�

Hence really the �rst condition in 	�
 follows from the second one�
Denote

V �
�

W �
m	�


and let V � is notation of the dual space to Banack space V �
Let the growth condition 	���
 is ful�lled� Function u is a weak solution of problem

	���
�	���
 if u satis�es condition 	���
 and

Mfu� �g ��

ZZ
QT

�	b� � b	u

 �t � � a	b	u
�ru
 � r��dxdt �

ZZ
QT

f�dxdt

for all � � Lm	
� T �V 
 with �t � � L�	QT 
 and �	T 
 � 
�

���
�� 	���





 A�V�IVANOV AND J�F�RODRIGUES

�From identity 	���
 it follows obviously that the derivative 	in the sence of distribu�
tions
 �t b	u
 belongs to Wm�	
� T �V �
 andZ T

�

h�t b	u
� �idt�

ZZ
QT

a	b	u
�ru
 � r�dxdt �

ZZ
QT

f�dxdt

for all � � Lm	
� T �V 


����
��� 	���


where pairing h�� �i is in V � and V �
Investigating problem 	���
�	���
 Alt and Luckhaus proved the following important

statesments�

Proposition ��� 	Alt�Luckhaus� ����� Let u � Lm	
� T� V 
� b	u
 � L�	
� T �L�	�

�
�t b	u
 � Lm�	
� T �V �
 and for all � � Lm	
� T �V 
 with �t � � L�	QT 
 and �	T 
 � 
Z T

�

h�t b	u
� �idt �

ZZ
QT

	b� � b	u

 �t �dxdt�

Then �	b	u

 belongs to L�	
� T �L�	�

 and for almost all �a�a�� 
 � 	
� T �Z
�

��	b	u	



��	b�
�dx �

Z �

�

h�t b	u
� uidt� 	���


Proposition ��� 	Alt�Luckhaus� ����� Suppose that functions u� converge weakly in
Lm	
� T �W �

m	�

 to u with the estimates

�

h

Z T�h

�

Z
�

�b	u�	t� h
� b	u�	t

��u�	t� h
� u�	t
�dxdt � c 	���


and

sup
t����T �

Z
�

�	b	u�	t


dx � c�

Then b	u�
 � b	u
 in L�	QT 
 and �	b	u�

 � �	b	u

 almost everywhere �a�e�� in
QT �

Using Proposition � and � the following existence theorem is proved in ����

Theorem 	Alt�Luckhaus
� Let conditions 	���
 and 	���
 are ful�lled� Then there
exists at least one weak solution of problem 	���
		���
�

To state the Otto results we have to de�ne at �rst the following notations�
Function u is a subsolution of problem 	���
�	���
 with initial function b� 	satisfying

conditions �

 if u satis�es 	���
� u � 
 on ST � and for all nonnegative in QT function
� with the same properties as in 	���
 we have

Mfu� �g �

ZZ
QT

f�dxdt�

Function u is a supersolution of problem 	���
�	���
 with initial function b� 	sat�
isfying conditions �

 if u satis�es 	���
� u � 
 on ST and for all nonnegative in QT

functions � like above we have

Mfu� �g �

ZZ
QT

f�dxdt�

�From the results of ��� the following proposition follows�



WEAK SOLUTIONS TO BOUNDARY AND OBSTACLE PROBLEMS �

Proposition ���� Let conditions 	���
� 	���
� 	���
 are ful�lled� Let u� be a subsolu�

tion of problem 	���
		���
 with right�hand side f� and initial function b
���
� while u�

be a supersolution of problem 	���
		���
 with right�hand side f� and initial function

b
���
� where fi and b

�i�
� 	i � �� �
 satisfy conditions �
 and �
 respectively� Then for any

nonnegative function � � C�� 	Rn � 	��� T 

ZZ
QT

f�	b
���
� � b

���
� 
� � 	b	u�
� b	u�



�� �t �

� sign�	u� � u�
	a	b	u�
�ru�
� a	b	u�
�ru�


�r�gdxdt

�

ZZ
QT

	f� � f�
 sign
�	u� � u�
dxdt� 	���


In particular for a�a� t � 	
� T 
Z
�

�b	u�	t

� b	u�	t

�
�dx �

Z
�

	b
���
� � b

���
� 
�dx�

ZZ
QT

	f� � f�
 sign
�	u� � u�
dxdt�

	���


Theorem 	Otto�� Let conditions 	���
� 	���
� 	���
 are ful�lled� Then there is at
most one weak solution of problem 	���
		���
�

Consider now a problem

Lu � f in QT � u � 
 on ST � b	u
 � b� on ��ft � 
g 	���


with operator Lu de�ned by 	���

 assuming that

jk	w
jm � c	�	w
 � �
 on the set b	R
�m � �� 	���


In view of 	���
 function

a	w� p
 � jp� k	w
�ejm��	p� k	w
�e
 	���


satis�es condition 	���
 and hence the de�nition of weak solution given above can be
applied in the case of problem 	���
� Consider the following mapping �m	z
 � Rn �
R
n de�ned by

