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The local cohomology of an extended BRST differential which includes global N=1 supersym-
metry and Poincaré transformations is completely and explicitly computed in four-dimensional su-
persymmetric gauge theories with super-Yang-Mills multiplets, chiral matter multiplets and linear
multiplets containing 2-form gauge potentials. In particular we determine to first order all N=1
supersymmetric and Poincaré invariant consistent deformations of these theories that preserve the
N=1 supersymmetry algebra on-shell modulo gauge transformations, and all Poincaré invariant can-
didate gauge and supersymmetry anomalies. When the Yang-Mills gauge group is semisimple and
no linear multiplets are present, we find that all such deformations can be constructed from stan-
dard superspace integrals and preserve the supersymmetry transformations in a formulation with
auxiliary fields, and the candidate anomalies are exhausted by supersymmetric generalizations of
the well-known chiral anomalies. In the general case there are additional deformations and can-
didate anomalies which are relevant especially to the deformation of free theories and the general
classification of interaction terms in supersymmetric field theories.
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1. INTRODUCTION

This work closes a gap in the analysis of four-dimensional globally supersymmetric gauge theories by deriving
completely the local cohomology of an extended BRST differential which includes N=1 supersymmetry and the
Poincaré symmetries in addition to the standard ingredients related to the gauge symmetries and the field equations.
We analyse theories with super-Yang-Mills multiplets for all compact gauge groups, chiral matter multiplets in linear
representation of these groups, and linear multiplets containing 2-form gauge potentials. In particular this includes
super-Yang-Mills theories with arbitrarily many Abelian gauge fields, and free supersymmetric theories with any
number of vector gauge fields and 2-form gauge potentials. The extended BRST differential involves thus constant
ghosts for N=1 supersymmetry and the Poincaré symmetries, ghost fields for the gauge symmetries, ghost-for-ghost
fields for the reducible gauge symmetries of the 2-form gauge potentials, and antifields for the field equations, Noether
identities and reducibility relations between the Noether operators.

Until now the cohomology under study was only examined for super-Yang-Mills theories (with chiral matter mul-
tiplets but without linear multiplets) in the restricted space of functionals with integrands of mass dimension four or
smaller than four! and ghost numbers zero or one [1,2]. The restrictions on the space of functionals were motivated
by applications in the context of renormalization of power counting renormalizable theories. These applications are
no longer the only arena of interest for BRST cohomological investigations: local BRST cohomology is now applied
also in nonrenormalizable and effective field theories [3,4], in the analysis of local conservation laws (characteristic
cohomology) [5], and in particular in the study of consistent deformations of classical field theories [6]2. Our analysis
covers these applications because we shall compute the cohomology in the space of all local functionals, without
restrictions on the dimension or ghost number.

The paper has been organized as follows. In section 2 we specify the theories under study and the extended
BRST differential. In section 3 we define the cohomological problem and relate it to other useful cohomological
groups. In section 4 we introduce suitable variables to compute the cohomology efficiently. In section 5 we discuss the
extended BRST transformations of these variables and derive a related graded commutator algebra which is of crucial
importance for the cohomology. The cohomology and the main steps of the computation are presented in section
6, the results most important for algebraic renormalization, anomalies and consistent deformations in section 7. In
section 8 we comment on the cohomology in negative ghost numbers. In section 9 we show that our results do not
depend on the formulation of supersymmetry used here, and in section 10 we discuss to which extend they depend
on the Lagrangian. The main text ends with a brief conclusion in section 11 and is supplemented by two appendices,
the first of which contains conventions and notation (in particular a list of frequently used functions and operators
can be found here), while the second outlines proofs of lemmas given in the main text.

2. FIELD CONTENT, LAGRANGIAN, EXTENDED BRST TRANSFORMATIONS

We denote the super Yang-Mills multiplets by AL, Al the chiral multiplets by ¢*, x5, and the linear multiplets
by ¢, B}, ¥5. The index i of the super Yang-Mills multiplets refers to a basis of a reductive (= semisimple plus
Abelian) Lie algebra gyym whose semisimple part (if any) is compact (gym is otherwise arbitrary; its semisimple or
Abelian part may vanish). We shall assume that this basis of gyy has been chosen such that the Cartan-Killing
metric on the semisimple part of gyn is proportional to the unit matrix. The index s of the chiral multiplets refers
to a representation of gynm (which may be trivial, see below). The index a of the linear multiplets is not related
to gym. The Yang-Mills ghost fields are denoted by C?, the ghost fields of the B}, by @, and the corresponding
ghost-for-ghost fields by R*. Furthermore we introduce antifields for all these fields and constant ghosts c¢*, ¢*” and
&> for global spacetime translations, Lorentz transformations and supersymmetry transformations, respectively:

fields: {CI)A} = {AL, )‘icw;‘fju Cia (ZsaaBZuawZa’(Zga Qmeaa @S7¢87Xia>zsd}’
antifields: {CI)Z} = {A:M’ )\:Cu’ 5\;«05, Cz*a ¢27 BZHV, w;aa 1&2&7 :;Ma R;a (10:) @*s, X:aa X*éa}

constant ghosts: {c#, &%, €%, ¢},

3We refer here to the dimension assignments given in Eq. (B.4).

2The classification of consistent deformations is particularly interesting for free theories because it yields the possible interaction
terms that can be added to these theories in a manner consistent with the gauge symmetries, N=1 supersymmetry and Poincaré
invariance.



