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Abstract

Duality between the coloured quantum group and the coloured quantum algebra corre-
sponding to GL(2) is established. The coloured L* functionals are constructed and the
dual algebra is derived explicitly. These functionals are then employed to give a coloured
generalisation of the differential calculus on quantum GL(2) within the framework of the

R-matrix approach.
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1 Introduction

It is well-known [1-3] that the standard quantum group relations can be extended by
parametrising the corresponding generators using some continuous ‘colour’ variables and
redefining the associated algebra and coalgebra in a way that all Hopf algebraic properties
remain preserved. This results in a ‘coloured’ extension of a quantum group and the asso-
ciated R-matrix is a nonadditive type R-matrix.

Non-additive type solutions of the Yang-Baxter equation were first discovered in the study
of integrable models by Bazhanov and Stroganov [4]. In the context of quantum groups, a
coloured R-matrix solution was first introduced by Murakami [5] and subsequently in [6,7].
In the context of knot theory, Ohtsuki [8] introduced coloured quasitriangular Hopf algebras
characterised by the existence of a coloured universal R-matrix. Jordanian deformations also
admit coloured extensions [3,9,10] and the associated R-matrix is ‘colour’ triangular i.e., a
coloured extension of the notion of triangularity. More recently, it has been shown [10] that
coloured Jordanian deformations can be obtained from the coloured quantum deformations
by means of a contraction procedure. Coloured generalisations of quantum groups can also
be understood as an application of the twisting procedure, in a manner similar to the mul-
tiparameter generalisation of quantum groups.

Even though a considerable interest has been generated in the coloured generalisation of
quantum groups, some aspects of their basic algebraic and geometric structure still need
thorough investigation. As is the case with ordinary quantum groups, one works on the
coloured generalisation of either the quantised algebra of functions on a group or that of
the quantised universal enveloping algebra. It is already well-established [11,12] that the
two structures are dual to each other in the uncoloured case. The purpose of this letter
is two-fold. Firstly, we address the problem of duality between coloured quantum groups
and coloured quantum algebras. This would then provide us with some more information
about the algebraic structure underlying these objects. Secondly, it is well-known that in

the uncoloured case the problem of duality naturally leads us to formulate a differential



calculus on quantum groups. In the same spirit, we investigate the geometric structure of
coloured quantum groups by the construction of a differential calculus. Throughout this let-
ter, we shall focus on the coloured generalisation of the simplest single-parameter quantum
deformation of GL(2), denoted as GL)**(2). In pursuing our aim, we shall adhere to the
convenient R-matrix approach [13,14].

In Section 2, we recall the definition of the coloured quantum group GL;"“(2). In Section 3,
we construct the coloured L* functionals for GL;““(Z) and derive explicitly its dual algebra
i.e. the coloured quantised universal enveloping algebra and also exhibit its Hopf algebraic
structure. Section 4 is devoted to a coloured generalisation of the R-matrix approach (also
known as the constructive procedure) to construct a differential calculus on the coloured

quantum group GL;‘*‘(Z). The letter concludes with a summary of the results in Section 5.

2 The Coloured Quantum Group GL;*(2)

For the case of a single-parameter quantum deformation of GL(2) (with deformation pa-

rameter q), its ‘coloured’ version [1] is given by the R-matrix,

gi=(A=m) 0 0 0
0 Atu 0 0
RM = ¢ (2.1)
0 g—q ! qf()rhu) 0
0 0 0 gt O=m)
which satisfies
A, A,V N7 VDAV DA,
R Ry RY = Ry Ry Ry (2.2)

the so-called ‘coloured’ quantum Yang-Baxter equation (CQYBE). The coloured R-matrix
provides a nonadditive-type solution RM* # R(\ — ) of the Yang-Baxter equation, which is
in general multicomponent and the parameters A, u, v are considered as ‘colour’ parameters.

This gives rise to the coloured RT'T relations

RyMTi\Toy = Top TiAR)™ (2.3)



(where T1 )y =T\ ® 1 and Ty, = 1 ® T),) in which the entries of the T' matrices carry colour
dependence i.e. Ty = (‘c‘; Zi ), T, = (Z: 3’; ) The coproduct and counit for the coalgebra
structure are given by A(T\) = Th\®T), £(Ty) = 1 and depend on one colour parameter
at a time. By contrast, the algebra structure is more complicated with generators of two
different colours appearing simultaneously in the algebraic relations. The full Hopf algebraic
structure can be constructed resulting in a coloured extension of the quantum group. Since
A and g are continuous variables, this implies the coloured quantum group has an infinite
number of generators. The quantum determinant Dy = axdy — r= (200 py s group-like

but not central, even in the case of the single-parameter coloured deformation. This is a

crucial difference with the ordinary uncoloured quantum groups. The antipode is given as

d)\ —T1+2)‘b)\
S(Ty) = D! (2.4)

—7“_1_2>‘c>\ ay

This results in a coloured generalisation of a quantum group in the framework of the FRT
formalism. It should be noted that while the colourless limit A = p = 0 gives back the
ordinary single-parameter deformed quantum group, the monochromatic limit A = g # 0
gives rise to the uncoloured two-parameter deformed quantum group. Analogous to the

quantum group case, one can also define the coloured braid group representation as
RM = PRM (2.5)

where P is the usual permutation matrix. This coloured braid group representation turns

out to be a solution of the coloured braided Yang-Baxter equation

DAL DAV DLV DY DAV DA
R23 R12 R23 = R12 R23 R12 (2-6)

3 The Dual Algebra for GL;"“(2)

Here we derive explicitly the algebra dual to the coloured quantum group GL;““ (2). If we de-

note generators of the yet unknown dual algebra by {Ax, Bx,Cx, Da} and {4,,B,,C,,D,},



then the following pairings hold

(Ax, To) = (Ax, T) = (A, Tn) = (A, T) = (50) (3.1)
(Bx, To) = (Bx, Tu) = (By, Tn) = (B, Tu) = (§5) (3.2)
(Cx 1) = (O, Ty) = (C, Tn) = (Cp, T) = (1) (3-3)
(Dx, Tx) = (Dx, Ty) = (Dy, Ta) = (D, Tu) = (1) (3-4)

where Ty and T}, are the matrices of generators of GL)*(2).

3.1 Coloured L* functionals

Recall [11,14] that the L* functionals for the uncoloured single-parameter quantum group

GL,(2) are expressed in terms of the matrices

v e e (R 55)
e 0 q—H/Q )
—H/2
L™ = c_q_l/2 ( e / 0 ) (3.6)
¢t -gX ¢1?

where ¢ and ¢~ are free parameters and H = A— D, XT = C, X~ = B are the generators
of the algebra dual to GL,(2). The R-matrix for the coloured quantum group GL}*(2) can

be written as

q—l/qu—)\+u 0 0 0
—1/2 A pu
Ris = q1/2 ! ! ! ’ ’ (3-7)
0 g q—q ) g Mg 0
0 0 0 q—l/qu-‘r}\—u



The corresponding R and R~ matrices read

R+ = C+R21
q71/2q17)\+p 0 0 0
0 q—l/Qq—()\+p) q—1/2 q-— q—l 0
= c'~'q1/2 ( ) (3.8)
0 0 q Pt 0
0 0 0 q71/2q1+)\7p
R~ = ¢ Ry
qt/2q— (At 0 0 0
0 q'2q= (A tn) 0 0
= ¢ q'? (3.9
0 —¢"2(q—q7") ¢ 0
0 0 0 qt/2q= A=)
The coloured L* functionals can be expressed as
Hy /2 pHyx—\HY “1/2(q — ¢~ 1O
It o= gl q"%q g *(g—q ")Cx (3.10)
0 quA/2q/,tH)\+)\H:\
Hy, /2 wH,—\H,, “1/2(q — g1
L = g g n%q g g—q)Cyu (3.11)
0 q*Hﬂ/2qﬂHu+)‘H;L
—H,\/Q AH;—[,LH; 0
Ly = cq'/? I I (3.12)
q"2(q7t = q)By g2t
—H,/2 \H,—pH, 0
L, = cq'? I K (3.13)

q1/2(q—1 _ q)BH qH#/Qq)‘H#+“Hu

where Hy = Ay — Dy, Hy, = Ax+ Dy and H, = A, — D, H;L = A, + D,. Note that
each one of Lf and Lf depends on both the colour parameters A and p. The notation Lf
implies that the generators of the dual carry A dependence, and similarly Lf implies that

the generators of the dual carry pu dependence. The duality pairings are then given by the



action of the functionals Lf and Lff on the T-matrices T and T}, of the coloured quantum
group GLy*(2)
(L35 (Tau)a = (BRT)j (3.14)
(LY,)0 (T)a = (R7)5g (3.15)

The notation A|p in the subscript in the above relations means either A or pu. So, Ty,

implies T\ or T}, and Lflu implies Lf or Lff. If we define X\ = C\, X} =0, X\ =By,

X, = By, then the spin—% representation p can be given as
p(H») = p(H,) = (5 %) (3.16)
p(X3) = p(X;5) = (99) (3.17)
p(X3) =p(X,) =(30) (3.18)
p(H)) = p(H},) = (§7) (3.19)
and
p(XE)) =0 p(H3),) =1=p(H'3,) (3.20)

For vanishing colour parameters, the coloured L* functionals reduce to the ordinary L*

functionals for GL4(2).

3.2 Coloured RLL relations

Similar to the uncoloured case, the commutation relations of the algebra dual to a coloured
quantum group can be obtained using the modified or the coloured RLL relations using the
coloured L* functionals of the previous section. Bearing close resemblence to the coloured

RTT relations, these can be defined as

RipL5LY, = Li,LyRi» (3.21)
Ry L3,L7, = Li,Li\Ris (3.22)



where Lliu = Lff ®1 and L; =1® Lf. Using the above formulae, we obtain the commuta-
tion relations between the generating elements of the algebra dual to the coloured quantum

group GL)*(2).

[A)”Bﬂ] :BH [D)\aBu] = _B,u
[Ax, Cu] = =Cy [Dy,C,] = C, (3.23)
[Ax, Du) =0 [Hx, Hy] =0 [HY,e] =0
q)\H“+uH/\ 1 U 4 1 1 7
¢ MMC\B, — M BLCy = T— = [q—a(Hpr)qAHA—uH“ _ U HHL) (=N ),
(3.24)
AA, = ALA,
B B = QQ(N_A)B B
o o (3.25)
C\C, = ¢XmC,C)
D\D, = D,D,

where Hy and H) are as before. The relations satisfy the A <+ p exchange symmetry. The

associated coproduct of the elements of the dual algebra is given by

A(4y) = A\ ©1+1© 4, (3.26)
A(B)) = Byo¢™ P +1@B), (3.27)
A(Cy) = Cre¢™ P10, (3.28)
A(D)) = Dy®1+1®D, (3.29)

The counit £(Y)) = 0; where Y = {4\, Bx,Cy, Dy} and the antipode is given as

S(4y) = —A, (3.30)
S(By) = —Bxg PN (3.31)
S(Cy) = —Chg~r=DPx) (3.32)
S(Dy) = —D, (3.33)



The Hopf algebra structure is also invariant under the A <> p exchange symmetry. Thus
we have defined a new single-parameter coloured quantum algebra corresponding to gl(2),
which in the monochromatic limit defines the standard uncoloured two-parameter quantum
algebra for gl(2). Note that while the Hopf algebra structure underlying a coloured quantum
group and its dual is infinite dimensional, it can be couched in a more familiar form of the
finite dimensional case as shown above. This makes it plausible to investigate the topological
aspect of duality for coloured quantum groups along the lines of the treatment furnished in

[15] for infinite dimensional Hopf algebras.

4 Differential Calculus on GL)"(2)

We now proceed to the construction of a differential calculus on the coloured quantum group
GL;"“(2). Our preferred approach to this problem is the R-matrix formalism, which we shall

now generalise to the case of coloured quantum groups.

4.1 One-forms

Analogous to the standard uncoloured quantum group, a bimodule I' (space of quantum
one-forms w) is characterised by the commutation relations between w and ay(,) € A, the

coloured quantum group or Hopf algebra under consideration,

waxy = (1@ fau) Alax))w (4.1)

where ay(,) denotes ay (respectively a,) and the linear functional fy , is now defined in

terms of the coloured L* matrices as

f)‘7p' = S(L;’:l'u)L;\lu (4'2)
For the coloured quantum group GLqA’“(Z), these read
—Hx(uy /25— mHx o FAHY 4y ST
o—1 [ 4 q
S(Li_(u)) = (ct¢'/?) ! ( A(H))w / (4.3)
0 qH/\(u)/Qq_”H*(“)_AH/\(u)



with

Sz = —a7 (g — g Vg e g A LG Oy ) g o 2q TR0 M B

Al

B . quA(u)/2q)‘H*(”)_”H;(u) 0
L =c 1/2
) 4

(' —a)Ba  «
where H)\(p) = A)\(p) — DA(H) and H;\(p) = AA(M) + DA(H) Thus, we have
Wax(y) = [(1 ® S(LIW)L;W)A((L)\(H))](U

In terms of components, this can be written as

WijQx(p) = [(1 ® S(la\p)ki)l(_)\\p)jl)A((J‘)\(N))]wkl

HA(»)/QqAHA(u)Jf“H'A(u)

(4.5)

(4.6)

using the expressions L* = lz.ij and w = w;; where 7,5 = 1,2. Using these relations, we

obtain the commutation relations of all the left-invariant one-forms with the elements of the

coloured quantum group G L)+ (2) as follows

wlarg = sg T May !
whaxw = sg P aygw”
Wiau = g Hayw (g = 1g by yw!
Warp = s’ +sg = g by
Wi = shagw!
Wt = s bW (g7 = DN ayyw!
Wby = st Phaw
oy = sq PNy w? + (7 = g)g” MM ay e

10

(4.11)
(4.12)
(4.13)

(4.14)



wrosw = sq eyt
whesw = sqeygw”
N sqilfz‘lc)\(u)wf +s(g 2 - 1)q()‘7“)d)\(“)w1
Vo = seaww’ +sa7 = g M dygywt
whygy = sdygw!
wrdyg = sg Tyt +s(g7? = 1Dg ey w!
widy = sq7 TP dyyw”
Wy = sqTPE N0 +s(g7 = g)gm M ey wT
+s(g7" = q)’dyw"
where w! = w1, wT = Wiy, W = way, W? = wyp and s = (cF) Le.