�m	z
 �� jzjm��z� m � �� 	���



It is well known that

��m	z�
� �m	z�
� � 	z� � z�
 � cjz� � z�j
�	jz�j

m � jz�j
m
��

�

m �

� � m if m � ��� � � if m � 	�� �
� c � c	n�m
�

�
	����


Then for a	w� p
 de�ned by 	���
 we have

�a	w� p
� a	w� q
� � 	p� q
 � cjp� qj�	jp� k	u
�ejm � jq � k	w
�ejm

m��

m �

� � m if m � ��� � � if m � 	�� �
� c � c	n�m
�

�
	����
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Obviously 	����
 coinsides with 	���
 if m � � and with 	����
 if m � 	�� �
�
It is easy to check also directly that for all w � R� p � Rn

a	w� p
 � p � ��jpj
m � c	�	w
 � �
� �� � �� c � 
�m � �� 	����


Note that inequality 	����
 can be derived also from conditions 	���
� 	���
 for any
m � ��

Consider now the following conditions�

jk	w�
� k	w�
j � cjw� � w�j
��m for any w�� w� � b	R
 	����


and

jk	b	u�

� k	b	u�

j � cju� � u�j
�	�	b	u�

 � �	b	u�

 � �
��m�


 � ��m� if m � �� 
 � ��m if m � 	�� �
� u�� u� � R�

�
	����


The results of given paper allow to state in particular the following theorems�

Theorem ���� Let condition 	���
 and 	����
 are ful�lled� Then there exists at least
one weak solution of problem 	���
 for any m � ��

Theorem ���� Let condition 	���
 and 	����
 are ful�lled� Then there is at most one
weak solution of problem 	���
 for any m � ��

Remark 
��� In the case m � � Theorem ��� and Theorem ��� follow from the results
of ��� and ��� respectively� Really in the case m � � conditions 	���
� 	����
 imply
obviously that conditions 	���
 and 	���
 are ful�lled and hence Theorem of Alt�
Luckhaus implies that Theorem ��� is valid for m � �� To prove that Theorem of
Otto implies Theorem ��� for m � � it su�ces to show that in this case condition
	���
 follows from conditions 	���
� 	����
� Really denote

 pi �� p�G	b	ui

� G	w
 �� k	w
�e� zi �� �m	 pi
� i � �� ��

Because m� � 	�� �
 for m � � and �m�	�m	 pi

 �  pi� i � �� �� from 	����
 it follows
that

j�m	 p�
� �m	 p�
j
� � c��m�	z�
� �m�	z�
� � 	z� � z�
	jz�j

m�

� jz�j
m�



��m

�

m�

� cj p� �  p�jj�m	 p�
� �m	 p�
j	j�m	 p�
j� j�m	 p�
j

��m�

�

�From here and 	���
� 	����
 we derive

j�m	 p�
� �m	 p�
j
m�

� cjk	b	u�

� k	b	u�

j
m�

	jpjm ��	b	u�

 � �	b	u�

 � �

m��

m��

� cju� � u�j	jpj
m ��	b	u�

 � �	b	u�

 � �
�

i�e�� condition 	���
 is ful�lled�
We are able to prove Theorem ��� and Theorem ��� in the case m � 	�� �
�
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State now main results of given paper on existence and uniqueness of weak solution
to the obstacle problem 	����
�

We will assume further that 	together with conditions �
��

 the following condi�
tions are ful�lled�

�
 Obstacle � � �	x� t
 satis�es assumptions

� �W ���
m 	QT 
��	b	�

 � L�	
� T �L�	�

� �t � � Lm�	QT 
�

� � 
 on ST � � � u� and b	u�
 � b� on ��ft � 
g�

u� � L�	�
��	u�
 � L�	�


���
�� 	����


and

there exists nonnegative function � � Lm�	QT 
 such thatZZ
QT

��t b	�
� � a	b	�
�r�
 � r��dxdt �

ZZ
QT

	f � �
�dxdt

with a	w� p
 de�ned in 	���
 for any � � Lm	
� T �V 
�

������
�����

	����


Denote
K � K	�
 �� fv � Lm	
� T �V 
 � v � � a�e� in QT g�

Function u belonging to K	�
 such that �	b	u

 � L�	
� T �L	�

 and �t	b	u
 �
Lm�	
� T �V �
 is a weak solution of problem 	����
 if u satis�es variational inequalityZ T

�

h�t b	u
� v � uidt�

ZZ
QT

a	b	u
�ru
 � r	v � u
dxdt �

ZZ
QT

f	v � u
dxdt

for all v � K	�
�

����
��� 	����


whereZ T

�

h�t b	u
� �idt � �

ZZ
QT

b	u
 �t �dxdt for all � � Lm	
� T �V 


having a compact support in ��	
� T 
 and such that �t � � L�	QT 
�

����
���

and initial condition

ess lim
t��

Z
�

jb� � b	u	t

jdx � 
� 	����


Consider the following

Condition C� There exist numbers 	� � 
 and 	� � 
 such that the restriction of
function b on the neighborhood  � ��

S
�	��x�t�
�x�t��QT

��� ��	�� of the range �	QT 
 of the

obstacle � is strictly increasing function with a range containing the neighborhood
 B ��

S
�	��x�t�
�x�t��QT

�b	�
� b	�
 � 	�� of the range b	�	QT 

 of function b � �� Moreover the

inverse function to this restriction is uniformly continuous on  B�
The mail results of our investigations can be expressed as the following statements�
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Theorem ���� Let conditions 	���
� 	����
 and 	����
 are ful�lled� Assume that
either b is strictly increasing on R or condition C holds� Then there exists at least
one weak solution of problem 	����
�

Theorem ���� Let conditions 	���
 and 	����
 are ful�lled� Assume that obstacle �
is independent of time t� Than there is at most one weak solution of problem 	����
�
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