AL, 2 and xg are the components of complex Weyl spinor fields, Xg, 1/_)3 and Xsq denote their complex conjugates.
©* are complex scalar fields, @, their complex conjugates.? A, 9% By, €, Q) and R” are real fields. The Poincaré
ghosts ¢ and c,” are real, the supersymmetry ghosts £ are constant complex Weyl spinors, &% is the complex
conjugate of £¢. According to our conventions, the antifield ®* of the complex conjugate of a field @ is related to the

complex conjugate ®* of the antifield of ® according to:

o — 3, (2.1)

v

In particular the antifields of real fields are thus purely imaginary. By, B;"” and ¢*” are antisymmetric in their
spacetime indices:

Bl =B, B =B, %=

The Grassmann parities |®4| of the fields and constant ghosts are (one has |[®4| = |®4]):
ALl = 10" = By, | = l¢°| = [R*| = 6] =0,
ol = el = Ixal = 1€ = 1Qul = || = le,”| = 1.
The ghost numbers of the fields and constant ghosts are
gh(4},) = gh(X\,) = gh(Bj,) = gh(¢") = gh(v3) = gh(¢*) = gh(x3) = 0
gh(C") = gh(Qy,) = gh(c") = gh(c,”) =1
gh(R%) = 2.

The Grassmann parity of an antifield is opposite to the Grassmann parity of the corresponding field, and the ghost
numbers of a field and its antifield add up to —1,

[@4] =@ +1 (mod2), gh(®})=—1-gh(d").

To avoid the writing of indices we shall occasionally use the notation ¢, x, ¢, B, ¥, 1, Qu, R, ¢*, x* for “column
vectors” with entries ©°, ..., ¥**. Analgously ©*, x*, ¢*, B** o* o*, Q**, R*, @, X denote “row vectors” with
entries ¢*, ..., Ys. Transposition of such vectors is denoted by ( )*. The Lie algebra gy is represented on ¢ and y
by antihermitian matrices* T; with real structure constants fijk ,

T! = -3, [T;,T;] = fijka .

K2

We shall compute the cohomology explicitly for the following simple Lagrangians (the results for more general La-
grangians are discussed in section 10):

L=~ J84Fp " + 4 8,(9,X'0"N) = XohV,\)
+ 3 0,0'0" ¢ — 3 HLHY + 5 (0,40 6" — '+ 9,1))
+ V,ugVie + L (V,xo"x — X"V, x)
+ 5 87(@Tip) (PTjp) + PTix A" = NxTip (2.2)
where the field strengths F ﬁy and H* and the covariant derivatives V, are:
Fy = 0ud, = 0,4}, + fi' ALA, (23)
H" =1e"r70,B,, (2.4)
VX = N + fin' AN, VA = 90 + fin' ALAE (2.5)
Ve =0up+ AL Tio, V,up=08,p— AT, (2.6)
Vux = 0ux + A Tix, Vux = 0ux — AL XT:. (2.7)

3For a complex field, the field and its complex conjugate are treated as independent variables (instead of the real and imaginary
part).

4Our analysis covers arbitrary antihermitian representations {T’}, including trivial ones. Actually the use of antihermitian rep-
resentations is not essential and only made to simplify the notation. All results hold analogously also for other representations.



The extended BRST transformations of the fields and constant ghosts are:
SextAl, = 0,C" + fir' ALCF 4+ &0, Al, — " AL, — o, N +iN 0, €
sextA = —fik CING + &N, — 5 (0N )a — 69€a(@Typ + AjE+ EX]) + (0" €)aFy,
Sextd = & 0u + EY + Y€ (
SextBuy = 0,Qu — 0,Qu + ¢°0,By — ¢’ By, — ¢,” Bup + 280,00 — 2@@“,5 (
SextPa = c ;twa - %Cuy(auﬂp)a + (Ultg)a(Hu - iau¢) (
Sext = fC’iTigaJré“aucerfx (
SextXa = —C'TiXa + 0uXa — 5 " (0 X)a — 46aEX" — 2i(07€)a Ve (
SextC' = 3 fr;' CICF + "9, C" — 2i€a"E A, (
Sext@u = 10, R+ ¢"0,Q, — ¢, Qu — 210" EB,,,, + 2i€0,£¢ (2.16
SextR = ¢"'0, R — 2601£Q,, (
SextC = ¢, e’ + 2iEotE (
SextC! = =, cpt (
SextE® = 5 M (E0y)” (
Sext&Y = —% Cw(a;wg)d (
where
At =ct—ave, (2.22)
The transformations of the complex conjugate fields are obtained from those given above according to

Sext(i) = (_)l‘b‘ Sext®D.

The extended BRST transformations of the antifields are obtained according to:

* g)RLext
@) = 5 (2.23)
Lext =L - (Sextq)N) @*:0®7\] + % 6+ (Ajf + 5)\:‘)(>\;§ + 5)\;) + 4X*§ 592* (224)

where éR/ DA is the Euler-Lagrange right derivative with respect to ®4. The extended BRST transformations of
derivatives of the fields and antifields are obtained from those of the fields and antifields simply by prolongation, i.e.,
by using

[Sexta 8M] = 0
By construction sext squares to zero on all fields, antifields and constant ghosts,
ngt =0.

Comment: The terms in (2.15), (2.16) and (2.18) which are bilinear in the supersymmetry ghosts reflect that
the commutators of supersymmetry transformations contain gauge transformations and spacetime translations. In
addition these commutators contain terms which vanish only on-shell. This is reflected by the antifield dependent
terms in the extended BRST transformations (2.9) and (2.14). Schematically one has

[susy transformation, susy transformation] ~ translation 4+ gauge transformation
where = is equality on-shell, defined according to
L
X~Y = X*Y:ZZML“N’CA(?;“ 3% é@ﬁ .
k

[Here X, Y and Z*#*4 may depend on the fields and their derivatives; mechaM o Oy é)RL/écI)A vanishes on-
shell, i.e., for all solutions of the fields equations, because L does not depend on ghosts]. The Poincaré, supersymmetry
and gauge transformations form thus an “open algebra” according to standard terminology. By introducing additional
fields one may “close” and simplify the algebra, but this is irrelevant to the cohomology, see section 9.



