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Abstract
Let Q C R™ be a bounded domain with Lipschitz boundary and assume
that f : Q x R™*™ — R is a Carathéodory integrand such that f(z,-)
is polyconver for L™- a.e. = € . In this paper we consider integral
functionals of the form

F(u,Q) := / f(z, Du(z))dz,
Q
where f satisfies a growth condition of the type
|f(z, A)] < e(1+ A7),

for some ¢ > 0 and 1 < p < oo and u lies in the Sobolev space of
vector-valued functions WP (Q,R™). We study the implications of a
function up being a critical point of F. In this regard we show among
other things that if f does not depend on the spatial variable z, then
every piecewise affine critical point of F is a global minimizer subject to
its own boundary condition. Moreover for the general case, we construct
an example exhibiting that the uniform positivity of the second variation
at a critical point is not sufficient for it to be a strong local minimizer. In
this example f is discontinuous in z but smooth in A.

1 Introduction

Let Q C R" be a bounded domain (open connected set) with Lipschitz boundary
OQand let f: QxR™*"™ — R be a Carathéodory integrand such that for £"-a.e.
x € and all A € R™*"

[f(z, A)| < (1 +]A]7), (L.1)
for some ¢ > 0 and 1 < p < co. We consider functionals of the form
F(u, ) = / f(z, Du(z)) dx, (1.2)
Q
over the Sobolev space of vector-valued functions W1-?(Q, R™).

A longstanding problem in the multi-dimensional calculus of variations is to
formulate sufficient conditions on a given Sobolev function uo and the integrand
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f, based on quasiconvezity, to ensure that ug provides a local minimizer for F.
Of course the notion of a local minimizer depends very much on the choice of
the topology. To make this clear let us fix an exponent ¢ in the range p < ¢ < c©
and for a fixed ug € WH4(Q, R™) set

Al (Q) = {u € WH(Q,R™) : (u — uo)|on = 0},

where the boundary values are to be interpreted in the sense of traces.

Assume now that ug is a given map as above and that the exponent 1 < r <
oo. Then we refer to ug as an L” (respectively W) local minimizer of F if
and only if there exists € > 0 such that for all u € A]_(Q) it holds

F(up, Q) < F(u,N)

provided that ||u — uol||zr@rm) < € (respectively ||u — uo||w1.r(orm) <€ ).

In accordance with classical terminology, we often refer to a W1 local
minimizer as a weak local minimizer, and a strong local minimizer refers to a
WL local minimizer with 1 < r < oo or an L local minimizer with 1 < r < oo.

It is easy to check that if ug € WH> (2, R™) is a weak local minimizer of
F and f is of class C! or if ug € WHP(Q,R™) is a weak local minimizer and
the first derivative of f satisfies the growth |Df(z, A)| < ¢(1+|AP~1) for some
¢ > 0 then ug satisfies the Euler-Lagrange equation associated with F, i.e. for
every p € C5°(Q,R™)

%f(uo + t, Q)|t=0 = Z Z /Q fri (=, Duo(:c))cpfa(:c) de = 0.

a=1 i=1

A solution to this equation, in the sequel is called a critical point of F. For a
detailed discussion of necessary and sufficient conditions for weak and strong
local minimizers in the case min(n,m) = 1, we refer the interested reader to
classical texts on calculus of variations e.g. the monograph by G. Bliss [8].

The aim of the present article is to make a first attempt towards resolving
the above mentioned problem in the multi-dimensional setting. We start by
considering the case where f does not depend on the spatial variable z. In
this case, special attention is made towards piecewise affine mappings. These
are Sobolev mappings ug € WH>(Q, R™) with piecewise constant gradients
where the jumps occur across (n — 1)-dimensional hyperplanes intersecting Q
(cf. Definition 3.1). Such mappings can be viewed as the simplest kind of
possible nonlinear critical points for F. The Euler-Lagrange equation in this
case is equivalent to a set of jump relations to be satisfied on each hyperplane,
namely for every 1 <i<m

n

> (Fri(A)) = fri(Ar)) i =0

a=1

for all adjacent ; and €y, where ;1) € R* denotes the unit normal to the
hyperplane. It follows immediately from this that if f is rank-one convex then it
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is affine along the rank-one direction {A4;+t(Ar—A;) : 0 <t < 1}. Consequently
if f is not affine in any rank-one direction of R™*™ (e.g. f is strictly rank-one
convex) then F does not admit such critical points (cf. J. Ball [2]).

In Section 3 Theorem 3.1, we show that any piecewise affine critical point
ug of F with a polyconvex integrand is a global minimizer of F in AZ (Q2).
Recall that the function f : R™*"™ — R is polyconvex if and only if there exists
a convex function h : R” — R such that f(A) = h(T(A)) for some o-tuple of
subdeterminants of A denoted by T'(A). Although polyconvex integrands are
rank-one convex they are not necessarily strictly rank-one convex.

When ug € WH®(Q,R™) and ¢ € C§°(Q,R™) it follows from Jensen’s
inequality for convex functions that

Y%

h (ﬁ T(Duo(x) + Do(x)) dm)

h (ﬁ T(Duo () dm) .

]{Zh(T(DUO(a:) + Dy(x))) dz

Furthermore if

(H)  hleonv{T(Dup)y s affine,
then

h <]{2T(Du0(a:)) da:) - ]éh(T(Duo(x))) da.

Note that (H) is also implied by this equality (this can be easily checked). We
can therefore state the following:

If h: RZ — R is conver and satisfies (H), then ug is a global minimizer of F
in Ay (€2).

