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SUBMANIFOLDS IN S�n��

H�ONGV�AN L�E AND GUOFANG WANG

Abstract� Let x � Ln � S�n�� � R�n�� be a minimal subman�
ifold in S�n��� In this note� we show that L is Legendrian if and
only if for any A � su�n � �� the restriction to L of hAx�p��xi
satis	es 
f � ��n � ��f � In this case� ��n � �� is an eigenvalue

of the Laplacian with multiplicity at least n�n���
� � Moreover if the

multiplicity equals to n�n���
� � then Ln is totally geodesic�

�� Introduction

Let x � Ln � S�n�� � R�n�� � C n�� be an embedded submanifold in
the standard unit sphere S�n��� Let h�� �i be the standard inner product
on R�n�� � For any x � �x�� y�� x�� y�� � � � � xn��� yn���� we identify it with
the constant vector �eld

Pn��
j�� �xj

�
�xj

� yj
�
�yj

�� By this identi�cation�

x� the position vector� can be seen as the normal vector �eld of S�n���
Let J be the standard complex structure� i�e�� J �

�xj
� �

�yj
and J �

�yj
�

� �
�xj

� The standard contact structure � on S
�n�� is determined by the

distribution

� � fY � TxS
�n��jhY� Jxi � 	g�

Clearly Jx is the corresponding Reeb vector �eld� A submanifold Ln �
S
�n�� is called Legendrian if TxL � � for any x � L� It is easy to see

that L is Legendrian if and only if JTL � fJxg is the normal bundle
of the embedding L� S

�n���
Let CL be a cone in C n�� over L� In other words� L is the link of CL

with S�n��� It is easy to check that L is minimal Legendrian submani

fold if and only if CL is a special Lagrangian cone w�r�t� some constant
calibrated form� see for instance� ��
 and ��
� Such special Lagrangian
cones are possible tangent cones of special Lagrangian varieties� In
order to study the regularity of special Lagrangian varieties� we have
to understand �or classify� all possible special Lagrangian cones� thus

�

� Mathematics Subject Classi�cation� ��C�
Key words and phrases� Minimal Legendrian submanifolds� special Lagrangian

cones�
�
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minimal Legendrian submanifolds in S
�n��� In this note� we give a

characterization of minimal Legendrian submanifolds�

Theorem ���� Let x � Ln � S�n�� � R�n�� be a minimal submanifold�
L is Legendrian if and only if for any matrix M � su�n � ��� the
function fM �� hMx� Jxi� as a function on L� satis�es

�f � �n� ��f�

Here � is the Laplacian w�r�t� the induced metric�

Theorem ���� If L is minimal Legendrian submanifold in S�n��� then
��n � �� is an eigenvalue of the Laplacian with multiplicity at least
n�n���

�
� the dimension of su�n� ���so�n� ��� If the multiplicity equals

to n�n���
�

� then L is totally geodesic�

We hope that this characterization can be used to construct min

imal Legendrian submanifolds in S�n��� as in ��
 and ��
 for minimal
submanifolds in the unit sphere� When n � �� generalized Cli�ord tori
are minimal Legendrian submanifolds� More minimal Legendrian tori
with invariance under an S

� action was constructed in ��
�
Throughout this note we will adopt the following ranges of indices�

� � A�B�C � � � � �n � ��
� � i� j � � � � n�
n� � � � � �n� ��

�� minimal Legendrian submanifolds

Let x � Ln � S�n�� � R�n�� � C n�� be an embedded submanifold
in S

�n��� Let e�� e�� � � � � e�n�� be an orthonormal frame of tangent
vectors to S�n�� at x and ��� ��� � � � � ��n�� be the dual frame� We have
�see ��� �
�

dx � �A � eA �����

and

deA � �AB � eB � �A � eA� �����

where

�AB � �BA � 	�

Exterior di�erentiation of ����� gives

d�AB � �AB � �AC � �CB � ��A � �B� �����
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Here we have used the summation convention� It is well
known that L
is minimal if and only if for any constant vector a � R�n�� � hx� ai� as a
function on L� satis�es