3. COHOMOLOGICAL PROBLEM AND DESCENT EQUATIONS

The primary goal is the determination of the local cohomological groups H9(sext|d), i.e., the cohomology of Sext
modulo the exterior derivative d = dz*0, in the space of local 4-forms with ghost numbers g. Unless differently
specified, the term “local p-forms” is in this paper reserved for exterior p-forms dz#* ...dx"rw,, . ,, (the differentials
are treated as Grassmann odd quantities) where Wy ..., can depend on the fields, antifields, their derivatives, constant
ghosts and explicitly on the spacetime coordinates such that the overall number of derivatives of fields and antifields
is finite, without further restriction on this number or on the order of derivatives that may occur®. The precise
mathematical setting of the cohomological problem is made in the jet spaces associated to the fields and antifields,
see [7] (the constant ghosts are just added as local coordinates of these jet spaces). The cocycles of H9%(sex|d) are
local 4-forms with ghost number g, denoted by w9*, which are seyi-closed up to d-exact forms dw9t"3 where w9+1:3
is a local 3-form with ghost number g + 1,

Sextw?d 4 dwI T3 = 0. (3.1)

Coboundaries of H9?(sexi|d) are local 4-forms w94 = sexyw9 ™14 + dw??, where w9~ 1% and w9? are local forms with

form-degree and ghost number indicated by their superscripts.

As usual, (3.1) implies descent equations for sey; and d which relate H**(sext|d) to H(Sext) and H (sext + d), the
cohomologies of sext and (sext + d) in the space of local forms (see section 9 of [7] for a general discussion). In the
present case these relations are very direct. To describe them precisely, we define the space § of local functions
(0-forms) that depend on the ¢ and a* only via the combinations é# = ¢* — a”¢,*, and the space € of polynomials
in the constant ghosts,

= {f(&, 67,60, ¢, 0%, 07, 0,97, 0,84, 0,0,9,0,0,9%,...)} (3-2)
€= {f(cH, €%, €%, )}

§ is mapped by sext to itself (sextT C ), because the sexi-transformations of all fields, antifields, their derivatives
and of the variables ¢, £%,£%, c*¥ are contained in §: scxt acts on all these variables according to sext = ¢#0, + ...
where the nonwritten terms do not involve ¢ or x*. In particular, this holds for seyc*:

SextCF = 0,01 + 2iEoHE = —c, M + 2 E. (3.4)

Since € is also mapped by Sext to itself (Sext® C €), both the cohomology H (Sext, §) 0f Sext in § and the cohomology
H (Sext, €) of Sext in € are well-defined. The relation between H**(sext|d), H(Sext + d) and H (Sext, §) can now be
described as follows:

Lemma 3.1 H(Soxt,S), H(Sext +d) and H**(sext|d) ® H(Sext, €) are isomorphic:
Hg(sext; g) =~ Hg(sext + d) =~ Hg_474(3ext|d) @ Hg(sext; @), (35)

where the degree g in HI(Sext, &) HI(Sext, €) and H9*(sexi|d) is the ghost number, while in HY(Sext +d) it is the sum
of the ghost number and the form-degree. The representatives of HI(sext +d) can be obtained from those of H9(Sext, §)

by substituting c** + dax* for ci, the representatives of H9*(sexi|d) are the 4-forms contained in the representatives of
Hg+4(5ext + d)/Hg+4(3ext7 @)

Comments: a) We shall compute H (Sext,S) and derive H**(sext|d) from it according to the lemma. The repre-
sentatives of H97*(sex + d) are the solutions of the descent equations (see proof of the lemma).

b) The relations between H**(sext|d), H(Sext + d) and H(Sexs, ) are much simpler than the relations between
H**(s|d), H(s+ d) and H(s) where s is the standard (non-extended) BRST differential for the theories under study.
The reason is that sext and sext + d are directly related because sext contains the spacetime translations (Sext + d
arises on all fields and antifields from sext by substituting c* + daz# for ¢*). As a consequence H (Sext,§) contains
already the complete structure of the descent equations for syt and d. In contrast, s and s+ d are truly different and
the descent equations for s and d are only contained in H(s + d) but not in H(s). Hence, H(Sext,§) is more similar
to H(s + d) than to H(s). In particular, ¢* plays in H(Sext, §) a role similar to dz* in H(s + d) (apart from the fact

"When dealing with a more complicated Lagrangian than (2.2) (especially with an effective Lagrangian), one may have to
adapt the definition of local forms to the Lagrangian, see section 10.



that sext¢* does not vanish, in contrast to (s+ d)dz*). This role of ¢ is also similar to the role of the diffeomorphism
ghosts in gravitational theories, see [8,9].

c¢) As a side remark, which is related to the previous comment, I note that H(Sext) (the cohomology of sext in the
space of all local forms rather than only in §) and H*P(sext|d) for all p > 0 (rather than only for p = 4) can also be
directly derived from H (Sext,§). The nontrivial representatives of H (Sext) are linear combinations of the nontrivial
representatives of H (Sext, ) With coefficients that are ordinary differential forms w(dz, z) on R* (independent of fields,
antifields or constant ghosts) which can be assumed not to be d-exact. The nontrivial representatives of H*(Sext|d)
for p > 0 are linear combinations of nontrivial representatives of H (Sext) with form-degree p (“solutions with a trivial
descent”) and of the p-form part contained in nontrivial representatives of H (Sext + d)/H (Sext, €) (“solutions with a
non-trivial descent”). This can be proved as analogous results in Einstein-Yang-Mills theory, see section 6 of [9] (the
role of the space A in [9] is now taken by F, the role of the diffeomorphism ghosts by the é*). Note that for p = 4 the
statement on H*P(sex|d) is in agreement with lemma 3.1 because 4-forms w(dz, z) are d-exact in R*.

d) A gauge fixing need not be specified because it does not affect the cohomology (see, e.g., sections 2.6 and 2.7 of
7).

