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Local Regularity of Solutions of Variational Problems
for the Equilibrium Configuration
of an Incompressible, Multiphase Elastic Body

By
Bildhauer, M., Fuchs, M., Seregin, G.

Abstract. We consider a multiphase, incompressible, elastic
body with k preferred states whose equilibrium configuration is de-
scribed in terms of a nonconvex variational problem. We pass to a
suitable relaxed variational integral whose solution has the meaning
of the strain tensor and also study the associated dual problem for
the stresses. At first we show that the strain tensor is smooth near
any point of strict J;,,—quasiconvexity of the relaxed integrand. Then
we use this result to get regularity of the stress tensor on the union
of pure phases at least in the two—dimensional case.

1 Introduction

Consider a multiphase elastic body with k& preferred states which is in equilibrium
under a given volume load f. Assume further that the temperature is fixed. Let
g1, - - -, gr denote the elastic potentials. Then the equilibrium configuration is de-
scribed by the variational problem

(P): to find a displacement u: Q — R? such that

I(u) = irclff(v) ,

where g := min{g,...,gx} and Q C R¢, d = 2,3, is a bounded open set (repre-
senting the undeformed configuration). We let
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(Vu+ VuT) (strain tensor),

N =

I(u) = /Q(g(s(u))—f-u) dv, e(u) =

where the g; are quadratic or more general m—growth (m > 2) potentials and
21 d
C C uo+ W, (Q,R").

In addition, from now on the incompressible case is considered, i.e. divu = 0 and
therefore

C = {ucup+ V%%(Q,Rd) tdive=0}.

Clearly everything is true and even simpler without this condition. Problem (P)
may fail to have solutions and therefore one passes to a relaxed problem which
means that a suitable quasiconvex envelope (g is introduced taking care of the
constraint divu = 0. The relaxed problem then reads

to find a displacement field u € C such that
(OP) QI(u) = iréf QI(v)
I = —f-uypd
Q1) = [ {Qolew) - f-u}aa

If u is a solution of (QP), then one is interested in the regularity properties of u
which is a quite delicate question since as a matter of fact one expects degeneracy
of Qg, and since the representation formula obtained in [SE3] is not local, it is
hard to decide where degeneracy occurs. So, much attention has been paid to get
explicit formulas for Qg (compare [KO], [SE3]) and regularity with the help of
some explicit formulas was proved in [SE3] and [FS1]. But due to the complex
nature of the problem, success has been obtained only in very special cases.

In place of this we investigate the smoothness of solutions to (QP) via local argu-
ments in the spirit of [AG] and [AF]. To this purpose we first prove (see Section 2
for details)

Theorem A. Let J(u) = [, h(e(u)) dz with integrand h of growth rate m >
2. Let u denote a local J-minimizer subject to the constraint divu = 0. Then u is
smooth in the neighbourhood of any point xo € Q provided that h is strictly J} -
quasiconvez at €9 = e(u)(xo) and e(u) is close in measure to €9 on balls centered
at xg.

Here and in the following we assume for simplicity that the volume load van-
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ishes. Nevertheless, the results are also true for sufficiently regular f.

Of course, Theorem A has a counterpart in the case that h is strictly convex at g
in the sense that D?h(gg) > 0 (see Theorem 6.1) but if & is just globally strictly
convex in the sense of definition, Theorem A will sometimes give better results as
it is shown by an example for which D?h is not everywhere positive.

Let us come back to (QP) and assume that g, ..., g are just quadratic potentials
(a general version is given in Section 7). Suppose further that

Qg = g, (1.1)

where g** is the second Young transform of g defined on the space of all d x d
matrices which are symmetric with zero trace. Condition (1.1) can be verified in
the two—dimensional case (see [SE3], Theorem 2.3) but in general does not hold
for d = 3 even if we just consider two wells, we refer to [SE3] for a counterexample.
Under additional assumptions explicit formulas for Qg (implying (1.1)) were given
in [FS1] and also in [SE3] but since we do not use any explicit representation of
Qg, we get the following extension of [FS1] and [SE3].

Theorem B.

(i.) Suppose that xo is a Lebesgue point of e(u) and that the mean oscillation of

e(u) at o is small. Then, if g** (e(u)(z0)) = g(e(u)(z0)) = gi(e(u)(wo)) for
exactly one i, then u is smooth near xg.

(ii.) Let o denote the dual solution to problem (QP). Consider all Lebesgue points
xo of o where also the limit of the mean oscillation of €(u) is zero (Both
conditions hold a.e. on ().). Suppose that g* (o(z0)) = g} (o (x0)) for ezactly
one i. Then o is smooth in a neighbourhood of xg.

In (ii.) it is stated that the stress tensor is regular on the union of pure phases.
Let us remark again that in the incompressible two—dimensional case (1.1) holds for
any number k of quadratic or m—growth potentials. Thus we have a generalisation
of Theorem 2.2 in [FS1]. Nevertheless Theorem 2.2 of [FS1] is slightly stronger in
the sense that in this special setting z( is only required to be a Lebesgue point of
the stress tensor o which due to the weak differentiability of o (compare Theorem
2.1 in [FS1]) holds up to a set of Hausdorff-dimension zero. For completeness we
would like to mention that in the case of two wells a more refined analysis of the
smoothness of the stress tensor o is possible. According to [SE3], Theorem 2.7, we
can define a quadratic function of o which controls the distribution of phases and
which is everywhere continuous on §2.
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2 Local regularity of the elastic displacement in
points of strict quasiconvexity

As usual M? denotes the space of all real d x d matrices, M the subspace of
matrices with vanishing trace, S? the subspace consisting of symmetric matrices,

S the subspace of symmetric matrices with vanishing trace. We set for u = (u;),
v = (v;) € R, for » = (555), k = (k;;) € M? and for »1 := (5;;) € M?

u-v = wv,  Jul = Vu-u,

u@v = (uv;) €M,
wik = tr (' R) = sk, x| = Vi,
wu = (mju;) € RY,

where we always take the sum over repeated Latin indices from 1 to d. For balls in

R? the symbol B(+, -) is used, balls in S¢ are denoted by B(-,-). In the following Q C
R? is assumed to be a bounded Lipschitz domain and we consider the functional

I(u,Q) = / g(e(w)dz, we gk (QRY),
Q
where e(u) is the symmetric part of the gradient of the vector—field u,
1 T
e(u(z)) = 3 (Vu(ac) + (Vu(z)) ) ,

and the space J!, () is defined below. As a general hypothesis the integrand g,

is a locally Lipschitz function satisfying for some m > 2 and for almost every
o
k €S%

dg —
S| < e (L) (2.1)
This immediately gives
lg(k)] < e (1+|k™) forall keS¢ (2.2)

The following spaces are used throughout this paper:
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C@Q,RY) = {veCPQ,RY): dive=0 in Q},
JLQRY) = {veWh(Q,R): dive=0in Q},
JC:}I(Q,Rd) := closure of (.]OO(Q,Rd) in WL(Q,RY).

