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Abstract

We study the variational problem

S
F

� ��� �
�

��
�
sup

�Z
�

F �u� �

Z
�

jruj� � �
�
� u � � on ��

�
�

in possibly unbounded domains � � R
n� where n � �� 	� � �n

n��
and F satis
es � � F �t� � �jtj�

�

and is upper semicontinuous� Extending earlier results for bounded domains we show that �almost�
maximizers of SF� ��� concentrate at a harmonic center� i�e� a minimum point of the Robin function
�� �the regular part of the Green function restricted to the diagonal�� Moreover we obtain the
asymptotic expansion

S
F

� ��� � S
F

�
��

n

n� 	
w
�

�min
�

�� �
� � o����

�
where SF and w� depend only on F but not on � and can be computed from radial maximizers
of the corresponding problem in R

n� The crucial point is to 
nd a suitable de
nition of ������
Interestingly the correct de
nition may be dierent from the lower semicontinuous extension of
��j�nf�g to �� at least for n � ��
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� Introduction

Let � be a domain in Rn� n � �� Consider the variational problem

sup

�
�

���

Z
�

F �u� �

Z
�

jruj� � ��� u � 	 on ��

�
����

where the integrand is supposed to satisfy the growth condition

	 � F �t� � � jtj��

for some � � 	 and 
� �� �n
n�� denotes the critical Sobolev exponent� For smooth integrands every

solution of ��� satis�es the Euler Lagrange equation

��u � �f�u� in ���
�

u � 	 on ��

with f � F � and a large Lagrange multiplier �� In �� Flucher and M�uller studied the asymptotic
behaviour of the solutions u� of ��� as �� 	 and they proved �at least for domains of �nite volume�
that a suitably rescaled sequence of �almost� maximizers u� always concentrates at a single point x�
of � �after possible extraction of a subsequence�� More precisely

jru�j�
��

�
� �x� and

F �u��

���
�
� SF �x����

�
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where SF is a constant depending only on F �
For applications such as Bernoulli free�boundary problem or the plasma problem it is important

to know the location of the concentration point� For bounded domains it was shown in �� that
concentration occurs at a harmonic center� i�e� at a minimum point of the Robin function �� �the
regular part of the Green function of � restricted to the diagonal�� Moreover the supremum SF� ��� in
��� has the asymptotic expansion

SF� ��� � SF
�
�� n

n� 

w�
�min

�
�� �

� � o����

�
	

In this paper we extend these results to unbounded domains �see Theorems �� and 
� below��
The crucial point is that in this case concentration may occur at �� Thus we need to de�ne ��
also at �� This is done in De�nition � below� The de�nition ensures that �� � � � R � f��g is
lower semicontinuous �here and in the following we consider the closure of � in Rn � f�g� the one
point compacti�cation of Rn�� Interestingly ����� may� however� be strictly lower than the lower
semicontinuous extension of ��j�nf�g to � �see Example ���

The relevance of the critical points of the Robin function for Dirichlet problems that involve the
critical Sobolev exponent was �rst pointed out by Schoen �
� and Bahri ��� Rey ��� and Han ��
showed that as p� 
� the maximum points of the positive solutions of

�u� up�� � 	 in ��

u � 	 on ��

accumulate at a critical point of the Robin function� This has been conjectured by Br�ezis and
Peletier ��� The simpler proof of �� applies to all dimensions and shows that the concentration
point is a minimum point of the Robin function� Similar results for the Ginzburg�Landau functional
have been obtained by Bethuel� Br�ezis and H�elein ��� For further discussions on concentration e�ects
and the relevant literature see also ���

To minimize technicalities we consider mostly the Bernoulli free boundary value problem� i�e� the
maximization of volume for given �small� capacity� This corresponds to the integrand F �t� � 
ft��g�

The main technical di�culty for general integrands is that one essentially has to work with the
level sets of the maximizer u� of problem

SF � sup

�Z
Rn

F �u� � krukL� � �

�
���

rather then those of the Green function�
Since u� approaches the Green function of Rn as jxj � � the arguments are similar but technically
more involved�
The tools to overcome these technical di�culties� however� are essentially the same as for the bounded
domains �� and we review them brie�y in the appendix�

Another subtlety arises in unbounded domains if F �t� has critical growth near the origin� Then
maximizing sequences for problem ��� become arbitrarly �at� In this case we need to impose the
condition ����� � 	 to assure that maximizing sequences for ��� still concentrate at a single point�
after suitable translation� The condition ����� � 	 requires� roughly speaking� that Rn n � is not
to small at � and holds e�g� for cylinders like domains � � f�x�� xn� � Rn � jx�j � f�xn�g with f
continuous and lim inft��� f�t� � �� �but possibly lim supt��� f�t� � ����
Equivalent conditions and their consequences are also discussed in the appendix�

� Hypotheses� generalized Sobolev inequality and concentra�

tion

Let � be an open subset of Rn� n � �� By � we denote the closure of � in Rn � f�g� In particular
the closure of an unbounded domain contains the point ��

The natural function space for variational problems of the form ��� is the space D������ de�ned
as the closure of C�c ��� with respect to the norm

krvk� �

�Z
�

jrvj�
����
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We shall study the behaviour� as �� 	� of following variational problem

SV� ��� ��
�

���
sup

�jAj � A open subset of � � cap�A � ��
�
����

where cap�A denote the harmonic capacity of A with respect to �� i�e�

cap�A � inf

�Z
�

jruj� dx � u � D������ � u � � a�e� in A

�
	���

Thus problem ��� can be equivalently written as

SV� ��� ��
�

���
sup

�j fu � �g j � u � D������� kruk� � �
�
�

so that it can be seen as a particular case of problem ���� when F �t� � 
ft��g�
We require the following very weak assumption for the domain �

� is a domain in Rn of dimension n � � with � �� Rn in the sense that capRn�Rn n�� � 	����

De�ne the generalized Sobolev constant by

SV �� SV� �Rn�	

By taking into account that the capacity of a ball of radius r is given by capRnBr � �n�
�jSn��jrn��
we easily compute SV � ��n � 
�jSn��j�n����n�� Since cap

Rn��A� � �n��cap
RnA and cap

RnA �
cap�A we have SV� ��� � SV � A simple scaling argument leads to the isoperimetric inequality for the
capacity

jAj � SV �cap�A�
����

���

Moreover SV� ���� SV as �� 	 �see e�g� ���� By this fact together with the generalized concentration
compactness alternative proved in the same paper� one can easily deduce the following concentration
result�

Theorem � Let A� be a sequence of extremals for problem ���� i�e� cap��A�� � �� and jA�j � SV as
�� 	� and let u� be the corresponding capacitary potential with respect to �� Then there exists x� � �
such that

jru�j�
��

�
� �x� �


A�

���
�
� SV �x����

in the sense of measures�

Note that in order to obtain the concentration result it is enough to require that � satisfy
capRn�Rn n�� � 	� This assumption essentially excludes only the case � � Rn�

Remark � In the result above the concentration at � has to be understood asZ
�nBR

jru�j�
��

� � and
jA� nBRj

���
� SV �R � 	 	

This convergence does not assure a priori that the sets A� concentrate at a single point� up a suitable
translation� We will see in the sequel �see Proposition �� that for the volume functional this result is
always true� In the general case of problem ��� a further assumption on the set � has to be made �see
Appendix��

As a consequence of the concentration compactness alternative we have the following lemma�

Lemma � ����� Lemma ��� Let Ak be a sequence of compact sets such that jAkj � jB�
� j and capRn�Ak�

converges to cap
Rn�B�

�� as k ��� Then� up to a subsequence� there exists a sequence fxkg such that
the characteristic function of Ak � xk converges to the characteristic function of B�

� in L�� Moreover
if uk and u denote the capacitary potential of Ak and B�

� respectively� then uk�xk � 	� converges to u
strongly in D����Rn��
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Proposition 	 If cap
Rn �A��

jA�j
n��
n

� SV and jA�j � 	� then there exist x� and r� � 	 such that

jA� nB�x�� r��j
jA�j � 	

Proof� This result can be obtained as a direct consequence of Lemma �� arguing by contradiction�

Remark 
 If fA�g is a sequence of extremals� then it satis�es ���� and therefore satis�es the assump�
tion of Proposition �� In particular if ��� holds with x� � �� then there exists a sequence x� � �
such that

jru��	 � x��j�
��

�
� ���


fA��x�g
���

�
� SV ����	�

� Robin function and for unbounded domains

In this section � will be an arbitrary open subset of Rn with n � �� which satis�es ���� The concen�
tration point x� of Theorem � will be identi�ed in terms of the Robin function of �� i�e� the diagonal
of the regular part of the Green function of the Dirichlet problem in � for the Laplace operator� This
function has been considered in the context of concentration phenomena in 
� for domains with regu�
lar boundary� In �� this de�nition has been extended to any domain� possibly with irregular boundary�
and its main properties have been studied in the case of bounded domains�

In this section we shall summarize the de�nitions and the results given in �� and we will extend
them to the case of unbounded domains� In particular� since the concentration point� for some domains�
could be at � we need a good de�nition of the Robin function at � and a accurate study of its
behaviour near ��

Let us denote byKx�y� � K�jx�yj�� for every x� y � Rn� the fundamental solution for the negative
Laplacian� i�e� K�r� � cnr

��n� with cn � ��n�
�jSn��j���� For every point x � �nf�g� let us de�ne
the regular part of the Green function� H��x� 	�� as the solution in the sense of Perron�Wiener�Brelot
�PWB� of the following Dirichlet problem���

�	
�yH��x� y� � 	 in ��

H��x� y� � Kx�y� on ���
����

i�e�� H��x� 	� is the in�mum of all superharmonic functions u such that

lim inf
z � y
z � �

u�z� � Kx�y�

for every y � �� �see �	��� If � is an external domain� then we require in addition that

lim inf
z ��
z � �

u�z� � 	 	

Note that the notion of PWB solution is stable under increasing sequences of admissible boundary
data� Thus the function H��x� y� is well de�ned also if x � �� n f�g� The Green function of the
Dirichlet problem for the Laplacian is de�ned by

Gx�y� � Kx�y��H��x� y� 	

The Green function is symmetric in �� � �see �	�� Theorem ��
��� hence H��x� y� � H��y� x� for
every �x� y� � ����

If x � � then the function H��x� 	� coincides with the weak solution of ���� in the sense of D�������
For every x � � � �� n f�g� let us extend the function H��x� 	� to a superharmonic functioneH��x� 	� de�ned on all Rn� as follows� for every y � �� n f�g we set

eH��x� y� � lim inf
z � y
z � �

H��x� z���
�
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and eH��x� y� � Kx�y� for every y � Rn n� �see �	�� Theorem ����� Finally let us extend eH��x� y� to

Rn�Rn by setting eH��x� y� � Kx�y� for every x � Rnn�� It has been proved in ��� Proposition �� that

for every y � Rn the function x �� eH��x� y� is superharmonic in Rn and� moreover� �x� y� �� eH��x� y�
is lower semicontinuous in Rn �Rn�

We are now in a position to recall the de�nition of the Robin function� the harmonic radius and
the harmonic center given in �� and to extend it to ��

De�nition � �Robin function� harmonic radius� harmonic center� For every x � � � �� n
f�g the leading term of the regular part of the Green function

���x� �� eH��x� x�

is called Robin function of � at the point x� The harmonic radius of � at x is de�ned by the relation
K�r�x�� � ���x�� The Robin function at in�nity is de�ned as

����� �� lim
���

lim
R��

inf
x� y � Rn

jxj � R� jx� yj � �

eH��x� y�����

A minimum point of the Robin function on � is called a harmonic center of ��

In this way �� � �  Rn � f�g � R becomes a lower semicontinuous function� Nonetheless �����
may be strictly below the largest lower semicontinuous extension of ��� at least for n � � as shown
by the example below� A similar phenomenon can arise at other boundary points�

Example � We will construct an unbounded domain � such that ����� � lim infx�� ���x�� It will
also provide an example of a set for which the extremals concentrate at �� The set � will be given
by taking the whole space Rn and subtracting a sequence of small balls that accumulate at �� First
make a partition of Rn by considering the annuli Ck � B�k �	�nB�k���	�� In each annulus we consider
small balls of radius rk with centers �xik� in a lattice of side dk� We will choose later two suitable
sequences fdkg and frkg such that dk� rk � 	 and rk �� dk�

Set � � Rn n�k �xi
k
�Ck Brk�x

i
k�� Let us denote by u

i
k the capacitary potential of the ball Brk �x

i
k��

Thus uik�x� � K�jx � xikj�K�rk�� Let us now take any sequence xk � �� To estimate ���xk� from
below we may assume that xk � Ck and that for any k the distance between xk and the closest ball is
of order dk� Then in particular the Robin function of � in the point xk can be estimated from below
by the capacitary potential of such a ball scaled by K�dk�� namely

���xk� � eH��xk� xk� � K�dk�u
i
k�xk� �

K��dk�

K�rk�
� rn��k

d�n��k

	����

Finally let us �x 	 � � � � and let us estimate from above the in�mum of eH��xk� y� for jxk�yj � ��

We will estimate eH��xk � y� by considering separately the contribution of the balls contained in each
annulus Ch for h �� k� that of the balls in the annulus Ck nB��xk� and �nally the contribution of the
balls in B��xk�� Now the capacity of the balls contained in each annulus Ch is of order rn��k 
hndnh
�i�e�� the capacity of a ball times the number of balls�� Then the contribution of Ch is given by the
total capacity of the balls contained in it multiplied by the fundamental solution computed on the
distance between xk and Ch that we very roughly estimate with �� Similarly we deal with the balls in
CknB��xk�� The contribution of the balls in B��xk� can be estimated �rst considering the contribution
of the balls in B����y� which gives a term of the form

K��
�rn��k

Z ���

�

K�s�sn��

dnk
ds

and then the contribution of the balls in B��xk� nB����y� which similarly can be estimated by

K��
�rn��k

Z �

�

K�s�sn��

dnk
ds	

Then

inf
jxk�yj��

eH��xk � y� � C
X
h��k


hn
rn��h

dnh
� CK����
kn

rn��k

dnk
� C��K���

rn��k

dnk
	����
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Choosing dk � 
��k� rk � 
��k and n � � we easily �nd values � � � � 	 such that ����� � �
while lim infx�� ���x� � ��� Actually� this construction provides also an example of a set where the
concentration occurs at �� Indeed a more accurate estimate in ���� shows that under the condition
rk �� 
�kndnk we have ����� � 	�

If x � �� the Green function can be expanded near the singularity as�

Gx�y� � K�jy � xj�� ���x� �O�jy � xj�	����

It has the following properties�

Proposition  ���� �� �� For �xed x � � the Dirichlet Green�s function Gx satis�es�

�� For every t � 	 one hasZ
fGx�tg

jrGxj� � t	

	� As t � � we have B
r�
x  fGx � tg  B

r�
x with r� � r � O�rn� and r de�ned by t �

K�r�� ���x��


� For every x � � n f�g� with ���x� ��� we have

jfGx � tgj � jfK � t� ���x�gj

Proof� The proof of Part � and 
 are recalled in ��� Proposition �
� while Part � is proved in ���
Remark �� as a consequence of Proposition �	� 


The proposition above implies that for x � � the capacity of a small ball is asymptotically given
by

cap��B
r
x� �

�

K�r�� ���x� �O�r�
� cap

Rn�Br
�� � cap�

Rn�Br
�� ����x� �O�r������

as r � 	� In the radial case we have

capBR
�
�Br

�� �
�

K�r� �K�R�
	����

The key point is that an asymptotic expansion similar to ���� holds for arbitrary small sets which
concentrate at single point� The following estimate for the capacity has been proved in ��� Lemma ���

Lemma � �Asymptotic expansion of capacity� Let x� � ���� n f�g and let Ak be a sequence
of subsets of � such that jAkj � 	 and

�

jAkjXAk

�
� �x� 	

Then

lim inf
k��

�

capRn�A�k�
� �

cap��Ak�
� ���x�� 	����

An important tool in the proof of this result is Proposition �	 below� It provides an approximation
of �� with a sequence of Robin functions obtained approximating � with larger domains� and permits
to restrict the analysis in Lemma � only to interior points�

Fix x� � �� n f�g� Let us denote by ���x�� the set � �B�
x� � For any �xed x � � � �� n f�g let

H���x���x� 	� be the PWB solution of the problem���
�	

�yH���x���x� y� � 	 in ���x���

H���x���x� y� � Kx�y� on ����x��
�
	�

and let ����x���x� the corresponding Robin function�



Garroni� M�uller� Identification of concentration points in unbounded domains �

Proposition �� ����� Proposition �� Let x� � �� n f�g� Then� for every x� y � Rn� H���x���x� y�
converges increasingly to H��x� y� as � decreases to 	�

In particular ����x���x� converges increasingly to ���x� as � � 	� for any x � � � �� n f�g and
�� is lower semicontinuous in � � �� n f�g�

Our next goal is to establish that a similar approximation result can be proved for ������

Proposition �� The following equality holds

����� � lim
���

lim
R��

inf
jxj�R

��	B��x��x� 	

In order to prove Proposition �� we need the following lemma�

Lemma �� Let x � Rn� � � �	� �� �� � � �	� �� and r � 
��� If

��	B��x��x� � 
��nK�������n��� � K�r��
��

then

inf
y�z�B�r�x�

eH��y� z� � ��	B��x��x� �K������n��������n��� 	�

�

Proof� Let T � ��	B��x��x�� By assumption eH�	B��x��x� x� � T � K�r�� with r � 
��� Thus by the

superharmonicity of eH�	B��x��x� 	� we get

�
Z
�Br�x�

eH�	B��x��x� z� dz � eH�	B��x��x� x� � T�
��

Hence there exists a subset S of �Br�x� such that S has positive �n � ���dimensional measure and
such that

eH�	B��x��x� z� � T � z � S 	�
��

If z � �Br�x� n� � B��x�� then by �
�� eH�	B��x��x� z� � K�jx� zj� � K�r� � T � This is also true if
z � �� � �Br�x� is a regular boundary point of � in the sense of Wiener� Since the set of irregular
points of the boundary of an n�dimensional domain has zero capacity� and in particular zero �n� ���
dimensional measure� we infer that S � � has positive �n� ���dimensional measure� In particular we
may �x z � � � �Br�x� such that �
�� holds�

Again by the superharmonicity of eH�	B��x� we have that

�
Z
�B r

�
�x�

eH�	B��x��y� z� dy � eH�	B��x��x� z� � T�
��

Thus� as above� we may �nd y � � � �B r
�
�x� such that

eH�	B��x��y� z� � T�
��

Now let M � max��B��x�
K�jz � �j� � K� r� � � K���������n and consider the function

f��� � eH�	B��x���� z� �M

� j� � xj
�

���n

then f is superharmonic in Rn and harmonic in � n B� Moreover f��� � K�j� � zj� if � � ��� n B��
Hence H�nB��� z� � f��� for every � � � nB� Since y � � nB we may take � � y and we obtain

H��y� z� � H�nB�z� y� � eH�	B��x��y� z� �M

� jy � xj
�

���n

� T �K������n��������n��� �

which concludes the proof� 
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Proof of Proposition ��� Let us �rst prove that

lim
���

lim
R��

inf
jxj�R

��	B��x��x� � ����� 	

Let ��R� �� � inf jxj�R inf jx�yj�� eH��x� y�� and ���� � limR�� ��R� ��� By de�nition ����� �
lim��� ����� By the harmonicity of H�	B��x��x� y� we have

��	B��x��x� � �
Z
B��x�

H�	B��x��x� y� dy � �
Z
B��x�

eH��x� y� dy 	�
��

Since eH��x� y� � ��R�
p
�� for every jx � yj � p

� and jxj � R� by the Harnack inequality applied toeH��x� y�� ��R�
p
�� in connection with �
�� we get

��	B��x��x� � ��R�
p
�� � C

�
min

y�B��x�

eH��x� y�� ��R�
p
��

�
	

By taking the in�mum on jxj � R we obtain

inf
jxj�R

��	B��x��x� � ��R�
p
�� � C ���R� �� � ��R�

p
��� 	

and we conclude taking the limit as R�� and then �� 	�
Conversely� let e� ��� � lim��� limR�� inf jxj�R ��	B��x��x�� Assume that e���� ��� Then there

exist �k � 	 and xk �� such that

lim
k��

��	B�k
�xk��xk� � e���� 	

In particular assumption �
�� in Lemma �
 holds for k su�ciently large� Thus� by Lemma �
� there
exist rk � 
��k � 	 and zk� yk ��� with jzk � ykj � 
rk � 	� such that

lim sup
k��

H��yk� zk� � e� ���

and then in particular we have

lim
���

lim
R��

inf
x� y � Rn

jxj � R� jx� yj � �

eH��x� y� � e���� 	

Thus ����� � e����� which concludes the proof� 


As an immediate consequence of Proposition �� we obtain the following result�

Corollary �� For any sequence f�kg� with �k � 	 and �k � 	 as k � �� there exists a sequence
fxkg in Rn with xk �� such that

lim
k��

��	B�k
�xk��xk� � ����� 	

We now establish a more precise comparison between eH� and ������

Corollary �	 For any sequence f�kg� with �k � 	 and �k � 	 as k ��� let fxkg be a sequence in
Rn with xk �� such that

lim
k��

inf
jxk�yj
�k

eH��xk � y� � ����� 	

Then we also have
lim
k��

��	B�k
�xk��xk� � ����� 	

Proof� Let us denote �k � � � B�k �xk�� By Proposition �� we always have that

lim sup
k��

��k �xk� � �����
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On the other hand by the harmonicity of H�k �xk � y� in B�k�xk� we have