4. CHANGE OF VARIABLES

To compute H (sext,§) we shall follow a strategy [10,11] based on new jet coordinates u’, v* and w! which satisfy
Sexttl! =0, Sexpw! = rl(w). (4.1)

The important requirement here is that 7 (w) is a function of the w’s only. To construct such jet coordinates we use
operations 81, o, 07, 0_ which are defined as follows [12]: let Z]' be a Lorentz-irreducible multiplet of fields or
antifields with m undotted and n dotted spinor indices,

gm = {Zdl"'dm VAT S Z(O'tl---étm) .
n — aq a1

e I can = Lagan)
we define 81', o, 0y, 0~ and O according to

0Lz = {0 25 )
0L 2 ={m 8y, (o Zariam}
OF 2y = {n om0z}
0~Z" = {mn 8szgllg‘m
DZ7 = {8,0"Z81:8m } = {40,500 Z016mY, (4.2)
Using these operations and the notation

A={A'%), B®) = {0 B2}, BO) = {a"*9Bs,}, H={H"S}, Q={Q"%} ete,



we define the following jet variables uf, v?, w(IO):

{w=J U (@Er©Hravoro-A
p=0g=0, Dp(a+)q0*

U OP(91)2A* U OP(9F)%0t A* U OP(01 )07 A*

U OP(0F)IN* U OP(0f)20X A U OP(9f)IA* U Dp(éﬁ)qa;X*
uar@N)?BH uor(of)1B) uoP (9] )19 B

U OP(0f)1Q UTPH—Q

UOP(97)IR*

0 0P (01)1Q U TP (O) 9t Q" L TP (91)195.Q
uor(9)?9; B* )

uoP(ay)7¢*

U OP(87) %" U OP(91) 991" U OP(0])9* U OP(])10, v
uoP(9})1e* UDP(9f)"¢"

U OP(0F)0x* U OP(81)90F x* v OP(a) 7y U OP(01)%0, X*) (4.3)

{0} ={sexeu’}
{wlp)} ={C, R, ", " (u < v),£%,6%}
0 (@197 AU 01797 AU (B2 U (97)93
=0 U @) H U (9])19 U (9F) " U (9F) 1
U (01)% U (8])%p U (01)7x U (87)7X) - (4.5)

Lemma 4.1 The u’s, w()’s and the linearized v’s form a basis of the vector space (over C) spanned by the fields,
antifields, all their independent derivatives and the é*,ctv, €, €%,

This implies that the u’s, v’s and wg)’s can be used as new jet coordinates substituting for the fields, antifields,
their derivatives and constant ghosts. They do not have the desired quality (4.1) but can be extended to variables
with this quality by means of an algorithm given in [11]:

Lemma 4.2 The algorithm described in section 2 of [11] completes the w(IO) to local functions w' such that (4.1)
holds.

(4.1) will allow us to compute the cohomology solely in terms of the w’s (see section 6 b). We introduce the following
notation for them:

{wI} ={C,R, et (n < v) ,50‘,5‘*} U {TT}

{77y = ((VHIED U (VHIEC) U (VHIAU (VA
q=0 ~ A =
U(VHIE U (V)6 U (V% U (VD)7
U (VD U (VD) U (VIR U (VX)) (4.6)

with an obvious correspondence to the variables in (4.5) [ﬁ () corresponds to OF A]. The 17s may be called generalized
tensor fields because their antifield independent parts are ordinary gauge covariant tensor fields. In addition they
contain terms which depend on antifields such that sexcw! contains no terms that vanish on-shell. The V. can be
viewed as generalizations of the ordinary covariant derivatives V,, and are related to the latter as follows: the antifield

independent part of @u f (T) coincides on-shell with V,, acting on the antifield independent part of f (T)

{@”f(jﬂ)} B0 Vi [f(T)} Hre0’ (4.7)



For instance, the antifield independent part of @Mﬁyd) is (0,0, — inWD)(b. The explicit form of the T’s in terms of
the original variables (fields, antifields, their derivatives and the constant ghosts) is somewhat involved. Fortunately
we need not compute them explicitly to perform the cohomological analysis because their existence is guaranteed by
lemma 4.2, and their extended BRST transformations can be directly obtained from the transformations of the wg)’s
as we shall see in the following section. Nevertheless, for later purpose and to illustrate the structure of the new
variables, we list a few w’s explicitly:

C'=C"+ Al et (4.8)
R=R+iQ,& + i B,,&¢" (4.9)
o= -1 5%#(0#%.) (4.10)
FY = ol B, = 200€ N5+ 2096 0ap AT — £ 6901 0,050 (4.11)
F) = -“;F;W 269E Ny, + 309G, 0 AT — £ 69T, Cr (4.12)
V5 =95 — 16 (0,)a (4.13)
HY = Hi + 36" (50,8 — £0,0) — €uupo0® (3 & ByP7 + $676PQ;7 — 55 ¢/ ¢P¢° Ry) (4.14)
Vug® = 0,0° + 5 0% (0, 05 + W5 0,€ — &ud}) (4.15)
Xa = Xa — “(%x )a (4.16)
Vg = VW+ Lo Xt — 1 6.0" (4.17)

FiH) and Fi) are the Lorentz irreducible parts of generalized Yang-Mills field strengths given by

= B ot B0

= Fl, +689 (ggWA* Nigué+Le AL —Le A

sujl/ jr 6

16,6,C). (4.18)

5. GAUGE COVARIANT ALGEBRA

By construction the extended BRST transformations of the w’s can be expressed solely in terms of the w’s again,
see eq. (4.1). As explained in [10], this is related to a graded commutator algebra which is realized on the T”s.
The cohomology of sex can be interpreted as the cohomology associated with this algebra (similiar to Lie algebra
cohomology — in fact one may view it as a generalization of Lie algebra cohomology, see remark at the end of this
section). We shall now discuss the extended BRST transformations of the w’s and the corresponding algebra because
these will be of crucial importance for the solution of the cohomological problem under study.