Now the appropriate version of Theorem 2.1 in [AF] reads as follows:

Theorem 2.1. Let u € J., (Q,R?) be a minimizer of I(-,()), that is
I(u,) < I{u+v,Q) forall v GJj}I(Q,R‘i).
Suppose that for xo € Q and for »y € §d

lim ][ le(u) —2¢9|™dx = 0.

RN\ (2.3)
B(IO7R)
Assume further that for some p; >0
g€ C2 (B0, ) (2.4)

and that g is J} (Q, RY)—strictly quasiconvex at s, i.e. for any v €J}(Q,R?) and
for some constant v > 0 we have the inequality

/ {900 +2(0)—gGa)  do > 20 / (e@P? + @™} do. (25)
Q Q

Then the function Vu is Hélder continuous in B(zg, R) for some R > 0.
Clearly, the same result is true if we drop the condition divu = 0.

Remark 2.2. The notion of J. —quasiconvexity was introduced in [SES]. It
is a natural modification of quasiconvexity introduced by Morrey [MO1] and Wplf
quasiconvezity in the sense of Ball and Murat [BM] if solenoidal vector fields are
considered.

3 Two auxiliary lemmata

Let us place two auxiliary lemmata in front of the proof of Theorem 2.1. The first
one follows the idea of [AF], Lemma 2.2, and is stated for the readers convenience.
The second one is a simple but very useful observation.

Lemma 3.1. Suppose that, besides the general hypotheses, g satisfies (2.4)
and (2.5). Then g is strictly J%, —quasiconvex in some neighbourhood of s, i.e.
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(3.1)

[ AoGerew) =gt} de 2 v [ {eP +le)™) do
Q Q

holds for any v EJ(;}% (Q,RY), for any 3 € B(sw,p) and for some p € (0, p1]

Proof. Fix v GJ(;}% (2, R?) and define

0 = {mEQ: e (v(z)) |< %1}, 0 = O\Q.

Then we have

A = /Q{g(%-i—s(v))—g(%)} dx

Thus, setting

fle@) = [g(x+e@) = 9G] = [9(0 +£(v)) — 9(50)]

- (5209~ S ) e,

strict J! —quasiconvexity at »p implies

21//9{|6(v)|2+|5(v)|m} dm—}—/Qfdm

fdiL' = A0+A1 -f—AZ

A

v

Ql Qz

Now, we fix v > 0 and observe that by (2.4) there is a real number 6(7) > 0 such

that
2 2
0%y 0%y ()

a2 ™| <7

301 satistying |7 — 7| < 0(v). If we consider for 3 =

for all 7, 7' € B (%0, g
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respectively for > = 3¢ the mapping 6 — g(% + 95(1})), then we see by Taylor’s
formula

dg 1 0?

g(k + 5(1})) —g(3) — =) :e(v) = 5/0 (1- 0)8—;2](% + 95(1}))6(1}) ze(v)db.

This gives using the definition of

2

|4 = /QI/O % [%(x%—&—:(v)) — %(;{0 +9£—:(v)) dfe(v) : e(v)dz

IN

7/91 le()|? do < v/g)ls(v)lzdw

for any » € B (%0, min { &, 5(7)}) To estimate Ay, we observe

g(x+e@) —g(30 +e(v)) = /0 %(;{0 + (V) + 0(3c — 30)) = (3¢ — 59) df,

so we obtain by the Lipschitz continuity of g, by (2.1) and by the definition of 2,

2] < 03(%0’p1)|”_%0|/ (1+]e(w)[™™") da
Qo

[ o i o)
C4 <%o,p17 0%g ) |2 — %0|/Qz (le()? + le(v)|™) da

o /Q (e@)? + e()|™) da

+

IN

L (B(50,3p1/4))

IN

for any » € B (%0, min {’y, e ) This finally implies
A > -0+ cm)/ (@) + Je(0)|™) do
Q
for any s € B (56, min {7, &, 8(7)}). It remains to take ~ sufficiently small,
v < w-(+ea)y, p = min{y,200},

and Lemma 3.1 is proved. ]
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Lemma 3.2. If (2.4) holds, then there is a constant

99
Ok

A = A <%07p17 )
C1(B(50,3p1/4))

such that

dg

an( )=

Pea| < AQHl - 52)

for almost every T € S and for all 32 € B (5, 2%).
2

Proof. Assume first that 7 € B (%, & ) and therefore 7 € B (%0, 321) Then
we have

0 0 1 9%g
ai() ai( )‘ = |/ 8H2(%+9(T— %)) (1 — ) df
|7 — 5.
Haf’C C1(B(50,3p1/4))

Suppose now that 7 ¢ B (s, 2). We then introduce

pPr T—x
x+ 8 |7 — 5’

N
|

where it is assumed w.l.o.g. that the following derivatives exist. So,

dg Jg dg g _ dg _, Og
< -7 -7 -z
8/-@() 8/-@( )‘ - 8/-@( |+ (9/@(%) + 8/1(%) 8/@(%)
e ]
KAl ¢c1(B(520,301/4))
< o) (L 1717 ) 4 A | 52 .
Klle1(B(a.301/4))
This together with
1 - 2 1 if || > 20 +1
IT—» = 147 L4n ' (A +p+lml) if |7 < 2 +1

proves (3.2) in the case 7 ¢ B (5, &) as well and the lemma follows. [ |
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4 A Caccioppoli—type inequality

In this section an inequality of Caccioppoli’s type is proved which is the counterpart
of [AF], Lemma 2.5. However, since Lemma 3.2 is used to prove this inequality, it
is a slight improvement compared to the one of [AF]. Especially we do not have
to impose new assumptions on the general situation.
Lemma4.1. Suppose that all the conditions of Theorem 2.1 hold, that
B(xo,R) € Q and that 7 € M? such that
1

x = 5(7r+7rT) € B(%g,g),

where p is the number according to Lemma 3.1. Then for any a € R? we have

|Vu —7|* +|Vu — 7|™} d
/ ! )

cr / 2 cr m
< = |lu — w(z — zo) — al dm—}——/ |lu —w(x — x9) — a|™ dz,
R? | p(ao.n) R™ JB(2o,R)

where the constant c; does not depend on xy, R and m.

