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A variational problem arising from Mullins�Sekerka problem

Masato Kimura�� Stephan Luckhausy

Abstract

We consider a geometric minimizing problem which arises in time dis�

cretization of the Mullins�Sekerka problem� Some new geometric estimate for

the shape of the global minimizer is presented� We also show that such a

geometric estimate is useful to improve standard norm estimates�

� Geometric variational problem

We suppose that � is a bounded Lipschitz domain of Rn �n � �� throughout this
paper� Let BV��� be the space of all functions in L���� with bounded total varia�
tion� Then BV��� is a Banach space with the norm kfkBV��� �� kfkL�����

R
� jrf j	

where Z
�
jrf j �� sup

�Z
�
f�x�divg�x�dx
 g � C�

� ���
n� jg�x�j � � �x � ��

�
�

A subset E � � is called a Caccioppoli set if its characteristic function �E � BV���	
and its generalized perimeter in � is given by

R
� jr�Ej� In particular	 if E has a

Lipschitz boundary	
R
� jr�Ej is equal to �n� ���dimensional Hausdor� measure of

�E� We refer 
��	 
�� and 
��� for detail properties of BV��� and the Caccioppoli set	
and the appendix of 
�� for a quick review on them� In this paper	 we are concerned
with signed characteristic functions of Caccioppoli sets�

K �� f� � BV���
 j��x�j � � for a�e� x � �g�

For � � �	 we consider the following functional

J���
�� �� �
Z
�
jr�j� k�� �k�H����� ��� � � K��

where the Sobolev space H����� is a dual space of H�
� ���� The presice de�nitions

of their norms are found in the beginning of x �� Our problem is to �nd a global
minimizer �� � K of J���� �� for given � � � and � � K	 i�e��

Find �� � K s�t� J����
�� � min
��K

J���
��� �����
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This minimizing problem appears in an implicit time discretization of the Mullins�
Sekerka problem and enables us to construct its global weak solution �
���� A similar
technique can be applied to construct a global weak solution of the Stefan problem
with the Gibbs�Thomson law �
��	 
����

We remark that � � K is equivalent to � � ��E � � a�e� in � for a Caccioppoli
set E � � and that

R
� jr�j � �

R
� jr�Ej� Setting � � ����� � a�e� in �	 �� � �	

the minimizing problem ����� is equivalent to the problem to minimize the functional

�

�

Z
�
jr�Ej� k�E � ���k

�
H����� �

among the all Caccioppoli set E�
In this paper	 we use the following notation� For given � � K	 we de�ne open

sets �� and �� by

�� ��
n
x � �
 �r � �� Hn�fy � Br�x� � �
 ��y� � ��g� � �

o
� �����

where Hm stands for the m�dimensional Hausdor� measure in Rn and Br�x� ��
fy � Rn
 jx � yj � rg� It follows that � � ��� � ��� a�e� in �� The essential
boundary of f� � �g or f� � ��g in � is de�ned by

� ��

�
x � �


Hn�fy � Br�x� � �
 ��y� � ��g� � �
Hn�fy � Br�x� � �
 ��y� � ��g� � �

��r � ��

�
� �����

Then	 it is known that � � � n ��� ���� � ��� �� � ��� ��� In the same way	
we de�ne ��� and �� from a global minimizer �� � K�

Our main interest is to know the geometic property on the global minimizer ��	
in other words	 to know what shape �� has� The existence of a global minimizer is
shown as follows�

Proposition ��� We assume that � � Rn is a bounded domain with Lipschitz
boundary� For given � � K and � � �� there exists at least one global minimizer ��
of ������

Proof� Let f�jgj be a sequence in K which attains inf��K J���� ��� Then f�jgj is
bounded in L���� � BV���� Since there exists compact imbedding of BV��� into
L���� �see 
��	 
���	 compact imbedding of L���� � BV��� into L���� also exists	
and a subsequence of f�jgj converges to some �� in L����� From the lower semi�
continuity of the perimeter functional with respect to L���� �see 
��	 
���	 the lower
semicontinuity of J���� �� with respect to L���� follows� Hence	 �� belongs K and
minimizes J� globally� �

From J����
�� � J���
��	 we have

k�� � �k�H����� � �
�Z

�
jr�j �

Z
�
jr��j

�
� �����

which is a fundamental inequality in our analysis� The next proposition gives us
some estimates for the global minimizer without any assumption for � � K�

�



Proposition ��� There exist C � C��� � � such that any global minimizer �� of
����� for � � � and � � K satis�es the following inequalities�

Z
�
jr��j �

Z
�
jr�j� �����

k�� � �kH����� �
�Z

�
jr�j

� �
�

�
�
� �

k�� � �kL���� � C
�
� �

Z
�
jr�j

��
�

k�� � �k
�
�

H������

Proof� The �rst two inequalities follow from ����� immediately� The last one is
derived from Corollary ���� �

These known estimates guarantee the uniform boundedness of the perimeterR
� jr��j	 O��

�
� ��convergence to � in H����� and O��

�
� ��convergence to � in L�����

Another well known important property of �� is local H�older regularity of �� when
� � n � � due to the theory of the almost minimal surfaces �
��	 
���� But we do
not touch with this result in this paper� These estimates give us su�cient a priori
estimates for time discretized solution to the Mullins�Sekerka problem and enable
us to extract a subsequence which converges a weak solution using compactness�

On the other hand	 nevertheless these estimates give us surprisingly few infor�
mation on the shape of � which is our main interest� Actually	 there exist many
shapes which satisfy the above conditions �but which do not look like a solution of
the Mullins�Sekerka problem�� The aim of this paper is to improve the above norm
estimates and to give a new estimate for the shape of �� under some regularity
assumptions on ��

� Regularity assumption and main result

In this section	 we state our main result under some regularity assumptions on ��
We say an essential boundary � de�ned by ����� from � � K is Lipschitz in

� if	 for any point x � �	 there exist an open neighborhood �U of x	 an open
set �V � Rn and a bi�Lipschitz isomorphism g � �g�� � � � � gn� from U �� �U � � to
V �� f�y�� � � � � yn� � �V 
 yn � �g such that g����U� � fy � V 
 	�y��g��x�� � �g�
We remark that if � � � then this is equivalent to the standard de�nition of the
locally Lipschitz boundary �
����

Let n� be the outward unit normal vector on �� and let n� be the unit normal
vector on � from �� to ��	 where � is de�ned by ����� from � � K� The trace

operators from H���� into L����� and L���� �more precisely	 onto H
�
� ���� and

H
�
� ���� are denoted by ��� and �� respectively� �See Theorem ��� of 
�� etc�� We

�



consider the following conditions for � � K�

�A��

��������
������	

The essential boundary � is Lipschitz in �� �n � H����n s�t�

���n� � n� �Hn���a�e� on ��� jn�x�j � � �x � ���

����n� � n� � � �Hn���a�e� on ���� divn � H�
� ����

�A�� � � ��

The condition �A�� is a regularity assumption for �	 the essential boundary of � � �
and � � ��� We remark that	 if � is a C��class hypersurface and satis�es �A��	 then
�A�� is ful�lled�

To give an estimate for the shape of ��	 we consider the Hausdor� distance
between �� and �� The Hausdor� distance between two compact sets in Rn is
denoted by distH� Under the above assumptions	 we can get the main result of this
paper�

Theorem ��� We suppose �A�� and �A��� Then� as � 
 �� we have

k�� � �kH����� � O���� k�� � �kL���� � O��
�
�
��n

� �� �����

distH������ � max


distH��

�
� ��

��� distH��
�
� ��

��
�
� O���n�� �����

where

	n ��

�������������
�����������	

�

�
�n � ���

�

�n� �
� 
 �� � n � ���

�

�n� ���n� ��
�n � ���

�����

for any �xed 
 � ��

The notation O��p� in the above theorem means that there exists a positive
constants C and �� which depend only on �	 � and n �and 
 if n � �� �� ��	 such
that the left hand side is bounded from above by C�p for � � ��� ���� Particularly	
although there is no uniqueness of the global minimizer �� in general	 these constants
are independent of the choice of ���

A proof of this theorem is given in the last section after preparing some lemmas�
In the rest of this section	 we give a proof of k�� � �kH����� � O���	 which clari�es
the meaning of the condition �A���

Proposition ��� Suppose the condition �A��� Then we have

k�� � �kH����� � kdivnkH�
� ���

� �� � ��� �����

�



Before the proof	 we recall some useful fundamental properties of functions in
BV���� It is known that jrf j and rf for f � BV��� are regarded as scholar and
vector valued Radon measures in �� The following Green�s formula for functions in
BV��� in known �
�� Theorem ������Z
�
g � rf � �

Z
�
divg�x�f�x�dx�

Z
��
n� � gf

�dHn�� �g � C����n� f � BV�����

�����
where f � � L����� represents the trace of f to �� in the sense of BV���� It is also
known that there exists a unit vector �eld nf �x� � Rn for jrf j�a�e� x � � such that
rf � nf jrf j �see 
�� x ��� In particular	 under the condition �A��	 jr�j � �Hn��j�
and n� � n� Hn���a�e� on ��

We consider a symmetric molli�er � � C�
� �Rn� such that ��x� � � for x � Rn	R

Rn ��x�dx � �	 ���x� � ��x� and supp��� � B����� For u � L���� and 
 � �	 a
regularization of u is de�ned by the convolution u � ���x� ��

R
� u�y����x � y�dy	

where ���x� �� 
�n��x�
��

Proof of Proposition ���� By a formal calculation	 we haveZ
�
jr�j �

Z
�
jrf j �

Z
�
n � r� �

Z
�
n � rf �

Z
�
divn�x��f�x�� ��x��dx� �����

for f � BV��� � L����� We apply this inequality to ����� with f � ��� Then we
have

k�� � �k�H����� � �
Z
�
divn�x�����x�� ��x��dx � �kdivnkH�

� ���
k�� � �kH������

and this yields ������
To show �����	 we de�ne n� �� n � ��	 then jn�j � �	 n� � C����n� Let

f � BV��� � L����� Since jn� � nf j � � jrf j�a�e� in �	 we haveZ
�
jrf j �

Z
�
n� � nf jrf j �

Z
�
n� � rf�

From jr�j � �Hn��j�	 we also haveZ
�
jr�j �

Z
�
n� � r� �

Z
�
�n� � n�� � n�jr�j

�
Z
�
n� � r� � �

Z
�
j���n� n��jdH

n���

Z
�
jr�j �

Z
�
jrf j �

Z
�
n� � r�� � f� � �

Z
�
j���n� n��jdH

n��

�
Z
�
divn��f � ��dx�

Z
��
n� � �n� � ����n���� � f��dHn��

��
Z
�
j���n� n��jdH

n���

Since	 as 

 �	 Z
�
divn��f � ��dx


Z
�
divn�f � ��dx�

�



Z
��
n� � �n� � ����n���� � f��dHn�� � k����n� � n�kL�����k�� � f��kL�����

� Ckn� n�kH����k�� � f��kL����� 
 ��

Z
�
j���n� n��jdH

n�� � Hn�����
�
�k���n� n��kL���� � Ckn� n�kH���� 
 ��

we obtain ������ �

� Estimates for H�
�norm

In this section	 we give some useful lemmas to estimate the di�erence k����k
�
H������

k�� � �k�H����� under the condition ����� below� These lemmas will be used in the
proof of the main theorem�

Before stating the lemmas	 we �x our notation in this paper concerning the
Sobolev spaces H�

� ��� and its normed dual space H������ �See 
�� and 
�� for their
de�nitions� Convenient brief reviews on Sobolev spaces are found also in 
��	 
��
etc�� They are both Hilbert spaces and	 in this paper	 the following inner product
of H�

� ��� is adopted�

�u� v�H�
� ���

��
Z
�
ru�x� � rv�x�dx �u� v � H�

� �����

The duality pairing H�
� ���

hu� viH����� is chosen as the standard way	 i�e� it is given byR
� u�x�v�x�dx if v � L����� Then	 it is known that the Laplace operator is an iso�
morphism from H�

� ��� onto H
����� and that �u� v�H����� �H�

� ���
h����

D u� viH�����	
where �D is the Laplacian with zero Dirichlet boundary condition �see 
�� Theo�
rem ������

The inner product ofH����� for L��functions is represented in term of the Green
function G�x�y� for ��D�

�u� v�H����� �
Z
�

Z
�
G�x�y�u�x�v�y�dxdy �u� v � L������ �����

The symmetricity G�x�y� � G�y�x� and the positivity G�x�y� � � �x�y � �	
x �� y� are well�known properties� The following proposition is a simple consequence
of the maximum principle�

Proposition ��� Let n � �� Then the Green function in a bounded Lipschitz do�
main � � Rn satis�es

�

n
n

Z dist�x� ���

jx� yj
s��nds � G�x�y� �

�

n
n

Z diam���

jx� yj
s��nds �x � �� y � �� x �� y��

where 
n denotes the n�dimensional volume of a unit ball of Rn

�



Proof� The fundamental solution of �� in Rn is given by fn�jxj�	 where fn�s� ��
��n
n�

��
R
s��nds for s � �� For a �xed x � �	 G�x�y�� fn�jx� yj� is harmonic

in � with respect to y and is equal to �fn�jx�yj� for y � ��� From the maximum
principle for the harmonic function	 we have

G�x�y�� fn�jx� yj� � max
y���

��fn�jx� yj�� � �fn�max
y���

jx� yj� � �fn�diam�����

G�x�y�� fn�jx� yj� � min
y���

��fn�jx� yj�� � �fn�min
y���

jx� yj� � �fn�dist�x�����

and these inequalities yield the proposition� �

For A � � and 
 � �	 
�neighborhood of A is de�ned by

N ��A� �� fx � �
 dist�x� A� � 
g� �����

We assume the following condition and notation in this section��������������
�����������	