The extended BRST transformations of the w’s can be directly obtained from the extended BRST transformations
of the wgy’s:

Lemma 5.1 ( [11]) The extended BRST transformations of the w’s are given by sexqew! = rf(w) with r1 the same
function as in sextw(lo) =11 (w()) + O(1) where O(1) collects all terms that are at least linear in the u’s and v’s.

This lemma is very useful because it allows one to derive the extended BRST transformations of the w’s without
having to compute these variables and their extended BRST transformations explicitly (as remarked and demonstrated
in section 4, the explicit structure of the w’s is quite involved). The proof of the lemma was given in [11] and will not
be repeated here. It is a consequence of the algorithm used to construct the w’s (see lemma 4.2). For later purpose

and to illustrate the lemma let us apply it to derive seCt. We start from Sex;C* given by (2.15) and use that (2.8)
gives 9,C" = i€o, A\ —iNig, € — c”ay PR O(1). This yields

SextC' = & fi;" CICF +16" (o, N — N, &) + ee 0, AL + O(1).
Applying now lemma 5.1 we conclude

SextC' = % fi; " CICF + 1@*@(@,@1 Nou&) + Lere' Fr (5.1)

pv*
When one verifies this result directly using (4.8) and the extended BRST transformations given in section 2, one finds

that (5.1) actually contains no antifield dependent terms, i.e., all antifield dependent terms (coming from S\i, Mt and
FZW) cancel out exactly on the right hand side of (5.1).



Analogously one can derive Sext R starting from sexR given by eq. (2.17) and using that (2.16) gives 9, R =
ie70;, Q) — 260,690 + O(1) and that (2.11) gives 0, Q) = —% POy, By — £0,u% +105,,6 + O(1). One obtains

Sext R = 726“50”&1) iete” (Eoputp — 1/10“,,5) -2 c“ YéP0, By, + O(1).

Using also (2.4) in the form 0}, B, ;) = (1/3)eup0 H?, one concludes

SextR = 726#50;/459%) icte Ay(go—m/w l/fawﬁ) % CMC ¢ EuupaHU~ (52)

Again, the antifield dependent terms on the right hand side cancel out exactly.
To derive the graded commutator algebra we proceed as in [10] and use that {w!} decomposes into subsets of

variables with ghost numbers 2, 1 and 0, respectively. Those with ghost number 2 are the R“, those with ghost
number 0 are the 77 and those with ghost number 1 are the C?, é*, ¢V, €%, €% which we denote collectively by CM
now,

{My ={C" e, e (n<v), 6. (5.3)

Since sex¢1'™ has ghost number 1 and since there are no w’s with negative ghost numbers, we conclude from eq. (4.1)
that sextT” is a linear combination of the C’s with coefficients that are functions of the 1"s:

SextT™ = CMR3,(T). (5.4)

Moreover, since the 177 are independent variables, we can define operators Aj,; on the space of functions of the 1’s
through

.0
Ay =Ry (T) — . 5.5
w = B (1)~ (5-5)

Using these operators, we can express the extended BRST transformation of any function of the T’s according to
Sext f(T) = CMANMF(T) . (5.6)

By construction the A, are graded derivations acting on the space of functions of the T’s. For these graded derivations
we introduce the following notation:

{AM}’ = {5ia@;taluuapaaﬁd}; (5.7)
so that
sextf(T) = (C0; + "V, + L 1, + €Dy + £9D4) f(T). (5.8)

The §; and [, are linearly realized on the generalized tensor fields and represent the Lie algebras of the Yang-Mills
gauge group and the Lorentz group as indicated by the indices of the T’s, for instance:

SV = —f T FMD 5,6 =0, Sip = —Tio,
LAy = =0\ ey Luwd =0, LuwVpd =00V ud — 0o, Vio.
In contrast, @#, D, and Dy are nonlinearly realized, see comment b) below.
Lemma 5.2 The graded commutator algebra of the graded derivations (5.7) reads
[V, V) = —FL, 0
[Da Vil = i(0,A)adi,  [Das V] = =i(N07,)ad;

D, ,p } =204V, {Da.Ds} ={Ds, Dy} =0

—~

[ \Y ] [51'71)04] = [51, ﬁd] =0
[ ] = npuﬁ - npu@w [luuapa] = *quaﬁpﬁa [luva@o’z] = (_fuuﬁdﬁg'
[0:, ] fwkékv Ly Zpo] = Npvlpo + Novloy — (nev), [0, L] =0. (5.9)



Comments: a) Notice that (5.9) is not a graded Lie algebra because [V, V,], [Da, V,] and [D4, V,,] involve
structure functions rather than structure constants. (5.9) may thus be rightly called a generalization of a (graded)
Lie algebra and the cohomology of sex a generalization of (graded) Lie algebra cohomology.

b) In order to avoid possible confusion, I stress that D, and D, do not act in a superspace but are algebraically
defined on the generalized tensor fields. The D, -transformations of 5\, F ) 9, zﬁ, H , ©, X and their complex conjugates
are spelled out explicitly in appendix A. From these one may derive the D,-transformations of the first and higher order
V-derivatives of these fields by means of the algebra (5.9) [e.g., DoV Ay = ([Da, V] 4+ VuDa) Ay = —i(0, M )a fir M)
The Dg4-transformations can be obtained from the D,-transformations by complex conjugation.

