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�
 Introduction

Conformal deformations play an important role in the global geometry
 In general� such
deformations are guided by certain partial di�erential equations
 Yamabe problem is one
of the examples
 In this paper� we are interested in a class of fully nonlinear di�erential
equations related to the deformation of conformal metrics


Let �M� g� be a compact connected smooth Riemannian manifold of dimension n � ��
and let �g�� denote the conformal class of g�
 The Schouten tensor of the metric g is de�ned
as

Sg �
�

n� �

�
Ricg �

Rg

��n� �
� g

�
�

where Ricg andRg are the Ricci tensor and scalar curvature of g respectively
 This tensor is
connected to the study of conformal invariants� in particular conformally invariant tensors
and di�erential operators �e
g
� see ��� and references therein
 In ����� The following
�k�scalar curvatures of g were considered by Viaclovsky in �����

�k�g �� �k�g
�� � Sg�

where �k is the kth elementary symmetric function� g���Sg is locally de�ned by �g���Sg
i
j �

gik�Sgkj
 When k � �� ���scalar curvature is just the scalar curvature R �upto a constant
multiple
 �k can also be viewed as a function of the eigenvalues of symmetric matrices�
that is a function in Rn 
 According to G�arding ����

��k � f� � ���� ��� � � � � �n � R
n j�j�� � ���j � kg�

is a natural class for �k
 A metric g is said to be in ��k if �j�g�x � � for j � k and
x �M 


The case of k � �� deforming scalar curvature R to a constant in its conformal class
is known as the Yamabe problem� the �nal solution was obtained by Schoen in ���� �see
also ��� and ����
 We refer ���� for the literature on Yamabe problem
 There is a recent
interest in deforming �k�scalar curvature in its conformal class
 This type of problem was
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considered by Viaclovsky ���� and ��	�
 If g � e��ug�� the problem is equivalent to solve
the following fully nonlinear equation introduced in �����

�
��k
k

�
r�u� du� du�

jruj�

�
g� � Sg�

�
� e��u���

Here� and in the rest of the paper� we will always work with the background metric g�

More generally� one would like to consider equation of the form

�
��k
k

�
r�u� du� du�

jruj�

�
g� � Sg�

�
� fe��u���

for a nonnegative function f 

The equation �� is a type of fully nonlinear equation when k � �
 To solve the problem�

one needs to establish a priori estimates for the solutions of these equations
 One may
immediately �nd out that such a priori estimates can not exist in general
 On the standard
sphere there is a non�compact family of solutions to equation ��
 In solving the Yamabe
problem� the blow�up �or rescaling technique plays a very important role to rule out the
exceptional case of standard sphere
 This kind of technique can be applied since there
exist local estimates in the Yamabe problem� which corresponds to a semilinear elliptic
equation
 The main objective of this paper is to establish the similar local estimates for
the fully nonlinear equation ��
 These are the local derivative estimates upto second
order for the solutions� the crucial step is the local C� estimates
 These local estimates
bear some direct consequences to uniqueness and existence of equation �� by following
similar steps as in Schoen�s work ����� ��� in the Yamabe problem
 We will persue these
elsewhere


We note that local estimates in general do not hold for fully nonlinear equations

Pogorelov ���� constructed an example for Monge�Amp�ere equation which there is no
interior estimates when the dimension n � �


There have been some recent developments related to the equation ��
 Viaclovsky
investigated variational and uniqueness properties of the equation in ���� and ����
 In ��	��
he obtained global C� estimates for equation �� depending on global C� bounds
 When
k � n� he proved global C� bounds and the existence� under some geometric conditions

In an important case n � � and k � �� Chang� Gursky and Yang obtained a global a
priori estimate in ��� by geometric arguments for the equation �� when the manifold is
not conformally equivalent to the standard ��sphere� which in turn gives the existence of
the solutions for equation �� in the special case n � � and k � �


Now� we state our main results


Theorem �� Suppose f is a positive function on M � Let u � C� be an admissible solution
�See De�nition �� of ��� in Br� the geodesic ball of radius r in a Riemannian manifold
�M� g�� Then� there exists a constant c � � depending only on r� kg�kC��Br� and kfkC��Br�

�independent of inf f�� such that

kukC��Br���
� c�� � e�� infBr u�

As a consequence� we have the following ��convergence
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Corollary �� There exists a constant �� � � such that for any sequence of solutions ui of
��� in B� with Z

B�

e�nudvol�g� � ���

either

�� There is a subsequence uil uniformly converges to �� in any compact subset in B��
or

�� There is a subsequence uil converges strongly in C
���
loc �B�� �� � � � �� If f is smooth

and strictly positive in B�� then uil converges strongly in Cm
loc�B�� �m�

If u is an entire solution of

�
��k
k

�
r�u� du� du�

�

�
jruj�gE

�
� e��u� in Rn

with �nite volume
R
Rn

e�nudvol�gE � �� then infRn u � ��� Here gE is the standard
metric of Rn �
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�
 A Harnack inequality

We begin this section by recalling some basic properties of elementary symmetric func�
tions
 Let � � ���� � � � � �n � Rn
 The k�th elementary symmetric functions is de�ned
as

�k�� �
X

i������ik

�i� � � � �ik �

Set �� � � and �q � � for q � n
 One can use another equivalent de�nition of ��k �

��k � fcomponent of f�k � �g containing the positive coneg�

A real symmetric n� n matrix A is said to lie in ��k if its eigenvalues lie in ��k 


Let �i � ���� � � � � ��i� � � � � �n � ���� ��� � � � � �i��� �i��� � � � � �n and �ij � ���� � � � � ��i�

� � � � ��j � � � � � �n for i 	� j
 Therefore� �q��i ��q��ij resp
 means the sum of the terms
of �q�� not containing the factor �i ��i and �j resp

 We list the following well known

properties of �k and ��k �e
g
� see �	�� ��� and ���

Proposition �� Newton�MacLaurin inequality

�n� q � ��q � ��q�����q���� � q�n� q��q �����

If � � ��k �

n�k

�k � ���n� k � ���n� k � �
�k��k �� � �kk�������
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��k is an open convex cone� Let F � �
��k
k � then the matrix �F

�Aij
is positive de�nite for

A � ��k and by ���� X
j

F jj � ����

where Aij are the entries of A� The function F is concave in ��k � If A � �Aij is diagonal
with A � �� Then� �l �xed�

F ll �
�

n� k � �

X
i��

F ii �
�

k
F ��k�l�k����l���

Furthermore� if � � ��q � then �i � ��q����q � �� �� � � � � n� i � �� �� � � � � n�

De�nition �� Let W � �r�u � du � du � jruj�

� g� � �g�� for u � C�� we say u is an

admissible solution of equation ��� if W is in ��k �

The following is the local C� estimates


Proposition �� Let u � C� be an admissible solution of ��� in Br for some r � �� There
exists a constant c � � depending only on k� n� r� kg�kC��Br� and kfkC��Br� such that

jruj��x � c�� � e�� infBr u� for x � Br�����

Proof	 We may assume r � �
 Let 	 be a test function 	 � C�
� �B� such that

	 � �� in B��

	 � �� in B����

jr	�xj � �b�	
����x� in B��

jr�	j � b�� in B��

�	

Here b� � � is a constant 

Set H � 	jruj� and assume that H achieves its maximum at x�
 After appropriate

choice of the normal coordinates at x�� we may assume that W is diagonal at the point

