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Abstract� In this note� we show that a homotopy class of �S��S��

admits an S��invariant harmonic map if and only if its Hopf invari�

ant is �k� for some integer k� where S� is the unit ��sphere and S�

is a ��sphere with an arbitrary metric�

�� Introduction

Let �Mm� g� and �Nn� h� be two compact Riemannian manifolds with

dimension m�n � � respectively and C�M�N� � H� � C��M�N�� A

map f � C�M�N� is harmonic if it is a critical point of the energy

functional

E�f� �
�

�

Z
M
e�f�dvol�M�

in C�M�N�� where e�f� is the energy density of f and dvol�M� is the

volume element ofM � This means that� for any smooth family of maps

fs � C�M�N� with f� � f �

d

ds js��
E�fs� � ��

In local coordinates �xi� and �y�� on M and N � the energy density is

de�ned by

e�f��x� � gij�x�
�f��x�

�xi
�f��x�

�xj
h���f�x���

Due to a regularity result for Morrey 	�
�� any harmonic maps in

C�M�N� is smooth� In this note� we are interested in the existence
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of harmonic maps� The existence problem for harmonic maps can be

formulated in the following way�

Does a given homotopy class of 	M�N � admit a harmonic represen


tative�

When N has non
positive curvature� in a celebrated paper 	���� Eells

and Sampson showed that for any given homotopy class there is a

harmonic representative� When the curvature of N is not non
positive�

e�g� N � S�� the existence problem of harmonic maps becomes more

delicate� There are a lot of existence and non
existence results� see

	�� �� and 	���� Roughly speaking� there are basically three kinds of

existence results� One is when M has dimension two� In this case� the

energy functional E is conformally invariant and various variational

approaches were developed to study the existence and non
existence

of harmonic maps� We refer to 	��� ��� ��� �� ��� ��� ���� Another

is reduction to a one dimensional problem� for example� the Smith

construction� the Hopf construction of harmonic maps �cf� 	��� �� ��


� ��� ����� In this case� the harmonic map equation is reduced to an

ordinary di�erential equation� The third type results are obtained by

direct constructions� for example� the twistor method �	���� and the

algebraic methods �	��� and 	����� We are not able to list all results

here� For the interested reader� we refer to two surveys 	�� and 	�� and

a very complete list of papers on harmonic maps 	����

Here we consider a simple case which is di�erent from the three cases

mentioned above� Let S� be the unit �
sphere with the standard metric

g� and S� the �
sphere with an arbitrary metric h�� It is well
known

that 	S��S�� � ���S
�� � Z and to each class corresponds an integer�its

Hopf invariant� In 	���� Smith gave examples of harmonic maps from

S
� to S� of Hopf invariant �k�� for any integer k� by means of the Hopf

�bration and posed the following problem �see also 	����
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Which classes of 	S��S�� have harmonic representatives�

Recently� Eells and Ratto 	�� obtained the second kind of existence

result by considering the following special maps� For any two integers

k� l� let fk�l � S
� � S� � S� be de�ned by fk�l�e

i�� ei�� � ei�k��l��� and

consider

�k�l � S
� � S

�

de�ned by

��sin sei�� cos sei�� � �sin��s�fk�le
i�� cos��s�ei���

where ��s� � 	�� ����� 	�� �� satis�es the boundary conditions ���� � �

and ������ � �� This is the �
Hopf construction� They showed that

such a map �k�l is a harmonic map for some � if and only if k � �l� It

is easy to check that �k�l has the Hopf invariant kl� So if such a map

is harmonic� then its Hopf invariant is �k�� The method for obtaining

this result involves an ordinary di�erential equation for �� Several

years ago� W� Y� Ding 	�� conjectured that a homotopy class of 	S��S��

admits a harmonic representative if and only if its Hopf invariant is

�k� for some integer k� A slightly stronger conjecture was proposed

by Eells in 	��� � Is every harmonic map from S� � S� a harmonic

morphism� We remark that a homotopy class of 	S��S�� contains a

harmonic morphism if and only if its Hopf invariant is �k� for some

integer k� Thus� the latter implies the former�

Due to the result of 	��� for any homotopy class of 	S��S��� there is a

metric g on S� conformally equivalent to the standard metric such that

this class admits a harmonic representative from �S�� g� to S�� Thus�

the non
existence of harmonic maps from S� to S� may be delicate�

In this note� we consider S�
invariant maps de�ned in section � below�

The problem of the existence of S�
invariant harmonic maps can be



� GUOFANG WANG

reduced to the existence of critical points of a functional de�ned on the

space of maps from a two dimensional orbifold to S�� We obtain

Theorem ���� Any homopoty class of 	S��S�� admits such S��invariant

harmonic representatives if and only is its Hopf invariant is �k� for

some integer k�

In fact� such a harmonic map is a harmonic morphism�

�� S�
�invariant maps and the Hopf invariant

Let S� � f�z� w� � C � C j jzj� � jwj� � �g be the unit three dimen


sional sphere in R� and S� the �
sphere in R� � Given two relatively

prime integers k � l � �� de�ne an isometric action of S� on S�

Tk�l � S
�� Iso�S��

by

T �
k�l�w� z� � �eik�w� eil�z�

for any � � S� and �w� z� � S�� A continuous map f � S� � S� is

S�
invariant under the action T if for any � � S� and �z� w� � S�

f�T �
k�l�w� z�� � f�w� z��

For a smooth map f � S�� S�� its Hopf invariant is de�ned by

H�f� �
Z
S�
dw � w�

where w is a one
form on S� so that dw � f ���� and � is a generator

of H�
DR�S

�� �cf� 	���� We also can de�ne the Hopf invariant for a

continuous map� If f is an S�
invariant map� then this Hopf invariant

H�f� � kln��

for some integer n� This can be seen as follows� De�ne � � S�� S� by

��w� z� � ��
�wl

jwjl��

zk

jzjk��
� jwj� � jzj���
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� is continuous� but is not smooth� It is easy to compute that H��� �

kl� In fact� � is the composition of the following two maps � � S�� S�

and v � S� � S� de�ned by

� � �w� z�� �
wl

jwjl��
�

zk

jzjk��
�

and

v � �w� z�� ��� �wz� jwj� � jzj���

Here v is the Hopf map of Hopf invariant �� We have that H��� �

deg �H�v� �see e�g� 	���� and deg � � kl� Let uf � Q � S� be de�ned

in the next section �see ����� below�� Here Q is a topological sphere�

Clearly f � uf � �� From 	����

H�f� � H����deg uf�
� � kln��

for some integer n� Now we restate our result as follows

Theorem ���� If f is a harmonic S��map w�r�t� Tk�l� then k � l� In

this case� the Hopf invariant of f � H�f� � k�n� for some integer n�

�� Reduction to a ��dimensional case

Given two relatively prime integers k � l � �� Let T � Tk�l be the

S
�
action de�ned in previous section� Let

C�S��S��T � ff � H� � C��S��S��j f is an S�
map w�r�t�Tg�

First� we have

Lemma ���� Let f � C�S��S��T � Then f is harmonic if and only if f

is a critical point of EjC�S��S��T �

Proof� See V����� in 	
�� �

In fact� for such a harmonic map� we can characterize it as a critical

point of another functional as follows�
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Let Q � S
��Tk�l be the quotient space� When k 	 l� Q is an orbifold

with two conical singularities of angles ��
k
and ��

l
respectively� For the

de�nition of orbifold� see 	����

Let 
 � S� � Q be the projection map� Set I � f��� ��j� � 	�� ���� � �

	�� ��g and de�ne the map � � I � S� by ���� �� � ��� �� ���� in

the cylindrical coordinates on S�� Clearly� 
 � � � I � Q serves as

a coordinate chart of Q and 
 � �S�� g�� � �Q� h� is a Riemannian

submersion �see 	
��� where

h �
k� sin� �

k� sin������ � l� cos������
d�� � d��� �����

in the coordinates �� �� Note that Q � S� �up to homothety� if and

only if k � l�

Using the metric h� we can de�ne the Sobolev space H��Q�S��� Let

C�Q�S�� � H��Q�S���C��Q�S��� We identify C�S��S��T with C�Q�S��

as follows� Let f � C�S��S��� We de�ne a map uf � Q� S� by

uf�x� � f�
���x�� �����

for x � Q� Since f is an S�
map� uf is well de�ned and continuous� It

is easy to check that

E�f� �
Z
Q
jruf j

�
h Wdvol�h�� �����

where W � Q� R is de�ned by

W ��� �� � �k� sin������ � l� cos�������
�

� �

We remark that W ��� is the length of S� orbit of the point ���� ���

Since � 	 l 	 W ��� �� 	 k� by ����� uf � H��Q�S��� Therefore

uf � C�Q�S
��� On the other hand� for any u � C�Q�S��� by ����� it is

also easy to check that fu � u � 
 � C�S��S��T � From Lemma ���� we

now have the following
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Lemma ���� Let f be a smooth S��map from S
� to S�� The f is har�

monic if and only if uf is a critical point of the following functional

J�u� �
Z
Q
jruj�h Wdvol�h� �����

in the space C�Q�S���

Proof� First� Lemma ��� implies that a harmonic map f � C�S��S��T

satis�es

d

dt jt��
E�ft� � �� �����

for any smooth family of maps ft � C�S
��S��T with f� � f � From the

discussion above� we know that any smooth family of ft � C�S
��S��T

with f� � f corresponds to a smooth family of maps ut � C�Q�S
�� with

u� � uf � Therefore� in view of ����� we know that ����� is equivalent

to

d

dt jt��
J�ut� � �� �����

for any smooth family of maps ut � C�Q�S
�� with u� � uf � This proves

the Lemma� �

Remark� When k � l� Q � S� �up to homothety�� uf is smooth and W

is a constant� In this case� f is a smooth harmonic map if and only if

uf is a harmonic map from S
� to S�� Hence� there are many harmonic

maps from S� to S� of Hopf invariant �k�� Moreover� in this case� all

such harmonic maps are harmonic morphisms�

�� Proof of Theorem ���

Proof of Theorem ���� Let f � S� � S� be a smooth harmonic S�
map

and u� � uf � To prove the Theorem� we �rst claim that there is a

family of di�eomorphisms �s � 	�� ��� 	�� �� such that

�a� �� � id�
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�b� �s��� � � and �s��� � ��

�c� ��s��� ��
��s
��
��� 	 � in 	�� �� and ��s��� � ��s��� � ��

�d� W ��s�
sin�s

�����s��� �
W ���
sin �

in ��� ���

�e� d
ds js��

�s��� � ��

If this is done� we de�ne �s � I � I by

�s��� �� � ��� �s�����

Let us � u���s � Q� S�� First� by �a�� �b� and �c� it is easy to see that

us � C�Q�S�� with u� � uf � i�e� us is a deformation of uf � We then

claim that f�sg is a family of conformal di�eomorphisms� Namely� for

any s�

��s�h� � j��sj
�h� �����

In fact� from �d� we have

��s�h��
�

��
�
�

��
� � h��s�

�

��
� �s�

�

��
�

�
k� sin� �s���

W ���s����
� j��s���j

�k
� sin� �

W ����

� j��sj
�h�

�

��
�
�

��
��

��s�h��
�

��
�
�

��
� � h��s�

�

��
� �s�

�

��
�

� j��sj
�h�

�

��
�
�

��
�

and

��s�h��
�

��
�
�

��
� � � � j��sj

�h�
�

��
�
�

��
��
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Due to the conformal invariance of the energy functional�
R
Q jrusj

�
h dvol�h�

is independent of s� Furthermore� we have

J�us� �
Z
Q
jrusj

� Wdvol�h�

�
Z
Q
jruf j

� W � ���
s dvol�h�� �����

By Lemma ���� ������ �a� and �e�� we have

� �
d

ds js��
J�us� �

Z
Q
jruf j

� d

dt js��
�W � ���� dvol�h�

� �
Z
Q
jruf j

�W���k� � l���sin�s���
d

� s
dt�js�� dvol�h�

� �
Z
Q
jruf j

�W���k� � l�� sin � dvol�h��

It follows that k � l� which proves Theorem ����

Hence� to prove Theorem ���� we only need to show the existence of

such �s� Set

F ��� �
Z �

�	�

W �t�

sin t
dt�

Recall that W �t� � �k� sin������ � l� cos�������
�

� � Clearly� F ���� �

W ���� sin � 	 � in 	�� ��� lim��� F ��� � �
 and lim��� F ��� � �
�

In fact� we have the following asymptotic behavior of F �

F ���� l log � � O��� as � � �

and

F ��� � k log�� � �� � O��� as � � ��

De�ne �s � 	�� ��� 	�� �� by

�s��� � F���F ��� � s��

By de�nition� we have

����� �
W ���

sin �

sin����

W ��s����
sin�s����
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Now it is easy to check that �s satis�es conditions �a�
�e�� This com


pletes the proof of the Theorem�

Remark� Our result is motivated by the Pohozaev identity for semilin


ear equations and the Kazdan
Warner condition 	KW� in the problem

of prescribing Gauss curvature�

We can also generalize the Theorem as follows� Let E�a� b� be the

ellipsoid de�ned by

E�a� b� � f�w� z� � C � C j
jwj�

a�
�
jzj�

b�
� �g�

Given two relatively prime integers k � l � �� we de�ne an S�
action

Tk�l on E�a� b� by

T �
k�l�w� z� � �weik�� zeil���

Clearly� we can also de�ne S�
map from E�a� b� to S� as before� By the

same argument� we have

Theorem ���� There is a harmonic S��map from E�a� b� to S� if and

only if

b

a
�

l

k
�
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