We show that in the case of a piecewise affine critical point, the Euler-Lagrange
equation implies (H). We also consider the case where f(x,A) = h(z,det A)
and study sufficiently smooth critical points of F. In this particular case it is
again possible to show that such critical points are global minimizers of F in
A (Q).

We recall that the growth condition (1.1) on f combined with the Meyer-
Serrin approximation theorem implies that if ug is a global minimizer of F in
A (), then it is also a global minimizer in A?,_(Q). Without such growth
assumption, this statement would be false for general p < oo as the cavitation
example of J. Ball shows (cf. [3], [6]).

The above results suggest the question of whether a critical point of F with
a polyconvex (or more generally a quasiconvex) integrand f = f(Du) is a global
minimizer in Ag° ()7

The answer to this question is “No”. Firstly, the well known example of non-
uniqueness due to F. John [12] shows that even in the case of affine boundary
conditions this does not necessarily hold (cf. also K. Post and J. Sivaloganathan
[18]). The idea being that by taking an annular domain in R? and the boundary
condition u = identity, one can produce at least countably many critical points
with different energies by minimizing F over appropriate homotopy classes.
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Secondly, even if one is willing to restrict to domains with a trivial topology (e.g.
starshaped domains) the recent counterexamples of S. Miiller and V. Sverak to
regularity show that for at least Lipschitz mappings such a conclusion does not
hold. (Note that the counterexamples of S. Miiller and V. Sverak correspond to
quasiconvex integrands.) It should be pointed out that the search for a nontrivial
example of a strong local minimizer of F in a starshaped domain that is not
a global minimizer in A3 (€2), does not seem to have received much attention.
It is important to observe that in any such example ug should have non affine
boundary values as a simple dilatation argument shows that any WP local
minimizer of F in a starshaped domain and subject to affine boundary values
is necessarily a global minimizer (cf. Section 3, or [20] and [21] for more on the
significance of the domain topology).

In the final part of this paper we construct a counterexample to the claim
that the positivity of the second variation at a smooth critical point would imply
it to be a strong local minimizer. Indeed in this case we take f(z, A) = a(z)g(A)
where a > 0 is piecewise constant on {2 and g : R**"™ — R is polyconvex. This
example has been motivated by the work of J. Ball and J. Marsden [5].

2 Preliminaries

A function F : R™*"™ — R is rank-one convex at A € R™*" if and only if for
every a € R™, b € R”, the function g(t) = F(A + ta ® b) is convex at ¢ = 0.
Similarly a continuous function F' : R™*" — R is quasiconvex at A if and only
if

/F(A)de/F(A-I-Dgo(m))dm, (2.1)
Q Q

for all p € WO1 (2, R™). This condition simply says that among functions in
Ax + W01’°°(Q, R™), the linear map u = Ax is a minimizer. We note that it is
also possible to show, using a covering argument, that the above definition is
independent of the choice of the domain €.

We say that F' is rank-one convex (quasiconvex) if and only if it is rank-one
convex (quasiconvex) at every A € R™*" . We also recall that if F' is rank-one
convex (or quasiconvex) then F is locally Lipschitz (cf. e.g. [9]).

An important subclass of quasiconvex functions are the so-called polyconvex
functions introduced in [1], [15]. We recall that a function F : R™*"™ — R is
polyconvex if and only if F(A) = h(T(A)) for some convex function h : R” — R
and all A € R™*”. Here T : R™*" — R’ denotes an arbitrary o-tuple of
subdeterminants of A with 1 < o < 7(n,m), where
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The importance of quasiconvexity in connection to the study of local min-
imizers of F is linked to the following proposition. It is an extension of the
so-called Weierstrass necessary condition from the case min(n,m) = 1 to the
multi-dimensional setting. A weaker form of this statement was proved by L
Graves (cf. [10]). For the case of regular minimizers, that is minimizers of class
C* it was derived by N. Meyers (cf. [14], also J. Ball [1]). Other extensions to
the non regular case are due to F. Hiisseinov [11]. The following is a quicker
way of achieving this and is based on discussions with J. Ball [7]. (Note that in
the proof of this proposition, whenever necessary, the function uy denotes the
precise representative of the Sobolev class it belongs to.)

Proposition 2.1. (The necessity of quasiconvexity) Let uy € WHP(Q,R™)
be a strong local minimizer of F where f satisfies (1.1). Then f(x,-) is quasi-
convex at Dug(x) for L™- a.e. x € Q.

Proof. Assume that ug is a W™ local minimizer and consider first the case
where f does not depend on z. Let ¢ € C§°(B,R™) where B C R” is the unit
ball. For arbitrary € Q and p > 0 consider the sequence ¢,(-) = pp((-—x)/p).
It is clear that ¢, — 0 in W17 (2, R™) and so for p sufficiently small

F(uo, By(z)) < F(uo + ¢y, By(z)). (2.2)

After a simple change of variables and setting uf(y) = %(uo(m + py) —up(x)) it
follows that

/f( dy</f y) + Dip(y)) dy.

If z is a p-Lebesgue point of Dug, that is, setting (Dug) fB Duo ) dy
it holds that for p — 0

][ Do (y) — (Duo)s p|? dy = 0,
B,(z)

it then follows from the Calderon-Zygmund theorem on the LP derivatives that
the sequence {ufj} converges strongly to the linear map Ay in W1?(B,R™),
where A = Dug(z). As the functional F is strongly WP continuous, we can
pass to the limit and hence the claim is justified.

Now we consider the case with f depending on z as well. We note that the
proof below requires essentially no regularity on the integrand f and is based
on discussions with J. Ball. We re-write (2.2) in the following form

/ f(y, Duo(y)) dy < / £(y, Duo(y) + Dp(X=L)) dy.
B, () P

B, ()

Assume now that ¢ € C§°(R") with suppy C Q is an arbitrary non negative
function. Multiplying the latter by ¢ and integrating over R” we have

/n/ z) f(y, Duo(y)) dy dz <

// f(y, Duo(y )+D¢($))dyda:.
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Setting z = (y — z)/p we deduce that
[ o= 7 Do) gy dytz <
L 6t = 020 Do) + D)) gy dy
or after passing to the limit p — 0"

$()f (v, Dun(y)) dy < / ¢(y)][ £(y, Duo(y) + Dp(2)) d= dy.
Rn n B (0)

The conclusion now follows by recalling that ¢ € C§°(R™) is non negative. O

Remark 2.1. In the case when ug is a weak local minimizer of F by a slight
modification of the above argument one can show that for £™- a.e. = € Q
the function f(z,-) is weakly quasiconver at @Q = Dug(xz). We recall that a
continuous function F' : R™*™ — R is said to be weakly quasiconvex if and only
if there exists § > 0 such that (2.1) holds for every ¢ € WOI’OO(Q, R™) satisfying
|Do(z)| < 6 for L™ a.e. z € Q (cf. C. Morrey [16]). This seems to have not
been noticed before.

Remark 2.2. It is worthwhile mentioning that the statement of the above
proposition is optimal in the sense that one can not in general replace quasicon-
vexity of f(z,-) at Dug(x) with convexity. This can be justified by observing
that adding a null Lagrangian to f does not affect the variational structure
of F (local and global minimizers as well as critical points remain the same).
However unlike the case min(n,m) = 1 where every null Lagrangian is neces-
sarily an affine function of the gradient, in the multi-dimensional setting there
are examples of non affine null Lagrangians and hence one can easily destroy
convexity by adding such non affine terms to f.

3 Local versus global minimizers in multi di-
mensions

It is well know that if f is of class C2? and ug of class C' is a critical point of F
such that the Jacobi operator corresponding to the quadratic form

T =Y Y [ oo Dus@)elu@)esle) de

@,B=11i,j=1

with ¢ € Wol’2(ﬂ, R™), is strongly elliptic and has a strictly positive first eigen-
value, then ug is a weak local minimizer of F in A% (Q). According to Propo-
sition 2.1, if ug is a strong local minimizer of F, then f(z,-) is quasiconvex at
Dug(z) for L™~ a.e. x € Q. When min(n,m) = 1, this immediately implies
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that any strong local minimizer ug is a global minimizer of F in A% (2). (Oth-
erwise by (1.1) there exists ¢ € Wy ™ (Q,R™) such that for u = ug + ¢ we
have F(u, Q) < F(uo,?) and so convezity of f(x,-) at Vug(z) implies that for
0<o<1

[ (x, Vug(z) + 0V (u(z) —uo(z))) < f(z,Vuo(z)) +
0 (f (z,Vu(z)) — f (z,Vuo(z))),

which upon integration, gives for 6 small enough, the desired contradiction).
However when min(n,m) > 1, this is far from being true, even if we replace this
with the stronger assumption of f being quasiconvex everywhere. Indeed under
such an assumption and the differentiability of f, when min(n,m) = 1 it follows
easily that any critical point ug is a global minimizer in A% (), again in sharp
contrast to the case min(n,m) > 1 (cf. the above references or [21]).

Therefore an interesting question in this regard would be to formulate suf-
ficient conditions on the critical point ug to ensure that ug is a strong local
minimizer of F. In particular, would the eigenvalue criterion on the Jacobi
operator mentioned above (which is equivalent to the uniform positivity of the
second variation) be enough?

Let us mention that in the case min(n,m) > 1 and f = f(Du) a simple
dilatation argument implies that any W1 local minimizer of F in a starshaped
domain Q C R” (without loss of generality with respect to the origin) and sub-
ject to the linear boundary condition uglgg = Az is indeed a global minimizer
of Fin A% (). For this recall that the growth condition (1.1) and the quasi-
convexity of f at A imply that the linear map u; = Az is a global minimizer of
F in AP (). Thus if the local minimizer uo is not a global minimizer of F in
the above class, it must be that F(u1,Q) < F(uo, ). One can then consider
the sequence {us} for 6 < 1 where

_ (SU,()(%) in Qg
us () = { Ax in Q\Qy,

and Q5 = 6.

It is easy to see that F(us, Q) = F(ug,Q) + (1 — ™) (F(u1, Q) — F(uo,?)),
and so the contradiction is reached by noting that us — ug in WHP(Q,R™) as
0—1".

In the rest of this section we shall pursuit the question raised above. In
Subsections 3.1 and 3.2 we restrict to integrands f without explicit dependence
on the spatial variable z, and consider the simplest kind of possible nonlinear
critical points of F, namely the piecewise affine mappings. We prove that when
f is polyconvex, then any such critical point is in fact a global minimizer in
AP (€2). This provides us with a somewhat affirmative answer to the question
in the polyconvex case. However in Subsection 3.3 we consider the case where
f = f(z, Du) and show that the second variation criterion is not sufficient for
a critical point of F to be a strong local minimizer. We should point out that
in this example the integrand f is discontinuous in the spatial variable z, but
smooth in A.
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We finally note that it is possible to formulate sufficient conditions for strong
local minimizers of F in the case f = f(Du), that is based on quasiconvexity
and takes into account the topology of the domain Q2. We aim to discuss this
issue elsewhere (cf. e.g. [20], [21]).