6. COMPUTATION OF THE COHOMOLOGY
a. Cohomology for small ghost numbers

As a first cohomological result we shall now derive the cohomological groups H9*(sexs|d) and HI 4 (sey, §) for
g < —1. These groups can be straightforwardly obtained from corresponding cohomological groups of the so-called
Koszul-Tate differential® § modulo d. 6 is part of sex; and arises in the decomposition of sey; according to the antifield
number (af). The antifield number is defined according to standard conventions: R} has antifield number 3, Cf and
Q:* have antifield number 2, all other antifields have antifield number 1, the fields ®* and the constant ghosts have
antifield number 0. The extended BRST differential decomposes into three pieces with antifield numbers —1, 0 and
1, respectively, with § the piece with antifield number —1:

Sext = 1) + Yext + Sext,1, af(é) = 717 af(’)/ext) = 0; a'f(sext,l) =1. (6]—)
The §-transformations of the fields, constant ghosts and antifields are:

504 = bct = 6 = 6% =6 =0

* "L * *Q YR Lk ey * —*s *5C
6®A:é(}ﬁ for @AG{AHA >‘ 7¢aaBa# 71/) l/fa y Psr P 7X5 aX }7

SRy =10,QiF, 0Qi" =20,B;"", 6C; ==V, AF + Y ®55,07 (6.2)

eAZ{A]}

Notice that the constant ghosts are inert to both § and d. Therefore the cohomological groups H(4|d) are the same
as in the case of the non-extended BRST cohomology except that the representatives can depend arbitrarily on the
constant ghosts.

Lemma 6.1 Cohomology H}(5|d) for antifield numbers k > 1:

0 ~ for k>3
Swip +dwi_ 3 =0 = wi~Q k(c,&ER; d' ) fork=3
(k% (c, £, §)CF + kot (¢, &,€) fup) d*x for k =2,
far = Q) Hy, — 1 cpvpe B By, (6.3)

where ~ is equivalence in H(8|d) (wj ~ wi + dwp, | + dw}), is runs over those Abelian elements of gym under which

all matter fields are uncharged, the k(c,&,€)’s are arbitrary functions of the constant ghosts, and we used the notation
Hyy = 5,1sz. The 4-forms R:d*z, C’Z-*fd‘lz and fapd*x, a < b, are nontrivial and inequivalent in H(5|d):

ka(07§75)RZ ~0 = k* = 0, (64)
[k (c,§,6)CF, + k¥ (c,€,€) fap] d*x ~ 0 = k' = klot] = 0. (6.5)

SWe are dealing here with the standard Koszul-Tate differential, trivially extended to the constant ghosts. It must not be
confused with the extended Koszul-Tate differential introduced in [13] which acts also on “global antifields” conjugate to the
constant ghosts.
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Using lemma 6.1, it is straightforward to prove the following result:

Lemma 6.2 Cohomology HI*(sexi|d) for ghost numbers g < —1:

0 for g< -3
Sextw?d +dwI 13 =0 = w9t~ { KOR:d'r for g=-3
(K Cyp + K@V !y d*a for g = -2,
f(lzb = Q?;L(Hb]# + wg]o'ug - 60-;/‘;;]) - % EquUB;HVBZpU + Rra(qﬁb]g - 5%])7 (66)

where ~ is equivalence in H(Sext|d) (W9 ~ w9 + seqw9 ™14 4+ dw?? ), iy runs over those Abelian elements of gy

under which all matter fields are uncharged, and k®, k¥ and k1®® are complex numbers. The 4-forms R:d*z, Cr d*x
and f!,d*z, a < b, are nontrivial and inequivalent in H (Sext|d):

KR:d*r ~0 = k*=0; (6.7)

(KCp + k@l yd*e ~0 = k' =kl =0 (6.8)

Using the relation between H9?4(sexi|d) and H974(sext,§) (see section 3) it is now immediate to derive HY(Sext, )
for ghost numbers smaller than 3:

Lemma 6.3 Cohomology H(Sext,§) for ghost numbers g < 3:

0 for ¢g<0
k for ¢g=
9 9 .
Sext? =0 = f k H® for g=1

ki, Fr + %k[ab]ﬁaﬂ'b for g=2,
A = i — &%) + i,
Fit = ¢M(Ea, AT + N0, 8) + L ¥ e p0 F11P7 (6.9)
where ~ is equivalence in H(Sext, ) (f9 ~ f9 + Sext f97 with f9, f971 € §), i¢ runs over those Abelian elements of

gym under which all matter fields are uncharged, and k, ka, ki, and ki, are complex numbers. The cocycles 1, He,
Fs and H*H", a < b, are nontrivial and inequivalent in H(Sext, §):

k~0 = k=0 (6.10)
koHC ~0 =  k,=0; (6.11)
ki P + 3 kg HOHY ~ 0 = Ky = k) = 0. (6.12)

Comment: In n-dimensional theories, the representatives of H,'_,(d|d) are related through descent equations for
0 and d to conserved local p-forms (i.e., p-forms which do not depend on antifields and satisfy dw? =~ 0) representing
the so-called characteristic cohomology of the field equations [5]. Therefore one can conclude from lemmas 6.1 and
6.2 that H 3% (sex|d) and H %% (sext|d) are isomorphic to the characteristic cohomology in form-degrees p = 1 and
p = 2, respectively, and that the latter is represented by the 1-forms xdB® and the 2-forms xd A% and (xdB%)(xdB®)
where % denotes Hodge-dualization and A% = da# Alf and B* = (1/2)dz*dz" BY,. We also observe that HO(Sext, ),
H'(Sext, ) and H?(sext, ) are isomorphic to the characteristic cohomology in form-degrees p = 0, p =1 and p = 2,
respectively. We shall see that a similar result does not hold for p = 3, cf. section 8.

b. Elimination of trivial pairs

To compute H(sext,§) for ghost numbers g > 3 we use the jet-coordinates u’, v, w! given in section 4. Thanks to

Eq. (4.1), the jet-variables u’ and v* form trivial pairs in the terminology of [10] and drop from (the nontrivial part
of) H(Sext,s):

Lemma 6.4 H(Sex,S) is isomorphic to the cohomology of sext in the space 2 of local functions of the variables w’
listed in Eq. (4.6):

H (Sext, §) =~ H(Sext, W), W= {f(w)}.
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c. Decomposition of the cohomological problem

To compute H (Sext, 1), we use the counting operator N for the variables C’i, & and R® as a filtration,
0 4L 0 A, 0

N =t = .
oci 2 e ORe

Sext decomposes in 2 into three parts with N-degrees 1, 0 and —1 which we denote by Siic, Ssusy and Scurv, respectively:

Sext f (W) = (Stie + Ssusy T Scury) [ (w)

[Na Slie] = Slje, [N, Ssusy] =0, [N, Scurv] = —Scurv
A 0 0
k
sie = 3 i I S —alet 5o

V(= &\ & 0
- 3Gl o

og«

0
+ Cl/ltéy A~ + % Cuy(fU;w)a

ocH
+(C'6; + £ ™1, )T 9
2 B 97"
. - 0 AL o O T
Ssusy = 2i6atE Den + (*"V, + Do + E9D)T P
0 0

=+ H—— (6.13)
aCt OR®

9
oee

0
Scurv = F

where we introduced
Fi= it (o, N — Noub) + Lere Fr (6.14)
HO = —26"60,€0" — 1Me” (£ " — VG E) — & e EPE 1y p0 HO . (6.15)

s2 . = 0 decomposes under the N-degree according to:

8121e == Sgurv == {Slie; Ssusy} = {Scurv; Ssusy} = 07 {Slie; Scurv} + SSusy =0. (616)

Let us denote by f,, the piece with N-degree m of a function f € 20, and by m and m the highest and lowest
N-degrees contained in f, respectively”. The cocycle condition Sextf(w) = 0 in H (Sext, 20) decomposes into:

Stie frm = 0 (6.17)

Ssusyfﬁ + Stiefm-1=0 (618)
Scurvfﬁ + Ssusyfﬁfl + Sliefﬁ72 =0 (619)
Scurvfm =0. (620)

d. Lie algebra cohomology

(6.17) shows that f& is a cocycle of sj.. We can assume that it is not a coboundary of s, because otherwise we
could remove it from the sex¢-cocycle f(w) without changing the cohomology class of the latter (if fm = siichm—1, one
replaces f with f — Sexthm—1 which is equivalent to f in H(Sext,20)). Hence, fm can be assumed to be a nontrivial
representative of the cohomology of sjie in 20 which we denote by H(sie, 20). This cohomology is well-known: it is
the Lie algebra cohomology of g = gym + s0(1,3), with g represented on the local functions of é#, ¢%, ¢4 and 1.
This cohomology is generated by so-called primitive elements 6, constructed of the C* and c*¥, g-invariant functions

"We can always assume that 77 is finite because it is bounded by the ghost number of f (recall that there are no w’s with
negative ghost number).
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of the é*, ¥, €% and TT, and linearly independent polynomials in the Re (notice that the R are inert to Stie). The
0’s correspond one-to-one to the independent Casimir operators of g. The index r of the #’s runs thus from 1 to

rank(g) = rank(gym) + 2. The 0’s of gym can be constructed by means of suitable matrix representations {TZ—(T)} of

(r)

gyMm (the superscript (r) of 7'’ indicates that the respective representation may depend on the value of r):

b = ()m(7-)—1m((2)7;(27;)(7"_) I)!l)! tr, (C?m(=1) ¢ = CA’iTi(T), r=1,...,rank(gvym), (6.21)

where m(r) is the order of the corresponding Casimir operator of gyy. The 6’s with m(r) = 1 can be taken to coincide
with the Abelian C’s by choosing TZ-(T) = 1 for one of the Abelian elements of gvy and Ti(r) = 0 for all other elements.
We denote the Abelian C’s by C4:

{0, : m(r) =1} = {C*} = {Abelian C’s}. (6.22)
s0(1,3) contributes two additional §’s with m(r) = 2 (“Lorentz-6’s”):
Orank(gya)+1 = Cu oty Orank(gym)+2 = sm,pgc“"cp)‘cA". (6.23)
We denote the space of g-invariant local functions of the ¢#, £, €% and T by Tinv,
Tiw = {F(6.66T): 0:f(6.6,6,T) =0, L f(6,6,€,T) =0}, (6.24)

H (s1ie,20) can now be described as follows:

sief(w) =0 <  f(w) = such(w) + fFP(0,R), &€ Tin; (6.25)
fFPF(oa R) = Slieh(w)a fF S Tinv = fF = 07 (626)

where {Pr(6, R)} is a basis of the monomials in the 6, and R*. As mentioned above, this expresses the Lie algebra
cohomology of g, with representation space given by the local functions of the ¢#, £%, €* and T7. It is a well-known
result, see, e.g., section 8 of [7], and implies directly the following:

Lemma 6.5 The piece with highest N-degree of a representative f of H(Sext,20) can be assumed to be of the form

fm = fFWPrW(& R); Ssusyfrm =0, frm # Ssusygrmv fFW7 QFW € Tinv, (6-27)

where {Pr, (0, R)} = {Pr(0,R) : NPr(0, R) = mPr (0, R)}.

e. Supersymmetry algebra cohomology

(6.27) shows that the functions f I'= are representatives of the cohomology of Ssusy 1N the space %i,,. We denote this
cohomology by H (Ssusy, Tinv). It is indeed well-defined because sgusy squares to zero on all functions in T,y according
to (6.16) one has sgusyf = —{Slic, Scurv}f which vanishes for f € T;,, because one has sji.f = 0 and scyvf = 0 for
f € Tiny by definition of . In particular one has

J €Ty = SsusyS = Sext/f, (6.28)
and thus

H (Ssusys Tinv) = H (Sext; Tinv)- (6.29)
The following lemma describes this cohomology and is a key result of the computation.

Lemma 6.6 Cohomology H (Ssusy, Tinv):
(i) The general solution of the cocycle condition in H(Ssusy, Tinv) for the various ghost numbers g is:
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k for g=20

kg H® for g=1
ki Ft + L ko HOH® + k; JFia for g=2

us g:()7 9%y & f9~ il T g Mab] iA
Sg yf f f OR(T)__ fOT- g:3
P+ PQs for g=4
0 for g=>5

O = 4¢'€0,€ — A=, (E0™ D + £6"'D) —
P=—16%,, "¢ — 4i=2,66"D + =D?