Proof. Consider p € C*°(R?) satifying 0 < » < 1, |V¢| < ~%- and

r—r1

_[1 in B(zo,71)
¥ =1 0 outside of B(zo,7)

where % <ry <r < R is assumed. We also let

o = u-—7n(r—x0) —a,
Y = 1-9p.

According to [LS] (see [FS2], Lemma 3.0.4, p. 144 for more references) there is a
function 4 El/f/; (B(wo,)) such that

divia = div(pa) = a-V¢ on B(zg,r),

[ Wil < ctma) [ juvePds,
B(zo,r) B(xzq,r)

/ V™ da C9(m,d)/ |
B(zo,r) B(xzq,r)

INA
<l

-Vo|™ dz .
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Now, by Korn’s inequality (also see [FS2], pp. 143, for detailed references), by
strict quasiconvexity (see (3.1)) and by the relation e(@) = e(u) — 3¢ we obtain

clo<m,d)u/B( IV =) + [V(pa =) de

< ”/B( Allon =+ [etgn — )"} o

< / {g(%—}—z—:(gmi—ﬂ)) —g(%)} dx
B(zo,r)

= / {9(e(u) —e(pu+a)) —g(e(u))} da
B(zo,r)

+/ {9(e(w)) — g(e(u) —e(pu —a)) } dx
B(zo,r)

+/ {g(e+e@u+1a)) —g(x)} da.
B(zo,r)

Observing div (pu — @) = 0 in B(x,r), minimality of u gives a non positive sign
for the second integral on the right hand side, i.e.

cotmayy [ {[S(n =P+ pu ="}
< /B( ){g(s(u)—s(ww))—g(e(u))} d o
+/ {90+ e(Wu+ 1)) — g(>)} da
B(wo,r)

= I+1II.
We now define
b (rg,7) = / {|Vﬂ|2 + |Vﬂ|m} dz,
B(zo,r
bia0r) = [ ISP+ Vel ) de,
o,

and claim that there is a constant ¢;; > 0 such that for every v > 0 and for some
other constant c19 = ¢12(7)

I+1I < c11(®(zo,7) — ®(w0,71)) + 29 B(20,7) + c12(7)P1 (20, 7). (4.2)

Let us assume for the moment that (4.2) holds. By the choice of @



BILDHAUER, M., FucHs, M., SEREGIN, G. LOCAL REGULARITY ... 11

/ {IVa]* + |Va|™} dz < co(m, d)®1(z0,7) (4.3)
B(.Z‘o,
is seen to be true and this implies together with (4.1)

@(330,1“1) < ci3 (‘I)(CC(),’I“) — (I)(ibo,Tl)) + 014’}/(1)(130,7“) + 615(’7)@1(330,1“) s

respectively after “holefilling”

7613 + 0147(1)(130, ’I“) + 615(7) <I>1(:c0, ’I“) .

®(xg, 7 <
(@o,m1) < ci3+1 ci3+1

Since ¢13 and ¢4 are independent of 7y, we can arrange

0 < g .= o g
c13+1

Finally, for % <r; <r < R the estimate

D(xo,m1) < 0P(x0,7) (4.4)

1 / Y 1 i
1 a|? do + 7/ ™ d
(r —=71)% JB(zo,R) (r=71)™ JB(wo.R)

is derived from the obvious inequality

+ci17

1 1
) < —_— i) d B — a|™dzx| .
Heo,) < cio [(T —r)? /B(sz) ol de (r—mry)m /B(me) g m]

Following [Gi], p. 161, or [AF] (see Lemma 2.4), Lemma 4.1 is proved by (4.4). So
it remains to show (4.2):

1
B(zoﬂ) 0
_'!

_ _/B(W) {/01 {%(Ha(u) (v + ) — 8/1(%)} e(u+ ) de} da

3|

(e(u) — Oe(vu + @) : (v + @) dﬂ} dx

To estimate I, Lemma 3.2 is used:
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1
I < clg/( )/ [1+ |2 +e(@) — be(vpa + a)|™ 2] |e(a) — Oe(vu + 4)|
B(zo,r 0
|e(y + @)| d6 da
1
< clg(zo,p)/B( )/0 (14 [e(@) — Be(pa + a)|™2) |e(@) — Oe(Pa + a)]
Je(yu + 0)| d6 du
1
- 020{/19<w07r>/0 le(@) — B (v + 4)| |e(a + a)| d6 da
1
+/B($07r)/0 (@) — Be(ypu + @)™+ |a(¢u+a)|d0d:c}
<

/ (@) + @)™ 1) [e(wa + @)] de
B(zo,r)

Fes / (ea + a)|? + |e(vu + @)|™) da.
B(xzq,r)

Since 1 = 0 in B(xg,r1), we obtain
Il S 023/ (|V11|2 + |Vﬁ|m) dx
B(zo,m7)\B(zo,71)
+cQ4/ (1Val + |[val™ ) (|al [Vel + |Val) de
B(zo,

teas /B {(IVePlal + |Ve|™a™) + |Vl + V™) d
To,T

and finally using Holder’s inequality

Il S 023/ (|V11|2 + |Vﬁ|m) d.fL'
B(xzo,r)\B(zo,r1)

s / \Val de / (Ja]? |Vol? + |Vaf) de
B(zo,r) B(xo,r)

m—1

a1
+cCog / [Va|™ dx / (|a|™ Vo™ + |Va|™) da
B(zo,r) B(zo,r)

eas / {(IVePlaf + [Ve|™a™) + |Vl + |Va|™} dz.

1 1
2 2
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Recalling (4.3) and the definitions of ® and ®;, the following inequality is proved:

I < cos(®(wo,7) — ®(20,71))
1

1 —
+cog (@é(xo,r)q)f (xo,r) + @ = (w0, 7)P
+027q)1($0,’l“) .

=3

(20,7))

If v > 0 is fixed, then Young’s inequality gives
I < o3 (@(mo,r) — (I)(.Z'(),Tl)) + y®(x0,7) + cog ()P (z0,7) .

Now, observe that I» has a negative counterpart arising from I1:
1 89
= / {/ 99, +65(¢u+a)):5(wu+a)d0} de
B(zo,r) 0 Ok
1
_ /B(W) {/0 [%( +0e (i + 0)) — %(%)] : (i + ) da} dz

1
+/ { @(%) :5(¢u+ﬂ)d6} dx
B(xzq,r) 0 ok

= IIl + II2 .
Thus I, = —II, and it only remains to estimate II; which can be done in the
same manner as above and the whole Lemma is proved. ]

5 Proof of Theorem 2.1

Theorem 2.1 will be a consequence of the following lemma.