�hx� ai � nhx� ai� �����

where � is the �positive� Laplacian operator w�r�t� the induced metric�
see ��
� In this note we characterize the Legendrian property of minimal
submanifolds in terms of the embedding x and su�n � ��� A matrix
M � su�n� �� means that M is traceless and satis�es

M �M t � 	 and JM � MJ�

We �rst have

Proposition ���� Let x � L � S�n�� � R�n�� � C n�� be a minimal
submanifold in S�n��� If L is Legendrian� then for any matrix M �
su�n� �� the function fM �� hMx� Jxi� as a function on L� satis�es

�fA � ��n� ��fA� �����

Proof� By de�nition� L is Legendrian if and only if in any small neigh

borhood of x � L� there is a orthonormal frame e�� e�� � � � � en of L so
that e�� e�� � � � � en� en�� � Je�� en�� � Je�� � � � � e�n � Jen� e�n�� � Jx
is an orthonormal frame of S�n��� Let ��� ��� � � � � ��n�� be the dual
frame� On L� �� � 	 for � � n � �� � � � � �n� �n� ��
�From ����� and ������ on L we have

dx � �i � ei �����

and

deA � �AB � eB � �A � x� �����

Here �AB � x��AB� The �ij are connection forms of the induced metric
on L and ��i are the second fundamental forms� Let ��i � h�ij�j� For
any matrixM � su�n���� de�ne fM � hMx� Jxi� In view of ����� and
������ we have

dfM � �hMei� Jxi � hMx� Jeii��i �� fi�i �����

and

Dfi � ���hMei� Jeji���ijhMx� Jxi��hMe�� Jxi�hMx� Je�i�h�ij��j�

Together with the minimality of M � it follows

�f � �nf � �hMei� Jeii�

Clearly� by de�nition� hMei� Jeii � hMx� Jxi � 	 for M � su�n � ���
Hence� we have �f � ��n� ��f � �
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Remark� Let Ln � S
�n�� be a minimal submanifold� The computation

given in the proof shows �fM � ��n� ��fM if and only if

nX
i��

hMei� Jeii� hMx� Jxi � 	 �����

for any basis of L�
Conversely� we have

Proposition ���� Let x � L � S�n�� � R�n�� � C n�� be a minimal
submanifold in S�n��� If for any matrix M � su�n � �� the function
fM �� hMx� Jxi satis�es ������ then L is Legendrian�

Proof� In order to prove this Proposition� we have to show that there is
a basis e�� e�� � � � � en of L such that e�� e�� � � � � en� Je�� Je�� � � � � Jen� Jx
is a basis of S�n��� Let e�� e�� � � � � en be a basis of L�
Case �� n is odd� Set p � �n����� and en�� � x� Applying Lemma

���� in ��
 to the simple �p
vector � � e� � e� � � � � en � en��� we have
a unitary basis �e�� J�e�� �e�� J�e�� � � � � �en��� J�en�� for C

n�� and angles

	 � �� � �� � � � � � �p�� � 	��� �p�� � �p � 	

such that

� � �e� � �J�e� cos �� � �e� sin ��� � �e� � �J�e� cos �� � �e� sin ���
� � � � � �e�p�� � �J�e�p� cos �p � �e�p sin �p�� ����	�

We choose a new basis �e�� �e�� � � � � �en of L such that

�e�i�� � �e�i�� and �e�i � J�e�i�� cos �i � �e�i sin �i� for i � �� � � � � p�

In view of the previous Remark� we have

n��X
j��

hM�ej� J�eji � 	 for M � su�n� ��� ������

We claim that

�� � �� � � � � � �p � � and � � 	� or 	��� ������

For any �xed i� we �rst choose a matrix Mi satisfying���
��

Mi�e�i�� � �e�i�
Mi�e�i � ��e�i���
Mi�ek � 	� for k � f�� �� � � � � n� �g�f�i� �� �ig�

It is clear that Mi � su�n� ��� Inserting such Mi into ������� we get

sin ��i � 	� ������
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Then we choose another M � su�n� �� such that���
��

M �
i�e�i�� � J�e�i���

M �
i�e�i � �J�e�i�

M �
i�ek � 	� for k � f�� �� � � � � n � �g�f�i� �� �ig�

Inserting it into ������� we get

� � cos� �i � sin� �i � 	� ������

������ and ������ imply that �i �
�
�
� The claim follows� Thus �e� �

�e�� �e� � �e�� � � � �en � �en�The L is Legendrian�
Case �� n is even� Let en�� � x� Choose a new basis e��� e

�
�� � � � � e

�
n��

such that

he�n��� eki � he�n��� Jeki � 	� for k � �� �� � � � � n�

The existence of such e�n�� follows simply from that n � � is odd� Set
�p � n� Decompose C n�� � C n � fe�n��� Je

�
n��g� Now� we can apply

Lemma ���� in ��
 again to the simple �p
vector

�� � e�� � e�� � � � � � e�n

to get a normal form as in Case �� The similar argument shows that L
is Legendrian in this case� �

Proof of Theorem ���� It follows from Propositions ��� and ���� �

Proof of Theorem ���� The proof is inspired by ��
� see also ��
� Fix a
point x� in L and let e�� e�� � � � � en be an orthonormal basis of L in a
neighborhood U of x�� Since L is Legendrian� e�� Je�� � � � � en� Jen� x� Jx
is a unitary basis of C n�� for any point x � U � Denote en�i � Jei and
e�n�� � Jx�
De�ne a linear map F � su�n� ��� C��L� by

F �M� � fM � hMx� JxijL�

where C��L� is the space of smooth functions� We want to show

that the image F �su�n� ��� of F is of dimension not less than n�n���
�

�
Considering the point x� � L as a vector as before� we de�ne

K�x�� �

�
M � su�n� �� j

Mx� � JTx�L�M�Tx�L� � JTx�L
and hMei� Jeii � 	

�

and

P �x�� �

�
M � su�n� �� j

Mx� � Tx�L� fx�g and
Mei � Tx�L� fx�g � fJx�g�

�

It is easy to check that

su�n� �� � P �x���K�x���
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Now we claim that if M � K�x�� satis�es F �M� 	 	� then M � 	 �
Assume that there is a matrix M � K such that F �M� � 	� By �����
we know

hMei� Jxi� hMx� Jeii � 	� on U�

Since M � su�n� ��� it follows that

hMei� Jxi � 	 on U ������

for i � �� �� � � � � n� Thus Mx� � 	� for Mx� � JTx�L� Exterior di�er

entiation of ������ gives

hMei� Jeji� h�ijhMea� Jxi � 	� on U� ������

Since M � K�x��� we have hMen�i� Jx�i � hMei� x�i � 	� We also
have h��n���ij � 	 by Lemma ��� below� Hence� ������ implies that

hMei� Jeji � 	 at x�� for i� j � �� �� � � � � n�

which� in turn� implies that M � 	� This proves the claim� It is
clear that the dimension of K is n�n���

�
� Now the �rst statement of the

Proposition follows from the claim�
If the multiplicity equals to n�n���

�
� then from the argument above we

know that� for any point x� � L and any M � P �x��� F �M� 	 	 and
������ holds in any small neighborhood of x�� In this case� we claim
that

h�ij � 	� ������

By de�nition� for any M � P �x��� hMei� Jeji � 	� It follows from
������ that

h�ijhMe�� Jxi � 	� ������

For any k� choosing M � P such that Mek � x and inserting it into
������ we get that h�n�i�jk� � 	� This together with Lemma ��� below�
implies the claim� i�e�� L is totally geodesic� �

Clearly if Ln is totally geodesic in S�n�� then L is a great sphere�

Lemma ���� Let L be a minimal Legendrian submanifold in S
�n���

We have

h��n���ij � 	� for any i� j � �� �� � � � � n�

Proof� �From ������ we have

de�n�� � Jdx � �i � Jei�

which implies that ���n���i � 	� �
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