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Abstract

Considered is plane rotationally�symmetrical motion of viscous incompressible liquid by in�
ertia in a ring� which boundaries are free� Corresponding initial boundary�value problem for the
Navier�Stokes equations was studied in ��� and also earlier in ���� where the case of zero surface
tension was considered�

The problem on a rotating ring represents a rich in content and at the same time simple
enough object for grounding of approximate methods in theory of viscous �ows with free bound�
aries� An asymptotics of the solution of this problem at large Reynolds numbers was built in �	�
on the basis of the scheme suggested in �
�� the closeness of asymptotic and exact solutions was
proved at �nite time interval�

The analysis of quasi�stationary approximation in the problem on a rotational ring is the aim
of the present work� The equations of quasi�stationary approximation for the general problem on
motion of isolated volume of viscous incompressible capillary liquid were derived in �� from the
exact equations with the help of expansion by the small parameter of quasi�stationarity equal to
the ratio of the Stokes time to the capillary one� The problem contains one more dimensionless
parameter proportional to the modulus of conserving angular moment of liquid volume� this
parameter can be also considered as a small one� In dependence on the relation between these
parameters one can obtain three variants of limit problem� traditional and two new ones� Built
in �� is formal asymptotics of solutions of the problem arising at tending of the quasi�statinarity
parameter to zero�

The question of grounding of quasi�stationary approximation was open until recently� Pre�
sented in ��� is the ground for the traditional variant of limit problem� Unfortunately the
standard model of quasi�stationary approximation is insipid in the problem on a rotational ring�

The problem mentioned above represents the �rst nontrivial example of such motion of

viscous liquid that its topology can be changed with time � a ring turns into a disk in �nite

period of time in irreversible way ��� when the surface tension is large enough� The usefulness

of quasi�stationary approximation for the description of the process of modi�cation of topology

of the �ow domain in the considered problem in simple terms � by the analysis of the solutions

of ordinary autonomous di�erential equation of the �rst order � is the remarkable peculiarity�

� Statement of problem�

Considered is a problem on plane rotationally�symmetrical motion of vis�
cous incompressible capillary liquid in a ring r�	t
 � r � r�	t
� which

�



boundaries are free� Let vr � Q	t
�r� v� � v	r� t
 to be the radial and pe�
ripherical components of the velocity p	r� t
 is the pressure� � is the density
of liquid� � is its viscosity� � is the coe�cient of surface tension� ri	�
 � ri�
	i � �� �
� Functions vr� v�� p must satisfy the Navier�Stokes equations�
the initial conditions vr	r� �
 � Q	�
�r� v� � v�	r
 	r�� � r � r��
 and
natural conditions on the free boundaries of the ring r � ri	t
� i � �� � at
t � ��
Let us determine the time scale t� � ��r���� 	the capillary time
 and

the length scale� the scale of radial component of velocity and the pres�
sure scale r��� ���� and ��r�� respectively then introduce dimensionless
independent variables � � t�t�� x � 	r

� � r��
�r
�
�� and sought for functions

y � r���r
�
��� � � ��Q��r��� u � r��v�V r � so that u is the dimensionless

angular velocity of a liquid particle and V is the characteristic dimensional
peripherical velocity determined below� Functions y	�
� �	�
 and u	x� �

form the solution of the following problem in a �xed domain�

	�	y � x
u�� � ��	y � x
�ux�x at � � �� � � x � a� 	�
�


ux	�� �
 � ux	a� �
 � � at � � �� 	�
�


u	x� �
 � u�	x
 at � � x � a� 	�
�


dy�d� � �� at � � �� 	�
�


	
d�

d�
�

�

ln	� � a�y


�
� a�	�� 	�


y	y � a

� �p

y
� �p

y � a
�

�
�V �r��
�

aZ
�

u�	x� �
dx

�
at � � �� 	�
�


y	�
 � �� �	�
 � ��
 	�
�


Here 	 � ts�t� � �r�����
� is the parameter of quasi�stationarity� ts � r�����

is the Stokes time� a � 	r���r��

�� � is the relative ring thickness� u�	x
 �

��v�	r��
p
� � x
��

p
� � x� �� � ��Q	�
��r���

The relations 	���
�	���
 coincide with ones derived in ��� �� to within
the notations 	there the parameter 	�� � �� � ��r��V � i�e� the inverse
Reynolds number� is used instead of 	 and the characteristic velocity V is
chosen as max jv�	r
j� r�� � r � r��
� The mass integral equivalent to the
ring square conservation

S � ��r��	t
� r��	t
� � �	r��� � r���


�



was used for derivation of these relations� Furthermore the original problem
with free boundary keeps the conservation law of the angular momentum�

L � ���

r��t�Z
r��t�

r�v	r� t
dr � ���
r��Z
r��

r�v�	r
dr


So that we can determine the quantity V � L���r���� If the solution of the
problem 	���
�	���
 is known then functions vr� v�� r�� r� � 	S�� � r��


���

are expressed explicitly by u� y and �� and pressure p is reconstructed by
quadrature�
The previous equality can be rewritten in dimensionless variables as

follows

�
aZ
�

�x� y	�
�u	x� �
dx � �
aZ
�

	x� �
u�	x
dx � �
 	�
�


Let us introduce the function

w � u� ��	a	�y � a


 	�
�


The quantity ��	a	�y � a

 �  represents the dimensionless istantaneous
angular velocity of the ring rotating as a solid body with known area and
angular moment� From 	���
 it follows that

aZ
�

	x� y
wdx � �
 	�
�


The dimensionless ratio � � �����L��	��S���
 can be composed from
quantities L� S� � and �� Parameter � is the unique dimensionless com�
bination of the motion integrals proportional to the square of angular mo�
ment and not containing viscosity in the problem on a rotational ring�
Further it is suggested that the centrifugal and capillary forces have one
and the same order when 	 � � in the studied motion� This condition will
be satis�ed when � will have the order ��
Passing on to the new sought for function w	x� �
 in 	���
�	���
 	w	x� �


is determined by the equality 	���

 and using the relation 	���
 we obtain�

	�	y � x
w�� � ��	y � x
�wx�x�

��		�x� a
	�y � a
��� at � � �� � � x � a� 	�
��


wx	�� �
 � wx	a� �
 � � at � � �� 	�
��


w	x� �
 � w�	x
 at � � x � a� 	�
��


�



dy�d� � �� at� � �� 	�
��


	
d�

d�
�

�

ln	� � a�y


�
� a�	�� 	�


y	y � a

� �p

y
� �p

y � a
�

�a���

	�y � a
�
�

�
�a���

�

aZ
�

w�	x� �
dx
�
at � � �� 	�
��


y	�
 � �� �	�
 � ��
 	�
��


Here w�	x
 � ���	a	� � a

 � u�	x
� Function w�	x
 must satisfy the
condition

aZ
�

	x� �
w�dx � � 	�
��


following from 	���
�
The problem 	����
�	����
 represents the subject of our further investi�

gation� Our aim is to build the asymptotics of the solution of this problem
for 	 � � and its grounding�

� External expansion� Equations of quasi�stationary

approximation�

The asymptotic solution of singulary pertubed problem 	����
�	����
 is
built for 	 � � as a combination of the external and internal expansions�
The external expansion is found in the form of formal power series

y � y��� � 	y��� � 	�y��� � 
 
 
 � � � ���� � 	���� � 	����� � 
 
 
 �

w � 	w��� � 	�w��� � 	�w��� � 
 
 
 	�
�


The initial conditions for the terms of the expansion of y are� y��� �
�� y�k� � � at � � � 	k � �� �� 
 
 

� Initial conditions for the functions
��j� 	j � �� �� 
 
 

 and w�k� 	k � �� �� 
 
 

 are not posed� At the same time
functions ��j� can be determined explicitely by y�j�� w�j��� 	let w���� �
w��� � � from substitution of the expressions 	���
 into 	����
 and equating
of terms at common powers of 	� Function y��� satis�es the nonlinear
ordinary di�erential equation of the �rst order and functions y�k� 	k �
�� �� 
 
 

 satisfy the linear ordinary di�erential equations of the �rst order�
Functions w�j� 	j � �� �� 
 
 

 can be determined from the solutions of

boundary�value problems

�	y��� � x
�w�j�
x �x � Rj	x� �
� � � x � a� � � �� 	�
�


w�j�
x 	�� �
 � w�j�

x 	a� �
 � �� � � �� 	�
�


�



where � is considered as a parameter� The right parts of the equations 	���

can be expressed by functions y���� 
 
 
 � y�j� ����� 
 
 
 � ��j� w���� 
 
 
 � w�j����

The solvability condition
aR
�
Rj	x� �
dx � �� � � � of the problem 	���
� 	���


at j � � follows directly from 	����
� Its ful�llment for j � �� �� 
 
 
 can be
proved by induction� The solution of the problem 	���
� 	���
 is determined
to within the additive function � � This arbitrariness permits to satisfy the
solvability condition on the next step of induction�
Let us pass to the constructing of the main terms of asymptotic expan�

sions 	���
� After substitution of these expansions into 	����
 and passage
to the limit when 	 � � we shall obtain

� �a����

y���	y��� � a

� �q

y���
�

�a���

	�y��� � a
�
� �


So we conclude that

���� � �Y 	Y � a


�a
G	Y 
� 	�
�


where Y � y����

G	Y 
 �
�p
Y
�

�p
Y � a

� �a���

	�Y � a
�



As it follows from 	����
� 	����
 and 	���
� 	���
 the function Y 	�
 is a
solution of the Cauchy problem

dY

d�
� �Y 	Y � a


�a
G	Y 
 at � � �� 	�
�


Y 	�
 � �
 	�
�


And �nally the function w��� is determined as a solution of the problem
	���
� 	���
 with R� � �	�x� a
	�y��� � a
������� satisfying the condition
aR
�
	x� y���
w���dx � � 	here ���� is expressed by y��� � Y by formula 	���

�

This solution has the form

w��� � � Y 	Y � a


a	�Y � a
�
G	Y 


�
x� 	�Y � a
 log

�
Y � a

Y � x

�
� Y 	Y � a


Y � x
�

�a	�Y � �a

�	�Y � a


�
Y �

a
log

�
� �

a

Y

��

 	�
�


�



The existence of constant solutions determined by the conditionG	Y 
 �
� is su�cient for the further investigation�The last equation is equivalent
to the system

�a���� � �
�
�p
Y
�

�p
Y � a

�
�

a

�
�

�

�Y � a

 	�
�


Its solution Y �  describes the rotation of a capillary ring as a rotation of a
solid body with dimensionless angular velocity  at predetermined angular
moment and area of a ring� Stationary solution of the system 	����
� 	����
�
	����
 where � � �� w � � corresponds to it� The analysis of system
	���
 was ful�lled in ��� ��� It was found out that this system has no real
solutions at � � �� � �
�� and has one solution Y � � �a� � at � � ��

	� � const � �
���
 and two solutions Yi	�� a
� i	�� a
 	i � �� �
 at
� � ��� moreover � � Y�	�� a
 � Y � � Y�	�� a
 and limY� � �� limY� ��
when � � �� If� � �� then function G	Y 
 is positive at the intervals
	�� Y�
� 	Y���
 and negative at 	Y�� Y�
�
If the inequalities

� � ��� Y�	�� a
 � � 	�
�


are ful�lled then the solution Y 	�
 of the Cauchy problem 	���
� 	���
 is
positive for all � � � and Y � Y�	�� a
 when � �� with the exponential
velocity� 	Ful�llment of the condition a � a� � �
�� is su�cient for the
ful�llment of the second inequality 	���
�
 Here the function Y is growing
monotonically if � � Y�	�� a
 and diminishing in the opposite case� If
Y�	�� a
 � � and Y�	�� a
 � � then the solution of the problem 	���
� 	���

is Y � �� It is unstable in the �rst case and stable in the second one�
If we change the second inequality in 	���
 on the opposite one or if

� � �� then function Y is diminishing monotonically with the growth of �
and vanishes at some � � � � by the law

Y � 	� � � �
���� � O	� � � �
� at � � � �� 	�
��


and for � � � � it should be continued with zero� 	The necessity of such
continuation of function Y is caused by the fact that it is the main term
of the external expansion of the function y	�
 � r���r

�
�� at 	 � ��
 At the

same time functions ���� and w��� determined in formulae 	���
� 	���
 are
continued with zero too�
Substitution of expressions 	���
 for y� � in the equation 	����
 and

retention of the terms with the order of 	 in it lead to the relation

���� � �
�
Y � a

�a
p
Y
�

Y

�a
p
Y � a

�
�a���

�	�Y � a
�

�
y��� �

�

�
	����
��

�



� �

�a
log

�
� �

a

Y

�
d����

d�

 	�
��


One can derive the equation for y��� from 	����
 and 	����


dy���

d�
� �

�
Y � a

�a
p
Y
�

Y

�a
p
Y � a

�
�a���

�	�Y � a
�

�
y��� �

�

�
	����
��

� �

�a
log

�
� �

a

Y

�
d����

d�

 	�
��


This equation must be solved with the initial condition

y���	�
 � � 	�
��


	here the function ���� is determined by the equality 	���

� Further as in
the case of the study of the main terms of the external expansion we must
distinguish the two cases� the solution Y 	�
 of the problem 	���
� 	���
 is
positive for all � � � 	case A
 Y � � for � � � � � � � �� Y � � for
� � � � 	case B
�
In the case A the solution y�	�
 of the problem 	����
� 	����
 is regular

for all � � � and y� � const when � �� in the exponential way� The case
B is more complicated� Using the relation 	����
 we obtain the asymptotics
of the solution of mentioned in the form

y��� �
� � � �

��a
log�	� � � �
 �O�	� � � �
 log	� � � �
� 	�
��


when � � � �� We suggest that y���	�
 � � for � � � � on the basis of 	����

so that the inclusion y��� � C�����
 will be valid with any � � 	�� �
�
However the function ����	�
 has a logarithmic singularity when � � � ��
Setting ���� � � for � � � � we obtain the discontinuous function ����	�

determined for all � � � although ���� � Lq	���
 with any q � �� At the
same time this variant of continuation of the function ���� to the domain
� � � � is the unique possible variant so far as this function is the element of
the expansion of the radial component of velocity of a ring by the parameter
	 and this component turns to zero after transformation of a ring into a
disk�
We see that in the case B the expansion 	���
 becomes invalid for � close

to � �� It turns out that if we pass to the new independent variable y instead
of � and new sought for function ��y	�
� � �	�
 and W �x� y	�
� � w	x� �

in the relations 	����
�	����
 then the process of building of the external
expansion can be regularized� It follows from the fact that function � is

�



negative at the interval ���� �
�
 if � � � �� is small enough so that dy�d� �

�� � � ���� As a result we pass to the problem�

	��	y � x
W �y � ��	y � x
�Wx�x � �		�x� a
	�y � a
���

at y � y�� � � x � a� 	�
��


Wx	�� y
 �Wx	a� y
 � � at y � y�� 	�
��


W 	x� y�
 �W�	x
 at � � x � a� 	�
��


	
d�

dy
�

�

� log	� � a�y
�

�
� a�	�� 	�


y	y � a

� �p

y
� �p

y � a
�

�a���

	�y � a
�
�

�
�a���

�

aZ
�

W �	x� y
dx
�
at y � y�� 	�
��


�	y�
 � �� 	�
��


	here y� � y	��
 � �� �� � �	��
 � �
�
Equations 	����
� 	����
 permit the existence of formal solutions in the

form

� � �����	�����	������
 
 
 � W � 	W ����	�W ����	�W ����
 
 
 
 	�
��


Functions W �k�� k � �� �� 
 
 
 satisfy the boundary conditions 	����
� The
process of calculation of the terms of the expansion 	����
 is very similar
with one discussed in the beginning of this subsection so we shall omit it�
Let us note that the expression for ���� coincides with 	���
 after substi�
tution of y instead of Y 	now y is the independent variable
� Analogously
the function W ��� is determined by 	���
 where y is substituted instead of
Y � However the essential distinctions arise among the next terms of the
expansion 	���
 and its analog 	����
�
The expression for ����	y
�

���� � �y	y � a


�a

d

dy
flog	� � a�y
�����	y
��g
 	�
��


In order to obtain the dependence �����y	�
� we must solve the Cauchy
problem

dy

d�
� �����	y
 � �	����	y
 at � � ���

y	��
 � y�


From this fact and 	����
 it follows that function y	�
 does not permit the
expansion in the asymptotic series 	���
 at � close to � ��

�



From the other side the smoothness of functions W �k�	x� y
� ��k�	y
 is
not worsening near the values x � �� y � � it is even increasing with the
growth of k� In particular

���� � �py�� � O	y
� 	�
��


���� � �y log	��y
��� �O	y
�

���� � ��y��� log�	��y
����� � O�y��� log	��y
��

when y � �� Moreover using the induction one can show that ��k� �
C�k�������� y��� W

�k� � C�k�������	��� a� � ��� y��
 for k � �� �� 
 
 
 with any
� � 	�� �
�

� Internal expansion� The matching conditions�

Built above formal solution 	���
 of the equations 	����
� 	����
� 	����
 is
not satisfying the initial conditions 	����
 and the second condition 	����
�
In order to compensate the arising discrepancies we must search for the
components �� w of the solution of the problem 	����
�	����
 in the form

� � ���� � ���� � ���� � 		���� � ���� � ����
 � 
 
 
 �

w � v��� � 		w��� � v��� � z���
 � 	�	w��� � v��� � z���
 � 
 
 
 �

where functions v��� v�k�� ��k�� k � �� �� 
 
 
 	the elements of the internal
expansion
 depend on �rapid time� � � ��	 	functions v���� v�k�� 
 
 
 depend
on x too
 quantities ��k�� k � �� �� 
 
 
 are constant and z�k� are functions
of x�
The problem of determination of v��� is obtained in the following way�

Expressions 	���
 are substituted into the equation 	����
 where we pass
to the �rapid time� and then put y � �� 	 � �� As a result we derive the
equation

�	x� �
v����� � ��	x� �

�v���x �x� 	�
�


that must be solved in the semistrip Sa � fx� � � � � x � a� � � �g with
the boundary conditions

v���x 	�� �
 � v���x 	a� �
 � �� � � � 	�
�


and the initial condition

V ���	x� �
 � w�	x
� � � x � a
 	�
�


�



The solution of the problem 	���
�	���
 is representable by the Fourier
series

v��� �
�p
x� �

�X
i	�

c
���
i exp	���i�
fi	

p
x� �
� 	�
�


where fi	r
 is the solution of the equation

d�f

dr�
�
�

r

df

dr
�
�
��i �

�

r�

�
f � ��

satisfying the conditions

df

dr
� f

r
� � at r � �� r �

p
� � a

	i�e� the linear combination of the Bessel functions of the �rst and second
kinds of argument �ir
 �i � �� 	i � �� �� 
 
 

 are the roots of the equation

J�	�i
p
� � a
Y�	�i
� J�	�i
Y�	�i

p
� � a
 � ��

and c
���
i � constants�

c
���
i �

� aZ
�

p
x� �f �

i 	
p
x� �
dx

�
�� aZ

�

p
x� �w�	x
fi	

p
x� �
dx


The absence of any term not depending on � in the right part of 	���
 is
quaranteed by the condition 	����
� This property is well coordinated with
the fact that the external expansion of the function w	x� �
 begins from
the term with the order of 	� Further we suggest that function w�x belongs
to the H�older class C������ a�� � � � � � and satis�es the compatibility
conditions w

�

�	�
 � w
�

�	a
 � �� This fact ensures the convergence of the
series 	���
 in metric of the space C���������	 �Sa
�
Function ����	�
 is determined as a solution of the linear Cauchy prob�

lem�
d����

d�
�

�

log	� � a


�
� �a�

���

� � a
� �� �p

� � a
�

�
�a���

�

aZ
�

�v���	x� �
��dx
�

at � � �� 	�
�


����	�
 � ��
 	�
�


In accordance with 	���
�	���


lim
���

���� �
� � a

�a

�
� �

�p
� � a

� �a���

	� � a
�

�
�

�	



moreover this convergence to the limit has an exponential character this
limit is denoted by ����� So taking into account this fact and 	���
 one can
see that

lim
���

���� � �	�
 � lim
���

�	�



In order to obtain the equation for the function v���	x� �
 one must
substitute the expansions 	���
 and y � y��� � 	y��� � 
 
 
 into the equa�
tion	����
 and keep the terms with zero and �rst orders on 	 in the re�
sulting equality� then pass to the limit when � � � in the expansion of
the function y	�
� Taking into account the equality 	���
 and the fact that
y���	�
 � �� y���	�
 � � we derive the equation

�	x� �
v����� � ��	x� �

�v���x �x � �	�x� a
	� � a
������	�

 	�
�


This equation must be solved in the semistrip Sa with homogeneous bound�
ary and initial conditions

v���x 	�� �
 � v���x 	a� �
 � �� � � �� 	�
�


v���	x� �
 � �� � � x � a
 	�
��


The solution of the problem 	���
�	����
 is expressed by the Fourier
series analogous with 	���
� The following representation takes place at
� ��

v��� � z���	x
 � O�exp	���
� 	�
��


	with some � � �� uniformly in x� � � x � a
� Here

z��� � � � � a

a	� � a


�
� �

�p
� � a

� �a���

	� � a
�

��
x� 	� � a
 log

�
� � a

� � x

�
�

�� � a

� � x
� a	� � �a


�	� � a

�
�

a
log	� � a


�

 	�
��


In accordance with 	����
 the comparison of 	����
 with 	���
 shows that

lim
���

v��� � z��� � lim
���

w���� � � x � a


The Cauchy problem for determination of function ����	�
 is derived in
the same way it has the following form�

d����

d�
�

�

log	� � a


�
� �a

� � a
	���� � ����
 �

a

� � a
	���� � ����
��

�
�a���

�

aZ
�

v���	x� �
v���	x� �
dx
�
� � � � ����	�
 � ��

��



where ���� is a constant not determined at this step� In accordance with
exponential decay of functions ����	�
 � ����� v���	x� �
 when � � � and
represenation 	����
 for the function v���	x� �
 we have� ����	�
� ���� when
� � �� Now let ���� � ����	�
 the necessary compatibility condition is
derived

lim
���

���� � ���� � lim
���

����


The process of construction of functions v�k�	x� �
� z�k�	x
� ��k�	�
 and
determination of constants ��k� can be continued upto any natural N � As
a result all members of the �rst formal power series 	���
 are determined in
terms of solutions of the linear Cauchy problems for ordinary di�erential
equations of the �rst order� and the members of the second series 	���
 � by
means of solving the second initial boundary value problem for the linear
parabolic equations of the 	���
 type�

� Justi�cation of the asymptotic expansion �case A��

Let us de�ne N�approximate solution of the problem 	����
 � 	����
 	N �
�� �� 
 
 

 by formulae

wN � v���	x�
�

	

 �

NX
k	�

	k�w�k�	x� �
 � v�k�	x�
�

	

� z�k�	x
�

yN �
NX
i	�

	iy�i�	�
� 	�
�


�N �
NX
i	�

	���i�	�
 � ��i�	
�

	

� ��i��


Our aim is to obtain some estimates of closeness of N�approximate solu�
tion to the exact solution of the problem 	����
 � 	����
 when 	 � ��
One must distinguish the two cases� A and B 	see Section �
� Case A
is considered in this section� function y��� � Y 	�
 determined as the
solution of the Cauchy problem 	���
� 	���
 is positive for all � � ��
In this case functions wN � yN � �N are determined for � � � � T �
� � x � a for any T � � and the following inclusions take place� yN �
C���� T �� �N � C���� T �� wN � C

���������
� 	 �QT 
� where QT � the rectan�

gle fx� � � � � x � a� � � � � Tg and C
���������
� 	 �QT 
 � the subspace

of C���������	 �QT 
 generated by functions u	x� �
 satisfying the conditions

ux	�� �
 � ux	a� �
 � � for � � � � T �
aR
�
	x� �
u	x� �
dx � ��

Let us rewrite the equalities 	����
�	����
 in the operator form

A	f
 � �� 	�
�


��



where f � fw� y� �g is the totality of the unknown functions and A �
��component operator�function de�ned by the following relations�

A� � 	�	y � x
w�� � ��	y � x
�wx�x � �		�x� a
	�y � a
����

A� �
dy

d�
� ���

A� � 	
d�

d�
� �

log	� � a�y


�
� a�	�� 	�


y	y � a

� �p

y
� �p

y � a
�

�
�a���

	�y � a
�
�
�a���

�

aZ
�

w�	x� �
dx
�
�

A
 � w	x� �
� w�	x
�

A� � y	�
� ��
A� � �	�
� ��


Let us de�ne two Banach spaces� B� � C
���������
� 	 �QT 
 � C���� T � �

C���� T � and B� � C�����	 �QT 
 � C���� T �� C���� T �� C���
� ��� a�� 	 � 	�

where the subspace C���
� ��� a� of the space of functions z	x
 � C������ a�

is separated by the conditions z�	�
 � z�	a
 � ��
aR
�
	x � �
z	x
dx � ��

The norms 	in the spaces B� and B�
 are determined as sums of norms of
corresponding elements� For example� if f � fw� y� �g � B� then

jjf jjB�
� jjwjjC���������� �QT � � jjyjjC���T � � jj�jjC���T �


Let us introduce the notation fN � fwN � yN � �Ng� Operator A is de�ned
in some ball ��� � jjf � fN jjB�

� � � � of the space B� and acts into the
space B�� This operator is di�erentiable by Frech�et in this ball and its
Frech�et derivative A�g satis�es the Lipschitz condition�

jjA�g �A�hjjB�
� Kjjg � hjjB�

for g� h � ���� 	�
�


where the quantity K � � depends on the parameter 	� It is essential for
the further investigation that if the inequality � � 	 � 	� is ful�lled then
the estimate 	���
 takes place with constant K not depanding on 	 	the
former notation K is kept
� This fact follows directly from the de�nition
of operator A�
Further the positive quantities not depending on 	 	however their de�

pendence on 	� and T is possible
 are denoted by Ck	k � �� �� 
 
 

� The
following inequality

jjA	fN
jjB�
� C�	

N�� 	�
�


��



takes place with 	 � 	�� 	�� and any natural N by de�nition of the approxi�
mate solution 	the process of its construction was described above
� It will
be proved below that the exact solution of the equation 	���
 exists in the
vicinity of the approximate solution of this equation for any T � � and
su�ciently small 	 � ��

Proposition �� Let the following assumptions to be ful�lled�

i
 w�x � C������ a�� � � � � � w��	�
 � w��	a
 � �

aZ
�

	x� �
w�	x
dx � �

ii
 the solution Y 	�
 of the Cauchy problem 	���
� 	���
 is positive for all
� � ��
Then one can �nd such 	� � � that for 	 � 	�� 	�� the equation 	���
 has

the unique solution f � � ��� and the following inequality is valid

jjf � � fN jjB�
� C�	

N��
 	�
�


Proof� The proof is grounded on examination of the applicability con�
ditions of the Kantorovich theorem about the convergence of the Newton
method to the equation 	���
� It is comfortable to use the variant of this
theorem stated in ���� Let us remind you this formulation�
Let A	f
 to be the operator de�ned in the convex domain D of the

Banach space B� acting into the Banach space B� and di�erentiable by
Frech�et� Let us assume that the Frech�et derivative A�f of the operator A
satis�es the Lipschitz condition in the domainD with constantK and that
for some f� � D operator A�f� has bounded inverse operator 	A

�

f�

�� as a

linear operator acting from B� to B��If the following inequality is ful�lled

KjjA	f�
jjB�
jj	A�f�
��jj� � � � ���� 	�
�


then the equation 	���
 has the solution f � unique in some ball of the space
B� with center in the point f�� moreover

jjf � � f�jjB�
� ��� 	�� ��
����K��jjA�f�jj
 	�
�


It was noted above that constant K can be chosen not depending on
	 � 	�� 	�� in the inequality 	���
 in the conditions of the Proposition �� If
we choose the N�approximate solution fN � fwN � yN � �Ng of the problem
	����
�	����
 as f� then the estimate 	���
 is valid� So now one must
estimate from above the norm of operator 	A�fN 


�� in order to apply the

��



Kantorovich theorem� It is evident that this norm grows inde�nitely when
	 � �� If we will manage to prove that this growth has the power nature

jj	A�fN 
��jj � C�	
�m for 	 � � 	�
�


with �xed m � � then it will be possible to guarantee the ful�llment of
inequality 	���
 for 	� � � and su�ciently large N as it follows from 	���

and 	���
�
Let us consider the linear equation

A�fN 	g
 � b� 	�
�


where g � f	x� �
� q	�
� �	�
g � B� and b � fh	x� �
� z	�
� �	�
� l	x
� c�� c�g
� B� 	c� and c� are constants
� Starting from the de�nition of the operator
A we can rewrite the equation 	���
 in the form of the dependent system
of one parabolic equation and two ordinary equations with the initial and
boundary conditions� As a result we obtain the following problem

	�	yN � x
 � wNq�� � ��	yN � x
�x � �	yN � x
wNq�x�

���		�x� a
	�yN � a
���Nq� 	�
��


��		�x� a
	�yN � a
��� � h	x� �
� 	x� �
 � QT �

dq

d�
� �� � z	�
� � � 	�� T 
� 	�
��


	
d�

d�
� aq

yN	yN � a
 log�	� � a�yN


�
� a�N	�� 	�N


yN	yN � a

� �p

yN
� �p

yN � a
�

�
�a���

�yN � a
�
�
�a���

�

aZ
�

w�
N	x� �
dx

�
� �

log	� � a�yN


�
� �a	�� 	�N
�

yN	yN � a

�

�
q

�

�
�

y
���
N

�
�

	yN � a
���

�
� ��a���q

	�yN � a
�
�

�
�a���

�

aZ
�

wN	x� �
	x� �
dx
�
� �	�
� � � 	�� T 
� 	�
��


	x� �
 � l	x
� � � x � a� 	�
��


q	�
 � c�� 	�
��


�	�
 � c�� 	�
��


x	�� �
 � x	a� �
 � �� � � � � T
 	�
��


��



The univalent solvability of the problem 	����
 � 	����
 is obvious under
the conditions of the Proposition �� The proof of the inequality 	���
 is
equivalent to the obtaining of estimate of its solution in the form

jjjjC���������� �QT � � jjqjjC���T � � jj�jjC���T � � C�	
�m	jjhjjC������ �QT ��

�jjzjjC���T � ��jj�jjC���T � � jjljjC��� ��a� � jc�j� c�j
 	�
��


when 	 � �� The obtaining of this estimate is grounded on the passage to
the �rapid time� � � ��	 in the equations 	����
 � 	����
�
Let us introduce the notations �	x� �
 � 	x� 	�
� �q	�
 � q		�
� ��	�
 �

�		�
� �h	x� �
 � h	x� 	�
� �z	x� �
 � z		�
� ��	�
 � �		�
�  T�� denotes the
rectangle � � x � a� � � � � T�	 and IT�� � the interval � � � � T�	�
Problem 	����
 � 	����
 takes the following form in these notations�

�	yN � x
��� � ��	yN � x
��x�x � !�	x� �
�q � !�	x� �
�� � 	�
��


� �h	x� �
� 	wN �z	�
� 	x� �
 �  T���

d�q

d�
� �	�� � 	�z	�
� � � IT��� 	�
��


d��

d�
� ��	�
�� � ��	�
�q �

aZ
�

�	x� �
�	x� �
dx � ��	�
� � � IT��� 	�
��


�	x� �
 � l	x
� � � x � a� 	�
��


�q	�
 � c�� 	�
��


��	�
 � c�� 	�
��


�x	�� �
 � �x	a� �
 � �� � � �IT��
 	�
��


Here the following notations were used

!� � wN�� � ��	yN � x
wN�x�x � ��		�x� a
	�yN � a
���N �

!� � �	wN � �		�x� a
	�yN � a
���

�� �
�a	�� 	�N


yN	yN � a
 log	� � a�yN

� � � ��a���wN	x� 	�


� log	� � a�yN

�

�� �
a

yN	yN � a
 log�	� � a�yN


�
a�N	�� 	�N


yN	yN � a

�

�p
yN
�

�
�p

yN � a
� �a���

	�yN � a
�
� �a���

�

aZ
�

w�
N	x� 	�
dx

�
�

��



�
�

log	� � a�yN


�
��a���

	�yN � a
�
�� �

�y
���
N

� �

�	yN � a
���

�



Equation 	����
 was used for derivation of the equation 	����
 from 	����
�
Let us list the characteristics of coe�cients and right parts of the equa�

tions 	����
 � 	����
 essential for the further consideration� The inequalities

� � m � yN		�
 �M ��� � � �IT��
are ful�lled in the conditions of Proposition �� This fact guarantees both
the uniform parabolicity of the equation 	����
 in the rectangle � T�� and
the boundedness both of functions �k	�
 and their derivatives d�k�d�� k �
�� � on the interval �IT��� Using the de�nition 	���
 of function wN and
representation 	���
 of the function v� we derive the inequality

j�	x� �
j� j��	x� �
j � C
 exp	�C��
 � 	C�� 	x� �
 � � T��� 	�
��


where one can put any positive number less then �� instead of C��
Let us denote the quantity max

�IT��
j�N		�
j as C� and choose 	� less then

�C��
� � Then the estimate

��	�
 � C� � �� � � �IT�� 	�
��


is valid for any 	 � 	�� 	��� Let us introduce the notations
!
 � wN�� � ��	yN � x
wN�x�x� !� � !� � !



The inequalities

jj�hjjC��������T���
� jjwN �zjjC��������T���

� jj!
jjC��������T���
� C�� 	�
��


jj!kjjC��������T���
� 	C��� k � �� �� 	�
��


jj!
	x� �
j � C�� exp	�C��
 � 	C��� 	x� �
 � � T�� 	�
��


follow from the assumptions about the functions �h� �z and the character�
istics of functions wN � yN � �N � Note that constants C
� 
 
 
 � C�� used in
inequalities 	����
 � 	����
 do not depend on 	�
Now our aim is to obtain the estimate of max

��T��

j�	x� �
j uniform with

respect to 	� With this aim we represent � in the form of the sum �� �
�� � ��� where the functions �k satisfy the relations

	yN � x
���� � �	yN � x
����xx � �	yN � x
���x � � �� �

��



� �	wN �z � !��q � !�
��� 	x� �
 �  T��� 	�
��


��	x� �
 � l	x
� x � ��� a�� 	�
��


���x	�� �
 � ���x	a� �
 � �� � � �IT��� 	�
��


�	yN � x
���� � ��	yN � x
����x�x � �h� 	x� �
 �  T��� 	�
��


��	x� �
 � �� x � ��� a�� 	�
��


���x	�� �
 � ���x	a� �
 � �� � � �It��� 	�
��


�	yN � x
���� � ��	yn � x
����x�x � �!
�q� 	x� �
 �  T��� 	�
��


��	x� �
 � �� x � ��� a�� 	�
��


���x	�� �
 � ���x	a� �
 � �� � � �IT�� 	�
��


Here the notation �	�
 � dyN		�
�d� was introduced� Note that
dyN	�
�d� � ��N	�
 � O		N��
 when 	 � � in accordance with de�ni�
tion of yN so that

j�	�
j � C��	� � � �IT��
 	�
��


Let us pass to the new sought for function

s� � �� exp��	C�
� � 	C��x	a� x
�

in the relations 	����
 � 	����
� This function is the solution of the following
problem

	yN � x
s��� � �	yN � x
�s��xx � ��	yN � x
 � �	C��	yN � x
�	�x� a
�s��x�

�f��	�C�
	yN�x
�	C
�
��	yN�x


�	�x�a
���C��	yN�x
	yN��x�a
�gs� �
� �		wN �z�!��q�!�

��
 exp��	C�
��	C��x	a�x
�� 	x� �
 �  T��� 	�
��


s�	x� �
 � l	x
 exp�	C��x	a� x
�� x � ��� a�� 	�
��


s��x	�� �
� 	C��as�	�� �
 � �� � � �IT��� 	�
��


s��x	a� �
 � 	C��zs�	a� �
 � �� � � �IT�� 	�
��


Constants C�
 and C�� can be chosen in the following form C�
 � 	� �
C��
�m� C�� � ���m	�M � a
� We obtain the lower bound for the coe��
cient j at the function s� in the equation 	����


j	x� �
 � 	� 	x� �
 � � T��� 	�
��


��



on the basis of inequality 	����
� This estimate permits to apply the max�
imum principle ��� to the solution s� of the problem 	����
 � 	����
� Using
the estimates 	����
� 	����
 and 	����
 we obtain

max
��T��

js�j � C��max
��a�

jlj� C��max
�IT��

j�zj� C��	max
�IT��

j�qj�max
�IT��

j��j

 	�
��


The estimate of max
��T��

j��j by max
�IT��

j�qj and max
�IT��

j��j follows from the above

formula and 	����
�
The estimate of max

��T��

j��j is grounded on the integral identity

�

�

d

d�

aZ
�

	yN � x
��
�dx�

aZ
�

��	yN � x
���
��x�

�� ��
��dx �

aZ
�

�h��dx� � � �IT��
 	�
��


The solution of the problem 	����
 � 	����
 satis�es this identity� The

inclusion h	x� �
 � C
�����
� 	 �QT 
 implies the ful�llment of the equality

aZ
�

�h	x� �
dx � �� � � �IT���

so that the problem 	����
 � 	����
 possess the conservation law

aZ
�

	yN � x
��dx � �� � � �IT��
 	�
��


The smooth function ��	x� �
 satisfying the relation 	����
 for any � � �IT��
is subjected to the inequality

aZ
�

��
�dx � a�

aZ
�

��
��xdx� � � �IT��


Using this inequality� the estimate 	����
 and choosing 	� less then
�C��

�� 	m�a� �
� we obtain from 	����


�

�

d

d�

aZ
�

	yN � x
��
�dx� �

�
m

a

�� aZ
�

��
�dx � max��T��

j�hj
aZ
�

j��jdx� � � �IT���

indepedently on 	 � 	�� 	��� So the following conclusion
� aZ

�

��
�	x� �
dx

����
� C��max

��T��

j�hj� � � �IT��

��



can be made from the above inequality and 	����
� The existence of es�
timate 	����
 together with uniform boundedness and continuity of coe��
cients and the right part of the equation 	����
 in the domain � T�� gives
possibility to apply the results of Lq�theory of linear parabolic equations
of the second order ��� to the problem 	����
 � 	����
� This fact leads to
the inequality

max
��T��

j��j � C��max
��T��

j�hj
 	�
��


The identity analogous to 	����
 is valid for the solution �� of the prob�
lem 	����
 � 	����
 it has the form

�

�

d

d�

aZ
�

	yN�x
�
�
�dx�

aZ
�

��	yN�x

���

��x�� �
�
��dx � ��q

aZ
�

!
��dx� � � �IT��


According to the inequalities 	����
� 	����
 the last identity leads to the
inequality

�

�

d

d�

aZ
�

	yN � x
��
�dx� C��	

aZ
�

��
�dx �

� �C�� exp	�C��
 � 	C��� max
�IT��

j�qj
aZ
�

j��jdx� � � �IT��
 	�
��


Integration of the di�erential inequality 	����
 with the initial condition
	����
 leads to the estimate

� aZ
�

��
�	x� �
dx

����
� C��max

�IT��
j�qj� � � �IT���

and together with this estimate to the estimate

max
��T��

j��j � C��max
�IT��

j�qj
 	�
��


The inequality

max
��T��

j�j � C��	max
��T��

j�hj�max
�IT��

j�zj�max
��a�

jlj�max
�IT��

j�qj�max
�IT��

j��j

 	�
��


follows from 	����
� 	����
� 	����
 and 	����
�
Let us pass to derivation of a priori estimate of functions �q	�
 and ��	�
�

The number 	� � � is chosen less then min��C
��
� � C�	C�C��a


��� �C��
�� 	m�a�

�
��� Then we obtain

d��

d�
� C�


�� � max
�IT��

j��j� C��max
�IT��

j�qj� C
C��a exp	�C��
max
����

j��j�

�	



�C��	max
��T��

j�hj�max
�IT��

j�zj�max
��a�

jlj

 	�
��


on the basis of the equation 	����
 and inequalities 	����
� 	����
� Taking
into account the fact that the positive constants entering the inequality
	����
 do not depend on 	 � 	�� 	�� and integrating this inequality with the
initial condition 	����
 we obtain

max
�IT��

j��j � C��	max
��T��

j�hj�max
�IT��

j�zj�max
�IT��

j��j�max
��a�

jlj� jc�j�max
�IT��

j�qj

 	�
��


So a priori estimate

max
�IT��

j�qj � C��	max
��T��

j�hj�max
�IT��

j�zj�max
�IT��

j��j�max
��a�

jlj� jc�j� jc�j
 	�
��


follows from the above inequality and 	����
� 	����
� A priori estimate
analogous to 	����
 of quantities max

�IT��
j��j and max

��T��

j�j follows from the above
estimate in view of 	����
 and 	����
�
On account of the equations 	����
 and 	����
 the similar estimates are

valid for the quantities max
�IT��

jd���d�j and max
�IT��

jd�q�d�j� The existence of

these estimates guarantees the belonging of the �free term� � � �!��q �
!�
�� � �h� 	wN �z of the equation 	����
 to the class C

�����	� T��
� moreover

jj�jjC���������T���
� C��	jj�hjjC��������T���

� jj�zjjC���IT���
�

�max
�IT��

j��j�max
��a�

jlj� jc�j� jc�j

 	�
��


We may apply the results of general theory of linear parabolic equations in
H�older spaces ��� to the problem 	����
� 	����
� 	����
 in view of the esti�
mate 	����
� It follows from these results that the solution � of mentioned
problem belongs to the class C���������	� T��
 and the inequality

jj�jjC�������������T���
� C��	jj�hjjC��������T���

� jj�zjjC���IT���
�

�max
�IT��

j��j� jjljjC��� ��a� � jc�j� jc�j
 	�
��


is valid�
The last step is to obtain the estimates of norms jj��jjC���IT���

and jj�qjjC���IT���
�

In order to obtain the �rst estimate we di�erentiate the equation 	����
 and
use the inequality 	����
 with already existing estimates jj�jjC�������������T���

�

jj��jjC���IT���
and jj�qjjC���IT���

� Function d���d� satis�es the linear equation of
the �rst order with the coe�cient �� permitting the estimate 	����
 and

��



the right part module�bounded by some constant on the interval �IT�� inde�
pendently on 	 � 	�� 	��� So the demanded inequality is derived

jj��jjC����IT���
� C��	jj�hjjC��������T���

� jj�zjjC���IT���
�

�jj�jjC���IT���
� jjljjC��� ��a� � jc�j� jc�j

 	�
��


The estimate of the norm jj�qjjC���IT���
analogous to 	����
 is obtained di�

rectly from the equation 	����
� Returning to the �slow� time � � 	� in
this inequality and in inequalities 	����
� 	����
 we obtain the demanded
estimate 	����
 with m � � equipotent with the estimate 	���
�
Now let us choose N � � and �x it� Then it follows from 	���
� 	���


that

� � KjjA	f�
jjB�
jj	A�f�
��jj� � KC�C

�
�	

N��� 	 � 	�� 	��
 	�
��


We can achieve the ful�llment of inequality � � ��� with 	 � 	�� 	�� guaran�
teeing the solvability of the equation 	���
 by decreasing 	if it is necessary

the quantity 	�� We must derive the inequality 	���
 in order to com�
plete the proof of Proposition �� Let N to be an arbitrary natural number�
Choosing the N��approximate 	N� � N��
 solution of the problem 	����

� 	����
 as f� and using the triangle inequality� 	���
 and 	����
 we obtain

jjf �� fN jjB�
� jjf �� fN�jj� jjfN � fN�jj � C��	

N�
���C��	

N�� � C�	
N���

if 	 � 	�� 	��� Proposition � is proved�

	 Justi�cation of the asymptotic expansion �case B��

In this case one can �nd such � � that solution Y 	�
 of the problem 	���
�
	���
 is positive for � � ��� � �
 but Y � � for � � � �� As it was already
mentioned in Section �� here it is appropriate to pass to the new indepen�
dent variable y instead of � and new sought for functions ��y	�
� � �	t
�
W �x� y	�
� � w	x� �
� As a result the problem 	����
 � 	����
 takes the form
of relations 	����
 � 	����
� Note that y� � y	��
 in these relations and �� �
	�� � �
 is chosen in a special way so that dy�d� � �� � � when �� � � � � ��
We may assume that the asymptotic solution fN � fwN � yN � �Ng of the
problem 	����
 � 	����
 is already built on the interval � � � � �� and its
closeness to the exact solution f � � fw� y� �g is de�ned by inequality 	���
�
In particular this inequality gives the relations

jjW 	x� y�
�WN	x� y�
jjC��� ��a� � C��	
N���

��



j�	y�
� �N	y�
j � C�
	
N��� 	 � 	�� 	��� 	�
�


where

WN �
NX
k	�

	kW �k�	x� y
� �N �
NX
i	�

	i��i�	y
� 	�
�


and the terms of the external expansion W �k�� ��i� are de�ned by the
algorithm suggested in subsection ��
The terms depending on quick evolutionary variable are absent in repre�

sentation 	���
 of N�approximate solution fWN ��Ng of the problem 	����

� 	����
 in contrast to 	���
� We can explain it by the fact that func�
tions v�k�	x� ��	
� z�k�� ��i�	��	
� ��i� used in de�nition 	���
 satisfy the
inequalities

jjv�k�	x� ��	
� z�k�	x
jjC�����a� � C�� exp	�C���	
�

j��i�	��	
� ��i�j � C�� exp	�C���	


when � � �� � � � � �� � � 	 � 	�� The estimate of the �approximate
conservation law�

j
aZ
�

	y � x
WN	x� y
dxj � C��	
N��� y � 	�� y��� 	 � 	�� 	�� 	�
�


is the other important property of the approximate solution of the problem
	����
 � 	����
� The identity

aZ
�

	y � x
W 	x� y
dx � �� y � 	�� y��� 	�
�


equipotent with 	���
 is used for the proof of 	���
� The exact solution of
the problem 	����
 � 	����
� the �rst estimate 	���
 and the equality

d

dy

aZ
�

	y � x
W �k�	x� y
dx � �� y � 	�� y��� k � �� �� 
 
 
 	�
�


satisfy this identity� The equality 	���
 is proved by induction starting
from the de�nition of functions W �k�� For k � � 	���
 follows directly from
the relations

�����	y � x
W ����y � ��	y � x
�W ���
x �x � �	�x� a
	�y � a
�������

� � x � a� � � y � y��

W ���
x 	�� y
 �W ���

x 	a� y
 � �� � � y � y�

��



	function W ��� satis�es these relations
�
The equality 	���
 means practically that

aZ
�

	y � x
WN	x� y
dx � �		
�

where the function � not depending on y supposes the estimate j�j �
C��	

N�� when 	 � �� This fact permits to introduce the new function
"WN	x� y
 satisfying the exact equality

aZ
�

	y � x
 "WN	x� y
dx � �� 	�
�


and

WN � "WN �
��		


a	a� �y

	�
�


It is essential that both functions "WN and WN satisfy the homogeneous
boundary conditions 	����
 and an addition with the order 	N�� arises in
the initial condition for "WN so that inequality 	���
 remains valid 	may be
with some new constant
 after the change of WN on "WN � The order of
discrepancy is not changed at substitution of the pair "WN � �N instead of
WN � �N in the equalities 	����
� 	����
 the corresponding norms of each
of them are estimated from above by quantity proportional to 	N�� when
	 � ��
Further it is suggested that for the solutionW �� of the problem 	����
�

	����
 the inequality �	y
 � � is ful�lled if � � y � y�� As it was noted
before for � � �� � �
�� this inequality can be provided by choice of
su�ciently small y�� In this case the following estimate can be written�

��
�

p
y

�
� �

C��q
ln 	� � a�y


�
� � � ��

�

p
y� � � y � y�� 	�
�


where the positive constant C�� is independent of 	 � 	�� 	��� Estimate
	���
 was derived in ���� Estimate written below is valid for the element
�N of the approximate solution of current problem�

��
�

p
y

�
� � C
�

p
y ln

�

y

�
� �N � ��

�

p
y

�
� � C
�

p
y ln

�

y

�
�

� � y � y� � �� 	�
�


constants C
� � C
� � � are independent of 	� Estimate 	���
 follows
from inequalities 	����
� inclusions ��k� � C�k�������� y��� � � � � � and

��



recursion relations of 	����
 type for ��k� with k � �� �� 
 
 
� Further we#ll
suppose that y� � � without loss of generality�
Let us inroduce the notations  	 � fx� y � � � x � a� � � y � y�g�

I	 � fy � � � y � y�g� Our aim is to prove the proximity of functions �
and �N on the interval I� and functions W and $WN in the rectangle  ��
New notations UN � W � $WN and %N � �� �N are introduced here�

Function $WN satis�es the equation 	����
 	in accordance with construction
of the approximate solution
 if � is replaced by �N and the right part is
added by residual denoted by ZN � If %N is known then function UN	x� y

is determined as the solution of the linear initial boundary value problem�

	��	y � x
UN �y � ��	y � x
�UN�x�x�

�	%Nf	�y � a
��	�x� a
� �	y � x
 $WN �yg � ZN � 	x� y
 �  �� 	�
��


UN�x	�� y
 � UN�x	a� y
 � �� y � I�� 	�
��


UN	x� y�
 � U�	x
 
W�	x
�WN	x� y�
� � � x � a
 	�
��


Analogously in the case of given UN function %N	y
 is the solution of the
linear Cauchy problem�

	
d%N

dy
�

	a%N

�y	y � a
 ln 	� � a�y

�

%N

���N ln 	� � a�y


�
�p
y
�

�
�p
y � a

� �a���

	�y � a
�
� �a���

�

aZ
�

W �dx

�
�

�
�a���

��N ln 	� � a�y


aZ
�

	W �WN
UNdx� �N � y � I�� 	�
��


%N	y�
 � %
� 
 �� � �N	y�

 	�
��


Here denoted by �N is the residual obtained by substitution of the approx�
imate solution �N �WN to the equation 	����
�
Functions ZN	x� y
� �N	y
 with N � �� �� 
 
 
 satisfy the following in�

equalities that will be necessary for us in future�

jZN j � C
�	
N��py� 	x� y
 � � �� 	�
��


j�N j � C
�	
N��� y � �I�
 	�
��


If N � � then the right parts of these inequalities will be added with
factor ln 	��y
� Used for obtaining of the estimates 	����
� 	����
 are the
explicit expressions of ZN � �N in terms of ����� 
 
 
 ���N� W ��� 
 
 
 �W �N��

��



the smoothness properties of these functions expressed by the inclussions
��k� � C�k�������� y��� W

�k� � C�k�������	� �
� and the fact that �
�k�	�
 �

�� W �k�	x� �
 � � for x � ��� a� and any k � �� �� 
 
 
�
It will be convenient for further considerations to distinguish the singu�

larities of functions � and �N for y � � and to introduce the new functions
&and &N by relations

� � ��
�

p
y	� � &
� �N � ��

�

p
y	� � &N

 	�
��


As it follows from inequalities 	���
� 	���
 functions & and &N are nonneg�
ative for y � �I� and & � �� &N � � when y � �� Let us denote the
di�erence & � &N by 'N � It proves to be that it is easier to obtain the
estimate of function 'N then the direct estimate of function %N � ���N �
In consequence of 	����
� 	����
 function 'N satis�es the equation

d'N

dy
� q'N � N � y � I�� 	�
��


where

q �
�

	 ln 	� � a�y
	� � &
	� � &N


�
� �a

y���	y � a

� ��

y
p
y � a

� ��p
y	y � a


�

�
���a���

y	�y � a
�
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�y
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	a

y	y � a
 ln 	� � a�y

� ��a

���

y

aZ
�

W �dx

�
� 	�
��


N � ���N

	
p
y
� ��a���

	y ln 	� � a�y
	� � &


aZ
�

	W �WN
UNdx
 	�
��


Then the initial condition

'N	y�
 � '
� 
 ��%��

p
y�
 	�
��


following from 	����
� 	����
 is joined to the equation 	����
� The equation
	����
 is rewritten in new terms as�

	��	y � x
UN �y � ��	y � x
�UN�x�x � ZN � cN'N � 	x� y
 �  �� 	�
��


where

cN � �	
p
y

�
f	�y � a
��	�x� a
� �	y � x
 $WN �yg
 	�
��


The correctness of inequalities

jcN j � C

	
p
y� 	x� y
 � � � 	�
��


��



for anyN � �� �� 
 
 
 is de�ned from representation 	���
 for any w���	x� �
 �
W ���	x� y
� recursion relations for functions W �k�� k � �� �� 
 
 
 and the
induction�
The equation 	����
 degenerates on the part y � �� � � x � a of

the boundary of the domain  � the equation 	����
 degenerates in the
endpoint y � � of the interval I�� Hence we will consider the problem
	����
� 	����
� 	����
 in the contracted domain  	 with � � � analogously
the problem 	����
� 	����
 will be considered on the interval I	� At the
same time the obtained estimates of functions UN �'N will be independent
on �� This fact will permit to pass to the limit for �� �� We will use the
following statements for obtaining of these estimates�

Lemma� Let u	x� y
 to be the classical solution of the problem

	��	y � x
u�y � ��	y � x
�ux�x � h� 	x� y
 �  �� 	�
��


ux	�� y
 � ux	a� y
 � �� � � y � y�� 	�
��


u	x� y�
 � u�	x
� � � x � a� 	�
��


where �	y
� u�	x
� h	x� y
 are the functions continuous respectively on the
segments ��� y��� ��� a� and in the restangle � �� We assume the ful�llment
of inequalities

� � � when � � y � y�� 	�
��


jhj � C
�
p
y� 	x� y
 � � �
 	�
��


Then the estimate

juj � C
�
p
y

�
ln
y � x

y
�

y

y � x

�
� 	x� y
 � � � 	�
��


is valid for any 	 � 	�� 	��� where the constant C
� � � depends only on
a� y�� C
� and C
� � max ju�	x
j� � � x � a�

Proof� Let us consider the problem 	����
�	����
 in the restangle  	

when � � � and pass from x to the new independent variable � � x�y� The
domain (	 � f�� y � � � � � a�y� � � y � y�g is the image of  	 on the
plane �� y� We introduce the new sought for function z	�� y
 with the help
of relation

u	x� y
 �
p
y

�
ln 	� � �
 �

�

� � �

�
z	�� y
 	�
��


In view of 	����
�	����
 this function satis�ed the equation

	y��	� � �
 ln 	� � �
 � ��Zy � �	� � �
�	� � �
 ln 	� � �
 � ��z
�
�

��



��f�	� � �
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�ln 	� � �
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�
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y
h	�y� y
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the boundary conditions
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 � �� � � y � y�� 	�
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�
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a� y
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a� y

�
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� y
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	a� y
�
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y
� y

�
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and the initial condition

z	�� y�
 � y
����
�

�
ln 	� � �
 �

�

� � �

�
��

u�	y��
� � � � � a
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As it follows from 	����
 the equation 	����
 is parabolic in the domain
(	 for any � � �� 	Here we take into account the fact that the problem
	����
 �	����
 is solved in the direction of y diminution with respect to this
equation�
 The coe�cient at z has the �required� sign in this equation per�
mitting to apply the Maximum principle ��� ��� moreover this coe�cient
is not less then � when 	�� y
 � (	 independently of �� Therefore func�
tion jzj can#t exceed C
��� 	where C
� is the constant from the inequality
	����

 in inner points of the domain (	 or on the part of its boundary
� � � � a��� y � �� As it follows from Theorem ��� Chapter II �����
function z can#t reach its positive maximum or negative minimum on side
boundaries of the domain(	 so far as it satis�es the homogeneous Neu�
mann condition 	����
 on the left boundary and homogeneous condition of
the third genus with positive constant at z 	����
 on the right boundary�
So it follows that

jz	�� y
j � max
�
C
�

�
� C
�C
�

�
� 	�� y
 � �(	� 	�
��


where C
� � max
��a�

ju�	x
j and C
�	a� y�
 � � � the maximum value of coef�

�cient at u� in the equality 	����
 on the interval ��� a�y���
Returning to the function u	x� y
 by formula 	����
 and using the in�

equality 	����
 we obtain the estimate 	����
 in the domain � 	� So far as
constants appearing in the right part of 	����
 don#t depend on � 	note
that the inequality 	����
 is assumed to be ful�lled in the whole domain
� � 
 the desired eatimate 	����
 is valid for 	x� y
 � � � too� Lemma is
proved�

��



Proposition �� Let us suppose that � � �� and y� � � is su�ciently
small� Then such 	� � � can be found that for 	 � 	�� 	�� and N � �� �� 
 
 

the following inequalities are ful�lled

jUN j � C
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N��py

�
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�
y � x
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y � x

�
� � � x � a� � � y � y�� 	�
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j%N j � C��	
N��py� � � y � y�� 	�
��


where UN � W � $WN � %N � � � �N � 	W��
 is the exact solution and
	 $WN ��N
 � the approximate solution of the problem 	����
�	����
�

Proof� At �rst we consider the caseN � �� Let us assume that function
'N	y
 used in the equation 	����
 is continuous on the interval ��� y�� and
then estimate the free term of this equation with the help of inequalities
	����
� 	����
�

max
���

jcN'N � ZN j � C

	
p
ymax

�I�
j'N j� C
�	
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��


Our aim is to obtain the estimate of max jUN j uniform with respect to �
in the domain � 	 in terms of input data of the problem 	����
� 	����
�
	����
 and the estimate of max

�I�
j'N j� In view of the estimate 	����
 and

the inequality 	���
 we may use the Lemma statement and conclude that

jUN j � C��	max
	�y��

j'N j� C��	
N��� 	x� y
 � � 	
 	�
��


	The boundedness of the right part of the inequality 	����
 in the domain
� � is su�cient for us on this step�
 As it follows from the inequality 	���

the Lemma statement is applicable to the solution of the problem 	����
�
	����
 this fact leads to inequality

jW j � C��	� 	x� y
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 	�
��


The analogous inequality for the function WN is evident�

jWN j � C�
	� 	x� y
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 	�
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These inequalities permit to estimate the integrals used in the relations
	����
� 	����
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�

	W �WN
UNdxj � C��	
�max
	�y��

j'N j� C��	
N��� � � y � y�� 	�
��


��



moreover constants C��� C�� are independent of ��
Here we use the representation of the solution of the Cauchy problem

	����
� 	����
 in the form

'N	y
 � '
� exp �

y�Z
y

q	�
d���
y�Z
y

exp �
�Z
y

q	�
d��N	�
d�
 	�
��


Starting from the equality 	����
 and taking into account 	����
 we obtain
the estimate

y��� ln 	��y
q	y
 � �C���	� � � y � y�
 	�
��


The inequalities 	����
� 	����
 used for estimating of jN	y
j give

jN j � �C
�p
y
	N �

C��

y ln 	��y

		max

	�y��
j'N j� C��	

N��
� � � y � y� 	�
��


with constants C��� C�� independent of �� The following estimate is derived
from the representation 	����
 with the help of the inequalities	����
� 	����

and the fact that '� � O		N��
 when 	 � � on the basis of 	����
� 	����
�

j'N	y
j � C��	max
	�y��

j'N j� C��	
N��� � � y � y��

where C��� C�� are independent of �� So the inequality

j'N j	y
j � C��	
N��� � � y � y� 	�
��


is obtained if � � 	 � 	� � C��
�� 	further it is assumed that this restriction

on quantity 	� is ful�lled
� Hence quantity C�� is independent of � the
inequality 	����
 is valid in the limit � � � too�
The inequality 	����
 for N � �� �� 
 
 
 follows directly from the estimate

	����
 and de�nition %N � �py'N��� Using the estimate 	����
 with
� � � and the inequality 	����
 with C

 and C
� independent of � we
obtain the estimate of free term of the equation 	����
 in the form

jcN'N � ZN j � C�

p
y� 	x� y
 � � �


This fact permits to apply the Lemma statement to the solution of the
problem 	����
� 	����
� 	����
� Formula 	����
 and estimate jUN	x� y�
j �
O		N��
 when 	 � � give us second desired inequality 	����
 if N � ��
Now it is necessary to obtain the estimates 	����
� 	����
 for N � ��

Starting from representation %� � 	������%�� taking into account the third
equality 	����
 and using the triangle inequality and the inequality 	����

for N � � we conclude that j%�j � const	�

p
y� � � y � y�� The analogous

�	



reasoning proves the correctness of the estimate 	����
 for the case N � �
here we take into account the fact that jW ���j � const

p
y�ln 	� � x�y
 �

y	y � x
��� when 	x� y
 � � �� The proof of Proposition � is complete�
Proposition � means that di�erences UN �%N between the exact and ap�

proximate solutions of the problem 	����
 � 	����
 have the same smooth�
ness with respect to variables x and y as the main terms of the asymptotic
expansions 	����
� It follows from 	���
 that W ���	x� y
 � C���	� �
 where
� is an arbitrary number from the interval 	�� �
� but in the case of � � �
this inclusion loses its validity� According to 	����
 ���� � C���	�I�
 and
here the H)older exponent can#t be substituted by any larger value� These
concepts show that it is impossible to wait for smallness of more strong
norms of functions UN �%N 	when 	 � �
 considered in the whole rect�
angle � � or on the whole interval �I� respectively� However we can obtain
the corresponding estimates in subdomains of � � and �I�� With this aim
we must deviate from the degeneration line of the equations	����
� 	����

y � � on the distance with the order 	n� n � �� Let us show that for any
	 � 	�� 	�� and N � �� � 
 
 
 the following inequalities are valid������

d%N

dy

����� � C��	
N � �	� � y � y�� 	�
��


aZ
�

U�
N�x	x� y
dx � C��	

��N���� �	� � y � y�� 	�
��


where � � � is constant independent of 	�
In order to prove the inequality 	����
 we must start from representation

d%N

dy
� ��

�

p
y
d'N

dy
�
'N

�
p
y
� 	�
��


following from 	����
 and de�nition of functions %N � � � �N � 'N �
& � &N � In view of 	����
 the second term in the right part of 	����

already has the necessary order when y � ��	�� y��
 For estimating of the
�rst term we use the inequality

�����
d'N�k

dy

����� �
C��'N�k

	y���
�
C��	

N�k

y
� �	� � y � y� 	�
��


where N and k are arbitrary natural numbers� This inequality follows from
the relations 	����
�	����
 and the estimates 	����
� 	����
� Let us choose
k � � and consider the obvious representation

d%N

dy
�
d%N�


dy
�

N�
X
i	N��

	i
d��i�

dy



��



Using the triangle inequality� the relation 	����
 where N is replaced by
N � �� the estimate 	����
 and taking into account the fact that functions
d��i��dy are bounded on the interval ��	�� y�� for any i � �� � 
 
 
 we obtain
the �rst of required estimates 	����
�
In order to obtain the inequality 	����
 we choose some natural number

M � N and consider the initial boundary value problem 	����
� 	����
�
	����
 for functions UM	x� y
 	number N must be replaced by M in all
mentioned relations
� In view of the estimates 	����
� 	����
 and 	����
 the
free term of the equation 	����
 for UN satis�es the inequality

jcM'M � ZM j � C��	
M��� � � x � a� �	� � y � y�
 	�
��


The estimate
jUM�x	x� y�
j � C��	

M��� � � x � a
 	�
��


is valid in the �initial moment� y � y� in accordance with 	����
 and the
statement of Proposition ��
Here we use the identity

	�
aZ
�

f�	x� y
UM �yg�dx � � d

dy

aZ
�

	x� y
�U�
M�xdx�

�
aZ
�

	x� y
�U�
M�xdx�

aZ
�

	cM'M � ZM
�	x� y
UM �ydx


Solution UM of the equation 	����
 with boundary conditions 	����
 satis�
�es this identity� With the aim of estimating of the last term of this identity
we use the Cauchy�Bunyakovsky inequality and the inequality 	����
� in�
tegrate the obtained inequality from the current value y to y� and then use
the inequality 	����
 and throw o� wittingly positive terms� As the �nal
result we come to the inequality

aZ
�

	x� y
�U�
M�x	x� y
dx � C��	

�M�� 	�
��


where 	 � 	�� 	�� uniformly with respect to y� �	� � y � y�� Then we use
the representation

UN � UM �
MX

k	N��

	kW �k�


Using the triangle inequality for estimating of the norm jjUN�x	�� y
jjL����a��
taking into account the smoothness of function W �k�	x� y
 	independent of
	
 in the domain � ���� using the inequality 	����
 and choosingM � N��
we obtain the estimate 	����
�

��
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