3.1 Piecewise affine mappings

In this subsection we introduce piecewise affine mappings and explore some of
their basic properties.

To start let H be an (n — 1)-dimensional hyperplane, that is H = {z € R" :
T - = a} for some unit vector u € R” and some o € R. We denote by H+ and
H~ the half spaces HF = {z € R* :z-p>a}and H- = {z € R" :x - p < a}
respectively.

Assume now that V; and V5 are given open sets in R” and U C R" is ar-
bitrary. We say that V; and V, have a common (n — 1)-dimensional planar
interface in U if and only if there exist zo € 9V} N dV4, an (n — 1)-dimensional
hyperplane H containing zo and an open ball B(zg) in R such that
(i) B(zo) CU
(i) Vi N B(xg) = HT N B(xo)

For an open set Q C R”, let w = {Q;}ien be a countable family of pairwise
disjoint, bounded subdomains of Q such that

a=JouE,

ieN

where N denotes the set of natural numbers and £"(E) = 0. The family w is
said to be a regular dissection of Q1 if and only if for each nonempty ; and Q;
in w there exists a finite set {Qy(,)}i52; C w where o(1) =i, 0(so) = j and such
that Q,(5) and Q,(;41) have a common (n — 1)-dimensional planar interface in
Qfor 1 <s<sp—1.

As an example consider the case where € is the unit ball in R? with the line
segment {(z,y) € R? : z € [0,1),y = 0} removed from it. It can be verified that
the family w = {Q;}ieny with Q; = {z € Q: @ﬂ <f< Zi—llﬂ'} is a regular
dissection of ).

Note that the above definition of a regular dissection does not rule out the
possibility of two arbitrary sets €2;, Q; € w with a common (n — 1)-dimensional
planar interface to meet at two or more points in U along different hyperplanes
with non-parallel normals. Indeed the example Q = (—1,1)" with w = {Q, 02}
where Q; = (—1,1)" and Q, = Q\Q; shows that w is a regular dissection of
Q. However as we will see later these cases are of no great interest as we can
always “join” such Q; and Q; and hence introduce a new dissection without

such interfaces (this will be clear below).

Definition 3.1. Let Q C R" be a bounded domain with Lipschitz boundary. A
function ug € WH>(Q,R™) is piecewise affine if and only if for some reqular
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dissection of Q and some sequence {A;};en C R™*"
Duy(z) = A; for L™- a.e. x € Q;.

As a consequence of the Sobolev embedding theorem any piecewise affine
map g is contained in C(Q,R™). Also if Q;, Q; € w have a common (n — 1)-
dimensional planar interface and Dug(z) = A; for L™ ae. z € Q;, and
Dug(z) = A; for L"- a.e. z € Q;, then A; and A; are rank-one connected.
Indeed from the Hadamard jump condition applied to B(zg) (cf. the first para-
graph of this section), it follows that there exists a € R™ such that A;—A; = a®b
where b € R” is the unit normal to the hyperplane H.

Now recalling the paragraph prior to Definition 3.1 we realize that if some
;, Q; € w meet at different points along hyperplanes with non-parallel normals
(consider the example given there) then for some unit vectors by, bo € R"
with by # by and some a;, az € R™, we would have 4; — 4; = a; ® b; and
Aj — A; = a» ® bo. But this can not hold unless A; = A; and so the claim that
we can join the two sets and obtain a new dissection is justified.

Let us now assume that K = {z1,...,2p} C R™ consisting of n distinct
points is affine independent, i.e. that the set {z> — x1,...,xy, — x1} is linearly
independent. This in particular implies that for some unit vector u € R™ and
some a« € R, K C H, where H = {z € R" : - p = a}. Assume zg, 41 € R”
are such that zo - p < a and x,41 - ¢ > a. Setting K1 = {zg,...,xz,}, K2 =
{z1,...;xp+1} and Q@ = int conv(K;) U int conv(K3) U int conv(K), it is clear
that w = {int conv(K7),int conv(K2)} is a regular dissection of 2. Now for
any function u € C(Q,R™) its linear interpolant ug, that is the function which
coincides with v on KUK and is affine on conv(K;) and conv(K3) respectively,
is piecewise affine and therefore its gradient satisfies the appropriate rank-one
connection on the interface. Note that in most cases this method is an effective
way of constructing piecewise affine mappings, when the dissection is known.

Having defined piecewise affine mappings, we will now explore some of their
basic properties. We start by considering the functional (1.2) where f = f(Du)
is convex and without loss of generality we assume that m = 1 and seek necessary
and sufficient conditions for F to have piecewise affine critical points. Let us
start with the following simple lemma.

Lemma 3.1. Let f € C'(R™) be convexr and such that

(Vf(b) =Vf(a)-(b—a)=0, (3.1)

for some a, b € R*. Then f is affine on conv({a,b}). Furthermore Vf is
constant on this set.

Proof. Consider the function g(t) = f(a +t(b—a)). Then ¢'(t) = Vf(a +t(b—
a)) - (b—a) and so

9'(1) = 4'(0) = (Vf(b) - Vf(a)) - (b—a) =0.

This together with the monotonicity property for the derivative of convex func-
tions imply that ¢’ is constant on the interval [0,1] and so the first part is
proved.
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To show the next part we prove that Vf(a) = Vf(b). Indeed if this is not
the case, for each 0 < A < 1 we can set

a:. = a—e[Vf(a) — Vf(b)], b: =b+e¢

V(@) - Vi)

Then it is easy to see that Aa + (1 —A)b = Aa. + (1 — \)b. and so using Taylor’s
formula can write

Af(@) + (L=Xf(b) = f(Aa:+ (1 -X)b:)
(

< AMf(a) + (L= N)f(b.)
< Af(a) + (1= X f(b) — eV f(a) = V()] + ofe).
The contradiction now proves the claim. a

Proposition 3.1. Let f € CY(R") be conver and let K C R™ be a nonempty
set. Then the following conditions are equivalent

(i) Vf(+) is constant on K.

(ii) V() is constant on conv(K).

(iii) f is affine on conv(K).

Proof. We shall prove the proposition when the set K is finite, that is K =
{a1,...,a,} for some r € N. The general case follows by recalling the definition
of the convex hull

conv(K) = U {XT:/\iai, where a; € K, A\; > 0, and Xr:/\i = 1}.

r>1 Li=1 i=1

To prove the case where K is finite we argue by induction on r. For r = 2 the
equivalences (i) < (i1) < (ii1) are consequences of Lemma 3.1. Assume now
that the claim is true for some r > 2 that is (¢) < (i7) < (iii). Let 2 € conv(K).
It follows that

r+1 r+1
T = Z)\iai, where \; > 0, and Z)\i =1.
i=1 i=1

Note that we can assume 0 < \; < 1 for 1 <¢ <r + 1 as otherwise the point x
lies in the convex hull of K'\{a;} for some i and the claim is clearly true. We
can therefore write

T = (]- - Ar+1) a—+ Ar+1 Qi1

where
1 T
a=——— Aia; € convi{ay, ..., a,}.
v ; {a }
Now let (i) hold. Then V f(a) = V f(a,+1) and so it follows from Lemma 3.1 that
Vf(:) is constant along conv({a, ar4+1}). In particular f(z) = (1 — A\py1) f(a) +
Ary1flapsr) = Z:ill Aif(a;). This implies (iii) as the point  is arbitrary.
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Now assume (iii). Then (3.1) holds with b = a,4+;. Thus Vf(a,41) =
Vf(a) =V f(a;) for 1 <i <r. Hence (i) follows.

A similar argument shows that (i) < (ii). The conclusion is therefore true
for r + 1. The proof is thus complete. O

Following Definition 3.1, let w = {Q;}ien be a regular dissection of 2 and
let ug be a piecewise affine function defined on Q such that Vug(z) = a; for £"-
a.e. x € ;. We can now state the following proposition.

Proposition 3.2. Let f € C1(R") be convex. Then the piecewise affine func-
tion ug is a global minimizer of F in A (Q) if and only if f is affine on
conv({ai }ien)-

Proof. As f is convex, ug is a global minimizer of F if and only if ug is a critical
point of F. We now claim that wug is a critical point if and only if f is affine on
conv({a;}ien), or appealing to Proposition 3.1. ug is a critical point if and only
if Vf(Vuo(+)) is constant £™- a.e. on (.

Let Q;, Q; € w have a common (n — 1)-dimensional planar interface in Q
and let Vug(z) = a; for £"- a.e. € Q; and Vug(x) = a; for L™- ae. z € Q.
Clearly the Euler-Lagrange equation in this case implies the following jump
condition

(Vi (a) — V(a;)) - (@i — a5) = 0.
It now follows from this and Lemma 3.1 that Vf(a;) = Vf(a;). This in
particular implies that Vf(Vug(-)) is £™- a.e. constant on U;en(; and as
Q = U;jenQUE with £*(E) = 0, it follows that V f(Vug(+)) is £L*- a.e. constant
on (.

Clearly ug is a critical point if Vf(Vug(-)) is £"- a.e. constant on 2. The
proof is thus complete. a

Remark 3.1. The convexity of f at a € R™ is necessary and sufficient for
up = a -z to be a global minimizer of F in A (). It follows that this con-
vexity assumption is no longer sufficient for a piecewise affine function wg to
be a global minimizer of F (unless as is stated in the proposition f is affine
on conv({a;}ien)). Consider for example the Dirichlet integral F(u,D) =
fD |Vu|?dz, where D is the unit cube in R” with center on the origin and
let a, b € R* satisfy b — a = ke,, for some nonzero k € R. Setting D, = {z €
D:x, >0} and Dy = {x € D : z,, < 0}, it follows that the harmonic function
satisfying the boundary condition v = a -2 on dD; NOD and u = b-x on
dD> N D is not the piecewise affine function ug(z) = a-zxp, (z) +b- zxD,(T),
as the convex function f(p) = |p|? is never affine. Note that we know this also
by the interior regularity of harmonic functions.

Remark 3.2. Assume now that f is convex and of class C? and that the
set K C R™ in Proposition 3.1 is not contained in any (n — 1)-dimensional
hyperplane. It follows from the fact that f is affine on conv(K) that V2 f(z) =0
for every x in this set. Indeed in this case int conv(K) is a nonempty open set in
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R"™ and of course the second derivative of any function which is affine on an open
set is zero. Note that this claim is not true in general as the set conv(K) could
be “lower dimensional” that is, it could be contained in an (n — 1)-dimensional
hyperplane. To justify this let f € C?(R") for some n > 2 be any convex
function such that f(z) = alz|, for |x| > 1/2. Then f is affine on conv{a,b}
for any a with |a| > 1 and b = Ba with 8 > 1/2; however neither of V2 f(a) or
V2 f(b) is zero.

