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Abstract� The spectral determinant det�H � �I of the Azbel�Hofstadter
Hamiltonian H is related to Onsager�s partition function of the �D Ising
model for any value of magnetic �ux � � ��P�Q through an elementary
cell� where P and Q are coprime integers� The band edges of H correspond
to the critical temperature of the Ising model� the spectral determinant at
these �and other points de�ned in a certain similar way is independent of P �
A connection of the mean of Lyapunov exponents to the asymptotic �large
Q bandwidth is indicated�

	



Although the problems of an electron in a constant magnetic �eld and that
of an electron on a periodic lattice were solved in the early days of quantum
mechanics� the case where a magnetic �eld and a lattice are present simulta�
neously still de�es adequate understanding� The simplest model for this case
is commonly referred to as the Hofstadter or Azbel�Hofstadter model �	����
The corresponding Hamiltonian describes an electron on a two�dimensional
��D N �N square lattice with nearest�neighbour hopping subject to a per�
pendicular uniform magnetic �eld�

�H�nx�ny � �nx���ny � �nx���ny � �e�inx��nx�ny�� � �einx��nx�ny���

nx� ny � �� 	� � � � � N � 	�
�	

where � � ��P�Q is the �ux through an elementary cell �measured in units
of the elementary �ux� P and Q are coprime positive integers� � � t��t� � �
is a ratio of hopping amplitudes in x and y directions� We impose periodic
boundary conditions ��N�ny � ���ny � ����ny � �N���ny � similarly for ny �

This Hamiltonian and the related one�dimensional operator were studied
in many works �see the reviews �
���� Usually� the Hamiltonian �	 is de�ned
on an in�nite lattice at the outset� in the present paper� however� we shall
deal �rst with a �nite N and take the limit N �� later on�

It was noticed by Wiegmann and Zabrodin ���
� that the model is related
to integrable systems and the algebra Uq�sl�� In the present paper� we �nd a
di�erent type of relation to integrable systems� We shall see that the spectral
determinant det�H��I for any � � ��P�Q is related to Onsager�s partition
function of the �D Ising model�

It is well known that the spectrum of H for an in�nite lattice �on l��Z
consists of Q intervals �bands� When Q � �� the total width W of the
bands for � �� 	 is known ��� to approach �j	 � �j exponentially fast in
Q� for � � 	� it is of order 	�Q ���� Thouless formulated a conjecture
���	�� that for � � 	 the total width W � 
�G��Q as Q � �� where
G � 	�	�
��	����	��� � � � is Catalan�s constant� �Notation A � B means�
henceforth� that A�B tends to 	 in the limit� This result was derived only
for P � 	� P � � so far �	��		�	�� but is supposed to hold in the general
case �even when P�Q tends to a nonzero limit for which it is supported
by extensive numerical data� In the present paper� we shall generalize this
conjecture and recast it into a simpler type of statement by relating the
quantity limN���	�N� ln j det�H � �Ij to the bandwidth�

�



Substitute �nx�ny � eikyny�nx� ky � ��k�N � k � �� 	� � � � � N � 	 into �	
to get H � �N��

k�� Hk� the eigenvalue equation for Hk being

�Hk�n � �n�� � �n�� � �� cos

�
��P

Q
n �

��k

N

�
�n � ��n�

n � nx � �� 	� � � � � N � 	�

��

When n is allowed to range from �� to �� the corresponding Hk on l��Z
is called the almost Mathieu operator�

Let us assume that N is divisible by Q and substitute �j�Ql � ei�l�j�
j � �� 	� � � � � Q � 	� 	 � ��m

N�Q
� m � �� 	� � � � � N�Q � 	 into ��� We get

Hk � �N�Q��
m�� Hkm�

�Hkm�j � �j�� � �j�� � �� cos

�
��P

Q
j �

��k

N

�
�j

j � �� 	� � � � � Q� 	� �Q � ei���� ��� � e�i��Q���

�


Chamber�s formula �	
� gives the dependence of the spectral determinant
of Hkm on k and m� namely�

det�Hkm � �IQ�Q � ��	Q
�

��� ��Q cos

��k

N�Q
� � cos

��m

N�Q

�
� ��

where 
�� is a polynomial of degree Q which depends on � and �� but not
on k and m� It is easy to verify �� by considering the matrix given by
�
 and the one obtained after the substitution �j �

PQ��
l�� exp ��i�jlP�Q �

jm�N � lk�N�
�

l � It is the expression �� which implies that the spectrum of
H in the limit N �� consists exactly of Q bands� the image of the interval
����	 � �Q� ��	 � �Q� under the inverse of the transform 
 � 
���

Thus�

det�H � �I �
NY
k��

N�Q��Y
m��

det�Hkm � �IQ�Q �

��	N�

N�Q��Y
k�m��

�

��� ��Q cos

��k

N�Q
� � cos

��m

N�Q

�Q

�

��

In the limit of in�nite lattice �N � �� let us replace ��k�N in �� by
a continuous parameter �� denote Hk by H�� and consider the mean ��� of






Lyapunov exponents over all �� By virtue of the 
�term recursion ��� any
�n is obtained from initial conditions ��� ��� The Lyapunov exponent ����
corresponding to H� describes the exponential rate of growth �or decay of a
solution to the equation �H��n � ��n� n � �� 	� � � �� More precisely�

���� � lim
n��

n�� max
������ �����

�

�
��

ln���
n � ��

n��
���� ��

Note that the di�erence between H� de�ned in the space of square�summable
sequences with indices n � �� 	� � � � and the almost Mathieu operator corre�
sponding to n � � � � ��	� �� 	� � � � is that the spectrum of the latter is dou�
bly degenerate� However� the normalized to unity density of states ��x is
the same in both cases� According to the Thouless formula �	��� ���� �R
ln j�� xj��xdx� Using this formula and ��� we get for the mean of ����

over all � �to ensure that the determinant is nonzero we assume that � has
an imaginary part� after taking the limit N �� we can let ��� ��

��� � lim
N��

	

N�
ln j det�H � �Ij �

	

��Q

Z �

�

Z �

�
ln j
��� ��Q cos x� � cos yjdxdy�

��

On the other hand� Onsager�s partition function Z for the �D Ising model
on a square N �N lattice satis�es �	���

lim
N��

	

N�
lnZ � 	

�
ln�� sinh a� �

	

���

Z �

�

Z �

�
ln

������cosh a cosh a
�

sinh a�
� �

sinh a

sinh a�
cos x� � cos y

����� dxdy�
��

Here a � �J�T � a� � �J ��T � where T is the temperature� J � J �� interaction
constants in x and y direction� We now set sinh a� sinh a� � �Q �hence
a� � arcsinh ���Q sinh a�


�� � �
cosh a cosh a�

sinh a�
� ��Q coth a

q
	 � ���Q sinh� a� ��

to obtain the equivalence �as N �� for any � and coprime P and Q�

j det �t��H � �Ij � Z��Q� �	�

�



where �tQ� � � sinh a��
A simple analysis of �� shows that for any real T � j
��j � ��	 � �Q�

The minimum of j
��j as a function of T � j
��j � ��	 � �Q� corresponds
to the critical temperature Tc of the Ising model �at Tc the argument of the
logarithm in �� and �� vanishes at an integration limit� On the other
hand� the energies �ei at which j
��eij � ��	 � �Q are the band edges of
limN��H�

It is well known �	�� that Z at Tc equals the square of the partition
function ZD of dimers on the lattice if r� �

p
� sinh a and r� �

p
� sinh a�

are interpreted as activities of dimers in x and y directions� Let us identify
r�� � tQ� and r�� � tQ� �recall that t� and t� are hopping amplitudes in x and
y directions� and � � t��t�� One result of Lieb and Loss �	�� says that
det fH � Z�

D as N � � for the �ux � � �� that is for P � 	� Q � �� HerefH � t�H � a more symmetric form of the Azbel�Hofstadter Hamiltonian�
Since it is known that � � � is a band edge for Q even� we have from �	�

det fH � Z
��Q
D � which is a generalization of the mentioned result to any P

odd� Q even�
Henceforth� we only consider the limit of in�nite N �
Let us simplify expression �� �note an important fact that � depends

on � and P only through 
�� �� Because of the obvious equality ��
� � �
ln� � ��
��Q� 	��� it is su�cient to consider only the case � 	 � 	 	� In
this case� taking the integral over y in �� we get�

