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Abstract

We introduce the notion of a special complex manifold
 a complex manifold

�M�J� with a at torsionfree connection r satisfying the condition drJ � ��

A special symplectic manifold is then de�ned as a special complex manifold to�

gether with a r�parallel symplectic form �� The Hodge components ���� ���� ���

are shown to be closed� If the form ��� is nondegenerate� it de�nes a �pseudo�

K�ahler metric g � ��� � J on M and if ��� is r�parallel �e�g�� if � � ���� then

�M�J�r� ���� is a special K�ahler manifold in the sense of Freed� We give an extrin�

sic realisation of simply connected special complex� symplectic and K�ahler man�

ifolds as immersed complex submanifolds of T �C
n� Locally� any special complex

manifold is realised as the image of a local holomorphic ��form � 
 C n
� T �C

n�

Such a realisation induces a canonical r�parallel symplectic structure on M and

any special symplectic manifold is locally obtained this way� Special K�ahler man�

ifolds are realised by complex Lagrangian submanifolds and correspond to closed

forms �� We include special complex manifolds �M�J�r� in a one�parameter family

�M�J�r��� � � S�� and de�ne projective versions of special complex� symplectic

and K�ahler manifolds in terms of an action of C � on M which is transitive on

this family� Finally� we discuss the natural geometric structures on the cotangent

bundle of a special symplectic manifold� which are generalisations of the known

hyper�K�ahler structure on the cotangent bundle of a special K�ahler manifold�

Key words� special geometry� special K�ahler manifolds� hypercomplex manifolds� �at connections�

MSC� ��C�	

This work was supported by MPI f�ur Mathematik 
Bonn�� SFB ��� 
University of Bonn�� MPI f�ur

Mathematik in den Naturwissenschaften 
Leipzig� and ErwinSchr�odingerInstitut 
Vienna��

�



Introduction

Special K�ahler manifolds have attracted a great deal of interest in both string theory

and di�erential geometry since they �rst arose in the pioneering paper of de Wit and

Van Proeyen �dW	VP
 as the allowed target spaces for Maxwell supermultiplets coupled

to �	dimensional N� supergravity� These manifolds play a crucial role as admissible

target spaces for scalar and vector couplings in both rigid supersymmetric theories and

in supergravity theories� where the supersymmetry algebra is �locally� realised� The spe	

cial K�ahler manifolds occurring in rigid and local supersymmetric theories correspond

respectively to the a�ne and projective variants of special K�ahler manifolds in the math	

ematical literature �C�� C� F� H
� Special K�ahler geometries� moreover� occur as natural

geometric structures on certain moduli spaces� Projective special K�ahler manifolds oc	

cur� for example� as moduli spaces of Calabi�Yau �	folds �see e�g� �C�� C
� and a�ne

special K�ahler manifolds occur as moduli spaces of complex Lagrangian submanifolds of

hyper	K�ahler manifolds �H
� Further� the base of any algebraic integrable system is also

a�ne special K�ahler �DW� F
�

In this paper we introduce the notion of a special complex manifold as a complex

manifold �M�J� with a �at torsionfree connection r such that

drJ � � � ���

We call it special symplectic if� in addition� a r	parallel symplectic form � is speci�ed�

Further� if � is J	invariant� or equivalently� of type ��� ��� it is precisely a special K�ahler

manifold in the sense of �F
�

The main property of a special complex manifold is that any a�ne function f �i�e�

a function satisfying rdf � �� can be extended to a holomorphic function F such that

ReF � f � In particular� for a special symplectic manifold any local a�ne symplectic

coordinate system �x�� � � � � xn� y�� � � � � yn� can be extended to a system of holomorphic

functions �z�� � � � � zn� w�� � � � � wn�� which de�nes a local holomorphic immersion ofM into

C
�n� such that the special symplectic structure is induced by certain canonical stuctures

on C �n�

The main example of a special complex manifold M is associated to a �local� holo	

morphic �	form � �
P
Fidz

i on C
n with invertible real matrix Im �Fi

�zj
as follows� The

complex manifold M � M� is the image of the section � � C n � T �
C
n � C

�n� The �at

torsionfree connection r on M is de�ned by the condition that the real part ReF of any

complex a�ne function F on C �n restricts to a r	a�ne function on M � Such a manifold

M carries a natural r	parallel symplectic form � and can therefore be considered as a





special symplectic manifold as well� If� in addition� the �	form � is closed� then M� is a

Lagrangian submanifold and � is of type ��� ��� SoM� is then a special K�ahler manifold�

Conversely� we prove that any special complex� symplectic or K�ahler manifold can be

locally obtained by this construction� More generally� we show that any totally com	

plex holomorphic immersion � of a complex n	manifold M into C �n induces on M the

structure of a special symplectic manifold� Here� we call an immersion totally complex

if the intersection d��TpM� � R �n � � for all p � M � If in addition� the immersion � is

Lagrangian �i�e� d��TpM� is a Lagrangian subspace of T �C
n�� thenM is a special K�ahler

manifold� Our main result is that any simply connected special complex� symplectic or

K�ahler manifold can be constructed in this fashion�

In section  we consider the projective version of special geometry� Our approach

is based on the following observation� Any special complex manifold �M�J�r� can be

included in a one	parameter family �M�J�r�� of special complex manifolds� with the

connection r� de�ned by

r�X �� e�Jr�e��JX� � ��

where e�JX � �cos��X � �sin��JX� A complex manifold �M�J� with a �at torsionfree

connection r is called a conic complex manifold if it admits a local holomorphic C �	

action �� with di�erential d��X � re�JX for all r	parallel �local� vector �elds X�

where � � rei�� This implies ���r � r�� We show that a conic complex manifold is

automatically special�

Assume that a manifold M� � T �C
n� � �

P
Fidz

i� is a complex cone� i�e� it is

invariant under complex scalings� This is the case when the coe�cient functions Fi

are homogeneous of degree one� The induced special geometry on M� is then conic�

Conversely� we prove that any conic �special� complex� symplectic or K�ahler manifold

can be locally realised as such a cone� In particular� any conic special K�ahler manifold is

locally described by the di�erential � � dF of a holomorphic homogeneous function F

of degree two� In the simply connected case� we give a global description of conic special

manifolds in terms of holomorphic immersions�

Then we de�ne a projective special complex� symplectic or K�ahler manifold as the or	

bit spaceM of a conic complex� symplectic or K�ahler manifoldM by the local C �	action�

assuming that M is a �Hausdor�� manifold� From the realisation of simply connected

conic manifolds as immersed submanifolds of T �C
n� we obtain an analogous realisation

of projective special manifolds as immersed submanifolds of complex projective space