3.2 Critical points of functionals with polyconvex inte-
grands

We will now assume that f is polyconvex, so that there exists a convex function
h: R — R such that f(A) = h(T(A)) for some o-tuple of subdeterminants of
A denoted by T'. It can be easily checked that the first and second variations of
F at a point ug € W1 (2, R™) along a variation ¢ € C§°(2, R™) are given by

57w, lel =37 | hon T Dua@) Ty (Duo@)la(@) e, (32

and

5> F (uo, e, @] =
S 5 [ b (T (Dusle)) Ty (Duo(a)) Thy (D))l (015 ) dr +

k,l o,B,i,j

D / T (Dug(2))Th; py (Do)l (0))y (0) (3.3)

ko o,B,i,5

provided that h has the required degree of smoothness. Note that here h =
h(p) = h(p1, ..., ps). The main result in this section is the following theorem.

Theorem 3.1. Let h € C'(R?) be convex. Then any piecewise affine critical
point of F is a global minimizer in A (€2).

Before proceeding with the proof of this theorem we state and prove the
following lemma.

Lemma 3.2. Let B— A =a®b for somea € R™, b € R" and h, T be as above.
Then

a

Y (hp (T(B) = hy, (T(A)) (T*(B) = T*(4)) =

k=1
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Proof. Note that for each 1 < k < o,

THA+a®b) —THA) =D Y TH: (A)aba,
a=1 i=1
and hence the result is true provided that
¥ (T,’;é (A+a®b) Tk (A)) aib = 0. (3.5)

a=1 i=1
Since for each 1 < k < o, the subdeterminant 7% : R™*” — R is rank-one affine

(cf. e.g. [9]), it follows that the function g(t) = T*(A + ta ® b) is affine and so
g'(1) — ¢'(0) = 0 which is (3.5). O
Proof of Theorem 3.1. Let ug be a piecewise affine map. We claim that ug is
a critical point of F if and only if VA(T (Dug(-))) is L"- a.e. constant on €. For
this let Q4, Qg € w have a common (n — 1)-dimensional planar interface in 2
and let for L™ a.e. € Q4, Dug(z) = A and for L"- a.e. € Qp, Dug(z) = B.
The Euler-Lagrange equation in this case implies the jump condition

S (o (TB)TE: (B) = by, (T(A)T (4)) ba = 0,
k=1a=1
for each 1 < i < m. Thus multiplying the above by a;, summing over i and
using the previous lemma we have
> (T(B)) = by (T(A))] [Th(B) = Ti(A)] = 0.
k=1

We now apply Lemma 3.1 to the convex function h to conclude that VA(T(A)) =
Vh(T(B)). This in particular implies that VA(T(Dug(+))) is £"- a.e. constant
on U;en®; (see Definition 3.1). Moreover as Q = U;en{); U E with £*(E) = 0,
it follows that Vh(T(Dug(+))) is L™ a.e. constant on .

We now show that if VA(T(Dug(+))) = h is £™- a.e. constant on €, then g
is a critical point of F. According to (3.2) we can write

Fuo el = 3% /Q e (T/(Dug () T

s
k=1 a=1 i=1

. d
— thﬁ / T*(Dug(z) + tDp(z)) dz |i—o = 0,
k=1 Q

(Duo(2))¢lq (2) do

as T* is a null Lagrangian for each 1 < k < 0.
Now let VA(T(Duo(+))) be L™~ a.e. constant on Q. The conclusion of the
theorem follows by integrating the inequality

h (T (Duo(z) + De(x))) > h(T (Duo(x)) +

> b (T(Dug(x))) [T*(Dug(x) + Dyp(x)) — T*(Dug(x))]
k=1
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which itself is a consequence of the convexity of h, and again using the fact that
each T" is a null Lagrangian. O

We now look at the second variation of F at these special critical points g
(cf. (3.3)). The first sum is non negative by the convexity of h, however the
second sum is zero since it is equal to

thk (Duo(a)) Gz [ TH(Duo(a) + tD(@)) d o,

Similar to the convex case described earlier (cf. Remark 3.2) if {T'(4;)}ien C R”
is not contained in a (0 — 1)- dimensional hyperplane, the fact that h is affine
on conv({T(4;)}ien) implies that VZh = 0 and thus the first term is also zero.
Clearly a necessary condition for this to hold is that the set {T'(4;)}ien have at
least o + 1 elements.

We now consider the case f(x,A) = h(z,det A), where h is sufficiently
smooth and for each fixed z € 2, convex in det A. We begin with the following
lemma.

Lemma 3.3. Let a € WH(Q), u € C'(Q,R?) and det Du(x) # 0 for L™- a.e.
x €. Then

/Q a(z){cof Du(z), Do(x)) dz = 0 (3.6)

for all o € C§° (2, R™) implies that the function a is constant.

Proof. For sufficiently smooth a and v we have for 1 <i <n

n n

> la(@)(cof Du(x))i]; = Y [a,;(x)(cof Du())i; + a(w) (cof Du(x))s,]

Jj=1 Jj=1

= Z x)(cof Du(x));;,

where we have used Piola’s 1dent1ty, namely div cof Du = 0. Thus for ¢ €
C3 (2, R™) we can write

/Q a(z)(cof Du(z), Dp(s Z / (cof Du(e)), a.;(x)p;(x) d

i,j=1

that holds also for a € W'(Q) and u € C*(Q,R?) by a density argument.
Using (3.6) we have
cof Du(z) Va(z) =0

for L™~ a.e. z € Q. As det(cof A) = (det A)"~!, we infer that Va(z) = 0 for L"-
a.e. x € Q and as () is connected it follows that the function a is constant. [
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Theorem 3.2. Let ug € C*(Q,R™) be a critical point of the functional

Flu, Q) = /Q f(z, Du(z)) dz

and assume that either of the followings hold:

i) f(z,A) = h(z,det A) with h € C%(Q x R) where for L"- a.e. = € Q, h(x,")
is convex and for L"- a.e. x € Q, det Dug(z) # 0, or

ii) f(x, A) = h(det A) where h € C*(R) is convez.