��
 ��������
�
�Q

R �
� arccosh �j
j�� � �Q cos xdx� j
j � ��	 � �Q

�
�Q

R arccos���j�j	���Q
� arccosh �j
j�� � �Q cos xdx� ��	 � �Q � j
j � ��	� �Q

�� j
j 	 ��	� �Q

�

�		
The fact that ��� is zero on the image of the interval 
 
 ����	��Q� ��	�
�Q� is in agreement with the general argument� this image is an intersection
of the intervals of the spectra of the operators H�� The generalized eigen�
function of any H� is just a Bloch wave on a periodic lattice with Q atoms
in an elementary cell� Therefore� the Lyapunov exponents ���� are zero on
this set� By de�nition� ��� is a mean of these exponents�

Now we can note that in the limit Q � �� 
 �xed� ��
 tends to the
following Lyapunov exponent on the spectrum of H� ��� � � if � 	 	�

�



��� � ln� if � � 	� in accordance with a statement of Aubry and Andr e
�	��� �Naturally� we obtain the same asymptotic result for any individual
�����

For Tc �j
j � ��	��Q� let us represent �		 in another form by reducing

the integral to
R ���
� arcsinh ��Q�� cos xdx and then using di�erentiation w�r�t�

the parameter� We get for any � � ��

���ei �
�

�Q

Z �Q��

�

arctan x

x
dx � ln��

�

�Q

Z ��Q��

�

arctanx

x
dx� �	�

In what follows� we always consider �the most interesting from the point
of view of bandwidth case � � 	� It is not� however� di�cult to generalize
the argument below to the case of any �� For � � 	� the expression �	� reads�
���ei � �G��Q� In these terms� the Thouless conjecture says that the total
bandwidth behaves as ����ei asymptotically for large Q� The following more
general fact appears to hold and is supported by numerics�

LetW �x be the total length of the image of ��� x� under the inverse of the
transform 
 � 
�� �recall that the whole spectrum is the image of ���� ���
i�e�� the total bandwidth is W � W ����W ��� Then for any P �including
P changing with Q such that P�Q is not small as Q���

W �
 � ���
 �
�

�Q

Z j�j

�
K�x��dx� 
 
 ���� ��� �	


The last equation is just another form of �		 for � � 	� K�k �
R ���
� �	 �

k� sin� x����dx is the complete elliptic integral of the �rst kind�
It is easy to derive �	
 in the case P � 	� where we can use the known

from semiclassics �	�� asymptotic expression for 
��� In this case� the main
asymptotic contribution to W �
 comes from the bands in a small neigh�
bourhood of � � �� These bands have width of order 	�Q lnQ� while the
others are exponentially narrow� For j�j � 	� P � 	� and Q���


�� � � cosh��Q�� cos
�
�Q

��
ln

�Q

�
� � arg !

�
	

�
� i

�Q

��

�
� �Q

�

�
� �	�

Hence� the asymptotic contribution of an individual band to W �
 is

��

Q lnQ
arcsin

j
j��
cosh��Q��

� �	�

�



and the number of such bands in an interval dt � d��Q�� is �
�
lnQdt

�
� There�

fore� the sum of all contributions

W �
 � �

�Q

Z �

�
arcsin

j
j��
cosh t

dt �
�

�Q

Z j�j

�
K�x��dx � ���
� �	�

which completes the derivation of �	
 for P � 	�
If we could show that for a general P � W �
 � c��
� where c is inde�

pendent of 
� then the value of c could be found using a result of Last and
Wilkinson �	�� that for any coprime P and Q�

PQ
i�� j
���ij�� � Q��� where


��i � �� i � 	� � � � � Q� This can be written as jW �
���j � 	�Q �right or left

derivative because� obviously� jW �
��
j �

PQ
i�� j
���ij��� where 
��i � 
�

i � 	� � � � � Q� On the other hand� since K�� � ���� we have j�����j � 	��Q�
which implies that c � ��

Putting our results and conjectures together� we can roughly say that
the logarithm of Onsager�s partition function� the mean of Lyapunov expo�
nents� and the asymptotic bandwidth are basically the same object which is
universal in that for a �xed value of 
� it does not depend on P �

I am grateful to P� B� Wiegmann for encouraging my interest in the prob�
lem� I also thank R� Seiler� J� Kellendonk� and D� J� Thouless for valuable
suggestions which helped me to improve this paper�
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