� � K� �� and � are de�ned by ����� and �����	

F� � F� � �� E � F� n F�� Hn�E� � ��

��� �� � K� �i � ��� ��Fi�� a�e� in � �i � �� ���


� �� inff

 Hn�E �N ����� � �g� 
� �� inff

 Hn�E �N ������ � �g�

�����

Lemma ��� Under the condition �	�	�� we suppose that there exist � � � and
q � L��E
H�

����� �q � q�x�y�� x � E� y � ��� such that

q�x�y� � G�x�y� �x � E� y � F�� ��x� �� ��y��� �����

q�x�y� � G�x�y� �x � E� y � F�� ��x� � ��y��� �����

q�x�y� � �G�x�y� �x � E� y � E� ��x� � ��y��� �����

Then

k����k
�
H������k����k

�
H����� � �kqkL��E	H�

� ����
k����kH�������������kGkL��E�E��

Proof� Since �F� � �F� � �E	 we have

k�� � �kH������ � k�� � �kH������ � k��F��kH������ � k��F��kH������

� ��


��E � ��F���� �E�

�
H�����

�

Using the relation �E�F�� � �� � �����	 we obtain	 for x � E	

��E � ��F��G�x� ���

� �EG�x� ��� � �

�
�F��G�x� ��� q�x� ���� � �Eq�x� ��� � q�x� ��

� � ��

�




� �E�G�x� ��� �q�x� ���� � ��F��G�x� ��� q�x� ���� � q�x� ���� � ����

�



From �����	 we have

k�� � �k�H����� � k�� � �k�H�����

� ��
Z
E
��x�

Z
�



�E�y� � ��F�

�y�
�
G�x�y���y�dydx

� �
Z
E

Z
E
��q�x�y��G�x�y����x���y�dydx

��
Z
E

Z
F�

�q�x�y��G�x�y����x���y�dydx

��
Z
E

Z
�
q�x�y���x�����y�� ��y��dydx�

To estimate the �rst and second integrals	 we apply the following inequalities�

��q�x�y��G�x�y����x���y� � ��� � ��G�x�y� �x � E� y � E��

�q�x�y��G�x�y����x���y� � � �x � E� y � F���

which are directly shown by the assumptions� Hence	 we obtain

k�� � �k�H����� � k�� � �k�H�����

� ���� � ��
Z
E

Z
E
G�x�y�dydx� �H�

� ���

�Z
E
q�x� ����x�dx� �� � �

�
H�����

� ���� � ��kGkL��E�E�� � �kqkL��E	H�
� ����

k�� � �kH������

�

Choosing some suitable q�x�y�	 we have the following lemmas�

Lemma ��� We suppose �	�	� and 
� � �� Then there exists C � � which depends
only on 
� and � such that

k�� � �k�H����� � k�� � �k�H����� � �kGkL��E�E� � CHn�E�k�� � �kH������

Proof� We de�ne

q�x�y� ��

�������
�����	

max
�
��

�


�
dist�y����� �

�
G�x�y� �x � E � ��� y � ���

max
�
��

�


�
dist�y����� �

�
G�x�y� �x � E � ��� y � ���

and apply Lemma ��� with � � �� Since

jryq�x�y�j � �
��� G�x�y� � jryG�x�y�j � �
��� �� � �� �x � E� y � ���

�� �� supfG�x�y�
 jx� yj � 
���g� �� �� supfjryG�x�y�j
 jx� yj � 
���g�

we have kqkL��E	H�
� ����

�


�
��� �� � ��

�
Hn���

�
�Hn�E� and the assertion follows� �

�



Lemma ��� Under the condition �	�	�� we suppose that 
� � � and 
� � �� If
� � � satis�es Z diam���

��

s��nds � �
Z ��

diam�E�
s��nds� �����

then we have

k�� � �k�H����� � k�� � �k�H�����

� �

�
�

n
n

Z diam���

��

s��nds


 �
�

Hn�E�k�� � �kH����� � ���� � ��kGkL��E�E��

Proof� We de�ne

q� ��

�
�

n
n

Z diam���

��

s��nds


 �
�

� q�x�y� �� min�G�x�y�� q��� �x � E� y � ���

and apply Lemma ���� For x � E	 y � F�	 ��x� �� ��y�	 from Proposition ���	 we
have

G�x�y� �
�

n
n

Z diam���

jx�yj
s��nds � q���

and ����� follows� The condition ����� also follows from the de�nition of q� For
x � E	 y � E	 ��x� � ��y�	 from Proposition ���	 we have

q�x�y� � q�� �
�

n
n

Z ��

diam�E�
s��nds � �G�x�y��

Hence	 ����� is ful�lled and the assertion follows from Lemma ��� and the equality�

kq�x� ��kH�
� ���

� q� �x � E��

This equality is shown as follows� We de�ne D �� fy � �
 G�x�y� � q��g for
�xed x � E	 and let nD be the inner unit normal on �D� Using the property
��yG�x�y� � ��y � x� �Dirac�s delta distribution� in the sense of D	���	 we have

kq�x� ��k�H�
����

�
Z
�nD

jryG�x�y�j
�dy �

Z
�D
nD�y� � ryG�x�y�G�x�y�d�y

� q��

Z
�D
nD�y� � ryG�x�y�d�y � q�� �

�

Corollary ��� Let n � �� Under the condition �	�	�� we suppose that 
� � � and

� � �� If

diam�E� �

��
�

diam����
� �����

then we have

k�� � �k�H����� � k�� � �k�H����� � �

�
�

��
log

diam���


�


 �
�

H��E�k�� � �kH������

�



Proof� Since the condition ����� is equivalent to ����� with � � ���	 the assertion
follows by Lemma ���� �

Corollary ��� Let n � �� Under the condition �	�	�� we suppose that 
� � � and

� � �� If

diam�E� � ��
�

n�� min�
�� 
��� �����

then we have

k�� � �k�H����� � k�� � �k�H����� � �kGkL��E�E�

� �


n�n� ��
n


n��
�

�� �
� Hn�E�k�� � �kH������

Proof� We apply Lemma ��� with � � ���� The condition ����� is shown as follows


�

�

Z ��

diam�E�
s��nds �

�

�

Z 

�

n�� diam�E�

diam�E�
s��nds �

diam�E���n

��n� ��

�

��n�

n� �
�
Z ��

��

s��nds �
Z diam���

��

s��nds�

�

� Estimates for L
�norm

In this section	 we derive an interpolation inequality for L��norm	 which is estimated
in terms of the total variation and H���norm �Lemma ����� Coe�cients in the
inequality is explicitly given and	 in particular	 the dependence on the support of
the function is clari�ed� This will enable us to use a geometric information on the
support of the function in x ��

Let � � C�
� �Rn� be a symmetric molli�er as in x �� We de�ne

C� ��
Z
Rn
jxj��x�dx� C� ��

�
nX
i��

k�i�k
�
L��Rn�


 �
�

�

where �i �
�
�xi

� We also de�ne �� �� � nN ����� for 
 � �	 where N ���� is de�ned
by ������ Then we have the following lemmas�

Lemma ���

ku� u � ��kL����� � C�

�Z
�
jruj

�

 �u � BV���� 
 � ���

��



Proof� Let w � C�����BV��� and let � � 
 � � be �xed� For z � Rn	 jzj � 
	 we
have
Z
��
jw�x�� w�x� z�jdx �

Z
��

����
Z �

�
z � rw�x� tz�dt

���� dx � jzj
Z
����

jrw�x�jdx�

Hence	 we have the following estimate�

kw � w � ��kL����� �
Z
��

�����
Z
B����

�w�x�� w�x� z�����z�dz

����� dx
�

Z
B����

�
jzj

Z
����

jrw�x�jdx
�
���z�dz

� C�

�Z
����

jrw�x�jdx
�

� �����

For u � BV���	 we can choose �k � � �k � N� such that limk
� �k � � and

Z
���k

jruj � � �k � N�� �����

as a consequence of the coarea formula �
��	 Theorem ������ For a �xed 
 � �	 we
de�ne �k �� 
 � �k	 and we apply ����� for w � u � �� � C���� �� � ��� Then we
have

ku� u � ��kL����k �

� ku � �� � �u � ��� � ��kL����k � � ku� u � ��kL����
k
� � k�u� u � ��� � ��kL����k �

� C�

�Z
��k

jr�u � ����x�jdx
�

� �ku� u � ��kL�����

From �����	 lim�
��

R
��k jr�u � ����x�jdx �

R
��k jruj is derived �see 
�� Proposi�

tion ������ Taking � 
 �	 we have

ku� u � ��kL����k � � C�

�Z
��k

jruj
�

 � C�

�Z
�
jruj

�

�

and we have the assertion of the lemma by taking the limit k

� �

Since � is a bounded domain with a Lipschitz boundary	 We can de�ne

C� �� sup
���

Hn�N ����� � ��
�� �
�

Lemma ��� For u � BV��� � L���� and 
 � �� we have

kukL���� �
�
C�

Z
�
jruj� C�kukL���n���

�



�C�

q
Hn�N ��supp�u�� � ���kukH�����


���

��



Proof� Setting sgn�s� �� 	� �	s � �� and sgn��� �� �	 we have

ku � ��kL����� �
Z
��
�u � ����x�sgn��u � ����x��dx

�
Z
��

H�����hu� ���x� ��iH�
� ���

sgn��u � ����x��dx

� H�����

�
u�
Z
��
���x� ��sgn��u � ����x��dx

�
H�
� ���

� H����� hu� ����sgn�u � ���� � ��iH�
� ���

� kukH����� k����sgn�u � ���� � ��kH�
� ���

Using the equality k�i��kL��Rn� � 
��k�i�kL��Rn� �i � �� �� � � � � n�	 we have

k����sgn�u � ���� � ��k
�
H�
� ���

�
nX
i��

k�i �����sgn�u � ���� � ���k
�
L����

�
nX
i��

k���sgn�u � ���k
�
L���� k�i��k

�
L��Rn�

� C�
� k���sgn�u � ���k

�
L���� 


���

From these inequalities and Lemma ���	 we have

kukL���� � ku� u � ��kL����� � ku � ��kL����� � kukL���n���

� C�

�Z
�
jruj

�

� kukH�����C� k���sgn�u � ���kL���� 


��

�C�kukL���n���
�

Hence	 the assertion follows from

k���sgn�u � ���k
�
L���� � Hn�supp�u � ��� � ��� � Hn�N ��supp�u�� � ����

�

Setting 
 � �
R
� jruj � kukL�����

� �
�kuk

�
�

H����� in this lemma	 We also have the
standard interpolation inequality�

Corollary ��� For u � BV��� � L����� we have

kukL���� � C
�Z

�
jruj� kukL����

� �
�

kuk
�
�

H������

where C �� max�C�� C�� � C�H
n���

�
� �

� Estimates for the global minimizer

Some estimates for the global minimizer �� of ����� are proved in this section� A
proof of the main theorem �Theorem ���� is given at the end� We start from the fol�
lowing geometric lemma which is based on the isoperimetric inequality� We remark
that	 in the statement of the next lemma	 if A � Br�x�� then ����� becomes a usual
isoperimetric inequality�

��



Lemma ��� Let n � �� Then there exist positive constants R� and �� depending
only on n such that� for A � Rn and x� � Rn satisfying �A � BV�Rn�� Hn�A� � �

and Hn�A �B��x��� � � ��
 � ��� there exists r � ��� R�H
n�A�

�
n � and

� � ��H
n�A �Br�x���

n��
n �

Z
Rn
jr�Aj �

Z
Rn
jr�AnBr�x��

j� �����

Proof� We de�ne
f�r� �� Hn�A � Br�x��� �r � ���

For a �xed � � ��� ��	 we de�ne r� �� �Hn�A����
n��
�
n � Since

� � f�r� � Hn�A� � �Hn�Br��x��� � �Hn�Br�x��� �r � r���

from the isoperimetric inequality in a ball �see 
�� Corollary ����	 
��� Theorem ������	
we have

���f�r�
n��
n �

Z
Br�x��

jr�Aj �r � r��� �����

where �� � � depends only on � and n�
We have the following equality from Remark ���� and ���� of 
��


f 	�r� �
Z
Br�x��

jr�Aj�
Z
Rn
jr�AnBr�x��

j �
Z
Rn
jr�Aj �a�e� r � ���
��� �����

We de�ne
R� ��

n

��
� ��
n�

� �
n � r� �� R�H

n�A�
�
n �

If we assume	 contrary to the lemma	 that

��H
n�A �Br�x���

n��
n �

Z
Rn
jr�Aj �

Z
Rn
jr�AnBr�x��

j ��r � ��� r����

then	 by ����� and �����	 we have

��f�r�
n��
n � ���f�r�

n��
n � f 	�r� �a�e� r � �r�� r����

This is equivalent to �f�r�
�
n �	 � ���n a�e� r � �r�� r��	 and integrating this inequality

by r over the interval �r�� r��	 we have

f�r��
�
n � f�r��

�
n �

��
n
�r� � r�� � Hn�A�

�
n �

This contradicts to f�r�� � Hn�A�� �

If we assume the condition �A��	 then we can de�ne the constants

M� �� sup
���

Hn�N ���� � ��
�� �
� M� �� kdivnkH�
� ���

� �����

From Proposition ��� and ���	 we have

k�� � �kL���� � C���
�
� �

Z
�
jr�j

� �
�

M
�
�
� �

�
� � �����

��



where C��� is the constant which appears in Proposition ���� Since k����kL���� �

�Hn�supp��� � ���	 ����� gives us a decay order O��
�
� � of the volume of symmetric

di�erence between ��� and ��� If we have a geometric information on supp������	
then we can improve ����� as follows�

Lemma ��� Under the assumption �A��� we suppose that

�� � � a�e� in � nNa���� �� � � � ���� �����

where a� �� Q�� and Q � �� 	 � ��� ���� and �� � � are constants which depends
only on �� � and n� Then there exists R � R����� n� Q� 	� ��� � � such that

k�� � �kL���� � R�
�
�
��

� �� � � � ���� �����

Proof� Setting 
 � �
�
�
��

� 	 we apply Lemma ���� Using the inequalities ����� and
�����	 for � � ��� ���	 we have

k�� � �kL���� � �
�
C�

Z
�
jr�j� C�

�

� C�M

�
�
� �a� � 
�

�
�M��


��

� �
�
C�

Z
�
jr�j� C�

�
�
�
�
��

� � C�M
�
�
� M�



�
���
� �Q���

�
�

� �
�

� �
�
C�

Z
�
jr�j� C�

�
�
�
�
��

� � C�M
�
�
� M�

�
�
����
�

� �Q
� �

�

�
�
�
��

� �

�

As shown in Lemma ���	 a geometric estimate for the shape of ��� 	 such as �����	
helps us even in quantitative estimate	 such as L�����estimate�

We �rst prove the following theorem which is slightly weaker than Theorem ����

Theorem ��� Under the assumptions �A�� and �A��� there exist �� � ������� n� �
� and Q � Q����� n� � � such that

�� � � a�e� in � nNa���� �� � � � ����

where a� �� Q��n and

	n ��

�������������
�����������	

�

�
�n � ���

�

�n
�� � n � ���

�

�n� ���n� ��
�n � ���

�����

To prove this theorem	 we need the following lemma	 whose proof will be given at
the end of this section� We remark that the condition �A�� is equivalent to

b� �� inf
x��

dist�x� ��� � ��

��



Lemma ��� Under the assumptions �A�� and �A��� for a �xed a � ��� b��� there
exists �� � ���a� ���� n� � � such that

�� � � a�e� in � nNa��� �� � � � ����

Proof of Theorem 
�	� Let a � ��� b�� and let �� � � be as given in Lemma ���� For
a su�ciently large Q � �	 we de�ne

A� �� fx � � nNa����
 ���x� �� ��x� � 	�g�

On the contrary to the assertion of the theorem	 let us assume thatHn�A��A�� � ��
Without loss of generality	 we assume that Hn�A�� � �� We de�ne

A �� fx � �
 ���x� �� ��x� � �g � A��

and �x x� � A� such that Hn�A � B��x��� � � ��
 � ��� We remark that	 from
�����	

Hn�A� �
�

�
k�� � �kL���� � R��

�
� �� � ��� �����

where R� ��
�
�
C��� �� �

R
� jr�j�

�
� M

�
�
� � By Lemma ���	 there exists r � ��� R�H

n�A�
�
n �

such that ����� holds� From �����	 we have

r � R�H
n�A�

�
n � R�R

�
n
� �

�
�n �� � ��� ������

Since

	n �
�

�n
������

taking enough large Q � Q����� n� � � in advance �and changing �� � � smaller if
necessary�	 we can assume that �r � Q��n � a� � a �� � � � ����

We de�ne E �� A � Br�x�� and �E �� �� � ��E���� We remark that ����� is
ful�lled by F� � fx � �
 ���x� �� ��x�g	 F� � F� n E	 �� � �� and �� � �E� In
particular	 we have

r �
a�
�
� min�
�� 
�� �� � � � ���� ������

Then	 from ����� and ������	 we have

� � ��H
n�E�

n��
n �

Z
Rn
jr�Aj �

Z
Rn
jr�AnEj �

�

�

�Z
�
jr��j �

Z
�
jr�Ej

�
�

Since �� is a global minimizer	 hence we have

� � ��H
n�E�

n��
n � �

�

�



k�E � �k�H����� � k�� � �k�H�����

�
�� � � � ���� ������

Let n � �� We apply Corollary ���� Taking enough large Q	 the condition �����
is satis�ed as follows� From ������	 ������ and 
� � b� � a	 we have

diam�E� � �r � �R�R
�
�
� �

�
� �

b� � a

diam����

�
a�
�

��
�


��
�
diam����

�

��



Hence	 from Corollary ��� and Proposition �����	 we have

k�E � �k�H����� � k�� � �k�H����� � �

�
�

��
log

diam���


�


 �
�

H��E�M���

Together with ������ and ������	 for � � ��� ���	 we have

�� � �M�

�
�

��
log

diam���


�


 �
�

H��E�
�
� � �M�

�
�

��
log

�diam���

Q���


 �
�

H��E�
�
� �

This contradicts to Hn�E� � Hn�A� � R��
�
� if � is small�

Let n � �� We apply Corollary ���� From ������ and ������	 taking enough large
Q	 we have

diam�E� � �r � �R�R
�
n
� �

�
�n � ��

�
n��

a�
�
� ��

�
n�� min�
�� 
�� �� � � � ����

and the condition ����� is ful�lled for � � ��� ���� To estimate the term kGkL��E�E�	
we de�ne

G� �� inffG�x�y�
 x � Na���� y � Na���g � ��

Then kGkL��E�E� � G�H
n�E�� for � � ��� ��� since E � Na���� From Corollary ���	

Proposition ���	 ������ and ������	 for � � ��� ���	 we have

��H
n�E�

n��
n � �G�H

n�E�� � �


n�n� ��
n


n��
�

�� �
� Hn�E�M��

� R�Q
�n��

� Hn�E����
�n����n

� �

where R� �� �
n
� �n�n� ��
n�

�
�M�� Hence	 we have

���
�n����n

� � R�Q
�n��

� Hn�E�
�
n � G�H

n�E� � R�Q
�n��

� ���
�n����n

� �

and they yield the following inequality for � � ��� ���


���
�n����n

� � R�Q
�n��

�

�
�R�Q

�n��
� ���

�n����n
�

G�

�
A

�
n

�

�
Rn��
�

G�


 �
n

Q�
�n����n���

�n �
�
n���

�n����n
� �� ������

We remark that
�n� ��	n

�
�

�

n

�
��

�n� ��	n
�



�

is equivalent to

	n �
�

�n � ���n� ��
� ������

��



Since

	n � min

�
�

�n
�

�

�n � ���n� ��



�n � ��� ������

if Q is large enough	 we have contradiction from the inequality ������� �

Hence	 we have obtained a geometric estimate in Theorem ��� and simultaneously
a sharper L��estimate as in Lemma ���� Let us check the proof of Theorem ��� in
detail� The decay rate 	n for n � � is given by ������	 which is required from ������
and ������� The condition ������ is also required from �����	 but now	 we have a
better estimate ����� than ������ A recursive argument for 	n between the geometric
estimate and L��estimate leads us the following proof of Theorem ����

Proof of Theorem ���� Let n � � and let 	old
n be as in ������ From Lemma ���	 �����

in the proof of Theorem ��� can be replaced by

Hn�A� �
�

�
k�� � �kL���� � �R��

�
�
�

�oldn
� �� � � � ����

for some �R� � �	 and then	 the condition ������ can be replaced by

	n �
�

n

�
�

�
�
	old
n

�



�

Hence	 the assertion of Theorem ��� is valid even for

	n � min

�
�

n

�
�

�
�
	old
n

�



�

�

�n� ���n� ��



�n � ���

If � � n � �	 this new exponent 	n is greater than the old one� Repeating this
procedure recursively	 it is shown that the assertion of Theorem ��� is valid even for
	n of ������ The norm estimate ����� follows from Proposition ��� and Lemma ����

To prove �����	 we note that	 since � is Lipschitz and � � � � �	 there exist
C� � � and 
� � � such that

� � NC���� nN ����� �� � 
 � 
���

For simplicity we de�ne d��� �� max


distH��

�
� ��

��� distH��
�
� ��

��
�
� From the

inequalities


dist�x��� � dist�x���� � d��� �x � �� � ����

dist�x���� � dist�x���� � � d��� �x � � � ��� ��

we have
distH������ � d����

��



for small �� It is clear that dist�x���� � a� �x � ��� �� We also have

dist�x���� � � dist�x���� nN
a����� � dist�x��� nNa����� � C�a� �x � ����

Hence we have d��� � C�a� for small � and we obtain the desired result� �

Finally	 we give a proof of Lemma ��� and then complete the proof of our main
theorem�

Proof of Lemma 
��� For �xed a � ��� b��	 we also �x b � ��� b� � a�� First we note
that

�� � � a�e� in � n �Na��� �N b������

for small �� We omit its proof	 since it is proved by an argument similar to �but
rather simpler than� the proof of Theorem ����

Then the assertion of the Lemma is shown as follows� Let E �� � � N b����
and let �E �� �� � ��E��� � K� From the isoperimetric inequality in � �see 
���
Theorem ����� and �������	 there exists �� � � which does not depend on �	 such
that

��H
n�E�

n��
n �

Z
�
jr�Ej�

and ������ holds� We apply Lemma ��� with � � �� and h � �b� � b���� There
exists C � � which depends only on b	 �	 � and n	 such that

��H
n�E�

n��
n � � CHn�E�k�� � �kH����� � CM�H

n�E���

This contradicts to Hn�E� � k�� � �kL������ if � is small� �
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