Then ug is a global minimizer of F in Ag° (€2).

Proof. As ug is a critical point of F it follows that
/ h, (2, det Duo()){cof Duo(x), De())dz = 0 (3.7)
Q

for all ¢ € C§°(2,R™). We now claim that (3.7) implies h,(z,det Dug(z)) to
be constant over Q. In the case (i) this is similar to the previous lemma by
taking a(z) = hy(x,det Dug(z)). The conclusion in this case follows from the
convexity of h(z,-). Hence we proceed with case (ii).

Consider the connected components of the open sets QT = {z € Q :
det Dug(z) > 0} and Q= := {z € Q : det Dup(z) < 0}. Indeed if ¢ is
taken so that suppyp is contained in these components, it follows from (3.8)
and the definition of Q7 and Q~ that the assumptions of the previous lemma
hold. Thus h'(det Dug) is constant on each component. Moreover setting
Q0 := {z € Q : det Dug = 0}, it is clear that h'(det Dug) is constant on Q.
Thus the remaining task is to show that these constants are the same. But this
follows from the continuity of h/(det Dug) and the fact that 2 = Q= uUQ°uUQ+.

Once we know this, the conclusion of the theorem follows by integrating the
inequality

h(det Du(x)) > h(det Dug(z)) + h'(det Dug(z))(det Du(z) — det Dug(z)),

where u = ug + ¢ and p € W™ (Q,R?). O

We can now look at the second variation of F at the critical point ug in the case
(ii) of the previous theorem. Then for ¢ € C§° (2, R") we can write

5 F(uo, Vo] = 2 /Q (31" (det Dug(a)) {Z detp;(Duo(x»eofa(m)} +

a,i=1
h'(det Dug(z)) Z det p; Pg(DuO(x))cpfa(x)cp{B(w))da:.
o,B,i,j=1

As h'(det Dug(z)) is constant, the second sum in the above expression can be
written in the form

H(det Duo () j—; /Q det(Duo(z) + tD(x)) dz |1—o
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which is zero as ¢ € C§°(Q,R") and the determinant is a null Lagrangian.
Moreover if the set {det Dug(z);z € Q} is not a singleton the first term also
vanishes. This is because h' is constant on this interval and so A" (det Dug(z)) =
0.

3.3 A counterexample

In this subsection we prove the following theorem.

Theorem 3.3. There exists an integrand f : Q x R™*"™ — R measurable in
x, polyconver (also smooth) in A, such that the identity map ug = x is a crit-
ical point of the corresponding functional F, and the second variation of F is
uniformly positive at ug. However ug is not a strong local minimizer of F in

A (92).

As indicated earlier in Section 1, we assume that m = n > 1 and take an
integrand f of the form f(z, A) = a(z)g(A) where a € L>®(Q) is piecewise
constant and g : R**"™ — R is given by

g(A) = ®(v1, .vn) = > v + (T, vy).
i=1

Here h : R — R is a sufficiently smooth convex function, v; > 0 denote the
singular values of A, namely the eigenvalues of (ATA)Y/? and 1 < a < n.
The function g can be shown to be isotropic, polyconvex, strongly elliptic and
nonconvex.

Before presenting the proof of Theorem 3.3, we fix some notation. For any
z € R” we set 2’ = (21,...,2p-1), p = |2'|/2,, and r = |z|. We take Q2 to be
the interior of the right circular cone with vertex at the origin and base on the
plane z, = 1,ie. Q={z e R*:0< z, < 1,p < po}, where pg > 0 denotes
the radius of the base. We further split {2 into two subdomains §2; and 2, with
Y ={re:0<uz, <1/2}, Q, = O\Q and take a(zr) = 1 for z € Q and
a(z) = n for x € Q, where 0 < 1 < 1 is to be specified later. It can be easily
seen that

5F (0, Dl = | ala)(DaD), Dita)
and
5> F (uo, V)[ep, ] = /(2“(33)1729(1)[1780(33),1790(93)] dz,
for all ¢ € W, ?(2, R"). We can now state the following lemma.

Lemma 3.4. If h'(1) = —a, then the map ug(z) = x is a critical point of F.
If in addition h"(1) > a(1 — &) then there exists v = y(a,n) > 0 such that for
all p € W2 (Q,R™)

82 F (uo, W), 0] = iz 0,mm)-
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Proof. We justify this by a direct calculation of the first and second derivatives
of g. According to Theorem 6.4 in [4] for any A, F' € R**" we can write

(Dg(F),A) = Z ® ;(v)Aii,

where v = (vy, ...,v,) are the singular values of F. Setting F' = I, the identity
matrix, it follows that Dg(I) = (a+ h'(1))I and hence Dg(I) = 0 if and only if
h'(1) = —a. This shows the first part of the claim.

Referring again to [4] pp. 726, we have that

D?g(F)[A, A] = i P ;i(v)AiAjj +

ij=1

1
3 > (g + Bij) (Aif)* + (cuj — Bij) AijAji]  (3.8)
i#]
where )
a = 4 (2i(0) =2;(0) [ (vi —vy) i v #
" ®i(v) — @ ;(v) if v; =v;
and ﬂij = (CIJJ(’U) + <I>7j(v)) / (Ui + 1)]').
Setting F' = I it can be checked that o;; = a(a—1)—h'(1) and 3;; = a+h'(1)
for all 1 <i,j <n. If we choose h'(1) = —a it follows from (3.8) that

n
1
DQg([)[A,A] = Z CIJZ']'A“‘A“' + ZO[2 Z (A” + Aji)Q s
ij=1 i#i

where

B — ala—1)+h"(1) ifi=j

Y A1) -« ifi#j

It is a simple calculation (e.g. based on column and row operations on matrices)
to show that for any real n x n matrix with diagonal elements a and off-diagonal
elements b the eigenvalues are given by \y = ... = A\y_1 = a—Db and \, =
a + (n — 1)b. Therefore for the above matrix ® we have

Amin(®) = min (a®,a” + n(h"(1) —a)) > 0

provided that h"”(1) > a(1 — (a/n)). Hence we can write

- 1
D2Q(I) [A7 A] > Amin Z A?i + 102 Z (Aij + Aji)2 . (39)
i=1 i#j

This implies that D?g(I)[A, A] > 0 for all A € R"™*" provided that h'(1) = —«a
and h'"(1) > a(1 — (a/n)).

It is now easy to see that (3.9) implies D?g(I)[A4, A] > 0 for every nonzero
rank-one matrix whenever h'(1) = —a and h"(1) > a(l — (a/n)). Indeed if
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A = a®b is such a matrix and D?g(I)[a®b,a®b] = 0 then it follows that a;b; = 0
and a;bj+a;b; = 0forall 1 <¢,j < n. But this immediately implies that at least
one of a or b is zero. We can therefore deduce the existence of v = v(a,n) > 0
such that for every a,b € R?, the inequality D?g(I)[a ® b,a ® b] > v|a|?|b|?
holds. We can thus write for every ¢ € W, *(Q, R?)

8 F(uo, Vg, ] = /Qa(w)DQQ(I)[Dv(w),Dw(w)]dw

> 77/(2029(1)[1?@(35),&;’(%)] dr > V(Oéan)n/Q |Dep(z)|? d,

and so the result follows by a simple application of Poincaré inequality. a

Proof of Theorem 3.3. We will present this in two steps.
Step 1. We construct a map u = ug+y with ¢ € C§°(2, R™) such that F(u, ) <
F(uo, ), for a proper choice of n > 0. To this end choose ¢, € C{°(R) and
17[]2 € COO(]R) so that djl =1lon (1/473/4)7 supp 1/}1 c (07 1)7 dji > 0 on (07 %)
and

0 ift<1/3

¢2(t):{ 1 ift>2/3

with ¢ > 0. Let () = (1+ (XA = 1)1 (r)¢h2(1 = p/po)) where X > 1, p§ < 2
and define u(z) = {(z) z. A simple calculation shows that

Du(z) =(I +r®V(, where V(= Cr + ¢, Vp.

Furthermore ) )
1,z |z |
oz, ( |z']" zn

and det Du(z) = (" + (" 1¢r. As Q, C {x € Q:r = |z| < 3/4}, it follows that

1 < det Du(z) < Cy + Ca(A — 1)™ for some constant C,C> and for all z € €.

We shall now fix 1 < a < n such that the assumptions of the lemma are
satisfied. Moreover we choose 0 < 3 < « such that h'(t) < —f for 1 <t < \™.

Thus for A sufficiently large h(det Du) — h(1) < 0 in . Setting D = {z € ; :

1<r< Z, £ < 1}, it is clear that u(z) = Az on D and so we can write

)7 ZL’V,D:O,

F(u, Q) = Fuo, ) = /Q(g(DU(w))—g(I))dw+77/ (9(Du(z)) — g(I)) dx

Qu

- / (9(Du(x)) — g(I)) da
Q\D
+L"(D) (A — n + h(A") — h(1))

+ /Q (9(Du(x)) - (1)) dz
< O+ Ca(A— 1) + £(D) (nA® — BA" — 1))
+n / (9(Dulz)) — g(I)) de
< O +1) = LYD)BO" — 1) +1 / (9(Du) — g(I),

Qu
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where C,C3 and C}y are positive constants that do not depend on h. Thus
for this specific choice of u we choose A so that the first two terms in the last
inequality are negative. Then we select h and finally n > 0 small enough so that
the whole expression is negative.

Step 2. We construct a sequence u. — ug in W1 (Q,R"®) for any r < oo, such
that F(u.,Q) < F(uo,). For this let zp € QN {z € R" : 2, = 1} be an
arbitrary point and consider the sequence

un() = | W@ +ep (B4 g forz €y
A uo(x) elsewhere

where Q. ;o = o — 5 ep + Qe and Q. = Q. It can be easily checked that

Flue,) = /Qg(DuE(a:))da:+n/Q o(Du(z)) dz

u

= (QI\QE mo +/ DU&- )) dzx
QIOQE zq

L2\ ) (1) + 7 /Q _ gDule)ds

= F(uo, Q) — (L"(UNQezy) + 0 L" (N Qe ) g(I) + " F(u, Q)

and therefore F(u., Q) — F(ug, Q) = ™ (F(u, ) — F(up,N)) < 0. The proof is
thus complete. O

Acknowledgements: I thank John Ball and Robert Kohn for fruitful discus-
sions.
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