Lemma 5.1. Again suppose that the general hypotheses is satisfied for the
integrand g and that u is a minimizer of 1(-,8)) as described above. Suppose further

that the conditions (2.4) and (2.5) hold for some 3 € S4 and let for zy € Q2
1
2
U(2g,R) = ][ |Vu — (Vt)y g dz | dx

B(.Z‘o ,R)

(SIS

+ ][ [Vu — (Vu)go.r|™de | dz,

B(.Z‘o ,R)
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where (p)z,r always denotes the mean value of ¢ on B(x,r). Finally p > 0 is fized
according to Lemma 3.1.

Then, for any t € (0,1/8] there are numbers yo > 0 and Ry > 0 such that: if for
o € Q and for 0 < R < Ry the conditions

B(:I"O;R) S Q;

(@), € B(=5), (W), , € B(=%).
¥(zo,R) < 70

are satisfied, then the conclusion is
U(zo,tR) < cgt¥(zo,R)

where the constant cq does not depend on xy, R and t.

Proof. The lemma is proved by contradiction, so assume that there is a
number ¢ € (0,1/8] and that there are sequences {z"}, {R} and {y,} such that
B(z",Rp,) € Q and:

Ry — 0, vy = 9" R,) — 0 as h—0,

%? = (E(U))zh,tRh € B(%Oag); = (E(U’))zh,Rh € B(%O;ﬁ);

(2" tRy) > coty,

where cg is chosen below in an appropriate way to obtain the contradiction. We
now consider the scaling

z = z"+yRy,
h u(z" +yRp) — (Vu),n g, (x — 2") — (u),n g,
vi(y) = 7
Yhith

and get after changing the variables

Veu = (ku)thRh + ’thyvh(y) 5
(V$U)$h,tRh = (vﬂ?u)z‘h,Rh + 'Yh(vyvh)Oﬂf )

(Uh)071 = 0, (Vyvh)o,l = 0,
(a" tRy) = w®a(t),
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where we have abbreviated

p(t) =
B(0,t)

From our assumptions we get

B(0,1)
n(t) > cot.

2

of=

][ |Vvh — (Vvh)07t|2 dy | +~

h

B(0,t)

B(0,1)

][Wﬁdy LaE f|th|mdy

71 ][ |Vl — (Vol)o.|™ dy

15

=

Thus, after passing to subsequences (still denoted by the same symbols) without
loss of generality it may be assumed that:

ol - v
Vol — Vv
1—2
" moh
1-2 h
v, ™Vot o —
P -

as h — 0. Now, using the minimality of u, we will prove that v satisfies

/ 59 e)e(v) : e(w) dy
B

(071) W

in
in
in
in
in

= 0

for all w e C®(Q,RY).

To prove the claim (5.1), choose w € ém(Q,R‘i) and define

wh = Y Rpw (:c

h

As mentioned above, we use the minimality of u, i.e.

I(u,B(z", Ry,

This yields

/Buh,Rh) {/o1 %(6(“) +be(w")) :E(Wh)da} dz > 0

))

i ) e (>~ (B(a", Ry),RY) |

< I(u+w",B(a", Ry)).

(5.1)
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and after a change of variables

/B(O N {/0 %(%h + e (") + Oype(w)) : e(w) de} dy > 0. (5.2)

In order to pass to the limit in (5.2) we first observe that by condition (2.4) for
every v > 0 there is a real number d(7y) > 0 with the property

d%g d*g
a2~ g (7

< 7

whenever 7, 7 € B(sg, %) and |7 — 7'| < 6(7). To proceed further two sets are

introduced setting 4 = min {%, @}:
B, = {y€B(0,1): (@)l +lew)®]) >}, Bi = B0, 1)\B;.
Then, by definition

P < o [ (] +lew) dy

h

c? (1 + /B - |s<w)|2dy) ,

IN

which gives

Bl < (4 2d
|Bal < — + le(w)|"dy | - (5.3)
Y B(0,1)

Going back to (5.2) we see

A = /B ‘929(%*)5(11) s e(w) dy

(071) W

> o {80

1 ! 99 h 99, p .
=) <&( + Yhe(0") + Oype(w)) — &(% )> dﬁ} e(w) dy
= A1+ Ay + Az + Ay,
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where the A; are defined via

4 = -+ /B v (@(%hms(vh)ww(w))—g—iwh)) a6 : e(w) dy
4 - /B 2 / ( A (0 + 0e(w) = GLG ) <) dy
/ / () (") + e(w)) dB  <(w) dy,
B2 K
t = [ SR sty = [ SO sy,
A = /Bz/ 8&2 (w)df - e(w )dy:—%/BZ%(%h)g(w):a(w)dy.

We have assumed that »" € B(5¢, £) and that g—i% is continuous in B(34, p). This
together with (5.3) implies

1 2
A4 - —= / a—g
2 B(071) 8Fﬂ

Next, we observe that

~—~

s )e(w) i e(w)dy as h—0.

44 ‘ [ (50 = ) 2wy
+ - %(%h)s(v — M) s e(w) dy + /B}I %(%*)s(v) te(w)dy

— 0 as h—0.

By construction, " + v,e(v") + Oype(w) € B(s, 5) for y € B} and A, may be
written in the following way

= [ [5rsoteen ot e

—/0 Si(% + 017 (e(v h)+9€(w)))(5(vh)+06(w)) ce(w)d6, | dbdy.

Since we have on the other hand »" + 617, (e(v") + fe(w)) € B(3%, %) and
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(e o)) < 5 < X< s

IN

for y € B}, we obtain

A

h 2
4o < 7/3(0,1) (Ie@")]+ le@)]) le(w)dy < es07 <1+/B(071) le(w)] dy) :

Finally, from Lemma 3.2 we get an upper bound for |A;|:

/B (14 (1 + le@)] + b)) ™) (@) + le(w)])lew)] dy

h

IN

m— m—1
esal[Veoll L~ (5(0.1)) /B (I + @)l + 72 (e @) + @)™ ) dy
h

1
2

IN

cas(Vw) S |B}|2 (/B(O ) (le@")I* +le()[?) dy)

m—1
m— Bl
2 By ( /
B(0,1)

m
)

(le@M)™ + le(w)|™) dy)

Again (5.3) proves
A = 0 as h—0.

Summarizing these estimates we have proved

1 o2
A > —csoy <1+/ |5(w)|2dy> _ —/ 99 (e )e(w) - e(w) dy
B(0,1) 2 Ip(o.) Ok

or, since v was an arbitrary positive number

829 . 1 629 .
/B<o,1> w2 )W) rew)dy + 5 /B (se)e(w) s e(w)dy > 0.

(071) W *

The same is true for any scaling of w and we arrive at (5.1). Concerning the linear
system (5.1) with constant coefficients we first claim that strict J},—quasiconvexity

(3.1) implies for all w €.J3 (Q, R?)
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0%g / )
—(n)e(w) re(w)dy > c3a(v Vw|~ dy .
L, 500wy 2 ) [Ty (5.4

If 5c. and w are given as above, then (5.4) is just a consequence of the fact that
the function

f) = / {00 + te(w)) — g(oe) — vt |e(w) P} dy
B(0,1)

attains its minimum at 0. So by (5.1) and (5.4) the standard linear theory can
be applied (compare for example [FS2], Lemma 3.0.5, pp. 145, and notice that
condition (5.4) is sufficient). Thus, setting

b0 = | f Vo= (Vo

B(0,s)

it is proved for all s € (0,1) that

)
OK?

O(s) < 35 <1/,

> s®(1).
L (B(30,p/4))

The uniform boundedness of ®;(1) gives in addition

P(s) < e35s forall se(0,1). (5.5)

Then the contradiction will follow from the above assumption

llgniglf ‘Ph(t) > C@t . (56)

In fact, since » € B (%0, %), we can apply Lemma 4.1 replacing zo and R by 2"
and tRj, with the result
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‘I’(J?h, tRh)
< ¢ ! |U_(VU) h (m—xh)—(u) h |2 dx
- 30 2tRy, " tRp zh 2tRp,
B(J:h 2tRp)
1 . o
* (2tRp) % [u = (Vu)on im, (@ = 2") = (W)pn oem,, | do
h 2t Ry)
< o : |u—(VU) h (a:—wh)—(u) h |2 dx
- 3 QtRh zh 2tRy, zh 2tRy,
B(J:h 2tRp)
+71 |u — (V) gn (x —x") — (u) n - |m dz
(2tRp) % 2tRy, @ 2tRp
h 2t Ry)

+C38 {| VU zh 2tRy,

(Vu)or tr, | + [(VW)ah 2tm, — (VUWan i, |2 }

and by transformation we get

1

Py (t —
h() S €39 2
n 1

(207%

+ca0 {|(V7ﬂh)072t (Vo")o.| + '7h |(VU Jo2t — (Vvh)07t|%} :

[oh — (Voo 20y — (0")o 26 dy

B(0,2t)

m—2

Th

B(0,2t)

Passing to the limit it is established:

lim sup ®,(t)

h—o0

C
D1 £ o= oz - @z dy

B(0,2t)
+ca0 {|(V0)o,2t — (V0)o|} -

m ][ |vh — (Vvh)o,Qty - (Uh)0,2t|m dy

=

N

=

20
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Finally, we notice that

[N

][ (Vo= (Voloud dy < cn ][ Vo — (Vo)o.stl® dy

B(0,t) B(0,2t)

and by Poincaré’s inequality (5.5) proves

limsup ®,(t) < c02®(2t) < cypc352t.

h—o0

So, the contradiction to (5.6) follows if cg = 4 ¢40 ¢35 was chosen at the beginning
of the proof, i.e. Lemma 5.1 is proved. |

Now, we proceed as usual (see, for example [AF]) by iterating Lemma 5.1:

Lemma 5.2. With the assumptions of Lemma 5.1 suppose that the numbers
a € (0,1) and t € (0,1/8) satisfy the condition

Cop tl_a S 1.

If we assume for zo € Q and for 0 < R < Ry
B(J'.O;R) S Q;
p p
(E(u))wo,tR € B (%07 1_0) ) (E(u))wo,R € B (%07 1_0) )

3
¥(zo,R) < m = min{yo,td(l_ta)£}7

where vy and Ry are the numbers of Lemma 5.1, then for any k = 0,1,2..., we
have

(E(u))w07tk+1R € B (%07 g) )
U(zo,t"R) < t*F¥(x, R).

Proof. The lemma is proved by induction on k. It is true for k£ = 0, so assume

that the conclusion holds for 0 < £ < p — 1. Then, Lemma 5.1 shows
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U(zo,tPR) < cotV¥(zo, P 'R) < t*t*P~DW (5, R)
tap\I’(ﬂfo,R).

The first claim follows from

‘(E(U))zo7t1’+1R - %0‘ S ‘(5(“))1071% - %0‘ + zp: ‘(E(U))wmt’““R B (E(U))zoﬂf’“R‘
k=0

p
p
< L4y ][ o) = (), |
k=0 B(zo.t+1R)
1
2
P d - 2
< fHttY ‘e(u)—( ( ))WM‘ dz
k=0 B(.Z‘o,th)
0 P
—d k
< gt > W(zo,t*R)
k=0
0 P
—d ka
< gt > R W (xo, R)
k=0
p 1 1
< 2 Y(,R -
> 10 + td(]. _ta) ($0, ) < 4 )
and the lemma is proved. ]

Now the proof of Theorem 2.1 follows in a standard way from Lemma 5.2. B

6 The convex counterpart of Theorem 2.1 and its
comparison with Theorem 2.1

As a corollary the main theorem will immediately imply a result in the spirit of
[AG]. Of course m > 2 has to be assumed here.

Theorem 6.1. Suppose that g : S 5 R satisfies our general hypotheses
and that there is a convex function f: S?— R and some s € S¢ such that:

(i.) f(k) < g(k) for all k € §d,
(ii.) f(k) > G|k|™ — é for all k € §¢ and for some real numbers ¢y, éx > 0.

(iti.) f € C*(B(se0,p1)) for some p1 >0 and f(k) = g(k) on B(so, p1).
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Ok2

Let u € JL(Q,R?) be a (local) minimizer of I(-,) and suppose further that (2.3)
is true. Then the function Vu is Holder continuous in B(zo, R) for some R > 0.

2 Q
(iv.) <ﬂ(%0)7> :7 > M7|? for all T € S¢ and for some real number A > 0.

Proof. Notice that we may assume without loss of generality that

g(%) = 0 and —Z(%o) = 0. (6.1)

In fact, if we consider

and §(k) :== §

(k) — §(54), then g satisfies the above assumptions and we have for
all p €J1 (Q, RY)

I'(u+9,Q) = /ﬁ(s(u—}—go))dac = I(u+ ¢, Q)+ const.,

Q

where the constant depends on the trace of u on the boundary of the domain under
consideration. Observe that the conditions (i.)—(iv.) are also left unaltered.

Now, since f € C?(B(s0,p1)) and on account of (iv.), there is a real number
p2 € (0, p1] such that

2
<8 f(%)T) iTo> %)\|T|2 if |3 — 50| < p2.

K2

We may assume in addition p, < 1 and by Taylor’s formula we therefore obtain
real numbers d1, d2 > 0 such that for all » € B(54, p2)

fGo) > Gilse—sa? > ba(|3e — s0|* + |32 — 30|™) . (6.2)

The growth condition (ii.) also implies the existence of real numbers 0 < J3, d4
and 1 < ps such that for all |5 — 39| > p3

f) > O3l —sq™ > 64(| — 300> + |30 — 20|™) . (6.3)
It remains to consider the case py < |sx— 3| < ps. To do this, fix k; € éd, |k1] = 1,

and suppose »x = g + ("2—2 + a) x1 for some real number £ < a < p3 — &2, Global
convexity of f implies (again by Taylor’s formula) for all ¢t € R
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: 0
f(%o + p—zm + tlil) > f(%o + p—2/<51) + t—f(%() + p—2/<51)/<;1 .

2 2 Ok 2
Inserting t = —%& and recalling (6.1), (6.2) and assumption (iii.) we see
0 .
a—i(%0+'02—2l€1)l'€1 > 0,

i.e. there is a real number §5 > 0 such that

f(x) > 65 for all 5 as above.

Since by the choice of s the quantity |s — 3| is uniformly bounded, there is a
real number dg > 0 satisfying for all ¢ with ps < |5¢ — 35| < p3

fGx) > 65 > 56(|%—%0|2+|%—%0|m). (6.4)

Summarizing the results, (6.2)—(6.4) prove the existence of a real number §; > 0
satisfying

fGw+8) = f0) > (6 +|s™) forall keS8
Thus, by assumption (i.) and by f(3%) = g(5%) the conclusion is

/ {9(30 +e(v)) — g(00) } dz > / {0 +e()) — f(o0)} da
Q Q
> b [ (S0P + )" da

for any v €J} (2, R?) and Theorem 6.1 is proved. [ ]

Remarks 6.2.

(i.) Of course, the above arguments neither depend on the incompressibility con-
dition divu = 0 nor they use the fact that only the symmetric part of Vu
is considered. Citing [AF], the corresponding results follow for functionals of
the type

I(u,Q) = /Qg(Vu)dx, u € WL(Q,RY). (6.5)
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(ii.) The setting of [AG] requires g = f, that is only convex integrands are under
consideration. The more general assumptions of Theorem 6.1 are adjusted
to the quasiconvex case.

According to these remarks we finish this section with an example which compares
typical regularity results of Anzellotti—-Giaquinta’s type to the corresponding ones
of Acerbi-Fusco. For simplicity suppose N = n = 2 and consider the general situ-
ation (6.5). For a fixed p € M2 let

1 1
gi(p) = §Ip—ﬁ|2, 92(p) = §Ip+ﬁl2, peM,
and then define
g(p) = min{gi(p),9:(p)}.

The above theorems cannot be applied to g directly, so consider the convex enve-
lope g** and the quasiconvex envelope of Qg respectively. As outlined for example
in [DA] we have the formulas

g*(p) = sup{p*:p—g*(p*): p* € M*},
where g*(p*) is given by
g*(p*) = sup{p*:p—gp): pe M},

and for the quasiconvex envelope we have

Qg(p) = inf ][g(p+ Vo)dz : v e CF(Q,R?)
Q

In our particular case simple calculations prove

|p+13|z if p:p < —Iﬁlj

- —p if p > p|’
g (p) = 2|p (5[@2 ' Plj |1i|2 (6.6)

p* = FE folp:pl < [pl

For an arbitrary tensor—valued parameter p, an explicit formula for Qg was ob-
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tained by Kohn in [KO]. Here we are going to consider the two choices

p = a®a for some fixed a € R?, (6.7)

where Id denotes the identity matrix in M?. Kohn’s formula implies for all p € M?
Qgp) = g7

in the case (6.7), and in the case (6.8) we get

1 1 2 (trp+2)? if trp < -1
Qglp) = 3 ‘p - EtrpId 1 (trp—2)2 if trp > 1 (6.9)
—(trp)?+2 if |trp|] < 1

2 (trp+2)? if trp < -2
+ 1 (trp—2)2 if trp > 2 (6.10)
0 if Jtrp] <2

1

1
KK — - _ = I
9" (p) 5 ‘p 5P d

Let us start considering the first case (6.7). Then we have the following

Proposition 6.3. Suppose that p = a ® a, a € R?, and that u € W3 (2, R?)
is a local minimizer of I1(-,Q)), where

I(v,Q) = /Qg**(VU)d:c.

Then there exists an open set Q. = Q4 (u) C Q such that:
(i.) Vu € C%* (4, M?) for all a € [0,1],

(ii.) |(Vu(z)a) - a| > |al* for all x € O,

(iti.) |(Vu(z)a) - a| < |a|* for almost all x € Q\Qy.

Remarks 6.4.

(i.) We do not claim that the set Q4 is non—empty. Note that Vu ({2 ) contains
only points of strict quasiconvexity of g**.

(ii.) For the proof of this proposition, it will make no difference if Theorem 2.1
or Theorem 6.1 is applied.

Proof. The representations (6.6) and (6.7) of g** respectively p immediately imply

g i |(pa)-al > |a!

829** ‘ _ Da 9
(G ) - i oo < o O
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Thus, the proof of Theorem 6.1 in case m = 2 and Lemma 3.1 show that ¢g** is
strictly quasiconvex in some neighbourhood of any point p if |(pa) - a| > |a|*. On
the other hand, strict quasiconvexity of g** at some point py gives (see [MO1],
[MO2])

829** ~ ~ ~ ~ [P,
a—pg(Po)a@?b t(@®b) > wvla|®bl (6.12)

for all @, b € R2. Hence, by (6.11), g** is not strictly quasiconvex at p if |(pa) - a| <
la|, i.e. we have proved Proposition 6.3 and Remark 6.4, (ii.). |

Now let us concentrate on the second case (6.8). Then the convex and qua-
siconvex envelopes do not coincide and we have

Proposition 6.5. Suppose that p = Id. Then we have the following
I: If u € W3 (Q,R?) is a local minimizer of 1.(-, ), where

L,Q) = / ¢** (Vo) dr,

then there exists an open set Q4 = Q4 (u) C Q such that:
(i.) Vu € C%* (4, M?) for all o € [0,1],

(ii.) |divu(z)| # 2 for any x € Qy,

(iii.) |divu(z)| =2 almost everywhere on Q\Q .

IL: If u € W} (Q,R?) is a local minimizer of I,(-,Q), where

L(n,Q) = /Q Qq(Vv) dz,

then there exists an open set Q. = Q4 (u) C Q such that:
(i.) Vu € C%* (4, M?) for all a € [0,1],

(ii.) |divu(z)| > 1 for any x € Qy,

(iii.) |divu(z)| <1 almost everywhere on Q\Qy.

Remark 6.6. Although the first part of the proposition deals with a globaly
convex integrand, the proof will be an application of Theorem 2.1. This gives better
results than Theorem 6.1. The reason is that 6;‘1‘7);* is degenerated if |tr p| < 2, that
is Theorem 6.1 cannot be applied in that case.




BILDHAUER, M., FucHs, M., SEREGIN, G. LOCAL REGULARITY ... 28

Proof. First of all notice that

is of class C? on {p € M? : [trp| # 2}.

Next, we have by (6.10) the decomposition

2

?

* ok 1 1
FW = w0+, w0) = 3lp-purl

[e]
where g (p) is a convex function. Thus, for any v €W3 (2, R?) and for any p € M?
convexity of g, implies with some elementary calculations

/Q {7 (p+ Vv) — g™ (p)} dz

1 1
N 2 Lo
> 2/9{|Vv| 2dlv U} dx

1

. L . (6.13)
. §|Vv| — det(Vv) + §(D1v — Dov')" ¢ da
Q

2

1 .
> —/ |Vo|? dz .
4 /o

So, the first part of the proposition is proved by Theorem 2.1. Now consider the
quasiconvex envelope Qg which is not globally convex. The representation formula
(6.10) shows

9*Qg
op?

is of class C? on {p € M? : |trp| # 1}.

First we observe that our result is optimal in the sense that Qg is not strictly
quasiconvex at p € M? if |trp| < 1. This follows from (6.12) and from

(aafﬂp)(a@é)) c@eb) = [aPE?- (@ b

for any @, b € R? and for any p € M? with |trp| < 1. Now we want to prove
quasiconvexity of Qg at any point pg € M? with [trpe| > 1, more precisely we
claim

1 . 3|trpo| — 2 9
/Q{Qg(po-i—Vv)—Qg(Po)} de > me{l’m}/ngU' dr (6.14)
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for any v GI/f/nll (Q,R?) and for any py € M? with |tr po| > 1. To prove this claim,

2

g+(p) = Qgp)—go(p) and go(p) = %‘p—%trpld

are introduced. Considering g1 (p), the idea of construction is to find a parabola
which touches the parabolas (t—2)? and (t+2)2,t € R, at the points to := [tr po| >
1 and —to respectively. This leads to the definition

2—1tp

G+(p) = == (trp)* +22~t0).

Then, by construction

g+() > g+(p) forany peM® and
g+(o) = G+(po)-

Recalling (6.13) and using Taylor’s formula we obtain
J = / {Qg(po + Vv) — Qg(po) } dx
Q
= [ w(Verdo+ [ {gn+ Vo) - gi (o)} de
Q Q

1 A :
> 1 [IVeP et [ g0+ V) - g1} do
Q Q

. l/|vv|2dm+1//l(1—e) P9+ (g + 0V0) Vo) : Vo df do
4 Q 2Jalo op? Po '

1 2 —
Z/Q|VU|2dx— Stoto/gdiv%d:c.

So, the last relation proves the estimate

v

1
J > —/|Vv|2d:c if to>2,
4 Jo

and in the case 1 < tg < 2 we see
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7> l/ {3“) — 2o + 2 (D - Dty - 2 _todet(W)} da
Q

- 4 2t 2t to
3tg — 2
0 / |Vo|* dz .
8to  Ja
Thus (6.14) and by Theorem 2.1 the whole proposition is proved. |

7 Applications: local regularity of the stress ten-
sor for the k—well problem

Consider the energy density of a k—phase body given by

. Q
g(k) = min {gi(k)}, keS8
i=1...k
We assume the densities to satisfy for all # = 1...k and for some m > 2:

(i.) g; is smooth and strictly convex,

(i) er|]™ —c2 < gi(k) < es(1+ |&™),

d9a*
(iii.) Bgl (+) is an open mapping, (7.1)
T
(iv.) g(k) = 'rr%ink{g,-(n)} satisfies the general hypotheses (see (2.1) and
=1...
(2.2)) of our paper.

Here g}, g* denote, as usual, the first Young transforms of g; and g respectively
on éd, for example

g (r) = sup{/@:T—g(n):mEéd}, T eS4.

The second Young transform is given by

g (k) = Sup{K:T—g*(T):T€§d}, ke S,

From the definition of g we immediately get

g°(r) = max {g;(r)}.

Following [SE3] (see Theorem 2.4 and 2.5) we now pass to a suitable relaxed vari-
ational problem.
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Problem QP: Find a function u € ug+ Jj}1 (2, R?) such that
QIw) = iinf{QI(v): v € up+ J,,(Q,R)}.

Here Qg denotes the J} —quasiconvex envelope for g intoduced in [SE3] and the
relaxed energy QI is given by

QIw) = / Qg(=(v)) da.

In the following it is assumed that

* ok

Qg = g

Examples 7.1.

(i.) This hypothesis is fulfilled in the twodimensional case d = 2 (compare [SE3],
Theorem 2.3). Thus the situation of [FS1] is generalized by admitting k—wells
of m—growth.

(ii.) Since the arguments of this paper are not limited to the incompressible case,
the (compressible) setting of [SE1] is also covered, where the compatible struc-
ture of two wells in three dimensions implies Qg = g**. A discussion of the
incompatible case can be found in [SE2].

(iti.) In order to obtain variants of [SE1] for the incompressible case, one has to
ensure that the Young transforms on S® and §3 respectively coincide on §3,
This is ensured if the elasticity tensor is a one—to—one mapping §3 5 §3.

Now let u be a solution of QP and denote by 2, the set of all zg € 2 such
that (2.3) holds, i.e. there exists s € S¢ satisfying

I —|mdz = 0.
nglo ][ le(u) — 560|™ dax: 0
B(zo 7R)

Then, as an immediate consequence of Theorem 6.1 one obtains

Theorem 7.2. If o € Q, and if ¢**(500) = g(30) = gi(3%) for only one
i € 1,...,k, then the function Vu is Hélder continuous in B(zo,R) for some
R>0.

On the other hand, consider the dual variational problem
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Problem P*: Find a tensor o € @) such that
R(o) = sup{R(T) ST E Q},
where the dual functional R is given by
Ro) = [ (etw)i7 =g da.

T € Q = {7’ € Lm*(ﬂ,§2) : /T:(—:(v)dmzo for all v GJﬂll(Q,RQ)} .
Q
We recall that P* has a unique solution o. If u denotes a solution of QP, and if §
denotes the subdifferential, then we have the duality relation (see [ET], Prop. 5.1,

p. 115)

o(z) € 0g™(e(u)(z)) for almost all z € Q (7.2)

as well as the equation

QI(u) = R(o). (7.3)

Now introduce the set of (o, u) Lebesgue points, i.e.

Vyu = {:c €Ny : g%(o’)m}z exists and (7.2) holds} .

)

Furthermore, let A ={1...k} and

A(r) = {ied: g g (1)},
a; = {TESQ' *( ) =g;(7) and card A(t) =1},
a(c) = {x€Qy,: cardA(o(z)) =1}.

The physical meaning of the set a(o) is that it can be seen as the union of single
phases and that no microstructure occurs. Then our regularity result reads as
follows:

Theorem 7.3. The set a(o) is open and o is Hélder continuous on a(o) for
any exponent 0 < a < 1. Moreover, cardA(c(z)) > 1 for almost all z € Q ~ a(0).

Remark 7.4. For the particular case studied in [FS1] we have a slightly
stronger result, i.e. a(c) can be replaced by the set of all Lebesgue points x of o for



BILDHAUER, M., FucHs, M., SEREGIN, G. LOCAL REGULARITY ... 33

which cardA(o(z)) = 1.

Proof: Fix i and 79 € a; such that
g (o) = gi(n) # g;(70)

for all j € {1,...k}, j # i. On account of ¢g*(7) = maszlmk{g;f(T)} and since
each g7 is a smooth function, there exists a real number 0 < py and a ball B (10, po)
such that

g*(r) = gi(r) # gj(r) forall 7€ B(m,po)
and again for all j € {1,...k}, j # i. In particular, g* is seen to be smooth on
B(71o, po) and we have

dg* dg;
897' (r) = 8% (r) for all 7 € B(7o,po) - (7.4)

In general, given a convex function F' and its polar function F*, it follows that
v* € OF(v) if and only if

F)+ F*(v*) = (v,0v").
Setting » = %(T) on B(1, po) we have on this ball
g () +9706) = T

and the same relation holds for g}, that is one obtains

or

* *k 89; _ . 89;
i+ () = v L.

ag* ag*
s e (Fm) = %,
(7.5)

Notice that only the local smoothness of ¢g* and no further properties of g** are
used to prove (7.5). Now let

dg*
Vv B(o, .
5. (B(70, p0))
By assumption, aag;'* is an open mapping, hence V is known to be an open neigh-
bourhood of s := %(Tg). By definition, for any s € V' there exists 7 = 7(3) €

B(710, po) such that
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dg* _ Og;
oy (r) = oy (1),

i.e. for any » € V we have by (7.5)

00 = 7L
r: )~ gi(r)
= g ().

So far it is proved that there exists an open neighbourhood V' (3¢) = % (B(70, po))

such that
g7 (%) = ¢7%(3x) = gi(3) forall xeV, (7.6)

in particular, g** is seen to be smooth and strictly convex on V. Thus, on B(7o, po)
it is allowed to take the derivatives of (7.5) and we get

89* ag** 89* 829* B 89* 829*
or () + or ( or (T)> or2 (r) = or (r)+7 or2 (7).

Since g is strictly convex the second derivatives are not degenerated at least on
a dense set and by smoothness we obtain on B(7o, po)

_ 89** ag*
T = 5 ( oy (T)) : (7.7)
At this point, consider the dual solution and fix zy € a(¢). On one hand, the above
reasoning can be applied to o(zg) and (7.7) gives

ag** ag*
o) = B (Getoten) r8)
On the other hand, by (7.2) we have
o(zg) € 09" (e(u)(zo)). (7.9)
Let k; := %(0’(1’0)) and kg = e(u)(zg) We claim that k1 = kg. In fact, g** is

smooth in an open neighbourhood V' = V' (k) and we can choose 0 < ¢ sufficiently
small such that & := k1 + §(k2 — k1) € V. By construction, we have
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K1 -k = (5(/11—/’»‘2),
(1 — (5)(/431 — Iig) .

K — K2
On account of (7.8) and (7.9) one gets

0 = (85: (k1) = U($0)> (k1 — o) ~ (7.10)

(@(m) — 8;;* (,%)) : mé—f-@ N <aéq;* @ - 0(m0)> : nl—_;? ‘

or

Since g** is convex and smooth at &, we obtain

ag**
or

(R) : (ke —R)+ 9™ (R) < g™ (ka).

Although ¢** is not necessarily smooth at k2, o(zg) at least is known to be a
subgradient of g** at ko, which means

o(x0) : (R —Ka) + g™ (k2) < g"(R).

Combining these relations we see

(889:(,@—0(%)):(&—@) > 0.

Thus together with (7.10) it is proved that
B 89** ag** ~ . ~
0 = < o (K1) o (Iﬁ)) t (k1 —R).

However, on the line (k1,#) the function g** is known to be smooth and strictly

convex, that is we can write

(%) - 22 @) - 0

_ /01%{59**(3m+(1_3)g);(m—r@)} ds

or
1 82 *ok
0 8T2
> 0

(sm +(1- s)k) ((/@1 — k), (k1 — F@))




BILDHAUER, M., FucHs, M., SEREGIN, G. LOCAL REGULARITY ... 36

by strict convexity if k1 # ko. In other words, we have proved that

e(u)(zg) = %(0(550)) :

Then, as above, there is a ball B(o(zg), p) such that for some i € {1...k}
g% (%) = 9;"(%) = gi(x) forall x€V,

where V' is some open neighbourhood of £(u)(zo). Again, we can apply Theorem
6.1 and the theorem is proved since ¢(u) is smooth near zg, since g** is smooth
near €(u)(xo) and since we have (7.2). [ ]
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