4.2 Vector fields

The left-invariant vector fields x;; on A are given by the expression
_ ot —
Xi = SU s ~ 0
or simply
X= S(L;\u) Au 1€

On elements of GL)**(2), the vector fields act as

XijOa(p) = (S(la|u)ik)l(;\\p)kj_5ij€)a>\(ﬂ)
Xijaxw = (SUG L kg @) — die(@auw)

for ay(,) € GLy*(2). We obtain explicitly the following

11

(4.15)
(4.16)
(4.17)

(4.18)

(4.19)
(4.20)
(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



x1(ax) = sq 2+2(A—p)
X+(a)\|u) =0
X*(a)\\u) =0

X1(eau) =0
X+ (eajp) =s(g ! —q)g~ MW
X-(exjp) =0
xa2(eapu) =0

X1 (bajp) =0
X+ (bajp) =0
X—(bajp) =slg ! — q)g M1
x2(bajp) =0

x1(da) =s(g™" —q)* +s -1
X+(dxju) =0

X-(dxju) =0

x2(dy,) = sq 22 =N — 1

(4.27)

(4.28)

where xo = X11, X+ = X12, X— = X21, X2 = X22, and s = (¢7)"tc™. The left convolution

products are given as

X1 * axg = (sq7 2271 — 1ay,

X+ * ax(p = (s(g7r — )¢ )by

X—*axu =0

Xz * @x(u) = (s = 1)axy)

X1 * Cxgn) = (sq72F2A1) — D)eyy

X+ * g = (s(@71 — @) g M) dy ()

X—* e =0

Xz * Exu) = (s = D)ea)

4.3 Exterior derivatives

X1 % by = (s(¢7" = ¢)* + 5 — Dby
Xt #bxgu) =0
X *bau) = (gt — @)g MM)ay,

Xz * byguy = (sq 2F20 N —1)by

x1*dauy = (s(g™! — @) +s— 1)dxy
X # ) =0

X— *dyy = (s(at — @)g AM)ex
Xz * gy = (sq7 220N — 1)dy ()

(4.29)

(4.30)

Using the formula day(,) = >_;(x: * ax(u))w" for ay(,) € A, we obtain the action of the

exterior derivative on the generating elements of G L)+ (2)

12



day,) = (sq~2T20—m) _ 1)a>\(u)w1 +s(gt - q)q)‘+“b>\(u)w+ (4.31)
+(S — 1)a>\(u)w2
dbyy = (s(g7t —q)? +s— 1)b)\(“)w1 +s(g7 — q)q_()""“)a)\(u)w_ (4.32)

+(Sq_2+2(”_>‘) — 1)1))\(“)&)2

dey,y = (sq_2+2()‘_”) — 1)c>\(u)w1 + s(q_1 - q)q>‘+“d>\(u)w+ (4.33)
+(S — 1)6)\(u)w2
ddy,y = (s(a' =) +s— Ddygw' +s(a ' —q)a M Meyyw™ (4.34)

+(sq72+2(“7>‘) — 1)d)\(u)w2

dA generates I' as a left A-module. This then defines a first order differential calclulus
(T,d) on GL)*(2). Note that because the colour parameters A and p are continuously
varying, the differential calculus obtained is infinite dimensional. It can be checked that the
differential calculus on the uncoloured single-parameter quantum group GL,(2) is recovered
in the colourless limit A = p = 0. Furthermore, in the monochromatic limit A\ = pu # 0,

the differential calculus reduces to that of the uncoloured two-parameter quantum group

GL,4(2).

5 Conclusions

In this work, we have given a description of the duality between a coloured quantum group
and a coloured quantum algebra employing the R-matrix approach. In particular, we have
derived explicitly the algebra dual to the coloured quantum group GL;"“(2). Following the
duality, we have also constructed a differential calculus on GL;‘7“(2) by providing a coloured
generalisation of the R-matrix (or the constructive) procedure. Both, the dual algebra as
well as the differential calculus for GL)*(2) reduce to that of the ordinary GLy(2) in the

colourless limit and to the uncoloured two-parameter quantum group in the monochromatic

13



limit. The results obtained are general enough to be applicable to multi-parametric and

higher dimensional coloured quantum groups.

It would be interesting to give dual basis for a coloured quantum group and to investigate

differential calculi on its quantum planes.
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