%EMUZa [D*, T)d]

B = =3 Eupot”, Bp = — % Cuupol P, E = = petie e
R(T) € Tiny, D?R(T) =D*R(T) =0
Qi = Ai(0, \) + D2By(T), Ai(p,N), Bi(T) € Tiny (i =1,2), (6.30)

where ~ is equivalence in H (Ssusys Tinv) (9~ [94 Ssusy [971 with f9, f971 € Tiny), ia runs over all Abelian elements
of gym and F'4 are the Abelian F’s (6.14), k, ka, ki, kap and k;, are complex numbers, we used the notation
D? = DD, D? = DyD%, [D*, DY = DD — DYDY and other notation as in lemma 6.3. The functions A;(ip, 5\)
depend only on the undifferentiated ¢©°* and N but not on any (generalized covariant) derivatives thereof.

(i) The cocycles 1, He, Fie, H*H® o < b, and Fi4 are nontrivial and inequivalent in H (Ssusy> Tinv), @ cocycle
OR(T) is trivial in H(Ssusy, Tiny) iff R(T) = DQy 4+ Dy for some functions Q¥ = A¥ (e, \) +D2BX(T) (i =1,2),
and a cocycle PQy + PQy is trivial in H (Ssusy; Tinv) iff both Q4 = @QX(T) and Qg = —D2X(T) for some (the same!)
function X(T) € Tiny: 8

k~0 < k=0;
koH* ~0 & ko =0;
k/’ifﬁif + % k:[ab]ﬁ“ﬁb + ki, Fan~0 & k= kiap) = ki, = 0;
OR(T)~0 < R(T)=DQ +D0, Q= A%p,\)+D2BXT);
PO +PQ~0 & [ =D2X(T) A Q= —D2X(T)). (6.31)

Comments: a) In section 6a we found that the cohomology groups H°(sext, ), H' (Sext,§) and H?(Sexs, §) are
isomorphic to the characteristic cohomology in form-degrees 0, 1 and 2, respectively (see comments at the end of that
section). A similar result holds for H(Ssusy, Tinv), H' (Ssusys Tinv) and H?(Ssusy, Tiny): they are isomorphic to the
gauge invariant characteristic cohomology (characteristic cohomology in the space of gauge invariant local forms) in
form-degrees 0, 1 and 2, respectively. Indeed one can show as in [14,15] that the latter is in form-degrees 0, 1 and 2
represented by:

p=0: =k (6.32)
p=1: w'=k,xdBY (6.33)
p=2: w? =k *dA" + L ki (xdB*)(xdB") + ki, dA™. (6.34)

b) Notice that the lemma characterizes the cohomology in ghost number 3 through functions R(T) € Tiny which
satisfy D2R(T) = D2R(T’) = 0 and are determined up to contributions of the form D, 4+ Dy with Q¥ = A¥(p, A) +
D2B*(T) [such contributions can be dropped because of part (i) of the lemma]. T have not determined the general
solution to these conditions (which appears to be a rather involved problem) but would like to add the following
comments concerning this result. A .

The simplest nontrivial functions R(7') are complex numbers, i.e., R(T) = k € C with & # 0. They yield field
independent representatives with ghost number 3 given by

Ak "¢, L. (6.35)

801 =D2X AQy = —D2X is equivalent to A1 =0A Az = 0AD?B; = D?X AD?By = —D?X because no function A, ;\) is
of the form D?(...).
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All other representatives OR(T) contain gauge invariant conserved currents j* given by the antifield independent
parts of (1/2)a",[D%, D*|R(T),

= [% " [D*, DY R(T) (6.36)

=0
That these currents are indeed conserved can be directly verified by means of the algebra (5.9) which implies, for all
d;-invariant functions f(7T):

SFT)=0 = [D>D?f(T) = —4iVaa|[D*, D f(T). (6.37)

Specializing this formula to R(T'), it yields 0 = Va4 [D*, DY R(T)) because of D2R(T) = D*R(T) = 0. Owing to (4.7)
and the gauge invariance of j# (which follows from R(T') € T,y ), this implies that j* is indeed conserved:

0~ V" = 0,j". (6.38)

j* gives thus rise to a cocycle w3 = (1 /6)datdx” daPe,n 077 of the gauge invariant characteristic cohomology in
form-degree 3. One can show that this 3-form is trivial in the gauge invariant characteristic cohomology iff OR(T)
is in H (Ssusy, Tinv) equivalent to a function (6.35).° Hence, except for the field independent representatives (6.35),
nontrivial functions OR(T) correspond to representatives of the gauge invariant characteristic cohomology in form-
degree 3. However, this correspondence is not one-to-one as it is not surjective: there are representatives of the gauge
invariant characteristic cohomology in form-degree 3 which do not have a counterpart in H?3 (Ssusy, Tinv). In particular
the Noether currents of supersymmetry and Poincaré symmetry (and also those of other conformal symmetries) do not
correspond to representatives of H?® (Ssusy, Tinv) as one can already deduce from the fact that these Noether currents
are not, contravariant Lorentz-vector fields (note that j# in (6.36) is a contravariant Lorentz-vector field since R(T) is
Lorentz-invariant owing to R(T) € Tinv)-

The “generic” representatives of the gauge invariant characteristic cohomology in form-degree 3 involve gauge in-
variant Noether currents, i.e., they correspond to nontrivial global symmetries of the Lagrangian by Noethers first
theorem [16]. In addition there are representatives which are trivial in the characteristic cohomology but neverthe-
less nontrivial in the gauge invariant characteristic cohomology [accordingly the corresponding functions OR(T) are
nontrivial in H?3(Sext, Tiny) but trivial in H3(sext, §)]. These are exhausted by the 3-forms dB® and (dA*)(xdB?),
as can be shown as analogous results in [15,7], and do have counterparts in H>(Ssusy, