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Ivan P. Gavrilyuk, Wolfgang Hackbusch and Boris N. Khoromskij

Abstract

We develop a data-sparse and accurate approximation to parabolic solution operators in the case of a
rather general elliptic part given by a strongly P-positive operator [3].

In the preceding papers [11]-[16], a class of matrices (H-matrices) has been analysed which are data-
sparse and allow an approximate matrix arithmetic with almost linear complexity. In particular, the
matrix-vector/matrix-matrix product with such matrices as well as the computation of the inverse have
linear-logarithmic cost. In the present paper, we apply the H-matrix techniques to approximate the
exponent of an elliptic operator.

Starting with the Dunford—Cauchy representation for the operator exponent, we then discretise the
integral by the exponentially convergent quadrature rule involving a short sum of resolvents. The latter
are approximated by the H-matrices. Our algorithm inherits a two-level parallelism with respect to both
the computation of resolvents and the treatment of different time values. In the case of smooth data
(coefficients, boundaries), we prove the linear-logarithmic complexity of the method.

AMS Subject Classification: 65F50, 65F30, 15A09, 15A24, 15A99

1 Introduction

There are several sparse (n X n)-matrix approximations which allow to construct optimal iteration methods
to solve the elliptic/parabolic boundary value problems with O(n) arithmetic operations. But in many appli-
cations one has to deal with full matrices arising when solving various problems discretised by the boundary
element (BEM) or FEM methods. In the latter case the inverse of a sparse FEM matrix is a full matrix. A
class of hierarchical () matrices has been recently introduced and developed in [11]-[16]. These full matrices
allow an approximate matrix arithmetic (including the computation of the inverse) of almost linear complexity
and can be considered as ”data-sparse”. Methods for approximating the action of matrix exponentials have
been investigated since the 1970s, see [19]. The most commonly used algorithms are based on Krylov subspace
methods [21, 17]. A class of effective algorithms based on the Cayley transform was developed in [7].

Concerning the second order evolution problems and the operator cosine family new discretisation methods
were recently developed in [3]-[4] in a framework of strongly P-positive operators in a Banach space. This
framework turns out to be useful also for constructing efficient parallel exponentially convergent algorithms
for the operator exponent and the first order evolution differential equations [4]. Parallel methods with a
polynomial convergence order 2 and 4 based on a contour integration for symmetric and positive definite
operators were proposed in [23].

The aim of this paper is to combine the H-matrix techniques with the contour integration to construct an
explicit data-sparse approximation for the operator exponent. Starting with the Dunford-Cauchy representa-
tion for the operator exponent and essentially using the strong P-positivity of the elliptic operator involved
we discretise the integral by the exponentially convergent trapezoidal rule involving a short sum of resolvents.
Approximating the resolvents by the H-matrices, we obtain an algorithm with almost linear cost representing
the non-local operator in question. This algorithm possesses two levels of parallelism with respect to both the
computation of resolvents for different quadrature points and the treatment of numerous time values. Our
parallel method has the exponential convergence due to the optimal quadrature rule in the contour integra-
tion for holomorphic function providing an explicit representation of the exponential operator in terms of
data-sparse matrices of linear-logarithmic complexity.

Our method applies to the matrix exponentials exp(A) for the class of matrices with Re(sp(A)) < 0, which
allow the hierarchical data-sparse H-matrix approximation to the resolvent (21 — A)™!, z ¢ sp(A). First, we



discuss an application for solving linear parabolic problems with P-positive elliptic part. Further applications
of our method for the fast parallel solving of linear dynamical systems of equations and for the stationary
Lyapunov-Sylvester matrix equation AX + X B 4+ C' = 0 will also be discussed, see §4.

2 Representation of exp(t £) by a Sum of Resolvents

In this section we outline the description of the operator exponent with a strongly P-positive operator. As a
particular case a second order elliptic differential operator will be considered. We derive the characteristics of
this operator which are important for our representation and give the approximation results.

2.1 Strongly P-positive Operators

Strongly P-positive operators were introduced in [3] and play an important role in the theory of the second
order difference equations [22], evolution differential equations as well as the cosine operator family in a Banach
space X [3] .

Let A : X — X be a linear, densely defined, closed operator in X with the spectral set sp(A) and the
resolvent set p(A). Let To = {z = £ +in : £ = an® + 1o} be a parabola, whose interior contains sp(A4). In
what follows we suppose that the parabola lies in the right half-plane of the complex plane, i.e., 79 > 0. We
denote by Qr, = {z = &+ : & > an® + 70}, a > 0, the domain inside of the parabola. Now, we are in the
position to give the following definition.

Definition 2.1 We say that an operator A : X — X is strongly P-positive if its spectrum sp(A) lies in the
domain Qr, and the estimate

(zI — A)~ for all z € C\Qr, (2.1)

1||X ¥ < L
T 14 4/l7
holds true with a positive constant M.