��k �xk� � H�k �xk � xk� � �
Z
B�k

�xk�

H�k �xk� y� dy � �
Z
B�k

�xk�

eH��xk� y� dy ��
��

� inf
jxk�yj
p�k

eH��xk� y� ��
Z
B�k

�xk�

�
H�k �xk� y�� inf

jxk�zj
p�k
eH��xk� z�

�
dy 	

By the assumption and the de�nition of ����� we have also that

inf
jxk�yj
p�k

eH��xk � y� � ����� � o��� 	

Thus applying the weak Harnack inequality to the function H�k �xk � y�� inf
jxk�zj
p�k

eH��xk� z�� which

is superharmonic and positive on B��k �xk�� we get

��k �xk� � inf
jxk�yj
p�k

eH��xk� y�

� C

�
inf

jxk�zj
�k
H�k �xk � y�� inf

jxk�zj
p�k
eH��xk � z�

�
� ����� � o��� 	




We now prove the asymptotic formula for small sets concentrating at ��

Lemma �
 Let Ak be a sequence of sets which concentrates at � in the sense that jAkj � 	 and
suppose that there exists a sequence xk ��� such that


Ak�xk
jAkj

�
� �� 	

Then

lim inf
k��

�

capRn�A�k�
� �

cap��Ak�
� ����� 	�
��

Proof� We may assume ����� � 	 since otherwise there is nothing to show� Note also that the
assumptions imply jAk j � 	� Thus we may suppose that cap�Ak � 	 since otherwise the left hand
side of �
�� is �� We �rst assume that ����� � ��� Let uk be the capacitary potential of Ak � xk
and let

�k � � �

cap��Ak�
�uk f�� xkg 	

As in the proof of Lemma �� in �� we obtain �k
�
� �� and k�kkM�RnnB�� � 	 for every � � 	� We

will construct a superharmonic function wk which satis�es wk � � on Ak � xk and we will estimate
k�wkkM to estimate capRn�Ak��

Fix � � 	 and let ��k � �k B�� �
�
k � �k � ��k � 	 in M�Rn�� We have

uk�x� � cap��Ak�

Z
Rn

G��xk �x� y� d�k�y� �

and de�ne

uik�x� � cap��Ak�

Z
Rn

Gf��xkg�x� y� d�
i
k�y� �

vik�x� � cap��Ak�

Z
Rn

K�x� y� d�ik�y� � i � � � 
 	

Since xk ��� the de�nition of ����� and the convergence of ��k imply that for every � � 	 there
exist ����� � 	 and k���� �� such that for all � � ����� and k � k�

v�k � u�k
cap��Ak�

�

Z
�

eH��xk � x� xk � y� d��k � ������ ���	�
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for every x such that jxj � 
��
On the other hand since k�kkM � � we have

u�k�x� � v�k�x� � cap��Ak�K�jxj � �� � cap��Ak�K�������

if jxj � 
�� If uk�x� � � and jxj � 
� then

u�k�x� � �� u�k�x� � �� cap��Ak�K�����
�

Let �k � ������� ��cap��Ak� and �k � K���cap��Ak�� and

wk �
�

� � �k
v�k �

�

�� �k
v�k �

�

� � �k
vk �

�
�

�� �k
� �

� � �k

�
v�k 	����

From the �rst identity� in connection with ��	� and ��
� we see that wk � � on Ak � xk � Indeed this
follows immediately from ��
� for jxj � 
� since v�k � u�K � For jxj � 
� estimate ��	� and the condition
uk � � on Ak � xk give

wk � u�k � �k
� � �k

�
�

�� �k
u�k � � �

�
�

�� �k
� �

� � �k

�
u�k � � 	

Now the second identity in ���� �in connection with the minimality of the capacitary distribution�
yields

capRn�Ak� � k�wkkM �



�

� � �k
�

�
�

�� �k
� �

� � �k

�
k��kk

�
cap��Ak� 	

Taking the limit as k �� and �� 	 we easily deduce the assertion for ����� ���
If ����� �� we replace in ��	� the term ������ � by �

	 and proceed as before�



In connection with Lemma � and the lower semicontinuity of �� in � we deduce immediately the
following corollary�

Corollary �� Suppose that ����� � 	� Then inf� �� � min� �� � 	 and for all sets Ak  �� with
jAkj � 	

lim inf
k��

�

capRn�A�k�
� �

cap��Ak�
� min

�
�� 	����

� Localization of concentration points

The main result of this paper is the second order expansion of SF� with respect to �� It turns out that
the second nontrivial term depends on the value of the Robin function at the concentration point�
This allows us to identify the concentration point� We say that fA�g is a sequence of almost extremals
for ��� if A� is admissible for the de�nition of SV� ��� and

jA�j
���

� SV� ��� � o���� as �� 		

Theorem �� �Identi�cation of concentration points� �� If the sequence fA�g satis�es cap�A� �
�� and concentrates at x � � in the sense of Theorem � then

jA�j � ��
�

SV
�
�� n

n� 

���x� �

� � o����

�

as �� 	�

	� If fA�g is a sequence of almost extremals we have

jA�j � ��
�

SV
�
�� n

n� 

min
�

�� �
� � o����

�
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� In particular a sequence of almost extremals concentrates at a harmonic center� i�e�

��x�� � min
�

��

with x� as in Theorem ��

Remark � If ���x� �� the inequality in Part � is understood as

lim
���

���
� jA�j
���

� SV
�

� �� 	

Proof of Theorem ��� Let us �rst prove Part �� In view of Proposition � we can apply Lemma �
if x � � n f�g or Lemma �� if x � �� Taking into account that capRnA�� � �jA�jSV ����� and
cap�A� � �� we deduce that

lim inf
���

�

��

�
�SV ���

jA�j
� �

��

� �

�
� � ���x�

and this proves Part � since �
�� � n��

n �
Since every maximizing sequence concentrates by Theorem �� the assertion in Part � implies one

inequality in Part 
� If min� �� is attained at x ���� then the reverse inequality is an easy consequence
of Proposition �� Parts � and �� Indeed if A� � fGx � ���g then cap�A� � �� and

jA�j � jfK �
�

��
� ���x�gj 	����

Thus computing the right hand side of ���� we get the required inequality�
Let us �nally consider the case that min� �� is attained only at x � �� In this case we may

not apply directly the transplantation argument� but we must apply it to the level sets of the Green
function of � with singularities in suitable points x� approaching �� We claim that it is possible to
choose x� �� such that

jfGx� �
�

��
gj � jfK �

�

��
� ����� � o���gj 	����

This will give us the result as above� taking A� � fGx� � ���g�
In order to prove ���� let �� � 	 be such that K���� � ��� �i�e� �� � K���������n���� and let

R� � 	 be such that R� �� ���� By the de�nition of ����� we may �nd a sequence x� � 	 such that

inf
jx��yj
R�

eH��x�� y� � ����� � o�������

Let ��� be the Robin function of the set �� � � �BR�
�x��� By Corollary �� we have also

lim
���

����x�� � ����� 	����

By applying the usual transplantation argument �see Proposition �� Part �� to the Green function
of �� we have

jfG���x�� y� �
�

��
gj � jfK�jx� � yj� � �

��
� ����� � o���gj����

Thus it remains to prove that

jfG��x�� y� �
�

��
gj � jfG���x�� y� �

�

��
� o���gj� ��

�

o���� 	��	�

This will be done exploiting that far from x� the di�erence eH��x�� y� � eH���x�� y� is small �see
estimate ���� below� while close to x� the di�erence between the level sets of G�� and the levels sets

of G� is controlled by the set where eH��x�� 	� is very big� which is small �see ������
First we claim that there exists a constant C � 	 such that

	 � eH��x�� y�� eH���x�� y� � C

�
R�

���

�n��
����
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for every ��� � jy � x�j � ���
In order to to prove estimate ���� let r��y� be the solution of the following problem���

�	
�r��y� � 	 in ��c � BR�

�x���
c�

r��y� � K�jx� � yj� on ���c �BR�
�x���

c and r� � 	 as jyj � ��
��
�

It is easy to check that

r��y� � eH��x�� y� � eH���x�� y� � r��y� 	����

Since r� is harmonic outside the ball BR�
�x��� using a Poisson�type integral representation we get

r��y� �
�

jSn��jR�

Z
�BR� �x��

jx� � yj� �R�
�

jz � yjn r��z� dHn���z�

for jy � x�j � R�� Thus by ���� we have

eH��x�� y�� eH���x�� y� � C

�
R�

���

�n��
�
Z
�BR��x��

r��z� dHn���z�����

� C

�
R�

���

�n��
�
Z
�BR��x��

eH��x�� z� dHn���z�

for any ��� � jy � x�j � ��� Finally taking into account the superharmonicity of eH��x�� 	� and using
the weak Harnack inequality we obtain

�
Z
�BR� �x��

eH��x�� z� dHn���z� � �
Z
BR� �x��

eH��x�� z� dz � C inf
jx��yj�R�

eH��x�� y� � C������ � o����

which in view of ���� gives �����
Since fG��x�� y� � ���g � B���x��� as an immediate consequence of ���� we have that

jfG��x�� y� �
�

��
g nB���

�x��j � jfG���x�� y� �
�

��
� o���g nB���

�x��j 	����

Finally it is easy to check that

jfG��x�� y� �
�

��
g �B���

�x��j � jfG���x�� y� �
�

��
g � B���

�x��j� ��
�

o���� 	����

Indeed this follows from the fact that� since K�jx� � yj� � ��� in B���
�x��� we have

fG��x�� y� �
�

��
g � B���

�x�� � �fK�jx� � yj� � �

��
g n f eH��x�� y� �

�

��
� �

��
g� � B���

�x�� 	

Since

jf eH��x�� y� �
�


��
g � B���

�x��j � 
��
Z
B
���

eH� � C����n� � C���
���

we deduce

jfG��x�� y� �
�

��
g �B���

�x��j � jfG���x�� y� �
�

��
g � B���

�x��j � C��
�

��
��� 	

Now estimate ��	� follows from ���� and ����� Together with ���� this concludes the proof�



Appendix� General integrands

We �nally consider the general problem

SF� ��� ��
�

���
sup

�Z
�

F �u� � u � D������� kruk� � �

�
�
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where 	 � F �t� � �jtj�� � for some � � 	� and F is upper semicontinuous� In this general case
a further subtlety in unbounded domains may arise if the integrand F has critical growth at the

origin� i�e� if F�
� � lim supt��

F �t�
t��

� SF

S� �SF is de�ned in ��� and S� is the best Sobolev constant�

i�e�
R
�
juk�� � S�kruk��� �� In this case the maximizers of the radial problem in Rn may become

arbitrarily �at �think e�g� of the case F �t� � SF

S� t
�� � for t � 	� ��� and� to prove the concentration

without the assumption that j�j be �nite� we also need an estimate for the capacity of large sets �see
Lemma 
� below�� Hence� in this case we shall make the additional assumption

����� � 	

which essentially says that Rn n � is not too small at in�nity� An equivalent characterization is the
following�

Proposition �� The condition ����� � 	 is equivalent to requiring that there exists a constant
C� � 	 such that

H��x� y� � C� minf�� jx� yj��ng����

Proof� Clearly� by the de�nition of ������ we have that ���� implies ����� � 	� To prove the
opposite implication we �rst remark that to have ���� satis�ed it is enough to know that there exist
�� � 	 and C� � 	 such that

eH��x� y� � C� � jx� yj � �� 	����

Indeed for any x � � the function C�Kx�	�K���� is harmonic in � nB���x� smaller than H�x� 	� on
�B���x�� Thus by the comparison principle H�x� y� � C�Kx�y�K���� for any y � � nB���x�� which�
together with ����� gives ����� Finally we have that ����� � 	 implies ����� Indeed by the de�nition
of ����� we may �nd �� � 	 and R� � �� such that

eH��x� y� � C� � jx� yj � �� and jxj � R� 	

Thus the conclusion follows from the fact that a superharmonic non negative function either is zero
or is strictly positive� This implies H��x� y� has a strictly positive minimum in BR�

� BR�
and thus

���� �after possibly adjusting the value of C��� 


Remark �� The condition ����� � 	 implies min� �� � 	� Indeed by de�nition ����� � 	 implies
minfjxj
Rg �� � �����
 for some R � 	 and then� arguing as above we also have min� �� � 	�

We now use the assumption ����� � 	 to prove the counterpart of Lemma � for large sets�

Lemma �� Assume ����� � 	� Then for any � � 	 there exists a constant C� � 	 such that

cap��A� � capRn�A�� � C�capRn�A��

for every subset A of � such that jAj � jB�j�

Proof� By a scaling argument we may assume that � � �� Moreover we may reduce to the case
jAj � jB�j� Indeed for R � � we have

H �
R
��x� y� � Rn��H��Rx�Ry� � C�minfRn��� jx� yj��ng � C�minf�� jx� yj��ng �

thus if � satis�es ���� also the rescaled set �
R�� with R � �� does�

We now proceed by contradiction� Let Ak � �k be a sequence such that jAkj � jB�j and
cap�kAk � capRnB�� with �k satisfying �����

Since cap
RnB� � cap

RnAk � cap�kAk� we also have that capRnAk � cap
RnB�� Thus by Lemma �

we have that after a translation �note that ���� is translation invariant� the characteristic function of
Ak converges to the characteristic function of B�� Let uk be the capacitary potential of Ak in �k� In
particular ���uk � �k � 	 in �k

uk � 	 on ��k�

where �k is the capacitary distribution�
R
�k

d�k � cap�kAk and supp�k � Ak�
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By Lemma � we also have that the sequence uk converges strongly in D����Rn� to the capacitary
potential u of B� in Rn and that �k converges weakly in the sense of measures to the corresponding
capacitary distribution �� with supp� � �B� and

R
Rn d� � capRnB��

Since� using the Green function of �k� we have

uk�x� �

Z
Rn

G�k �x� y� d�k �

Z
Rn

Kx�y� d�k �
Z
Rn

H�k �x� y� d�k �Z
Rn

Kx�y� d�k � C�

Z
Rn

minf�� jx� yj��ng d�k �

taking x � B� and passing to the limit as k �� we get

u�x� �
Z
Rn

Kx�y� d�� C

Z
�B�

d� � u�x�� CcapRnB�

which is a contradiction� 

In the following SF �� SF� �R

n� will denote the generalized Sobolev constant� i�e�

Z
Rn

F �u� dx � SF
�Z
Rn

jruj� dx
� ��

�

for every u � D����
Using the previous Lemma we can prove the concentration result without any further assumption�

except ����� � 	�

Theorem �� Assume ����� � 	� Let fu�g be a sequence of maximizing sequence for problem ����
i�e� ���

�
R
� F �u�� dx� SF and kru�k� � �� Then

�� the sequence fu�g concentrates at a single point x� � � in the following sense

jru�j�
��

�
� �x� �

F �u��

���
	����

	� If x� � �� then there exists a sequence x� � � such that u��	 � x�� concentrates at 	 in the
sense of Part ��

Sketch of proof� As for the analogous theorem proved in �� �Theorem �� �under additional assump�
tions either on F or on ��� the proof of Part � follows by the generalized concentration�compactness
alternative proved in �� �Theorem �
�� applied to the sequence v� � u��� By this result we know
that either v� is compact or it concentrates at a single point in the sense of ����� To exclude the com�
pactness assume for a contradiction that v� � v� �� 	 and for any t � 	 denote A��t � fv� � tg� Let
v� be the harmonic extension of v�� outside A���t� where v

�
� denote the radial decreasing rearrangement

of v� and A���t � fv�� � tg� It is easy to check thatZ
Rn

jrv�j� � �� ct��cap�A��t � capRnA���t� 	��	�

Thus the proof is exactly the same of the one given in �� in the case j�j �nite� upon noticing that
since v� �� 	� for t small enough� lim inf��� jA��tj � jfv� � tgj � c � 	 and then by Lemma 
�

cap�A��t � cap
RnA���t � C � 	

The proof of Part 
 can be also obtained by contradiction� We shall give a sketch of it�
If Part 
 does not hold then there exists �� � c � 	 such that

�

��

Z
RnnB��

jru�� j� dx � ��
�

��

Z
Rn

jru�� j� dx

where u�� is the radial symmetrization of u�� Let �� � 	 be such that

��� � SF � �

��

Z
�

jru�j� dx 	
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By the decay estimate for radial maximizing sequences given in �� �Lemma 

�� there exists a constant
u��� such that

u���r� � u���K�r� if � � r

��
� �

� �
n��

�

where

c��� ��
n��
�

� � u��� � c���
n��
�

� 	

Choose r� and t� such that ��r� � 	� with r��� �� �
����n���
� � and t� � u���K�r��� Then r� � c � 	

and jfu�� � t�gj � jBr� j � C � 	� Let u� be the harmonic extension of u�� outside of the set fu�� � t�g�
Using Lemma 
�� we have