Let wij be the entries of W � we have at x��

wii � uii � u�i �
�

�
jruj� � Sii�

uij � �uiuj � Sij� �i 	� j�
��

where Sij are entries of Sg� and ui � riu � �u
�xi


 Since x� is the maximum point of H� we

have Hi�x� � �� i
e
�

nX
l��

uilul � �
	i
�	
jruj�����
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where uil � rlriu� i
e
� the covariant derivative of riu in the direction of �
�xl

with respect

to the metric g�
 Similarly� we will use the notations uijl and uijlm to denote higher order
covariant derivatives
 By the choice of the test function 	� we have at x�

j

nX
l��

uilulj � b�	
����jruj�����

We may assume that

H�x� � A�
�b
�
��

i
e
� 	���� � �
A�b�

jruj� and

jSg� j � A��
� jruj��

where A� is a large �xed number to be chosen later� otherwise we are done
 Thus� from
��� we have

j

nX
l��

uilulj �
jruj�

A�
�x�����

Since x� is the maximum point of H� the matrix

�Hij �

�
���

	i	j
	

� 	ijjruj
� � �	ulijul � �	uilujl

�

is nonpositive de�nite
 Set

F ij �

�k

��k


wij
�

�F ij is a diagonal matrix at x� as W is diagonal

We denote �i � wii and � � ���� ��� � � � � �n
 In what follows� we denote C �which may

vary from line to line as a constant depending only on kfkC��B��� k� n� and kg�kC��B��

�kfkC��B�� and kg�kC��B�� in the next section
 By Proposition � and ����

� � F ijHij � F ij

��
��

	i	j
	

� 	ij

�
jruj� � �	ulijul � �	uilujl

�
����

The �rst term in ��� is bounded from below by ��b��
P

i�� F
iijruj�� Let us denote Rijlm

the curvature tensor of g�
 Since

ulij � uijl �
X
m

Rlijmum�
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the second term in ��� can be estimated as follows�
X
i�j�l

F ijuijlul �
X
i�j�l

F ijuijlul �Cjruj�
X
i

F ii

�
X
i�j�l

fF ij�wijlul � F ij�uiuj �
jruj�

�
�ijlulg � Cjruj�

X
i

F ii

�
X
l

Flul � �
X
i�j�l

F ijuilujul �
X
i�k�l

F iiuklukul � Cjruj�
X
i

F ii

�
X
l

e��u�flul � �f jruj�� �
X
i�l

F iiuilului �
X
i�l

F iiuilului

�Cjruj�
X
i

F ii

� �C�� � e��ujruj� �
X
i

F ii jruj
�

A�
�

���

Here� we have used
P

i F
iiwii � F 


We need the following crucial Lemma


Lemma �� We may pick constant A� su
cient large �depending only on k� n� and kg�kC��B����
such that�

X
i�j�l

F ijuilujl � A
� �

�
� jruj�

X
i��

F ii����

Assuming the lemma� the Proposition can be proved as follows

Inequalities ���� ���� �� and ��� yield

� � ���b��jruj
�
X
j

F jj � Ce��u	jruj� �

�
�
�n� ��

A�
�A� �

�

�
	jruj�

X
j

F jj

�
X
j

F jj

�
���nb��jruj

� � Ce�� inf ujruj� �

�
�
�n� ��

A�
�A

� �
�

�

�
	jruj�

�
�

���

Choosing A� large enough so that A� � ���n� ��� and multipling ��� by 	� we get

H� � C�� � e�� inf uH�

thus

jru�xj� � C�� � e�� infx�B� u for x � B�������

Now we verify the Lemma
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Proof of Lemma �� Set �uij � uij � Sij� we estimate that�X
i�j�l

F ijuilujl �
�

�

X
i�l

F ii�u�il � C
�

A�
�

jruj�
X
i

F ii�

Hence� to prove the Lemma we only need to check the
claim� We may pick constant A� su
cient large �depending only on k� n� and kg�kC��B����

such that� X
i�l

F ii�u�il � A
� �

�
�

X
i

F iijruj����	

By ��� we haveX
i�l

F ii�u�il �
X
i

F ii�u�ii �
X
i��l

F iiu�i u
�
l

�
X
i

F ii
�
�u�ii � u�i �jruj

� � u�i 
�

�
X
i

F ii�w�ii � �u�iwii � wiijruj
� �

jruj�

�
�

���

Set I � f�� �� � � � � ng
 Recall that at x�� by ���� we have for any i � I�

jui
�
uii � �jruj� � u�i 

�
�
X
l

Silulj � j
X
l

uilulj �
�

A�
jruj��

This implies that

jui
�
uii � �jruj� � u�i 

�
j �

�

A�
jruj�����

Set �� � A
����
� 
 We divide I into two subsets I� and I�� where

I� � fi � Iju�i � ��jruj
�g and I� � fi � Iju�i � ��jruj

�g�

For any i � I�� by ��� we can deduce that����wii �
jruj�

�

���� � ���� jruj
� � ���� jruj

�����

We divide the proof of the main claim ��	 into four cases


Case �� k � n


In this case� by ���� we have

X
i�l

F ii�u�il �
X
i

F ii

�
w�ii �

jruj�

�

�
�
n� �

n
F jruj�

�
X
i

F ii jruj
�

�
�
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Here we have used F iiwii �
�
nF for each i
 Note that this is true only for this case


Case �� �u�ii � u�i �jruj
� � u�i  � ��� jruj

�


By ���� we have X
i�l

F ii�u�il �
�

�
A
� �

�
�

X
i

F iijruj��

Case �� There is j� satisfying

�u�jj � ��� jruj
� and u�j � ��jruj

�����

We may assume that j� � n
 We consider the subcases k � n � � and k � n � �
separately


Subcase ���� k � n� �


Since wnn � �unn � u�n � jruj���� ��� implies that����wnn �
jruj�

�

���� � ���jruj
� � �A

� �
�

� jruj�����

For j � I�� it is clear that

w�jj � �u�jwjj � �wjj � u�j 
� � u�j � ���� jruj

��

Hence� we have X
j�I�

F jj�w�jj � �u�jwjj � �A
� �

�
� jruj�

X
i

F ii����

Using �������� we have

X
i�l

F ii�u�il �
X
i

F ii�w�ii � �u�iwii � wiijruj
� �

jruj�

�


�
X
i

F ii�w�ii � �u�iwii �
jruj�

�

X
i

F ii � F jruj�

�
X
i�I�

F ii�w�ii � �u�iwii �
X

j�I��j ��n

F ii�w�jj � �u�iwjj

�F nn�w�nn � �u�nwnn �
jruj�

�

X
i

F ii

�
X
i�I�

F ii

�
jruj�

�
� �u�i

jruj�

�

�
� F nn jruj

�

�
� ��� �����

jruj�

�

X
i

F ii

� �F � jruj
�

�
� �F �jruj� � F nn jruj

�

�
� ��� �����

jruj�

�

X
i

F ii�

���
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where �F � � maxi�I� F
ii


Now from ��� and ���� wll � � � wnn for any l � I�� when A� is large
 By Proposition
��

F nn � F ll��l � I�����

Since wjj � ���j � I�� by ��� �F � � �
n�k��

P
i F

ii
 Back to ���� we get

X
i�l

F ii�u�il � � �F � jruj
�

�
� ��� �����

jruj�

�

X
i

F ii

�

�
��

�

n� k � �
� ��A

� �
�

�

�
jruj�

�

X
i

F ii

�

�
n� k � �

n� k � �
� ��A

� �
�

�

�
jruj�

�

X
i

F ii�

The claim ��	 is valid for this subcase if we just simply pick

A� � ����n � k � ���

Subcase ���� k � n� �


If we pick A� large enough� from ��� we have wnn � �
 Since �wij � ��n��� there is at
most one negative eigenvalue
 Thus� wii � � for any i � n