Next, we show that there exist classes of strongly P-positive operators which have important applications.
Let V.C X = H C V* be a triple of Hilbert spaces and let a(,-) be a sesquilinear form on V. We denote by
¢e the constant from the imbedding inequality |ul|x < c||ullv,: Yu € V. Assume that a(-,-) is bounded, i.e.,

la(u,v)| < c|lullv||v]y for all u,v € V.
The boundedness of a(-, ) implies the well-posedness of the continuous operator A : V- — V* defined by
a(u,v) =y=< Au,v >y forall € V.

As usual, one can restrict A to a domain D(A) C V and consider A as an (unbounded) operator in H. The
assumptions

Re a(u,u)

IS a(u, u)

> 50“““\2/ - 51HUH§< for allu € V,
<

kllu|lv|u| x forallu eV

guarantee that the numerical range {a(u,u) : v € X with ||ul|x = 1} of A (and sp(A)) lies in Qr,, where the
parabola I'g depends on the constants dg, 01, k, c.. Actually, if a(u,u) = &, + in, then we get

& = Rea(uw,u) > dollullfy — 01 = doc® —du,
|l = [Sma(u,u)] < klullv.

It implies

£+ 01

_ 1
G > o =01, ully < (&), Inul < (22)
0
The first and the last inequalities in (2.2) mean that the parabolaTs ={z=¢+in: £ = %0772 — 61} contains
the numerical range of A. Supposing that Re sp(A) > v1 > 7o one can easily see that there exists another

parabola I'g = {z = £ +in : & = an® + o} with a = %11:_7?1))‘2’ in the right-half plane containing sp(A),
see Fig. 1. Note that dpc;? — §; > 0 is the sufficient condition for Re sp(A) > 0 and in this case one can
choose v1 = dpc; 2 — &1. Analogously to [3] it can be shown that inequality (2.1) holds true in C\Qr, (see the

discussion in [3, pp. 330-331]). In the following, the operator A is strongly P-positive.



Figure 1: Parabolae I's and T'y.

2.2 Several Examples

As the first ezample let us consider the one-dimensional operator A : L1(0,1) — L1(0,1) with the domain

D(A) = H3(0,1) = {u:u € H?(0,1), u(0) =0, u(1) = 0} in the Sobolev space H?(0,1) defined by
Au=—u"  forallu € D(A).

Here we set X = L1(0,1) (see Definition 2.1). The eigenvalues A\, = k?72 (k = 1,2,...) of A lie on the
real axis inside of the domain Qr, enveloped by the path T'g = {z = 7% + 1 £ in}. The Green function for the
problem

(zI — Au=u"(z) + 2u(z) = —f(x), z€(0,1); u0)=u(l)=0
is given by

Gla€) = 1 { sin v/zx sin/z(1 — §) if x <&,

Vzsiny/z | siny/z€siny/z(1 —2)  if x>,

i.e., we have

1
u(w) = (=1 — A f = / G(x.€) F(€)de.

Estimating the absolute value of the Green function on the parabola z = 7% + 1 4 in for |z| large enough we
get that ||ullz, = ||(z] — A)~Lf||L, < #meHLl (f € L1(0,1), z € C\Qr,), i.e., the operator A : L; — L,

is strongly P-positive in the sense of Definition 2.1. Similar estimates for the Green function imply the strong
positiveness of A also in Lo (0,1) (see [4] for details).

As the second example of a strongly P-positive operator one can consider the strongly elliptic differential
operator

d d
7]

L= — E 9ja;k0k + E b;0; + co (0; = %) (2.3)

i=1 !

J,k=1

with smooth (in general complex) coefficients a;i, b; and co in a domain Q with a smooth boundary. For the
ease of presentation, we consider the case of Dirichlet boundary conditions. We suppose that a,; = a4, and
the following ellipticity condition holds

d d
Z aij yiy; = C ny
i,j=1 i=1
This operator is associated with the sesquilinear form

d d
a(u,v) = / Z @i 8iu(‘3j_»v—|— ij 0;juv + couv | dQ.
Q

i,7=1 J=1



Our algorithm needs explicit estimates for the parameters of the parabola which in this example have to be
expressed by the coefficients of the differential operator. Let

1 Ob;
5250,

lu|? = P |0;ul? be the semi-norm of the Sobolev space H*(Q2), || - || be the norm of the Sobolev space H*(Q)
(k=0,1,...) with H%(Q) = Ly(2), and Cr the constant from the Friedrichs inequality

CQ := inf
€N

, Cs:= \/Emax\bj(x)\,
I’J

lul? > Cpllul|2 for all u € Hj(Q).

This constant can be estimated by Cr = 1/(4B?), where B is the edge of the cube containing the domain 2. It is
easy to show that in this case with V = H}(Q), H = Ly(Q) it holds &, > C1|u|? — Csllullo > C1Cp —Cs, |n.| <
Cslu|; < C34/(&, + C2)/C1, so that the parabola I's is defined by the parameters o = C1,61 = Ca,k = C3
and the lower bound of sp(A) can be estimated by 71 = C1Cr — Cy > 79. Now, the desired parabola Ty is

constructed as above by putting a = %, see §2.1.

The third example is given by a matrix A € R™*™ whose spectrum satisfies Rte sp(4) > 0. In this case,

the parameters of the parabola I'y can be determined by means of the Gershgorin circles. Let A = {a;;}7 =10
n n
define C; ={z: |z —au| < > aij}, Dj={2z: |z —a;;| < > ai}. Then by Gershgorin’s theorem,
J=1,7#i i=1,i#j]

sp(A) CCyq:= (UZC’Z) n (Uij) .

The corresponding parabola I'y is obtained as the enveloping one for the set C4 with simple modifications in
the case Re(Ca) N (—o0, 0] # 0.

2.3 Representation of the Operator Exponent

Let £ be a linear, densely defined, closed, strongly P-positive operator in a Banach space X. The operator
exponent T'(t) = exp(—tL) (operator-valued function or a continuous semigroup of bounded linear operators
on X with the infinitesimal generator L, see, e.g., [20]) satisfies the differential equation

T
‘fi—t +LT =0, T(0)=1I, (2.4)

where T is the identity operator. Given the operator exponent T'(¢) the solution of the first order evolution
equation (parabolic equation)

du
I +Lu=0, u(0)=ug

with a given initial vector up and unknown vector valued function u(t) : Ry — X can be represented as
u(t) = exp(—tL)ug.

Let Tg = {z = & +1in: £ = an® + 10} be the parabola defined as above and containing the spectrum sp(£) of
the strongly P-positive operator L.

Lemma 2.2 Choose a parabola T' = {z = £ +in: £ = an® + b} with b € (0,7). Then the exponent exp(—tL)
can be represented by the Dunford-Cauchy integral [1]

211

exp(—tL) = 1 /F e (2l — L) dz. (2.5)

Moreover, T'(t) = exp(—tL) satisfies the differential equation (2.4).

Proof. In fact, using the parameter representation z = an? +b+in,n € (0,00), of the path I" and the estimate
(2.1), we have
lexp(—tL)| = Ik [o, e @04 mt ((an? + b+ in)T — £)~*(2an + i)dn

oo

+% fooo e_(‘”IZ'*‘b_“”t((cm2 +b—in)l — L)~ (2an — i)dn|

00 _(an?+b v 4a2n?2+1
Cfo e lam b 1+[(an?2+b)2+n2]t/4 dn

IN




Analogously, applying (2.1) we have for the derivative of T'(t) = exp(—tL)
1
Icexp(~tE)] = g [ 271 = £) ez

> an? V4a?n? +1
< C/o v (an? +b)2 +n2%e (an™+b)t +,72]1/4d77,

1+ [(an? +b)?

where the integrals are finite for ¢ > 0. Furthermore, we have

ar 1
— + LT =— [ —ze (2] - L) 'dz+ L / A - L)'
a * ot J, ¢ E L) e <2m el - L)z
1
=—5- er*Zt(zI — L) tdz + TMAZGZt(ZI — L) 'dz =0,
ie., T(t) = exp(—tL) satisfies the differential equation (2.4). This completes the proof. ]
The parametrised integral (2.5) can be represented in the form
exp(— / F(n,t) (2.6)
with
dz

F(n,t) =e (2] — L)™' ==

e z=an®+b—in.

After the change of variables n = n(§), n: (0,27) — (—o0,00), we get the integral representation

2m

exp(—tL) = 57 ; Fi (&, t)dE (2.7)

with a 27-periodic analytic operator-valued function Fy(§,t) = F(n, )— of &, where Fy(0,t) = 0. In the
following we shall use the parametrisation

E—m

e T for € € (0,27), a € (0,1). (2.8)

2.4 The Computational Scheme and the Convergence Analysis

Let ®(&) be an analytical 27-periodic operator-valued function and &; = jn/N (j = 0,...,2N — 1) be an
equidistant grid. Denote the (unique) trigonometric polynomial by (Py®)(§) = ®n(§) := ij:o o cos j€ +
Z;VZI B; sin j¢ providing the interpolation property ®(&;) = ®; = ®n(;). The coefficients of this polynomial
are the linear operators

1 2N-1 _ 1 2N-1 E
a0 = g5 2= Pk aN = 55 2o (—1)"Pr,
1 1 x2N-1 y .
aj = 5 k 0 @kcosyfk, = N Dn=o Pksing&, j=1,...,N-1L

The representation with respect to the Lagrange basis is

2N—-1

(Py®)(&) = —meg Z B (&) cot

¢ 25’“ (0O<&<2m E£6&, k=0,... 2N —1).

Integrating the interpolation polynomial ® 5 (£), we get the usual trapezoidal rule for the integral f027r d(&)d¢
similar to the case of real-valued functions. Thus, we have for the integral (2.7)

2N -1 2N—1
T(t) = exp(—tL) ~ Ty (t) = expy(— Z OcFL(Snt) = > OuF1 (&)
where & = %”, O =%, k=0,1,... ,2N — 1. This introduces the following algorithm for the approximation

of the operator exponent at a given time value ¢ .



Algorithm 2.3 1. Determine zj, (k=1,... ,2N — 1) by zx, = ani + b — ing, & = %’r, M = n(&k).
2. Find the resolvents (2] — L)™', k=1,... ,2N — 1 (note that it can be done in parallel).

3. Find the approximation exp(—tL) for the operator exponent exp(—tL) in the form

2N—1
expy(—tL) = NG Z e~ (2] — ﬁ)_lidZ(ZEfk)) _dncggk)’ (2.9)
k=1

dz __ s
where = 2an — 1.

Remark 2.4 The above algorithm possesses two sequential levels of parallelism: one can compute all resolvents
in Step 2 in parallel and then each operator exponent at different time values provided that we apply the operator
exponential for a given time vector (t1,ta,...  tar).

Note that for small parameters ¢ < 1, the numerical tests indicate that Step 3 in the algorithm above has
slow convergence. In this case, we propose the following modification of Algorithm 2.3, which converges much
faster than (2.9).

Algorithm 2.5 1. Determine z,(t) (k=1,...,2N — 1) by & = 5%, n;, = n(
i.e., b

7 k), 2k(t) = ang + b(t) — in,
where the parameter b(t) is defined with respect to the location of sp(tL),

£
(t) = tb.
2'. Find the resolvents (zi(t)I —tL)~™Y, k=1,... ,2N — 1 (it can be done in parallel).

3'. Find the approzimation expy(—tL) for the operator exponent exp(—tL) in the form

2N-1
expy(—tL) = 2LNZ ’; e (2, ()T — tﬁ)l%gfk))%gk), where Z—; = 2an — 1.

Though the above algorithm allows only sequential treatment of different time values close to t = 0, in
many applications (e.g., for integration with respect to the time variable) we may choose the time-grid as
t; = iAt, i = 1,... ,ny. Then the exponentials for i = 2,... n; are easily obtained as the corresponding
monomials from expy (—AtL).

Adapting the ideas of [18] it is easy to prove the following approximation result for any fixed ¢ € (0, 00).

Lemma 2.6 There holds

coth (s/2)
sinh sN ’

where s is the width of a strip in which F1(€,t) can be extended holomorphically and My = M(s,t) is the

bound on Fy(&,t).

IT(t) = Tn (8|l = | exp(—tL) — expy (—tL)|| < My (2.10)

Proof. First of all we note that ®(£) = Fi (&, t) is a bounded operator for all £, t. Let T'g be the counterclockwise
oriented boundary of the rectangle [55, 27 + 53] X [~0, 0] containing all interpolation points where o € (0, 5)
is arbitrary. By a simple modification of the results from [18] for operator-valued functions one gets for the
interpolation error

o z—§
(e) — by () = N [ O g,

4ri Jr, sinNz

N (2=t -
_ sinN¢ V O3 (b(z)dz+/ O3 @(z)dz], €46, j=0,... 2N 1,
T

47 . sinNz r, sinNz

where we have used the periodicity of the integrand and I',,,I"; denote the top and the bottom sides of the
rectangle T'r corresponding to the values z = o and z = —o. Using the inequalities |sin Nz| > sinh No,
|cot 5| < coth § for Im 2z = £ and passing to the limit 0 — s, we get the statement of the lemma. [

The specific dependence of Mj(s,t) on the time variable ¢ in (2.10) will be investigated in §5. In accordance
with (5.1) there holds

| exp(—tL) — expy(—tL)| < s exp(—[b — aa3s® + ays]t — sN),

where a1, @y denote generic constants independent of the parameters involved.



3 On the H-Matrix Approximation to the Resolvent (z/ — £)~!

Below, we briefly discuss the main features of the H-matrix techniques to be used for data-spase approximation
of the operator resolvent in question. We recall the complexity bound for the H-matrix arithmetic and prove
the existence of the accurate H-matrix approximation to the resolvent of elliptic operator in the case of smooth
data.

Note that there are different strategies to construct the 7-matrix approximation to the inverse A = £~}
of the elliptic operator £. The existence result is obtained for the direct Galerkin approximation Aj to the
operator A provided that the Green function is given explicitly (we call this H-matrix approximation by Az).
In this paper, such an approximation has only the theoretical significance. However, using this construction
we prove the density of H-matrices for approximation to the inverse of elliptic operators in the sense that
there exists the H-matrix A4 such that

|AL = Axll <en®,  n<1, (3.1)

where L = O(log N), N = dim V},, cf. Corollary 3.4.

In practice, we start from certain FE Galerkin stiffness matrix Lj corresponding to the elliptic operator
involved, which has already the H-matrix format, i.e., we set Ly := Lj. Then using the H-matrix arithmetic,
we compute the approximate H-matrix inverse Ay to the exact fully populated matrix L;{l. The difference
[|Axn — AHH will not be analysed in this paper. In turn, the numerical results in [8] exhibit the approximation
I|ILy' - Ay|| = O(e) with the block rank r = O(log? ' 1) for d = 2.

We end up with a simple example of the hierarchical block partitionig to build the H-matrix inverse for
the 1D Laplacian and for a singular integral operator.

3.1 Problem Classes

Suppose we are given the second order elliptic operator (2.3). In our application, we look for a sufficiently
accurate data-sparse approximation of the operator (zI — £)~! : H=Y(Q) — H}(Q), Q € R%, d > 1, where
z2€C, z ¢ sp(L), is given in Step 1 of Algorithm 2.3. Assume that €2 is a domain with smooth boundary. To
prove the existence of an H-matrix approximation to exp(—tL), we use the classical integral representation
for (21 — L)1,

(2 — L) 'u = /QG(x,y)u(y)dy, ue HY(Q), (3.2)

where Green’s function G(z,y) = G(z,y; z) solves the equation

Together with an adjoint system of equations in the second variable y, equation (3.3) provides the base to
prove the existence of the H-matrix approximation of (21 — £)~! which then can be obtained by using the
H-matriz arithmetic from [11, 12].

The error analysis for the H-matrix approximation to the integral operator from (3.2) may be based on
using degenerate expansions of the kernel, see §3.2. In this way, we use different smoothness prerequisits.
In the case of smooth boundaries and analytic coefficients the analyticity of the Green’s function G(z,y) for

x # y is applied:

Assumption 3.1 For any xo,y0 € 2, o # Yo, the kernel function G(x,y) is analytic with respect to x and
y at least in the domain {(z,y) € A X Q: |z — 20| + |y — yo| < |xo — yol}-

An alternative (and weaker) assumption requires that the kernel function G is asymptotically smooth, i.e.,

Assumption 3.2 For any m € N, for all x,y € R% x # y, and all multi-indices o, 3 with |a = ay + ...+ aqg
there holds |030)G(x,y)| < c(lal,|8])|z — y[271e1=181=4 for all |al,|8] < m.

The smoothness of Green’s function G(z,y) is determined by the regularity of the problem (3.3).



3.2 On the Existence of H-Matrix Approximation

Let A := (21 — £)~!. Given the Galerkin ansatz space V}, C L?(Q), consider the existence of a data-sparse
approximation Ay to the exact stiffness matrix (which is not computable in general)

Ay = (Api, @j)ijer, where Vj, = span{y; }ic;.

Let I be the index set of unknowns (e.g., the FE-nodal points) and T'(I) be the hierarchical cluster tree [11].
For each i € I, the support of the corresponding basis function ¢; is denoted by X (¢) := supp(y;) and for
each cluster 7 € T'(I) we define X (7) = |J,.. X (i). In the following we use only piecewise constant/linear FEs
defined on the quasi-uniform grid.

In a canonical way (cf. [12]), a block-cluster tree T'(I x I) can be constructed from T'(I), where all vertices
b € T(I x I) are of the form b = 7 x o with 7,0 € T(I). Given a matrix M € R’*! the block-matrix
corresponding to b € T'(I x I) is denoted by M® = (m;;) (i j)ep- An admissible block partitioning Po C T(I x I)
is a set of disjoint blocks b € T'(I x I), satisfying the admissibility condition,

min{diam(c), diam(7)} < 27 dist(o, 7), (3.4)

1ET

(0,7) € Py, n < 1, whose union equals I x I (see an example in Fig. 2b related to the 1D case). Let a block
partitioning P, of I x I and k < N be given. The set of complex H-matrices induced by P and k = k(b) is

Mo (I x I, Py) := {M € Z"1 : forall b € P;there holds rank(M?®) < k(b)}.

With the splitting P> = Pfqr U Ppear, Where Pop := {0 X 7 € Py : dist(X(7), X (0)) > 0}, the standard
H-matrix approximation of the nonlocal operator A = (21 — £)~! is based on using a separable expansion of
the exact kernel,

E
Gro(w,y) =Y a@)ely),  (2,y) € X(0) x X(r),

v=1

of the order k < N = dim V}, for 0 X 7 € Pjq,, see [12]. The reduction with respect to the operation count is
achieved by replacing the full matrix blocks A7 (7 X ¢ € Pj4r) by their low-rank approximation

2
ATX”'—E a,-cl a, € R"", ¢, € R"™
H = v Cy, v y Cu y
v=1

where a, = {IX(T) al,(x)gpi(x)dx} , Cy = {fX(U) cl,(y)gpj(y)dy} . Therefore, we obtain the following
iET jECT
storage and matrix-vector multiplication cost for the matrix blocks

Nat (A7) = k(nr +no), Nuv (A7) = 2k(n: + no),
where n, = #71, n, = #0. On the other hand, the approximation of the order O(N~%), a > 0, is achieved
with k = O(log? ™' N).
3.3 The Error Analysis

For the error analysis, we consider the uniform hierarchical cluster tree T'(I) (see [11, 12] for more details)
with the depth L such that N = 2¢F. Define PQ(K) := P, N'TY, where Tj is the set of clusters 7 x ¢ € T such

that blocks 7,0 belong to level ¢, with £ = 0,1,...,L. We consider the expansions with the local rank k;,
depending only on the level number ¢ and defined by k; := rnin{Qd(L_z)7 m?il}, where m = my is given by
mg =aL'7Y(L — £)7 + b, 0<qg<1, a,b> 0. (3.5)

Note that for ¢ = 0, we arrive at the constant order m = O(L), which leads to the exponential convergence
of the H-matrix approximation, see [15].
Introduce

Ny = 1 1.

0 Olélzag}(pmax{:él%é) ZT:TXO'GPQ(Z) ’ g—lél’]%(};) U:TXO'GPQ(Z) }

For the ease of exposition, we consider the only two special cases ¢ = 0 and ¢ = 1. Denote by Ay, : V}, — V!
the restriction of A onto the Galerkin subspace V;, C L?(Q) defined by (Apu,v) = (Au,v) for all u,v € V.
The operator Az has the similar sense. The following statement is the particular case of [14, Lemma 2.4].



Lemma 3.3 Letn=2"% a >0, and
|5(2,y) = sro (2, y)| S 0™ dist(r,0)*71

for each T x 0 € PQ(K), where the order of expansion my is defined by (3.5) with ¢ = 0,1 and with a given a > 0
such that —aa + 2 < 0. Then, for all u,v € V}, there holds

((An = Apeu,v) < B2 Nod (L, q)l[ullollv]]o, (3.6)
where 6(L,0) = nl and §(L,1) =1 and d = 2,3.
Note that in the case of constant order expansions, i.e., for ¢ = 0, we obtain the exponential convergence
((An = ArJu,0) S NoL* P llullololle (w0 € Vi)
for any a in (3.5).
The first important consequence of Lemma 3.3 is that for the variable order expansions with ¢ = 1 the

asymptotically optimal convergence is verified only for trial functions from L?(2). On the other hand, the
exponential convergence in the operator norm || - || g-1_, g1 may be proven for any 0 < g < 1, see [14].

Corollary 3.4 Suppose that the inverse inequality ||v||o.o < h7Y|v||-1.0 is valid for all v € V},. Then there
holds

I[An — Anellg-1—my < Nod(L, q), qg=0,1. (3.7)
Proof. The estimate (3.6) and the inverse inequality imply

((Ap — Ap)up,v)
[v]]-1,0

[[(An — A )un|| (@) = sup < hNod(L, q)|unllo,
veVh

for any up € V3. Finally, the repeated application of the inverse inequality now to the term ||up||o implies
(3.7). |

Remark 3.5 In the case ¢ = 1 and d = 2,3, we obtain the optimal error estimate for functions u € L*(Q).
Howewver, if d = 1, we have the local rank of constant order keonst = O(m4=1) = O(1) which again leads to
linear complexity.

3.4 Complexity Estimate and Further Discussion of H-Matrices

The linear-logarithmic complexity O(kN log N) of the H-matrix arithmetic is proven in [11, 12, 13]. In the
special case of regular tensor-product grids the following sharp estimate is valid: for any H-matrix M € R7*!
with rank-£ blocks the storage and matrix-vector multiplication complexity is bounded by

Na(M) < 2 = 1)(Vdp™ ' + 1)YkLN,  Nay (M) < 2N, (M),

Here, as above, L denotes the depth of the hierarchical cluster tree T'(I) with N = #I = 2%% and n < 1 is the
fixed admissibility parameter defined in (3.4) and responsible for the approximation.

The complexity of the variable order H-matrices with my, given by (3.5) and for d = 2,3 depends on the
representation of matrix blocks. Using the representation of blocks in a fixed basis, see [16], we have

TXO ke . no
A= (e ) €Va® Ve, @ ERM, ¢ ER™, (3.8)

where V, = span{a; }1<i<k,, Ve = span{c;}1<;j<k, with k, = O(mJ~'). We then obtain the following storage
estimate

L
Nst(A'H) S No ZZ:O kl?2dé S; NOLQ(lfQ)(dfl)N.

As result, we arrive at a linear complexity bound with the choice ¢ = 1 in (3.5). It is easy to see that for ¢ = 1
the matrix-vector product has linear complexity as well, see [16, 15].



In what follows, we discuss simple examples of block partitionings P> and the corresponding H-matrix
approximations for the integral operators with asymptotically smooth kernels. The inversion in the H-matrix
arithmetic to the given M € My (I x I, P,) is discussed in [11, 12]. In the general case of quasiuniform
meshes the complexity O(k?N) of matrix inversion is proven. It is worth to note that the FE Galerkin matrix
for the second order elliptic operator in R, d > 1, belongs to My x(I x I, P») for each k € N. In particular,
for d = 1 the tridiagonal stiffness matrix corresponding to the operator —dd—; cHY(Q) — H7YHQ), Q= (0,1),
belongs to My 1(I X I, Py) with the partitioning P; depicted in Fig. 2a. Therefore, each matrix block involved
in the above partitioning has the rank equals one. It is a particular 1D-effect that the inverse to this tridiagonal
matrix has the same format, i.e., the inverse is exactly reproduced by an H-matrix (see [11] for more details).

+

+

+

+

+
+

(a) (b)

Figure 2: Block partitioning P, in the case of 1D differential operator (a) and for the integral operator with
a singular kernel (b)

In general, the admissibility condition is intended to provide the hierarchical approximation for the asymp-
totically smooth kernel G(z,y), see Assumption 3.2, which is singular on the diagonal x = y. Thus, an ad-
missible block partitioning includes only “nontouching blocks” belonging to Pyq, and leaves of T'(I x I), see
Fig. 2b corresponding to the case n = %, N = 2% for 1D index set. In the case d = 2,3 the admissible block
partitioning is defined recursively, see [12], using the block cluster tree T'(I x I). The numerical experiments
for 2D Laplacian illustrate the efficiency of the H-matrix inversion. Improved data-sparsity is achieved by
using the H2-matrix approximation [16] based on the block representation (3.8) with fixed basis of V, and V.
for all admissible matrix blocks.

4 Applications
4.1 Parabolic Problems

In the first example, we consider an application to parabolic problems. Using semigroup theory (see [20] for
more details), the solution of the first order evolution equation

d
d—? Y Lu=f, u(0)=uo,

with a known initial vector ug € L?*(Q2) and with the given right-hand side f € L?(Qr), Q7 = (0,t) x Q, can
be represented as

t

u(t) = exp(—tL)ug + /exp(—(t —s)L)f(s)ds. (4.1)

0

We consider the following semi-discrete scheme. Let M; be the H-matrix approximation of the resolvent
(z;I — £)7" in (2.9) associated with the Galerkin ansatz space Vj, C L%*(Q) and let uo, f be the vector
representations of the corresponding Galerkin projections onto the spaces Vi, and V}, x [0, T], respectively.

10



Then the H-matrix approximation of the operator exponential takes the form

Mol 1 dz(n(&)) dn(&;)
Z yje ]tM]7 Vi = 2Nyi dn] dfj '

expy (—

Substitution of the above representation into (4.1) leads to the entirely parallelisable scheme

2Nop—1 t
Z vje FM; | ug + /ezj *f(s)ds |, (4.2)
Jj=1 0
with respect to j =1,...,2Ny — 1, to compute the approximation up (),

The second level of parallelisation appears if we are interested to calculate the right-hand side of (4.2) for
different time steps.

4.2 Dynamical Systems and Control Theory

In the second example, we consider the linear dynamical system of equations

dX (t)
dt

where X, A, B,C € R"*™. The solution is given by

—AX(t)+ X(H)B+C1),  X(0) = X,

t
X(t) = et Xpel® —|—/e(t_s)AC’(s)e(t_s)Bds.
0

Suppose that we can construct the H-matrix approximations of the corresponding matrix exponents

2Nop—1 2Nop—1
expy (tA) = Z Yal€ Tutpy expy (tB) Z Yoje —btB B;, A;LBj e My (I x1,P).

Then the approximate solution X (t) may be computed in parallel as in the first example,

2Np—1 ¢
Xn(t) = Z Yarypje” DA Xo—!—/e(‘”'*'bj)S C(s)ds | B;.
1j=1 4

Let C be constant and the eigenvalues of A, B have negative real parts, then X (t) — X, as t — oo, where

Xoo = /etAC’etht
0

satisfies the Lyapunov-Sylvester equation
AX + XooB+C =0.

Assume we are given the hierarchical approximations to !4 and e!” as above. Then there holds

0 2No—1 2Ng—1 2Ng—1

=/( > qae M ANCH( D e Byt = > vambj/e (@tbi)tge A, Cy By, (4.3)
o =1 j=1

l,j=1

where Cy stands for the H-matrix approximation to C' if available. Taking into account that the H-matrix
multiplication has the complexity O(k?n), we then obtain a fully parallelisable scheme of complexity O(Ng kn)
(but not O(n?) as in the standard linear algebra) for solving the matrix Lyapunov equation.

In many applications the right-hand side is given by a low rank matrix, rank(C) = k < n. In this case we
immediately obtain the explicit low rank approximation for the solution of the Lyapunov equation.

11



Lemma 4.1 Let C = Zz:l a, - cl

o
Sylvester equation is approzimated by

Moreover, we assume B = AT. Then the solution of the Lyapunov-

k 2No—
-3 Z Yl (Ara,) - (Agea)”, (4.4)
a=1 [,j=1 l+b

such that || Xoo — X#||ee < &, with Ng = O(loge™?) and rank(Xy) = k (2No — 1).

Proof. In fact, substitution of the rank-k matrix C into (4.3) leads to (4.4). Due to the exponential convergence
n (2.10), we obtain Ny = O(loge™!), where ¢ is the approximation error. Combining all terms in (4.4)
corresponding to the same index [ = 1,... ,2Ny — 1 proves that X, has the rank k(2Ny — 1). [

Various techniques were considered for numerical solution of the Lyapunov equation, see, e.g., [2], [6], [19]
and the references therein. Among others, Lemma 4.1 proves the non-trivial fact that the solution X, of our
matrix equation admits an accurate low rank approximation if this is the case for the right-hand side C. We
refer to [8] for a more detailed analysis and numerical results concerning the H-matrix techniques for solving
the Lyapunov equation.

5 On the Choice of Computational Parameters and Numerics

In this section we discuss how the parameters of the parabola influence our method.

Let Tg = {z = £ £in = an® + v £ in} be the parabola containing the spectrum of £ whose parameters
a,vo are determined by the coefficients of L. Given a, we choose the integration path I' = {z = & +imp =
ain? +b+im} with b € (0,7), a1 > a. It is easy to find that the distance d(I",T'g) between I' and Ty is

v, To) = min {la(r? =) + O = 20) + (1= m)*}/? =0 — b

It means that the strip II, around the real axis n € (—oo,00) in (2.6), in which the integrand can be
extended holomorphically, is of the width s, = 2(v9 — b). Let n = n(§) be a conformal mapping 7 : (0,27) —
(—00,00) and s¢ be the width of the strip II¢ around the interval £ € (0,27) in which, in turn, the integrand
Fy(¢,t) = F(n,t) can be extended holomorphically. It follows from

n(€ +ise) = (&) +in'(0)se

that agse < sy < aose where ag = minger, [7'(§)], a2 = maxeen, |7 (§)| and s¢ — 0 together with s, — 0.
The bound of the integrand Fy(§,t) = F(n,t) on Il is less or equal to the bound of F(n,t) in the strip IL,.
Since the absolute value of an analytic function attains its maximum on the boundary, we have

My = sup ||F1(&,t)|| = sup |le” (&)t - L)t ==
1 €€HE|| 1(& D)l sur EII (2(§) = £) dnd&ll

< Mosmax  sup |e-lotrisn+o—itnrisy)le 200 08) 23 o 1) g (1) ye-masienle,

n€(—00,00) 1+ \/|Z|

where

1022 + (2 12
0= s 0(.0).05(0.8) = Viahy + Gaon F 1) |
nE(—00,00) 1+ \/(an2 +b—as? £s,)? +n?(2as, F 1)

For the last function we have the estimate 64 (n,t) < 6+ (n,t) with

4a’n?* + (2as, ¥ 1)? 12
L4 (an? + b —as? £ 5,)? +n*(2as, F 1) '

Ban.t) = e |
Denoting ¢ = an?, we get

4al + (2as, F 1)? 12
L+ (C+b—as? £ s,)? +((2as, F 1)%/a '

Ben 1) = Bs(C,1) = <" [
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n2
Tt is easy to find that there exists ag such that deid—(g’t) < 0 for all a > ag and ¢ € (0,00), i.e., for such a we

have

= [2as, F 1] B |2as,; F 1]

B(n,t) < 02(0,1) = = Sy
\/1—|—(b—a8%:|:877)2 \/1+(b—as727:|:877)2
Thus, we get the estimate
IT(t) — Tn(t)]| = || exp(—tL) —expy(—tL)]| < sgl exp(—[b— aagsg + ais¢]t — s¢N). (5.1)

In order to arrive at a given tolerance € > 0 we have to choose
= g7 1 1 2.2
N = s ng—|— nse — [y0 — aa;sglt.

This rough estimate shows that we can minimise N (i.e., the number of resolvent inversions for various z;) by
maximization of s¢ < v9 — b with respect to the parameters a,b and « from (2.8). One can also see that the
decreasing of a implies decreasing of N.

To complete this section, we present the numerical example on the H-matrix approximation of the expo-
nential for the 1D finite difference Laplacian Ay on = (0, 1) (with zero boundary conditions) defined on the
uniform grid with the mesh-size h = 1/(n + 1), where n is the problem size. Table 1 presents the accuracy of
the H-matrix approximation by Algorithm 2.3 versus the number N of resolvents involved. The local rank is
chosen as k = 5, while b = 0.9 Ain(Ap), @ = 4. Our calculations indicate the robust exponential convergence
of (2.9) with respect to N for the range of parameters b € (0,0.95Amin(Ap)) and a € (0,ap) with ag = O(1)
and confirm our analysis. The computational time corresponding to the H-matrix evaluation of each resolvent
in (2.9) takes 0.16 and 28.1 sec. at a SUN-Ultral station for n = 128 and n = 4096, respectively.

The results have been obtained by L. Grasedyck (University of Kiel) using the general HMA1 code
implementing the H-matrix arithmetic, see also [8] for more details.

n\N 1 4 7 10 20 30 40 50 60 70
128 | 14e0 | 71e2 | 34e2|93e3 | 24e4|14ed5|29e6|34eT7|81e8|22e-8

[4096 [1.4¢-0 [ 7502 [33¢2]90¢3] 23c4][80c6]32c6]1.2¢7] L1e7 ] 26038 ]

Table 1: Approximation to the exponential of 1D discrete Laplacian, where n = dimV}, and N is defined from
(2.9)
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