�

��

Z
Rn

jru�j�dx � �� c
�

��
t���cap�fu� � t�g � capRnfu�� � t�g� � �� c

�
��
r�

�n��
	

Again by the decay estimates in �� �Lemma 

� formula ����� we get

�

���

Z
fu��
t�g

F �u��� dx � C

�
��
r�

�
	

Thus by the generalized Sobolev inequality

���� � SF � �

���

Z
Rn

F �u��� dx�
�

���

Z
fu��
t�g

F �u��� dx � SF � C

�
��
r�

�n��
� C

�
��
r�

�

and then

���

�
r�
��

�n��
� c � 	

which is a contradiction�



Remark �� If lim supt�� F �t�jtj�� � F�
� � SF S�� where S� denotes the best Sobolev constant� the

concentration result stated in Theorem 

 is proved in ��� Theorem �� without any further assumption
on the domain ��

Now for general integrands the concentration point can be identi�ed as in �� by means of an
asymptotic expansion of SF� ��� for any domain which satis�es ����� � 	�

Let BF be the class of all radial maximizing sequences for SF and de�ne

w�
� ��


�n� ��

nSF
inf

�
lim inf
k��

Z
Rn

F �wk�

K�j	j� � fwkg � BF
�
	

Theorem �	 Suppose that 	 � w� �� and ����� � 	 or F�
� � SF S��

�� If the sequence feu�g  D������ satis�es kreu�k� � � and concentrates at x � � in the sense of
Theorem 		 thenZ

�

F �eu�� � ��
�

SF
�
�� n

n� 

w�
���x� �

� � o����

�

as �� 	�

	� For any x � � there exist u� � D������ such that kru�k� � � and

lim inf
���

�

��



�

���

Z
�

F �u��� SF
�
�� n

n� 

w�
���x� �

�

��
� 	 	����


� In particular a sequence of almost extremals concentrates at a harmonic center� i�e�

��x�� � min
�

��

with x� as in Theorem 		�
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Sketch of proof� The proof of Part �� that in the case of volume functional �Theorem ��� follows
directly from the asymptotic formula for the capacity of small sets� in this case is the most complicated�
Nevertheless it is exactly the same proof given in ��� Theorem �� Part �� for bounded domains� using
Lemma �� instead of Lemma �� if the concentration occurs at �� Similarly� if x �� � Part 
 can be
proved using harmonic transplantation exactly as in the case of bounded domains �see ��� Theorem ��
Part ���

Thus we will only consider Part 
 in the case x ���
Also in this case the main idea is to use transplantation� As for the case of the volume functional

the main di�culty is that we must consider a sequence fx�g approaching in�nity� but in this general
case this must be done very carefully� Indeed an additional di�culty lies in the fact that we must
estimate all the level sets of the Green function� not only that corresponding to ��

We will just summarize of the main steps of the proof without any detail�
For any given sequence x� we will denote by Gx� the Green function of � with singularity at x��

while for any given sequence �� will denote by G���x� the Green function of the domain � � B���x��
with singularity at x��

We �x a �radial� maximizer w of SF in Rn� with optimal decay� i�e�� w�r� � w�K�r���� o�r�� for

r � R�� We write w � ��K and de�ne w��x� � ���K����
�

n��x� � ��� �K��x�� where ���t� � ����t��
Then krw�k� � � and

R
Rn F ��� �K� � SF � The candidate for u� is u� � �� � Gx� � for a suitable

choice of x��
The usual transplantation arguments give

�

���

Z
�

F �u�� �
Z �

�

Cn�F � ���t�
�
���

� jfGx� �
t

��
gj
��n��

n

��
�

where Cn is the isoperimetric constant�
The main idea� as in the proof of Theorem ��� is to substitute the Green function G� with G���x�

for a suitable choice of �� and x� which permit to approach ������ To this end �x � � 	 and denote

���t� �
jfG���x� �

t
�� � �g n fGx� �

t
�� gj

jfGx� �
t
�� gj

	����

Using a comparison argument as in the proof of Theorem ��� formula ��	�� we may estimate ��� In
particular it is possible to prove that for any sequence t� �� we can �nd a sequence of radii �� � 	
such that

lim
���

sup
t�	��t�


���t�

��
� 	 	����

Now let us �x t� such that

lim
���

�

��

Z
fK
t�g

F �� �K� � 	����

then there exists a sequence �� such that ���� holds� Corresponding to this ��� by Proposition ��� we
may �nd a sequence x� such that ��	B�� �x��

�x�� � ����� � �� Thus by Part � of Proposition � we
have

jfG���x� �
t

��
� �gj � jfK �

t

��
� ����� � 
�gj 	����

Then using that G���x� � K we obtain by explicit computation

�
���

�

� jfGx� �
t

��
gj
��n��

n

� jfK � t� �������� � 
��gj�n��n � CjfK � tgj�n��n ���t� 	����

Finally� let B� be the ball of center 	 and radius R� such that K�R�� � �������� � 
��� and let
GB�

� K �K�R�� be the corresponding Green function with pole in 	� By an explicit computation�
by changing variables in the integral and taking into account the de�nition of w�� we getZ

B�

F �� �GB�
� � SF ��� n

n� 

w�
������� � 
����� � o���� 	����
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Moreover by the radial symmetry of GB�
and by ��
� and ���� we have

�

���

�
�

��

Z
�

F �u���
Z
B�

F �� �GB�
�

�
� SF sup

t�	��t�


�k�t�

���
� C

�

��k

Z
fK
t�g

F �� �K� 	����

The conclusion follows taking the limit as �� 	 and using ����� ���� and ����� and the arbitrariness
of ��
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