P �T �C
n�� From this it follows that our de�nition of projective special K�ahler manifolds

is consistent with that given by Freed �F
�
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Finally� we discuss the natural geometric structures on the cotangent bundle of a spe	

cial symplectic manifold which are generalisations of the known hyper	K�ahler structure

on the cotangent bundle of a special K�ahler manifold �CFG� C� F� H
� We prove that

the cotangent bundle N � T �M of a special symplectic manifoldM carries two canonical

complex structures � the standard complex structure J� induced by J and a complex

structure J�� de�ned by � and r� If the form ��� is nondegenerate� then N � T �M

carries also a natural almost hyper	Hermitian structure �J�� J�� gN�� i�e� a Riemannian

metric gN �which is an extension of the K�ahler metric g � ����J� and two anticommuting

gN 	orthogonal almost complex structures J�� J�� This almost hyper	Hermitian structure

is integrable� i�e� J� and J� are integrable� if and only if ��� is r	parallel� In this case

�J�� J�� gN� is a hyper	K�ahler structure and we recover the known hyper	K�ahler structure

on the cotangent bundle of a special K�ahler manifold� Similarly� if �� � ��� � ��� is

nondegenerate� then N � T �M carries a natural almost para	hypercomplex structure�

that is a pair �J�� J�� of commuting almost complex structures� Here J� is the standard

integrable complex structure and J� is integrable if and only if the form �� is r	parallel�
We should like to thank Maximiliano Pontecorvo for pointing out an error in our

original manuscript�

� �A�ne� special geometry

��� Special manifolds

De�nition � A special complex manifold �M�J�r� is a complex manifold �M�J� to�

gether with a �at torsionfree connection r �on its real tangent bundle� such that

drJ � � �

Here the complex structure J is considered as a ��form with values in TM and dr de�

notes the covariant exterior derivative de�ned by r�

A special symplectic manifold �M�J�r� �� is a special complex manifold �M�J�r� to�

gether with a r�parallel symplectic structure ��

A special K�ahler manifold is a special symplectic manifold �M�J�r� �� for which � is

J�invariant� i�e� of type ��� ��� The �pseudo��K�ahler metric g��� �� �� ��J �� �� is called the

special K�ahler metric of the special K�ahler manifold �M�J�r� ���

Remark �� The evaluation of the TM 	valued 	form drJ � alt�rJ� on two tangent

vectors X and Y is given by�

drJ�X� Y � � �rXJ�Y � �rY J�X �

�



Remark �� Since we do not assume the de�niteness of the metric� it would be more

accurate to speak of special pseudo	K�ahler manifolds�metrics� However� as the signature

of the metric is not relevant for our present discussion� we shall omit the pre�x pseudo�

Given a linear connection r on a manifold M and an invertible endomorphism �eld

A on a manifold M � we denote by r�A� the connection de�ned by

r�A�X � Ar�A��X� �

Given a �at connection r on �the real tangent bundle of� a complex manifold �M�J�� we

de�ne a one	parameter family of connections r� � r�e�J � parametrized by the projective

line P � � R�	Z� where e�J � �cos ��Id � �sin ��J � The connection r� is �at� since�

r�X � ��� r�e��JX� � � �

where X is a local vector �eld on M �

Lemma � Let r be a �at connection with torsion T on a complex manifold �M�J��

Then

r� � r� A� � where A� � e�Jr�e��J� � ��sin ��e�JrJ �
The torsion T � of the connection r� is given by	

T � � T � alt�A�� � T � �sin ��e�JdrJ � ���

Proposition � Let r be a �at torsionfree connection on a complex manifold �M�J��

Then the triple �M�J�r� de�nes a special complex manifold if and only if one of the

following equivalent conditions holds	

a� drJ � ��

b� The �at connection r� is torsionfree for some � 	
 � �mod 	Z��

b
� The �at connection r� is torsionfree for all ��

c� There exists � 	
 � �mod 	Z� such that �e�JX� e�JY 
 � � for all r�parallel local

vector �elds X and Y on M �

c
� �e�JX� e�JY 
 � � for all � and all r�parallel local vector �elds X and Y on M �

d� There exists � 	
 � �mod 	Z� such that d�
 � e��J� � � for all r�parallel local

��forms 
 on M �

d
� d�
 � e��J� � � for all � and all r�parallel local ��forms 
 on M �

�



Proof� a� is the property de�ning special complex manifolds� Since r is torsionfree� the

torsion T � of r� is related to drJ in virtue of ��� by�

T � � ��sin ��e�JdrJ �

If � 	
 � �mod 	Z� the endomorphism �sin ��e�J is invertible� This implies the equiva	

lence of a�� b� and b��� Let X and Y be r	parallel local vector �elds� Then e�JX and

e�JY are r�	parallel� by the de�nition of r�� and hence

T ��e�JX� e�JY � � ��e�JX� e�JY 
 �

This yields b� � c� and b�� � c��� For a r	parallel local �	form 
 and X� Y as above

we compute�

d�
 � e��J��e�JX� e�JY �
� �
�e��J �e�JX� e�JY 
� � e�JX
�Y �� e�JX
�X�

� �
�e��J �e�JX� e�JY 
�

since the functions 
�X� and 
�Y � are constant� This proves the equivalences c� � d�

and c�� � d��� completing the proof of the proposition� �

Given a complex manifold �M�J� with a �at connectionr� we say that the connection

r�
� � r�e

�
�
J� � r�J� � r� JrJ

is its conjugate connection�

Corollary � Let �M�J� be a complex manifold with a �at torsionfree connection r�

Then the following are equivalent	

a� �M�J�r� is a special complex manifold�

b� The conjugate �at connection r�J� is torsionfree�

c� �JX� JY 
 � � for all r�parallel local vector �elds X and Y on M �

d� d�
 � J� � � for all r�parallel local ��forms 
 on M �

Corollary � If �M�J�r� is a special complex manifold then �M�J�r�� is a spe�

cial complex manifold for any �� If �M�J�r� �� is a special K�ahler manifold then

�M�J�r�� �� is a special K�ahler manifold for any ��

The next proposition shows that any special complex manifold also has a canonical

torsionfree complex connection� which in general is not �at�

�



Proposition � Let �M�J�r� be a special complex manifold� Then D �� �
�
�r � r�J��

de�nes a torsionfree connection such that DJ � ��

Proof� As a convex combination of torsionfree connections� D is a torsionfree connection�

For any vector �eld X on M we compute�

DXJ � rXJ � �


�JrXJ� J 
 � rXJ �rXJ � � � �

Proposition � Let �M�J�r� �� be a special K�ahler manifold with special K�ahler metric

g and Levi�Civita connection rg� Then the following hold	

�i� rg � D � �
�
�r�r�J���

�ii� The conjugate connection r�J� is g�dual to r� i�e�

Xg�Y� Z� � g�rXY� Z� � g�Y�r�J�
X Z�

for all vector �elds X� Y and Z on M �

�iii� The tensor rg is completely symmetric�

Proof� �i� is an immediate consequence of Proposition  since g � ���� J ��� �ii� follows
from a direct computation� which only uses the fact that � is r	parallel and J	invariant�

Xg�Y� Z� � X��Y� JZ� � ��rXY� JZ� � ��Y�rXJZ�

� g�rXY� Z� � ��JY� JrXJZ� � g�rXY� Z� � g�Y�r�J�
X Z� �

Finally� to prove �iii� it is su�cient to check that rg is symmetric in the �rst two

arguments�

�rXg��Y� Z�� �rY g��X�Z�

� Xg�Y� Z�� g�rXY� Z�� g�Y�rXZ�� Y g�X�Z� � g�rYX�Z� � g�X�rYZ�
�ii�
� �g�rXY� Z� � g�r�J�

X Y� Z� � g�rYX�Z�� g�r�J�
Y X�Z�

� g���X� Y 
 � �X� Y 
� Z� � � � �

Proposition � Let �M�J�r� �� be a special symplectic manifold and � � �����������

the Hodge decomposition of the symplectic form� Then each of the components ���� ����

��� are closed�

�



Proof� It is su�cient to check that the �����	component ��� � �
�
�����J �� J ��� is closed�

Since r has no torsion� the exterior derivative is given by d � alt � r� We compute�

d��� � d�� � ��J �� J ��� � alt � r��J �� J �� �

Since r� � � for any X�� X�� X� � TpM we obtain�

d����X�� X�� X��

�
�

�
����rX�

J�X�� JX�� � ��JX�� �rX�
J�X�� � cycl��

�
�

�
����rX�

J�X�� JX�� � ��JX�� �rX�
J�X�� � cycl�� � using drJ�� �

�
�

�
����rX�

J�X�� JX��� ���rX�
J�X�� JX�� � cycl�� � � � �

Proposition � Let �M�J�r� �� be a special symplectic manifold and assume that ��� is

nondegenerate� Then �M�J� ���� is a K�ahler manifold with K�ahler metric g � ����J �� ���
�M�J�r� ���� is special K�ahler if and only if r��� � ��

Proof� It is clear that g is a Hermitian metric on the complex manifold �M�J�� By the

previous proposition the K�ahler form ��� of g is closed and hence �M�J� g� is a K�ahler

manifold� The last statement is obvious� �

��� Special coordinates

A �at torsionfree connection r on a manifold M de�nes on it an a�ne structure� i�e�

an atlas with a�ne transition functions� A �local� function f on �M�r� is called a�ne

if rdf � �� A local coordinate system �x�� � � � � xm� on M � m � dimM � is called a�ne

if the xi are a�ne functions� Any a�ne local coordinate system �x�� � � � � xm� de�nes a

parallel local coframe �dx�� � � � � dxm�� Conversely� since any parallel �	form � is locally

the di�erential of an a�ne function f � given a parallel coframe ���� � � � � �m� de�ned on a

simply connected domain U �M there exist a�ne functions xi on U such that dxi � �i�

The tuple �x�� � � � � xm� de�nes an a�ne local coordinate system near each point p � U �

This coordinate system is unique �as a germ� i�e� up to restrictions of the coordinate

domain� up to translations in R
m � If we require in addition that the coordinate system

is centred at p � U � i�e� that xi�p� � �� then it is uniquely determined�

De�nition � Let �M�J�r� �� be a special symplectic manifold� A r�a�ne local co�

ordinate system �x�� � � � � xn� y�� � � � � yn� on M is called a real special coordinate system

if � � 
P
dxi � dyi � A conjugate pair of special coordinates is a pair of holomorphic

local coordinates �z�� � � � � zn� and �w�� � � � � wn� such that �x� � Re z� � � � � � xn �

Re zn � y� � Rew� � � � � � yn � Rewn� is a real special coordinate system�

�



Theorem � �i� Any special symplectic manifold �M�J�r� �� admits a real special

coordinate system near any point p � M � A real special coordinate system is

unique up to an a�ne symplectic transformation�

�ii� Any a�ne local coordinate system �x�� � � � � xn� y�� � � � � yn� on a special complex man�

ifold admits a holomorphic extension� i�e� there exist holomorphic functions zi and

wj with Re zi � xi and Rewj � yj� The extension is unique up to �purely imagi�

nary� translations�

�iii� Near any point of a special K�ahler manifold there exists a real special coordinate

system which admits a holomorphic extension to a conjugate pair of special coor�

dinates�

Proof� The existence and uniqueness statements about real special coordinate systems

are obvious� Let �x�� � � � � xn� y�� � � � � yn� be an a�ne local coordinate system on a special

complex manifold� Then we de�ne �i �� dxi � p��J�dxi� By Corollary � J�dxi �

dxi � J is closed� This implies that �i are closed �	forms of type ��� �� and are hence

closed holomorphic �	forms� So there exist local holomorphic functions zi such that

�i � dzi� By adding real constants we can arrange that Re zi � xi� Similarly� there

exist local holomorphic functions wj such that Rewj � yj� The uniqueness statement

concerning this holomorphic extension is obvious� We claim that in the case of special

K�ahler manifolds� real special coordinates can be chosen such that the dzi� as well as

the wj� are linearly independent �over C �� To see this� let us �rst observe that the

dxi and dyj de�ne a Lagrangian splitting of T �

pM with respect to ��� for any point

p in the coordinate domain� T �

pM � Lx  Ly� where Lx � span fdx�� � � � � dxng and

Ly � span fdy�� � � � � dyng� The J	invariance of the symplectic �K�ahler� form � implies the

existence of a Lagrangian splitting of the form T �

pM � LJ�L� Since any two Lagrangian
splittings of a symplectic vector space are related by a linear symplectic transformation�

this shows that the real special coordinates x�� � � � yn near p can be chosen such that the

corresponding Lagrangian subspaces Lx� Ly satisfy Lx � J�Lx � Ly � J�Ly � � at the

point p and hence on a coordinate domain containing p� The equation Lx � J�Lx � �

forces the dzi � dxi � p��J�dxi to be linearly independent� So the zi de�ne local

holomorphic coordinates on the special K�ahler manifold� Similarly� as a consequence of

the equation Ly � J�Ly � �� the wj are local holomorphic coordinates� �

�



��� The extrinsic construction of special manifolds

As in �C
� we consider the following fundamental algebraic data� the complex vector

space V � T �C
n � C

�n with canonical coordinates �z�� � � � � zn� w�� � � � � wn� and standard

complex symplectic form � �
Pn

i�� dz
i � dwi� the standard real structure � � V � V

with �xed point set V � � T �R
n� Then � ��

p�� ���� � �� de�nes a Hermitian form of

�complex� signature �n� n��

Let M be a connected complex n	fold� A holomorphic immersion � � M � V is

called nondegenerate �respectively� Lagrangian� if ��� is nondegenerate �respectively� if

��� � ��� If � is nondegenerate� then ��� de�nes a� possibly inde�nite� K�ahler metric

g �� Re���� on the complex manifold M � The correponding K�ahler form g��� J �� is a
J	invariant symplectic form on M � where J denotes the complex structure of M � � is

called totally complex if V � � d�TpM � � for all p �M �

Lemma � A holomorphic immersion � � M � V is totally complex if and only if its

real part Re� � M � V � is an immersion�

Proof� Let � � M � V be a totally complex holomorphic immersion� Restricting� i�e�

pulling back via �� the functions xi �� Re zi and yj �� Rewj toM we obtain n functions

onM with everywhere linearly independent di�erentials� In fact� let � �
P
aidx

i�
P
bjyj

be a real linear combination which vanishes on the complex n	dimensional linear subspace

d�TpM � V � Then� since � is real� it must also vanish on �d�TpM � Now we can conclude

that � � � since� by our assumption on �� d�TpM � �d�TpM � V � � d�TpM  iV � �
d�TpM � � and� therefore� V � d�TpM�d�TpM � This shows that the functions xi and

yj restrict to local coordinates on M and� hence� that Re� is an immersion� Conversely�

let � � M � V be a holomorphic immersion such that Re� � M � V � is an immersion�

We have to show that V � � d�TpM � � for all p � M � Suppose� that X � TpM and

d�X � V � � Then we have that � � Imd�X � �Rep��d�X � �Re d�JX� This

implies that JX � �� because dRe� � Re d� is injective� This shows that X � �

proving V � � d�TpM � �� �

A holomorphic totally complex immersion � induces a �at torsionfree connection on

the real tangent bundle of M as follows� Since Re� is an immersion� by Lemma �

restricting the functions xi � Re zi and yj � Rewj to M we obtain local coordinates�

which induce a �at torsionfree connection r on M � Moreover� 
P
dxi � dyi restricts to

a r	parallel symplectic form � on M � We call r and � the induced connection and the

induced symplectic form respectively� Now we can easily prove�

��



Theorem � Let � be a totally complex holomorphic immersion of a complex manifold

�M�J� into V � T �
C
n� n � dimC M � r the induced connection and � � ���

P
dxi�dyi�

the induced symplectic form� Then the following hold	

�i� �M�J�r� �� is a special symplectic manifold�

�ii� The pull back via � of the functions �x� � Re z�� � � � � xn � Re zn� y� � Rew�� � � � �

yn � Rewn� of V de�nes a real special coordinate system around each point of M �

Proof� We have to prove that drJ � �� By Corollary �� it is su�cient to check that

the �	forms dxi � J and dyj � J are closed� This follows immediately from the fact that

the �	forms dzi � dxi �p��dxi � J and dwj � dyj �
p��dyj � J are closed� �

The next proposition clari�es the relation between the three notions de�ned above�

Proposition � Let � be a holomorphic immersion of a complex n�fold M into V �

T �C
n� The following conditions are equivalent	

�i� � is Lagrangian and nondegenerate�

�ii� � is Lagrangian and totally complex�

Theorem � Let � be a holomorphic nondegenerate Lagrangian immersion of a complex

manifold �M�J� into V inducing the K�ahler metric g on M � The immersion � is totally

complex and hence induces also the data �r� �� on M � Moreover� the following hold	

�i� �M�J�r� �� is a special K�ahler manifold�

�ii� � coincides with the K�ahler form of g� i�e� � � g��� J ���

�iii� The pull back via � of the canonical coordinates �z�� � � � � zn� w�� � � � � wn� of V de�nes

a conjugate pair of special coordinates around each point of M �

Proof� Thanks to Proposition � and Theorem  it is su�cient to prove that g��� J �� �
� � ���

P
dxi � dyi�� A straightforward computation� which only uses the de�nition of

g� shows that

g��� J �� � � � J�� � ���

On the other hand� since � is Lagrangian� we know also that

� � Re��� � � � J�� �

This implies that g��� J �� � �� �

Now we will show that any simply connected special �complex� symplectic or K�ahler�

manifold arises by the construction of Theorem  or Theorem ��

��



Theorem � �i� Let �M�J�r� be a simply connected special complex manifold of com�

plex dimension n� Then there exists a holomorphic totally complex immersion

� � M � V � T �
C
n inducing the connection r on M � Moreover� � is unique

up to an a�ne transformation of V preserving the real structure � � Here the real

structure is considered as a �constant� �eld of antilinear involutions on the tangent

spaces of V � Finally� � � ���
P
dxi � dyi� is a r�parallel symplectic structure

de�ning on �M�J�r� the structure of special symplectic manifold�

�ii� Let �M�J�r� �� be a simply connected special symplectic manifold of complex di�

mension n� Then there exists a holomorphic totally complex immersion � � M �
V � T �C

n inducing the connection r and the symplectic form � on M � Moreover�

� is unique up to an a�ne transformation of V preserving the complex symplectic

form � and the real structure � �

�iii� Let �M�J�r� �� be a simply connected special K�ahler manifold of complex dimen�

sion n then there exists a holomorphic nondegenerate Lagrangian �and hence totally

complex� immersion � � M � V � T �C
n inducing the K�ahler metric g� the con�

nection r and the symplectic form � � ���
P
dxi�dyi� � g��� J �� on M � Moreover

� is unique up to an a�ne transformation of V preserving the complex symplectic

form � and the real structure � � Here the real structure is considered as a �eld of

antilinear involutions on the tangent spaces of V �

Proof� We prove �ii� and �iii�� The proof of �i� is similar� By Theorem � there exist

real special coordinates near each point of M � Since M is simply connected� we can

choose these local coordinates in a compatible way obtaining globally de�ned functions

xi and yj on M such that �x�� � � � � xn� y�� � � � � yn� is a real special coordinate system near

each point of M � Then again by Theorem � and the simple connectedness of M we

can holomorphically extend these functions� i�e� there exist globally de�ned holomorphic

functions zi and wj such that Re zi � xi and Rewj � yj� Moreover� if �M�J�r� ��
is special K�ahler we can assume that �z�� � � � � zn� w�� � � � � wn� form a conjugate pair of

special coordinates� We de�ne the holomorphic map

� �� �z�� � � � � zn� w�� � � � � wn� �M � C
�n � V �

The fact that � is a totally complex immersion follows from the linear independence of

�dx�� � � � � dxn� dy�� � � � � dyn�� This proves the existence statement in �ii�� To prove �iii� we

need to check that � is Lagrangian� i�e� that the holomorphic 	form � ��
P
dzi�dwi � ��

This follows from the J	invariance of � � 
P
dxi � dyi� since Re� � � � J�� and

�



Im� � J �� � 
P
Jdxi � dyi�

P
Jdyi � dxi� Here the � stands for the natural action

of gl�E� on ��E�� where E � TpM� p �M � The uniqueness statement is a consequence

of the uniqueness statement in Theorem �� �

We will call a holomorphic �	form
P
Fidz

i on an open subset U � C
n regular if the real

matrix ImFi�z
j is invertible� A holomorphic function F on U is called nondegenerate

if its di�erential dF is a regular holomorphic �	form� Any holomorphic �	form � on a

domain U � C
n can be considered as a holomorphic immersion

� � U � V � T �
C
n �

So it makes sense to speak of totally complex or Lagrangian holomorphic �	forms�

Lemma � Let � be a holomorphic ��form� Then the following hold	

�i� � is totally complex if and only if it is regular�

�ii� � is Lagrangian if and only if it is closed�

Proof� �ii� is a well known fact from classical mechanics� To see �i� let � �
P
Fidz

i be

a holomorphic �	form on a domain U � C
n� It is totally complex if and only if the form

�
�
� � ���

P
dxi � dyi� is nondegenerate on U � We compute

�


� �

X
dxi � dReFi �

X
�Re

Fi

zj
�dxi � dxj �X�Im

Fi

zj
�dxi � duj �

From this it is easy to see that � is nondegenerate if and only if the matrix Im Fi�z
j

is invertible� i�e� if and only if � is regular� �

The following is a corollary of Lemma �� Theorem  and Theorem ��

Corollary � Any regular local holomorphic ��form � on C n de�nes a special symplectic

manifold of complex dimension n� Conversely� any special symplectic manifold of complex

dimension n can be locally obtained in this way�

Corollary � Any nondegenerate local holomorphic function on C
n de�nes a special

K�ahler manifold of complex dimension n� Conversely� any special K�ahler manifold of

complex dimension n can be locally obtained in this way�

Proof� A nondegenerate holomorphic function F de�nes a regular and closed holomor	

phic �	form dF � The corresponding holomorphic immersion � � dF is totally complex

and Lagrangian �by Lemma �� and� by Proposition �� nondegenerate� So it de�nes a

special K�ahler manifold by Theorem �� The converse statement follows from Theorem �

and the fact that any holomorphic nondegenerate Lagrangian immersion into V is locally

de�ned by a regular closed holomorphic �	form �after choosing an appropriate isomor	

phism V � T �C
n�� Notice that every regular closed holomorphic �	form on a simply

connected domain is the di�erential of a nondegenerate holomorphic function� �

��



� Projective special geometry

��� Conic and projective special manifolds

We recall that a local holomorphic C �	action on a complex manifoldM is a holomorphic

map

C
� �M � ��� p� �� ���p� �M

de�ned on an open neighbourhood W of f�g �M such that

�i� ���p� � p for all p � M and

�ii� ������p�� � ����p� if both sides are de�ned� i�e� if ��� ���p�� � W and ���� p� � W �

From this de�nition it follows that for every p �M there exist open neighbourhoods U�

of � � C
� and Up of p such that U� � Up � W and ��jUp is a di�eomorphism onto its

image for all � � U�� We will say that an equation involving �� holds locally if it holds

on any open set U �M on which �� is de�ned and on which it is a di�eomorphism onto

its image� Of course� even if it is not explicitly mentioned� an equation involving �� is

always meant to hold only locally�

We use polar coordinates �r� �� to parametrize C � � f� � rei�jr� � � R � r � �g and

consider � as a map from C
� to R�	Z�

De�nition � �i� Let �M�J�r� be a complex manifold with a �at torsionfree connec�

tion� It is called a conic complex manifold if it admits a local holomorphic C ��action

�� such that locally d��X � re�JX � r�cos ��X � r�sin ��JX for all r�parallel

vector �elds X� where � � rei��

�ii� A conic symplectic manifold is a conic complex manifold �M�J�r� together with a

parallel symplectic form ��

�iii� A conic symplectic manifold �M�J�r� �� is called a conic K�ahler manifold if � is

J�invariant�

Notice that the condition d��X � re�JX for all r	parallel vector �elds X implies that

���r � r��

Proposition � �i� Any conic complex manifold is a special complex manifold�

�ii� Any conic symplectic manifold is a special symplectic manifold�

�iii� Any conic K�ahler manifold is a special K�ahler manifold�

��



Proof� Let �M�J�r� be a conic complex manifold and �� the corresponding local action�

Since drJ � � is a local condition� it is su�cient to prove that any point p � M has an

open neighbourhood U such that �U� J�r� is a special complex manifold� By Proposition

� it is su�cient to check that for any point p � M there exist open neighbourhoods

U� of � � R�	Z and Up of p such that r� is a torsionfree connection on Up for all

� � U�� From the de�nition of local action it follows that for any p �M there exist open

neighbourhoods U� of � � R�	Z and Up of p such that �� is de�ned on Up and ��jUp

is a di�eomorphism onto its image for all � � ei� with � � U�� Since �M�J�r� is a conic
complex manifold we have r� � ���r on Up for all � � U�� Thus r� is a torsionfree

connection on Up� proving �i�� Statements �ii� and �iii� follow easily from �i�� �

Theorem � �i� Let �M�J�r� be a complex manifold with a �at torsionfree connec�

tion� Then �M�J�r� is a conic complex manifold if and only if there exists a local

holomorphic C ��action �� and for every p � M holomorphic functions z�� � � � � zn

and w�� � � � � wn de�ned near p such that

�a� zi � �� � �zi and wj � �� � �wj near p and

�b� x� �� Re z�� � � � � xn �� Re zn� y� �� Rew�� � � � � yn �� Rewn are a�ne local

coordinates near p�

�ii� Let �M�J�r� �� be a complex manifold with a �at torsionfree connection and a par�

allel symplectic form� Then �M�J�r� �� is a conic symplectic manifold if and only

if there exists a local holomorphic C ��action �� and for every p �M holomorphic

functions z�� � � � � zn and w�� � � � � wn de�ned near p such that

�a� zi � �� � �zi and wj � �� � �wj near p and

�b� x� �� Re z�� � � � � xn �� Re zn� y� �� Rew�� � � � � yn �� Rewn are a�ne local

coordinates near p�

Moreover� if �M�J�r� �� is a conic �special� symplectic manifold then the local

holomorphic functions zi and wj can be chosen such that their real parts xi and yj

form a real special coordinate system�

�iii� Let �M�J�r� �� be a complex manifold with a �at torsionfree connection and a

parallel J�invariant symplectic form� Then �M�J�r� �� is a conic K�ahler manifold

if and only if there exists a local holomorphic C ��action �� and for every p � M

holomorphic functions z�� � � � � zn and w�� � � � � wn de�ned near p such that

�a� zi � �� � �zi and wj � �� � �wj near p and

��



�b� x� �� Re z�� � � � � xn �� Re zn� y� �� Rew�� � � � � yn �� Rewn are a�ne local

coordinates near p�

Moreover� if �M�J�r� �� is a conic �special� K�ahler manifold then the local holo�

morphic functions zi and wj can be chosen such that they form a conjugate pair of

special coordinates�

Proof� We prove only �i�� Parts �ii� and �iii� are proven similarly� Let �M�J�r�
be a conic complex manifold and x�� � � � � xn� y�� � � � � yn a�ne local coordinates on it�

By Proposition � and Theorem � it is a special complex manifold and the a�ne local

coordinates admit a holomorphic extension z�� � � � � zn� w�� � � � � wn� From d��X � re�JX

for all r	parallel vector �elds it follows that zi ��� � �zi� c���� where c � C � � C
n is a

smooth map� Since �� is a local action� the map c must satisfy the functional equation

c���� � �c��� � c���

for all �� � � C
� near � � C

� and c��� � �� It is easy to see that this implies c��� �

�� � ��z� for some constant vector z� � C
n� Up to adding �real� constants to the xi�

we can assume that the vector z� has purely imaginary components� Then changing the

holomorphic extensions zi by adding purely imaginary constants� we can arrange that

c � z� � � and hence that zi��� � �zi� Similarly� we can show that by adding constants

one can arrange that wj � �� � �wj� This shows that a conic complex manifold admits

a local holomorphic C �	action and local holomorphic functions with the properties �a�

and �b�� Next we prove the converse statement of �i�� So let �� be a local holomorphic

C
�	action on �M�J�r� and z�� � � � � zn� w�� � � � � wn local holomorphic functions satisfying

�a� and �b�� From �a� and �b� it follows that d��X � re�JX for all r	parallel vector
�elds X� by di�erentiation� This shows that �M�J�r� is a conic complex manifold� �

Next we are going to de�ne the notion of projective special �complex� symplectic

or K�ahler� manifold� These manifolds arise as orbit spaces of conic special �complex�

symplectic or K�ahler� manifolds� Let �� be a local holomorphic C �	action on a complex

manifold M � To any point p �M we associate the holomorphic curve ��p� � � �� ���p�

inM de�ned on an open neighbourhood of � � C
�� If �� is the local C

�	action associated

to a conic complex manifold then ��p� is an immersion and Dp �� ��p��T�C
� � TpM

de�nes an integrable complex �	dimensional holomorphic distribution on M � Its leaves

are by de�nition the orbits of the local C �	action ��� We denote by M � M�C � the

set of orbits with the the quotient topology� M will be called the orbit space of M �

If M is a conic �complex� symplectic or K�ahler� manifold and the projection M � M

��



is a holomorphic submersion onto a Hausdor� complex manifold� then M is called a

projective special �complex� symplectic or K�ahler� manifold�

��� Conic special coordinates

De�nition � An a�ne local coordinate system �x� y� �� �x�� � � � � xn� y�� � � � � yn� on a

conic complex manifold �M�J�r� with corresponding local C ��action �� is called a

conic a�ne local coordinate system if it admits a holomorphic extension �z� w� ��

�z�� � � � � zn� w�� � � � � wn� such that locally �z� w� � �� � ��z� w�� Such a holomorphic ex�

tension is called a conic holomorphic extension�

In view of De�nition � we will freely speak of conic real special coordinate systems

�x� y� on conic symplectic manifolds and of conic conjugate pairs of special coordinates

�z� w� on conic K�ahler manifolds� The following theorem is a corollary of Theorem ��

Theorem � �i� Any conic complex manifold admits a conic local a�ne coordinate

system near any point p � M � A conic local a�ne coordinate system is unique up

to a linear transformation�

�ii� Any conic symplectic manifold admits a conic real special coordinate system near

any point p � M � A conic real special coordinate system is unique up to a linear

symplectic transformation�

�iii� Any conic K�ahler manifold admits a conic conjugate pair of special coordinates�

A conic conjugate pair of special coordinates is unique up to a �complex� linear

symplectic transformation�

��� The extrinsic construction of conic and projective special

manifolds

Let us consider the same fundamental data V � � and � as in ���� On V we have the

standard �global� holomorphic C �	action C
� � V � ��� v� �� �v � V � A holomorphic

immersion � of a complex manifold M into V is called conic if for every point p � M

and every neighbourhood U of p there exist neighbourhoods U� of � � C
� and Up of p

such that ���Up� � ��U� for all � � U�� Notice that we do not require the image ��M�

to be a complex cone� i�e� �globally� invariant under the C �	action on V �

Theorem � Let � be a conic totally complex holomorphic immersion of a complex

manifold �M�J� into V � T �C
n� n � dimC M � r the induced connection and � �

���
P
dxi � dyi� the induced symplectic form� Then the following hold	

��



�i� �M�J�r� �� is a conic symplectic manifold�

�ii� The pull back via � of the functions �x� � Re z�� � � � � xn � Re zn� y� � Rew�� � � � �

yn � Rewn� of V de�nes a conic real special coordinate system around each point

of M �

Proof� Since � is a conic holomorphic immersion� the holomorphic C �	action on V in	

duces a local holomorphic C �	action �� on M � One can easily check that �� de�nes on

�M�J�r� �� the structure of a conic symplectic manifold with conic real special coordi	

nates x� � �� � � � � xn � �� y� � �� yn � �� �

Theorem 	 Let � be a conic holomorphic nondegenerate Lagrangian immersion of a

complex manifold �M�J� into V inducing the K�ahler metric g on M � The immersion �

is totally complex and hence induces also the data �r� �� on M � Moreover� the following

hold	

�i� �M�J�r� �� is a conic K�ahler manifold�

�ii� � coincides with the K�ahler form of g� i�e� � � g��� J ���

�iii� The pull back via � of the canonical coordinates �z�� � � � � zn� w�� � � � � wn� of V de�nes

a conic conjugate pair of special coordinates around each point of M �

Proof� This follows from Theorem � and Theorem �� �

Now we will show that any simply connected conic �complex� symplectic or K�ahler�

manifold arises by the construction of Theorem � or Theorem ��

Theorem 
 �i� Let �M�J�r� be a simply connected conic complex manifold of com�

plex dimension n� Then there exists a conic holomorphic totally complex immersion

� � M � V � T �C
n inducing the connection r on M � Moreover� � is unique up to

a linear transformation of V preserving the real structure � � Here the real structure

is considered as a �constant� �eld of antilinear involutions on the tangent spaces

of V � Finally� � � ���
P
dxi � dyi� is a r�parallel symplectic structure de�ning

on �M�J�r� the structure of conic symplectic manifold�

�ii� Let �M�J�r� �� be a simply connected conic symplectic manifold of complex di�

mension n� Then there exists a conic holomorphic totally complex immersion

� � M � V � T �
C
n inducing the connection r and the symplectic form � on

M � Moreover� � is unique up to a linear transformation of V preserving the com�

plex symplectic form � and the real structure � �

��



�iii� Let �M�J�r� �� be a simply connected conic K�ahler manifold of complex dimen�

sion n then there exists a conic holomorphic nondegenerate Lagrangian �and hence

totally complex� immersion � � M � V � T �
C
n inducing the K�ahler metric g�

the connection r and the symplectic form � � ���
P
dxi � dyi� � g��� J �� on M �

Moreover � is unique up to a linear transformation of V preserving the complex

symplectic form � and the real structure � � Here the real structure is considered

as a �eld of antilinear involutions on the tangent spaces of V �

Proof� The proof is completely analogous to that of Theorem �� To prove �ii�� for

instance� it is essentially su�cient to replace real special coordinates by conic real special

coordinates in the proof of Theorem � �ii�� �

We will call a holomorphic �	form
P
Fidz

i on an open subset U � C
n conic if the

corresponding holomorphic immersion U � z �� P
Fi�z�dz

i � T �

z C
n � T �C

n � V is

conic� This is the case if and only if the functions Fi are locally homogeneous of degree

one� i�e� if Fi��z� � �Fi�z� for all z � U and all � near � � C
��

A holomorphic function F on U is called conic if its di�erential dF is conic� This is

the case if and only if F is locally homogeneous of degree � i�e� if F ��z� � ��F �z� for

all z � U and all � near � � C
��

We have the following analogues of Corollary � and Corollary ��

Corollary � Any conic regular local holomorphic ��form � on C
n de�nes a conic sym�

plectic manifold of complex dimension n� Conversely� any conic symplectic manifold of

complex dimension n can be locally obtained in this way�

Corollary � Any conic nondegenerate local holomorphic function on C n de�nes a conic

K�ahler manifold of complex dimension n� Conversely� any conic K�ahler manifold of

complex dimension n can be locally obtained in this way�

Remark �� Let M � M�C � be a projective special �complex� symplectic or K�ahler�

manifold� with M simply connected� Then the holomorphic immersion � � M � V

constructed in Theorem � induces a holomorphic immersion � � M � P �V � into the

complex projective space of complex dimension n� �� The holomorphic immersion � is

unique up to a projective transformation induced by a linear symplectic transformation

of V preserving the real structure � � To construct � it is su�cient to assume that M is

simply connected�

��



� Geometric structures on the cotangent bundle of

special symplectic manifolds

In this section we prove that the cotangent bundle of a special symplectic manifold carries

two canonical complex structures J�� J�� Moreover� if the �����	part of the symplectic

form � is nondegenerate it also carries an almost hyper	Hermitian structure� This almost

hyper	Hermitian structure is hyper	K�ahler if and only if ��� is parallel� If the �� ��	part

of � is nondegenerate we obtain an almost para	hypercomplex structure� It is para	

hypercomplex if and only if ��� is parallel� This generalises the known construction of

a hyper	K�ahler metric on the cotangent bundle of a special K�ahler manifold �CFG� C�

F� H
�

Let M be a manifold and denote by N � T �M its cotangent bundle� A connection

r on M de�nes a decomposition

T�N � Hr

�  T v
� N

�� TpM  T �

pM � 
 � N � p � 	�
� � ���

where 	 � N � T �M � M � T v
� N is the vertical subspace and Hr

� is the horizontal

subspace de�ned by the connection r� Here we have a natural identi�cation of T v
�N

with T �

pM and an identi�cation of Hr

� with TpM de�ned by the projection 	� If M is a

complex manifold with complex structure J � then N carries a natural complex structure

JN � We note that the vertical subspace T v
�N is JN 	invariant� but the horizontal subspace

H
r

� is in general not� We denote by Jr the almost complex structure on N de�ned with

respect to the decomposition ��� by

Jr �

�
J �

� J�

�
���

In general Jr is not integrable�

Proposition 	 Let r be a connection on a complex manifold �M�J�� The horizontal

distribution Hr � TN is JN �invariant if and only if there exists a torsionfree complex

�i�e� DJ � �� connection D on M such that the tensor �eld A �� r � D satis�es the

condition

A�
X � J � A�

JX � X � TM � ���

where A�
XY � 
�AXY ��

For the proof we need two lemmas� The �rst one is well known�

�



Lemma � Let D and r be connections on a manifold M and A � r � D� Then the

corresponding horizontal distributions HD and Hr are related by	

H
r

� � A�
H

D
� � fbv � v � A�

vjv � HD
�
�� TpMg �

where 
 � N � T �M and p � 	�
��

Lemma � Let D be a torsionfree complex connection on a complex manifold �M�J�

then the horizontal distribution Hr � TN is JN �invariant and hence JD � JN �

Proof� Let �x�� � � � � xn� y�� � � � � yn� u�� � � � � un� v�� � � � � vn� be the local coordinate system

on N � T �M associated to a holomorphic local coordinate system �z�� � � � � zn� onM � i�e�

zi � xi�
p��yi and � �

P
dxi � dui�P dyj � dvj is the canonical symplectic structure

on N � Note that

T vN � span

�


u�
� � � �



un
�


v�
� � � � �



vn

�
�

We denote by D the local connection on M with horizontal space

H
D �� span

�


x�
� � � �



xn
�


y�
� � � � �



yn

�
�

This connection is �at and torsionfree� with a�ne local coordinates x�� � � � � xn� y�� � � � � yn�

It is also complex because the complex structure J is constant in these coordinates�

J


xi
�



yi
� J



yi
� � 

xi
�

In terms of the induced coordinate system on N � JN is given by

JN


xi
�



yi
� JN



uj
� � 

vj

JN


yi
� � 

xi
� JN



vj
�



uj

This clearly shows that JD � JN � Now let r be any torsionfree complex connection on

�M�J�� This means that the ��� � tensor A � r�D is symmetric and J	linear� i�e�

AXY � AYX � �AX � J 
 � � � X� Y � TM �

The latter equation can also be written in the form J�A�
X � AJ��

X for all 
 � T �M � We

claim that this implies the JN 	invariance of H
r � AHD� In fact we have

JN bv � JN �v � A�
v� � Jv � J�A�

v � Jv � AJ��
v

� Jv � AJ��v � Jv � J��A��v � Jv � A�Jv

� Jv � A�
Jv � cJv �v � HD

�
�� TpM � p � 	�
� �M � �

�



Proof �of Proposition ��� Let D be a torsionfree complex connection on M and r a

connection on M such that A � r�D satis�es ���� To prove that Hr is JN 	invariant

it su�ces to check that JN bv � cJv for all v � HD
�
�� TpM � Using the identi�cation ���

and the identity ��� we compute�

JN bv � JN�v � A�
v� � Jv � J�A�

v � Jv � A�
v � J � Jv � A�

Jv �
cJv �

Conversely� let r be a connection on M such that Hr is JN 	invariant� From the inte	

grability of J it follows that there exists a torsionfree complex connection D on M � Now

we check that JNH
r � Hr implies ���� For bv � v � A�

v � Hr

� � we have by Lemma ��

JN bv � Jv � J�A�
v� This shows that JN bv � Hr

� if and only if JN bv � cJv� The latter

equation is equivalent to J�A�
v � A�

Jv� which is precisely ���� �

Now let � be a �eld of nondegenerate bilinear forms on a manifold M � considered as

a map TM � T �M � and r a connection on M � Using the identi�cation ��� we de�ne

an almost complex structure J� on N � T �M by

J� �

�
� ����
� �

�
���

Lemma � If r is �at and torsionfree and � is r�parallel then J� is integrable�

Proof� If we express J� in terms of the canonical coordinates on N � T �M induced

by local a�ne coordinates on M � then it has constant coe�cients� This shows that J�

is integrable� �

Theorem �� Let �M�J�r� �� be a special symplectic manifold� Then the cotangent

bundle N � T �M carries two natural complex structures

J� � Jr �

�
J �

� J�

�
and J� � J� �

�
� ����
� �

�
�

The commutator and anticommutator of J� and J� are given by

�J�� J�
 � J�

�
� ��������
��� �

�
� �

�
� ��������
��� �

�
J� �

fJ�� J�g � J�

�
� �������
�� �

�
� 

�
� �������
�� �

�
J� �

where �� � ��� � ����

Proof� The integrability of J� follows from Lemma �� To prove the integrability of J��

by Proposition �� it is su�cient to check the identity ��� for A � r�D � ��
�
JrJ �





where D � �
�
�r �r�J�� is the torsionfree complex connection of Proposition �� Using

the fact that rJ is symmetric we compute�

�AX � J � J�rXJ� � J � rXJ � �r�J�X � J�r�J�JX � J�rJXJ� � �AJX � �

Theorem �� Let �M�J�r� �� be a special symplectic manifold�

�i� Assume that ��� is nondegenerate� Then the cotangent bundle N � T �M carries a

canonical almost hyper�Hermitian structure �J�� J�� J� � J�J� � �J�J�� gN� given
by

J� � Jr � J� � J��� � gN � diag�g� g��� �

where g � ����J �� �� is the K�ahler metric on M � see Proposition � J� is the

standard �integrable� complex structure on the cotangent bundle of the complex

manifold �M�J�� The almost hyper�Hermitian manifold �M�J�� J�� J�� gN� is

hyper�Hermitian �i�e� the almost complex structures J�� J�� J� are integrable� if and

only if r��� � �� In this case �M�J�� J�� J�� gN� is a hyper�K�ahler manifold�

�ii� Assume that �� � ������� is nondegenerate� Then the cotangent bundle N � T �M

carries a canonical almost para�hypercomplex structure �J�� J��� i�e� a commuting

pair of almost complex structures� given by

J� � Jr � J� � J��

�

J� is again the standard �integrable� complex structure and �J�� J�� is an �inte�

grable� para�hypercomplex structure �i�e� J� and J� is integrable� if and only if

r��� � ��

Note that in the second case J� � J�J� is not an almost complex structure but an almost

product structure� i�e� an involution�

Proof� Using the identities

J� � ��� � ���� � J � J� � �� � �� � J �

where the two	forms ��� and �� are considered as linear maps TM � T �M � one can

check that J� and J� are anticommuting or commuting almost complex structures in

case �i� and �ii� respectively� To check that gN is Hermitian with respect to the almost

complex structures �J�� J�� J�� in case �i� we compute �� �� gN � J� as follows�

�� � �X�ijdq
i � dqj �

X
�ijdpi � dpj �

�



where ��� �
P
�ij�q�dq

i � dqj is the expression of the symplectic form ��� in r	a�ne

coordinates qi onM � ��ij� � ��ij�
�� and the pi are the conjugate momenta correponding

to the qi�

�� � �X�J�dqj� � dpj � �� �
X

dqj � dpj �

From these formulas we see that the �� are skew	symmetric and therefore that the J� are

gN 	orthogonal� This shows that �J�� J�� J�� gN� is an almost hyper	Hermitian structure�

The form �� is closed� The form �� is closed since dJ�� � � for any parallel �	form ��

The form �� is closed if and only if the coe�cients �ij are constant� i�e� if and only if ���

is parallel� If this is the case� then the almost hyper	Hermitian structure �J�� J�� J�� gN�

is hyper	K�ahler by a Lemma of Hitchin�

Assume now that J� is integrable� i�e� the Nijenhuis tensor NJ� � �� A direct calcu	

lation shows that

J�NJ��qi � qj � �
X
k

��jk	i � �ik	j�pk �

where �ij�q� are the coe�cients of � � ��� or �� in cases �i� or �ii� respectively� Notice

that �ik	j � �jk	i are the coe�cients of the 	form d�i�
qk
�� � L�

qk
�� This shows that

NJ��qi � qj � � � implies that Lie derivative of � in the direction of any parallel vector

�eld on M vanishes and hence that � is parallel� �
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