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ABSTRACT. In this paper, we consider solutions of the following
(open) Toda system (Toda lattice) for SU(N + 1)

1 N
—§AU, = E a,-je“j in RZ,
Jj=1

fori=1,2,---,N, where K = (a;;)nxn is the Cartan matrix for
SU(N + 1). We show that any solution u = (u1,us, -+ ,un) with
/ e’ <oo, 1=1,2,---,N,
R2

can be obtained from a rational curve in CP.

1. INTRODUCTION

Let N > 0 be an integer. The 2-dimensional (open) Toda system
(Toda lattice) for SU(N + 1) is the following system

N
1 Y
(1.1) —EAui = Zaije i in R?,
7=1
for i = 1,2,--- N, where K = (a;j)yxn is the Cartan matrix for
SU(N + 1) given by
2 1 0 e .- 0
1 2 -1 0 - 0
0 -1 2 -1 --- 0
0 -+ - -1 92 -1
0 -vv -n- 0 -1 2

(Here the factor 1 comes from fAu = u,;.) System (1.1) is a very

natural generalization of the Liouville equation
(1.2) —Au = 2¢",
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which is completely integrable, known from Liouville [26]. Roughly
speaking, any solution of (1.2) in a simply connected domain arises
from a holomorphic function. System (1.1) is also completely inte-
grable. All solutions of (1.1) in a simply connected domain arise from
N holomorphic functions, see [21, 23, 24, 14]. However, it is difficult
to determine the precise form of these holomorphic functions, when we
require additional (or boundary) conditions for (1.2) or (1.1).
Recently, Chen-Li [6] classified all solutions of (1.2) in R* with

(1.3) /R ¢ < o,

Their result is very useful for 2-dimensional problems, especially for the
study of the Moser-Trudinger inequality and the mean field equation,
see [12, 27]. To obtain their classification, they used an energy inequal-
ity of Ding [11] and the method of moving plane to show that any
solution has a rotational symmetry. Other proofs of the classification
result were given by Chou-Wan [10] by using the complete integrabil-
ity mentioned above and complex analysis and by Chanillo-Kiessling
[5] by using an isoperimetric inequality and a global Pohozaev iden-
tity. The latter was applied to classify solutions of a class of Liouville
type systems with non-negative coefficients in [5]. See also the work
of Chipot-Shafrir-Wolansky [9]. The methods used by Chen-Li and
Chanillo-Kiessling rely on the maximum principle. Hence, it is difficult
(or impossible) to apply their method to study the similar problem
for System (1.1). We believe the method of Chou-Wan can be applied
to study (1.1). In fact, we notice that a similar method was used by
Bryant [3] in his study of pseudo-metrics. We believe that his method
can be adapted to classify (1.1) by using the Nevanlinna theory for
holomorphic curves into CPY instead of that for holomorphic func-
tions. For the Nevanlinna theory for holomorphic curves into CP?",
see for example [16].

System (1.1) has a very close relationship with a few geometric ob-
jects, holomorphic curves into CPY | flat SU(N + 1) connections and
harmonic sequences, see for instance, [4, 22, 18,17, 1, 15, 8]. To classify
solutions of (1.1), it is natural to seek the help of differential geometry.
Here, with such a help, we classify system (1.1) with

(1.4) / e <oo, 1=1,2,---,N.
RQ
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Theorem 1.1. Any C? solution u = (uy, uy, - ,uy) of (1.1) and (1.4)
has the following form

(1.5) ui(2) = Zaij log [|A;(/)II*

for some rational curve in CPN . For the definition of Agx(f), see section
3 below.

Any rational curve in CP" can be transformed to

bo(2) = (1,2, , <]/::]>Zk"”’zN]’

by a holomorphic isometry, which is an element of PSL(N + 1,C).
Hence the space of solutions of (1.1) and (1.4) is equivalent to PSL(N+
1,C)/PSU(N + 1). The dimension of the solution space is N? + 2N.

Theorem 1.1 can be restated in a geometric way as follows:

Theorem 1.2. Any totally unramified holomorphic map ¢ from C to
CPY satisfying the finite energy condition (3.11) below can be com-
pactified to a rational curve.

Theorem 1.2 is a generalization of the following well-known result:
Any totally unramified compact curve in CPY is rational.

When N =1, Theorem 1.1 is just the classification result of Chen-Li.

The Toda system is of great interest not only in geometry, but also in
mathematical physics. One of our motivations to study this system is
the non-abelian Chern-Simons Higgs model, in which non-topological
solutions are solutions of a perturbed Toda system. See [14, 19, 33, 30,
28].

2. ANALYTIC ASPECTS OF THE TODA SYSTEM

In this section, we analyze the asymptotic behavior of solutions of
(1.1)-(1.4) and obtain a global Rellich-Pohozaev identity. Since some
results were presented in our previous work [20], we only give an outline
of ideas. Similar methods were used in [6, 7, 5].

Let I ={1,2,---,N}. First, we have
Lemma 2.1. Let u be a solution of (1.1)-(1.4). Then

ui(2) = —v;log|z| +a; + O(|z|™")  for|z| near oo,

where a; € R are some constants and v; are given by

N
1 ws
Vi == E aij [ €.
T < R2
J=l1
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Proof. First, one shows that

(2.1) max sup u;(z) < oo,
el 2€R2

see [20]. Set

1
ui(z) = - [ (ogla— o] = log(ly| + 1) Ze% )y,
R

for i € 1. (Note again that (1.1) has a factor 3.) The potential analysis
implies

(2.2) —vilog|z| — C < wvi(2) < —v;log |2 + C,

for some constant C' > 0, see [7]. Clearly u; —v; is a harmonic function.

Hence (2.1) and (2.2) imply that u; —v; = ¢; for some constant ¢;. That
is, u has the following representation formula

1
wi(e) = 2 / (log [z — | — log(ly| + 1)) Ze% dy + i

™ ‘=
The above results and (1.4) imply
(2.3) v >2, i€l
Furthermore, we can show that
u; = 7;log |2 + a; + O(|2] 7).
See, for example, [31]. O

Next, we have a global Rellich-Pohozaev identity for our system (1.1).
Such an identity was obtained in [5] for a Liouville type system with
nonnegative entries. Similar arguments work for our case, see [20].
Here we give another proof that is similar to the spirit of proof of the
Main Theorems.

Proposition 2.2. Let u be a solution of (1.1) and (1.4). Then we have
N

(2.4) Z a* (4ryy, — vivk) =0,

jk=1
where the matriz (a”) is the inverse of the Cartan matriz (a;;).
Proof. Set
w 1
£= 32 M) = 5w ()},

jk=1
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We can check that f is a holomorphic function as follows:

f: = %Z;'szl ajk{(Auk)z — (uy). - Auy}

=2 iwim1 @ age (w), — agi(uy) €}
=3 in (€ (uy), — € (uy),)

0.

In the first equality we have used the symmetry of the matrix (a%).
Using Lemma 2.1, we have the following expansion of f near infinity
N
11 4 c_
] a]k(47k—7j7k)+z—;+"' :

8 22
7,k—1

Hence, f is a constant (zero, in fact) and
N

> a4y — ) = 0.

Jk=1

3. GEOMETRIC ASPECTS OF THE TODA SYSTEM

In this section, we recall some relations between the Toda system
and various geometric objects, flat connections, holomorphic curves
into CPY and harmonic sequences. Furthermore, we relate the mild
singularities of solutions of the Toda system with the holonomy of the
corresponding flat connections.

3.1. From solutions of Toda systems to flat connections. Let ()

be a simply connected domain and u = (uy,ug,--- ,uy) a solution of
(1.1) on Q. Define wg, wy, wy, --- ,wy by the following relations
N
(3.1) u; = 2w; — 2wy, for i € I and Zwi =0.
i=0
It is easy to check that wg,wq, -+, wy satisfies
—Awy =2(wp),z = e "
_ — _ — _ pW1—wWo w2 —wi
I
—AwN = 2(wN)ZZ = —eWNTWN-1,

It is well-known that (3.2) is equivalent to an integrability condition
of the following two equations

(3.4) o6 =U
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and
(3-5) ¢71 9z =V,
where
(wp). 0 ewr—wo
U — (w1)z + 0 T
(wn). 0
and
(wo)z 0
Vo _ (w1)z e 0
(wn)z eWNTUN-1 ()

Hence, from a solution of (1.1) (or equivalently (3.2)) we first get
a one-form a = Udz + VdzZ. Then, with the help of the Frobenius
Theorem, we obtain a map ¢ : 0 — SU(N + 1) such that

a=a¢"-do.
It is clear that « (or d+«) is a flat SU(N+1) connection on the trivial
bundle Q x CN*! — ), i.e., « satisfies the Maurer-Cartan equation

1
do + 5[04,04] =0

which is equivalent to the integrability condition (3.3), hence (3.2).

Lemma 3.1. The map ¢ is determined upto an element of SU(N +1).
That is, any two ¢1,¢y : Q — SU(N + 1) with ¢7'dp, = ¢3'dpy = a
satisfy
1 =g P2,
for some element g € SU(N + 1).
We call ¢ and « a Toda map and Toda form respectively.

3.2. Holonomy of a singular connection. Now consider an SU(N+
1) connection « on the punctured disk D*. We can define its holonomy
as in [29]. When Q = D* is not simply connected, we cannot apply the
Frobenius theorem directly and have to consider the holonomy. Let
(r,0) be the polar coordinates. Write o as a = «,.dr + aydf. «, and
ay are su(N + 1)-valued. For any given r € (0,1), the following initial
value problem,
dg,

do + a0¢1" - 07 ¢T(0) = Id>

has a unique solution ¢,(#) € SU(N + 1). Here Id is the identity
matrix.
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Lemma 3.2. If a is a flat connection on D*, then ¢,.(2m) is indepen-
dent of r.

Let ho denote ¢,.(27). hy is called the holonomy of «.
Remark. Here, we use a slightly different definition of holonomy. The
usual holonomy is defined by the conjugacy class of h,, which is invari-
ant under gauge transformations.

Proposition 3.3. Let u = (uy, us, - ,uy) be a solution of (2.1) with
ui(2) = —pilog|z| + O(1),  near 0.

If p; < 2 for i € I, then the corresponding flat connection o has holo-
nomy

270
h, = e2mib |
o 27BN
where By, B1,-- -, By are determined by
1 N
(3.6) Bi — Bo = §,LLZ~ (tel) and Zﬁj =0.
j=0

Proof. Define w; by (3.1). From the assumption, we have
w; = —f;log|z| + O(1), near 0.
A direct computation shows that

— By
U=+ e L),

T2
—bOn
where o(ﬁ) means that a matrix (b;;) with entries satisfying |z|b;; — 0

as |z| — 0. Here, we have used the condition that p; < 2 for any i € I.
Similarly,

1 * 1
_ 1 b 1
By
Hence,
Bo
w=vI| M +o(1).
B

Now it is easy to compute the holonomy of a. 0
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3.3. From solutions of (1.1) to holomorphic curves. When we
have a Toda map ¢ : Q@ — SU(N + 1) from a solution of the Toda
system, we can get a harmonic sequence as follows. First, define N + 1
CN+1_valued functions fo, f1, -+ fx by

evn

Let f; denote the map into CP™ obtained from fz It is easy to check
that f; is a harmonic map and satisfies

(fk)z = f+akfk7
(37) (fr)2 bie i1,

where
ap = (log [ fel*). = (€®), and by = —[fl?/[foo|” = —w Wm0,

Here we assume that f_1 = fN+2 = 0. Hence, f; is a holomorphic
map and fy,; is an anti-holomorphic map into CPY. In fact, (3.7) is
the Frenet frame of the holomorphic map fy, see [18] or below. Fur-
thermore, fy is unramified in 2. For the definition of the ramification
index, see [18] or below.

3.4. From a curve to a solution of the Toda system. From a non-
degenerate (i.e. not contained in a proper projective subspace of CP")
holomorphic curve f; into CPY, one can get a family of associated
curves into various Grassmannians as follows. Lift f; locally to CN*!
and denote the lift by v = (vg, vy, -+ - ,vn). Hence, fo = [vg, v1, -+, vn].
The k-th associated curve of fy is defined by

fi:Q = Gk+1,n+1)cCPM
fe(z) = [Ad],
where
A =v(2) AV (2) A Ao (2).
N+1>
k+1)°

Let wg be the Fubini-Study metric on CP¥*. The well-known (infin-
itesimal) Pliicker formula is
_ VLAl - (A

3.8 s (wg) = dz N\ Z,

See for example [18]. Here Nj, = <
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which implies

02 [ Ar-all® - Ak
3.9 log [|Ax|]” = fork=1,---,N
( ) 0207 Og” k” ||Ak||4 ’ or ’ y 4V,
where ||Ao||? = 1 and ||Ay]|| = det(f, f,-, f™). By choosing the nor-
malization ||[Ay|| = 1 (we can do this when we lift f), we can identify
(3.9) with the Toda system (1.1) as follows. By setting
v = log [ Ax]l%,

system (3.9) becomes

1 N
(3.10) —§Avi = exp{z aijv; }-

7=1

Clearly, (3.10) is equivalent to (1.1) by setting

N
U; = E aijvj.
j=1

For any curve f : Q — CP", the ramification indezx ((z) at zg € €
is defined by the unique real number such that

ffw= |2 — 20]|?¢0) - h(2) - dz A dZ
with A C'*° and non-zero at zy, where w is the Kahler form of the Fubini-
Study metric on CP". For other definitions, see [18]. f is unramified if
for any 2y € Q the ramification index [(zq) vanishes. Hence, a solution
of the Toda system (1.1) corresponds to an unramified holomorphic
curve.

Let f : C — CPY be a holomorphic curve and f; its k-th associated
curves. The finite energy condition is defined by

(3.11) ff(wg) < o0, foranyk € I.
R2
(3.11) means that the area of the k-th associated curve is bounded.

4. PROOF OF MAIN THEOREMS

Now we start to prove our main Theorems.
Proof of Theorem 1.1. Let

Z :
vi(2) = uZ(W) —4log|z|, i€l



10 J.JOST AND G. WANG

v = (vy,v9,- -+ ,vy) satisfies (1.1) on R*/{0}. Applying Lemma 2.1,
we have
vi(2) = (vi —4)log|z| + O(1) near 0.

Hence, using (2.3) Proposition 3.3 implies that the holonomy of the
corresponding Toda form of v is

eZm'ﬂo
b 627ri,@1
e27ri,6’N
where [y, 31,-- -, Oy are determined by
1 N
Bi — o = 5(%‘ —4) and Zﬁj = 0.
§=0

Now we know that the holonomy is trivial, i.e., h, is the identity
matrix, which clearly implies

Bi=1 modZ forv=0,1,---,N.
Hence, we have
v=2 modZ forany:e€l,

which, together with (2.3), implies that 7; > 4 for any ¢ € I. Thus,
dve — v < 0 for any j,k € I. On the other hand, one can check
that the matrix (¢”) admits only positive entries. In fact, a direct
computation shows that

i (N +2—7) o N +2

] - = Y7 f < - -

= W2 i< (2,
where {b} means the least integer larger than or equal to b. Other
entries are determined by an obvious symmetry. Altogether, we obtain

N

> Ay — ) <0,
k=1

and the equality holds if and only if 7; = 4 for any ¢+ € I. Applying the
global Rellich-Pohozaev identity (2.4), we have

v =4 foranyiel.

Hence, v; is bounded near 0. The elliptic theory implies that v; is
smooth. From the discussions presented in Section 3, it follows that
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the corresponding holomorphic curve f can be viewed as an unramified
map from S? to CP¥, hence this curve is a rational curve, namely

f=0,2--, (jlj)zk,...ij],

up to a holomorphic isometry, an element in PSL(N + 1,C). Now
we can investigate any solution of (1.1) and (1.4) as in subsection 3.4.
From a holomorphic curve f, we get the k-th associated curves f; and
Ag. The solution of (1.1) u = (uy, ug, - - ,uy) is given by

N
wp =Y ailog || Ay]|*.
7=1

This completes the proof.

Proof of Theorem 1.2. From such a holomorphic curve f : C — CPV,
we get a solution u of (1.1). It is clear that the condition (3.11) implies
that u satisfies (1.4). As in the proof of Theorem 1.1, f can be extended
to a curve from S? to CP?, which is totally unramified. Hence, it is a
rational curve.

Corollary 4.1. The space of solutions of (1.1) and (1.4) is PSL(N +
1,C)/PSU(N +1).

Proof. 1t follows from Theorem 1.1 and Lemma 3.1. O
Corollary 4.2. Any solution u = (uq,us, - ,uy) of (1.1) and (1.4)

satisfies
N
1 .
— E Qij e’ =4,
7'(' b
j=1 R

In particular, if N = 2, then

2/ el = / e"? = 8.
R2 R2
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