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We present all NSR superstring and super�D�string actions invariant under a set of prescribed
gauge transformations� and characterize completely their global symmetries� In particular we obtain
locally supersymmetric Born�Infeld actions on general backgrounds in a formulation with extra
target space dimensions� The nontrivial global symmetries of the superstring actions correspond
to isometries of the background� whereas super�D�string actions can have additional symmetries
acting nontrivially also on the coordinates of the extra dimensions�

PACS numbers� �������w� �������j

This letter is devoted to locally supersymmetric world�
sheet actions for superstrings and super�D�strings and to
their symmetries� For the standard spinning string in a
�at background ���� such an action has been known for
more than �� years ���� It played an important r	ole in
string theory� in particular as starting point for covariant
quantization� and was extended to general backgrounds
�
�� In this letter we present analogous actions for the
super�D�string� i�e� locally supersymmetric world�sheet
actions of the Born�Infeld type� To our knowledge� such
actions have not been explicitly constructed previously�
except for the D��brane ���� In addition we characterize
completely the global symmetries of these actions�
As it is well known the tension of a super�p�brane may

be generated dynamically as the �ux of a world�volume
p�form gauge �eld �
�� Since D�branes are described by
Born�Infeld type actions it is natural to construct a man�
ifestly S�dual IIB superstring by assembling the Born�
Infeld �eld and a tension generating gauge �eld into an
SL��� doublet ���� The resulting theory is in a sense
twelve�dimensional� This is quite apparent in our for�
mulation which uses actually a twelve�dimensional tar�
get space� The two �extra dimensions� get frozen� the
values of their coordinates are integration constants by
the equations of motion� In the light of this interpreta�
tion in terms of extra dimensions� it is quite interesting
that the symmetries of the super�D�string action are not
exhausted by the standard isometries of the �ordinary�
�ten�dimensional� target space� rather� there can be addi�
tional symmetries which act nontrivially also on the coor�
dinates of the extra dimensions� Our results may thus be
of interest also in view of a possible twelve�dimensional
theory underlying IIB superstring theory ���� Inspired
by such considerations �and for the sake of generality�
we allow for an arbitrary number of gauge �elds and
corresponding �extra dimensions�� thereby including D�
strings but not restricting to them�
a� Field content and gauge symmetries� The results

reported here were obtained by a BRST�cohomological
analysis whose details will be presented elsewhere� The

input of this analysis is the �eld content and a set of
gauge transformations of the �elds� The �elds are those
of the �d supergravity multiplet feam� �

�
m� Sg �m� a� �

are �d world�sheet� Lorentz and spinor indices� respec�
tively�� an arbitrary number of �matter multiplets�
fXM � �M� � FMg and an arbitrary number of gauge mul�
tiplets fAi

m� �
i
�� �

ig� eam and ��m are the world�sheet
zweibein and gravitino� respectively� the Ai

m are abelian
gauge �elds� and the XM may be regarded as coordinates
of an enlarged target space� All �elds� including the aux�
iliary �elds are real �we use a Majorana�Weyl basis for
the ��matrices and the signature of the world�sheet met�
ric is �ab � diag������� furthermore ��� � ��� � � and
�� is de�ned through �a�b � �ab�l � �ab��� our formulae
apply with appropriate rede�nitions also to Euclidean
signature�� We impose the following gauge symmetries�
world�sheet di�eomorphisms� local ����� world�sheet su�
persymmetry� local �d Lorentz invariance� invariance un�
der abelian gauge transformations of the Ai

m� Weyl and
super�Weyl invariance� and invariance under arbitrary lo�
cal shifts of the �eld S� The corresponding gauge trans�
formations of the �elds are� written as BRST transfor�
mations�
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where 	m are the ghosts of world�sheet di�eomorphisms�
	� are the supersymmetry ghosts� Cab is the Lorentz
ghost� CW and ��SW are the Weyl and super�Weyl ghosts�
respectively� Ci are the ghosts associated with the gauge
�elds Ai

m� and W is the ghost corresponding to the lo�
cal shifts of the auxiliary �eld S� A C without any in�
dex denotes the charge conjugation matrix� These gauge
transformations were obtained from an analysis of the �d
supergravity algebra in presence of the matter and gauge
multiplets ��� �the analysis is analogous to the superspace
analysis in ����� The corresponding BRST transforma�
tions of the ghosts are such that s� � ��
b� Gauge invariant actions� Owing to the use of aux�

iliary �elds� the algebra of the gauge transformations
closes o��shell� As a consequence� neither the BRST
transformations ���� nor the BRST transformations of
the ghosts contain anti�elds� This allows one to deter�
mine the action functionals which are invariant under the
gauge transformations ��� by computing the cohomology
of s in the space of anti�eld independent local function�
als with ghost number �� Our result of this computation
is the following� The most general Lagrangian L which
transforms under the above gauge transformations into
a total derivative and which is polynomial in the deriva�
tives of the �elds is� modulo total derivatives�
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where e � det�eam�� and hmn is the world�sheet metric
built from eam� GMN � BMN and Di are arbitrary func�
tions of the XM � except that GMN and BMN are sym�
metric and antisymmetric in M and N � respectively� and
�MNK � HMNK and RMNKL are given by

�MNK � �
� �
MGNK � 
NGMK � 
KGMN �

HMNK � 
MBNK � 
NBKM � 
KBMN

RMNKL � 
K
�M �G�B�N �L � 
L
�M �G�B�N �K

where 
M denotes di�erentiation with respect to XM �
The rede�nitionsBMN �X�� BMN �X��
�MfN ��X� and
Di�X�� Di�X��ki modify the Lagrangian only by total
derivatives for any functions fN �X� and constants ki�
Apart from the terms containing �elds of the gauge

multiplets� the Lagrangian ��� agrees with the one de�
rived in �
� when one eliminates the auxiliary �elds FM �
Hence� the cohomological analysis shows that the La�
grangian derived in �
� is in fact unique in absence of
gauge multiplets �modulo total derivatives� and up to
the choice of GMN and BMN �� It should be noted� how�
ever� that this uniqueness is tied to the gauge transfor�
mations ��� and may get lost when one allows that the
gauge transformations get consistently deformed� E�g��
one would expect that the world�sheet di�eomorphisms
and supersymmetry transformations can be nontrivially
deformed such that the deformed action is invariant un�
der the deformed transformations if the background has
special isometries� by analogy with the purely bosonic
case ����� Furthermore� there are certainly actions in�
variant under nonabelian gauge transformations of the
Ai
m �leading to nonabelian Born�Infeld actions� among

others�� The general deformation problem is currently
under study�
c� Simpli�ed action� For further discussion we shall

assume in the following that the functions Di coincide
with a subset of the �elds XM � We denote this subset
by fyig and the remaining X �s by x��

fXMg � fx�� yig� Di � yi
 �
�

In fact� this assumption is a very mild one because� ex�
cept at stationary points of Di�X�� �
� can be achieved
by a �eld rede�nition XM � �XM � �XM �X�� where this
�coordinate transformation� is such that each noncon�
stant Di�X� becomes one of the �X �s� Indeed� constant
Di give only constributions to the Lagrangian which are
total derivatives and can thus be neglected� at least classi�
cally� nonconstant Di can be assumed to be independent
by a suitable choice of basis for the gauge �elds and may
thus be taken as �X �s� at least locally �e�g�� ifD� � D�� the
Lagrangian depends only on the combination A�

m � A�
m

which can be introduced as a new gauge �eld��
It is now easy to see that the Lagrangian ��� can ac�

tually be simpli�ed by setting the �elds �i� F i� �i� �i to
zero� Indeed� owing to �
�� the classical equations of
motion for �i and �i yield �i � � and F i � �� The
latter equations are algebraic and can be used in the La�
grangian� Then the Lagrangian does not contain �i and
�i anymore and the only remnant of the gauge multi�
plets are the terms e�mnyi
mA

i
n� This re�ects that the

gauge multiplets carry no dynamical degrees of freedom

�



since the world�sheet is ��dimensional� Of course� the
transformations ��� must be adapted in order to pro�
vide the gauge symmetries of the simpli�ed Lagrangian�
those �elds that are eliminated from the action must also
be eliminated from the transformations of the remaining
�elds using the equations of motion of the eliminated
�elds� This only a�ects the supersymmetry transforma�
tions of yi and Ai

m� The new supersymmetry transforma�
tion of yi is then simply zero� This is not in contradiction
with the supersymmetry algebra because the equations
of motion for the Ai

m give 
my
i � � �of course� after

eliminating the �elds �i� F i� �i� �i� the supersymmetry
algebra holds only on�shell�� The yi are thus constant
on�shell� their values being integration constants �xed
only by initial conditions� This leads to the interpreta�
tion of the yi as coordinates of �frozen extra dimensions�
mentioned in the beginning�
d� Born�Infeld actions� Locally supersymmetric

Born�Infeld actions arise from ��� for particular choices
of GMN and BMN � in complete analogy to the purely
bosonic case ����� For instance� consider the case with
only one gauge �eld �fAi

mg � fAmg� fy
ig � fyg� and

the following particular choice of GMN and BMN �

G�� �
p
� � y� g���x�� B�� � y b���x�

Gyy � Gy� � By� � �
 ���

y can be eliminated algebraically� Eliminating also the
world�sheet zweibein eam� the Lagrangian becomes
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where we have assumed det�gmn� � � and det�gmn �
Fmn� � �� and the nonwritten terms involve fermions�
The Born�Infeld Lagrangian L � ��� det�gmn �
Fmn��

��� � 
 
 
 for Euclidean signature �det�gmn� � ��
corresponds to G�� � ��� y�����g���x��
e� Global symmetries� Our second result concerns the

global symmetries of the action ���� These can be ob�
tained from the BRST cohomology in the space of anti�
�eld dependent local functionals with ghost number ��
��
�� We have computed this cohomology completely and
present now the resulting global symmetries for the sim�
pli�ed form of the action described above �without the
�elds �i� F i� �i� �i and assuming �
��� The nontrivial
global symmetries �a global symmetry is called trivial
when it is equal to a gauge transformation on�shell� are
generated by the following transformations�
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where HM � aiM and biM have to solve the following gen�
eralized Killing vector equations�

LHGMN � ���i�Ma i
N	�

LHBMN � ��
�MpN � � ��i�M b i
N � ���

for some functions pM �X� �LH is the Lie derivative along
HM and �iM is the Kronecker symbol�� Note that the pM
do not occur in the ��transformations� however� they do
contribute to the corresponding Noether currents�
The equations ��� are actually the same as the equa�

tions which also determine the symmetries of bosonic
string and D�string actions ������� with the speci�ca�
tion �
�� In the absence of gauge �elds �no Ai

m� yi� Ki�
fHMg � fV �g�� they read

LVG�� � �� LV B�� � ��
��p�� 
 ���

These equations had been already discussed in ����� The
�rst equation ��� is just the standard Killing vector equa�
tion for G�� � Hence� the solutions of equations ��� are
those Killing vector �elds of G�� which solve the second
equation ��� �for some p���
The situation changes when gauge �elds are present�

Then equations ��� read for M�N � �� ��

�LV �Ki
i�G�� � �� �LV �Ki
i�B�� � ��
��p��� ���

where LV is the Lie derivative along the vector �eld VM

given by V i � �� V � � V ��X�� The remaining equations
��� just determine the functions aiM and biM �

ai� � �LHG�i � aji � � �
�LHGij

bi� � �LHB�i � 
ip� � bji � � �
�LHBij 
 ����

Here we have used that pi and the parts of aji resp� bji
which are antisymmetric resp� symmetric in i� j can be
set to zero without loss of generality �the corresponding
contributions to � can be removed by subtracting trivial
global symmetries from ���
The global symmetries are thus completely determined

by equations ���� Note that these equations reproduce ���
for Ki � �� except that now G�� and B�� depend in gen�
eral not only on the x� but also on the yi� Hence� in gen�
eral V � and p� also depend on the yi� For the discussion
of equations ���� the yi may be viewed as parameters of
G�� and B�� rather than as coordinates of extra dimen�
sions� Solutions to equations ��� with Ki � � can thus
be regarded as solutions to equations ��� for parameter�
dependent G�� and B�� � In contrast� solutions to ���
with Ki �� � have no counterparts among the solutions






of ���� Such solutions may be called �dilatational� solu�
tions� because in special cases they are true dilatations�
as we will see in the example below �further examples
can be found in ������
Finally we note that the solutions to equations ���

come in in�nitely big families and that� as a consequence�
the corresponding commutator algebra of the global sym�
metries is an in�nite dimensional loop�like algebra� This
has been observed already in ���� and is a consequence of
the fact that the action depends on the Ai

m only via their
�eld strengths ��
�� All members of a family of solutions
arise from one solution V ��X�� Ki�y�� p��X� by multi�
plying that solution with arbitrary functions of the yi�
As the yi are constant on�shell� this in�nite dimension�
ality of the space of global symmetries has no practical
importance� i�e�� in order to discuss the global symme�
tries it is su�cient to consider just one representative of
each family�
f� Example� To illustrate the results presented above�

we specify them for a simple class of models characterized
by Lagrangians containing only one U��� gauge �eld Am

and the following choices for the background

GyM � By� � �� G�� � f�y���� � B�� � B���y��

leading to
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where the auxiliary �elds F� have been eliminated� As
shown in ����� in this case the general solution of equa�
tions ��� is �modulo trivial global symmetries�

K � �r�y�

V � � �r�y��ln f�y���x� � r��y� � r�����y����x
�

a� � �V ��f�y����� ay � �
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��V
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� �B��V
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where a prime denotes di�erentiation with respect to
y and r�y�� r��y� and r�����y� are arbitrary functions
of y and correspond to families of dilatations� transla�
tions and Lorentz�transformations in target space� re�
spectively� For three reasons the dilatations are special�
�i� as discussed already above� they have no counter�
part among the global symmetries of the ordinary su�
perstring on a �at background� �ii� they can change the
value of the �extra coordinate� y� �iii� they can map so�
lutions to the classical equations of motion with van�
ishing �eld strength 
mAn � 
nAm to solutions with
non�vanishing �eld strength� in contrast to the transla�
tions and Lorentz�transformations� Property �ii� holds

because of �y � �r�y� and is intimately related to prop�
erty �iii� because the �eld strength is related to y by
f ��y� � �mn
mAn � 
 
 
 where � is equality on�shell�
We stress that the presence of the dilatations is not an
artefact of our formulation� Rather� they are of course
present even after elimination of y� Finally we note that
properties �ii� and �iii� extend to more complicated back�
grounds for which solutions to ��� with Ki �� � exist�
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