 From Proposition �� for any i 	� n� �wii� wnn � ��� and �wii� wjj � wnn � ��� for i 	� j
and i� j � n
 This implies that

wii � wnn �
�wiiwnn

wjj
� for i 	� j and i� j � n����

We �rst show that the order of I� is �
 Assume by contradiction that there are at least
two distinct i� j � I�
 By ��� and ���� we have

wii � wnn �
�wiiwnn

wjj
� ��� ���jruj

��

On the other hand�

wii � wnn � ��A
� �

�
� �A

� �
�

� jruj��

This is a contradiction
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We may now assume I� � f�g� Let I �� � I�nfng
 By ���� we haveX
j�I��

X
l

F jj�u�jl � F ��n
X
j�I��

X
l

�w�� � wnn�n�����jn�u
�
jl

� F ��n
X
j�I��

�w�� � wnn�n�����jn

�
w�jj � �u�jwjj � wjjjruj

� �
jruj�

�

�

� F ��n
X
j�I��

�w�� � wnn�n�����jn

�
wjj � ��� ���

jruj�

�

��

� F ��n
X
j�I��

�n�����jn

�
wjj � ��� ���

jruj�

�

�
jw��wnnj�

� F ��n
X
j�I��

�n�����jn

�
wjj � ��� ���

jruj�

�

�
��� ���

jruj�

�
�

We claim that

F ��n
X
j�I��

�n�����jn�wjj � ��� ���
jruj�

�
 � c�

X
i

F ii�

for some constant c� � �
 As in ���� we have

F ii � F nn for i � n�

Also� for � � j � n� wjj � wnn � � and jwnn � jruj���j � ���jruj
�� it follows

�wjj � w�� �
�

�����
wjj
 Therefore�

F n��F nn � �wjj � w���n�����jn �
�

�� ���
wjj�n�����jn�

Together with F jj � F nn� we have

wjj�n�����jn � cF n��
X
i

F ii� for j � I ���

The claim is veri�ed� so is the lemma for case �


Case �� k � n� � and there is no j � I satisfying ���


We may assume that there is i� such that �u�i�i� � ��� jruj
�� otherwise we are in the Case

�
 Recall that �uii � uii � Sii� Since there is no i � I satisfying ���� we have

�u�i�i� � ��� jruj
� and u�i� � ��jruj

����	

Assume that i� � �
 By ��� we have

u�� � ��� ���jruj
�

and w�� � �
 Now it is clear that �jruj� � u�j � �� � ���jruj
� for all j � �� and there

is no other j � I� j 	� � satisfying ��	 if A� is large enough
 Also� by the assumption in
this case� no j � I satisfying ���
 Thus� if for some j � �� �u�jj � ��� jruj

�� we must have
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u�j �jruj
� � u�j  � ��� jruj

�
 That is� �u�jj � u�j �jruj
� � u�j  � ��� jruj

� for j � �
 By ���� it
implies that X

i�l

F ii�u�il �
X
i��

F ii��u�ii � u�i �jruj
� � u�i  � ��� jruj

�
X
i��

F ii�

Since �k����� � � and w�� � �� it follows from �� that�

X
j��

F ii �
n� k

n� k � �

X
i��

F ii����

The claim ��	 is valid in this case
 The proof of the lemma is complete


Corollary �� Let u be a solution of ��� in Br� then

max
x�Br��

u � c�� � e�� infx�Br u�

for some constant c � � depending only on r� kfkC��Br� and kg�kC��Br��

Remark �� Let u satisfy ��� and v � eu� The function v satis�es

�
��k
k

�
v � r�v �

�

�
jrvj�g� � v�Sg�

�
� f�

��� is equivalent to ����rvv
���� �x � c� c� inf

x�Br

v�� for x � Br���

�
 Local C� estimates

Theorem � follows from Proposition � and the next proposition


Proposition �� Let k � �� suppose u � C� be an admissible solution of ��� in Br� Then�
there exists a constant c � � depending only on r� kg�kC��Br� and kfkC��Br� such that

jr�uj�x � c�� � e�� infBr u� for x � Br������

Proof	 Again� we assume r � �
 Since u is admissible� and W � ��k for k � �� there is a
constant c depending only on k and n� jwij j � c

P
i wii
 In turn�

jr�uj�x � �� � c�!u�
X
i

jSiij� jruj��x����

By Proposition �� we only need to get an upper bound for !u
 Let 	 be chosen as
before� set

G � 	�!u� jruj��



�� PENGFEI GUAN AND GUOFANG WANG

We estimate the maximum of G
 Let y� � M be the maximum point of G
 Without
loss of generality� we assume G�y� � �
 Moreover� by Proposition � we may assume that
jruj� � !u� i
e
�

� � 	!u�y� � G�y� � �	!u�y��

By choosing proper coordinates� we may assume that �uij is diagonal at y�� namely
uij � uii�ij 
 Now at y�� we have

� � Gj�y� �
	j
	
G� 	

X
l��

�ullj � �ululj� for any j����

and�

Gij �
		ij � �	i	j

	�
G� 	

X
l��

�ullij � �uliulj � �ululij�

Since y� is a maximum point of G�

� �
X
i�j��

F ijGij

�
X
i�j��

F ij 		ij � �	i	j
	�

G� 	
X
i�j�l��

F ij�uijll � �uliulj � �ululij

�C	
X
i

juiij
X
i

F ii�

where the last term comes from the commutators related the curvature tensor of g� and

its derivatives
 By the concavity of �
�
k
k and ����

� �
X
i�j��

F ij 		ij � �	i	j
	�

G� 	
X
i�j�l��

F ij�ujill � �uliulj � �ululij

�C	
X
i

juiij
X
i

F ii

�
X
i�j��

�
F ij 		ij � �	i	j

	�
G� 	F ij�wijll � 	F ij�uiuj �

�

�
u�k�ij � Sijll

�

�	
X
i�j�l��

F ij��uliulj � �ululij� C	
X
i

juiij
X
i

F ii

�
X
i�j��

F ij 		ij � �	i	j
	�

G� 	
X
l

Fll � �	
X
i�j�l

F ijuiujll

�	
X
i�j�l

F ii�u�kl � ukukll � �	
X
i�j�l��

F ijululij

�C�� �G
X
i

F ii�

���
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Now we estimate the terms on the right hand side
  From our construction of 	� we have

X
i�j��

F ij 		ij � �	i	j
	�

G � ��b�
X
i�j��

F ij �

	
G�

By equation �� and Proposition �� we have

X
l��

	Fll �
X
l��

	�fll � �ull � �flul � �u�l e
��u

� ��C �Ge��u � ��C �Ge�� infB� u

� �CGe�� infB� u�

for some constant C � � depending only on kfkC��B��
 By ���� we have for any l � ��

X
l

	ujll � �
	j
	
G� �	

X
l

ulujl�

Together with ���� we obtain�

�
X

i�j�l���

	F ijuiujll � �C
�

	
�
X
i

F ii�jHj���G� �	H
X
l

jullj

� �C
�

	
�
X
i

F ii�HG�G� �n�n� ��HG

� �C
�

	
�
X
i

F ii�H � �G�

Similarly� we get

	
X

i�k�l��

F iiukukll � �C
�

	
�
X
i

F ii�H � �G�

Now by �� we compute

	
X
i�j�l��

F ijululij � 	
X
i�j�l��

F ijuluijl � CH
X
i

F ii

� 	Flul � 	
X
i�j�l��

F ijul�uiuj �
�

�
jruj��ij � Sijl � CH

X
i

F ii

� �C�� � e��uH
X
i

F ii � CH
�

	
G
X
i

F ii�
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As
P

F ii � �� and G�y� � �� the above and Proposition � yield

� � �C
X

F ii �

	
G� CGe��u � �CHe��u �

C

	

X
F ii�H � �G

�	
X
i��

F iiu�kl

� �
C

	

X
F ii�G�Ge��u �HG � 	

X
i�j�l��

F iiu�jl

� �
C

	

X
F ii�G�Ge��u �HG �

�

	

�

n

X
i

F ii	��!u�

� �
C

	

X
F ii

�
�G�Ge��u �HG�

�

�n
G�

�
�

���

It follows from ��� that at y�� G � C�� � e�� infB� u


Remark �� Since the estimates in Theorem � are independent of the lower bound of f �
C��� regularity estimates can be deduced for the solutions of degenerate equation ��� with
nonnegative function f � If f is positive and inf u is bounded from below� we will have
higher regularity estimates for the solution u by Evans�Krylov theorem ���� and �����

Remark �� The arguments in the proofs of Propositions � and � can be generalized to
deal with the equation of the form

�k

�
r�u� du� du�

jruj�

�
g� � Sg�

�
� fk���e�u� x����

with the function f�s� x � � satisfying the following structure conditions	 there is a
constant C and a function h�s� x with hs�s� x � �� such that ��s� x � R�M �

jrs�xf�s� xj � Cf
�
� �s� x� jsfs�x�s� xj��js�fss�s� xj� jfxx�s� xj � h�s� x����

Namely�

Theorem �� Suppose f satis�es the structural conditions ���� Let u � C� be an ad�
missible solution of ���� in Br� the geodesic ball of radius r in a Riemannian manifold
�M� g�� Then� there exists a constant c � � depending only on r and kg�kC��Br�� such
that

kukC��Br��� � c�� � sup
x�M

h�e� infBr u� x � e� infBr u�

Proof	 The basic observation is that the proof of Proposition � can carry through without
major changes� in the proof of Proposition � we may use the following fact to overcome

the term Fll � �f
k��
k ll in ���


Fact�
P

i F
ii � �

k�
� �
k�k���

k ���
�

k��

� ��
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By Proposition � and the de�nition F � �
��k
k � we only need to prove

�k��k�� � ���
k��
k �

This is a consequence of the Newton�MacLaurin inequality �� as follows�

���
�
��

�
� � � � �

��k���
k�� �k��k���

k��
k � ����������

� � � � ��k���k
k��

� ����
�
� � � � �

��k���
k�� �

��k���
k�� �

Finally� Corollary � follows from Theorem � and the next Proposition


Proposition �� There exists a constant �� � � such that any solution u of ��� in B� withZ
B�

e�nudvol�g� � ��

satis�es

inf
B���

u � �c�� �

for some constant c�� � � depending only on ���

Proof	 We make use of a rescaling argument as in ����� together with Theorem �� to prove
this Proposition


Assume by contradiction that there is a sequence of solutions ui of �� in B� such thatZ
B�

e�nuidvol�g�
 �� as i
�

and

inf
B���

ui 
 ������

as i
�

Consider the function ���� � r� supBr

e�nui � ��� ��� 
 ����
 As the function is

continuous� there is ri� � ��� ��� such that�
�

�
� ri�

��
sup
B
ri
�

e�nui � sup
��r����

�
�

�
� r

��
sup
Br

e�nui �

Moreover� there exists zi� � Br� such that e�nui�z
i
�� � supB

ri�

e�nui�z�
 Let si� � ���� �

ri���
 From the de�nition�

sup
Bs� �z

i
��

e�nui � sup
Bs�	r��z

i
��

e�nui � �e�nmi ���	

where mi � ui�z
i
�
 Consider the rescaled function vi�y � ui�expzi�

emiy�mi in Be�misi�
�

vi satis�es equation of type ��




�
 PENGFEI GUAN AND GUOFANG WANG

By ��	� we have�

Z
B
e�mis�

e�nvi �

Z
Bs� �z

i
��
e�nui 
 �� as i
�

and

vi�� � � and vi�x � �
�

n
log ��

From ���� one may check that e�misi� � a� � � for any i
 Now by Proposition �� or
Corollary �� sup vi is uniformally bounded in Be�misi���


 This is a contradiction
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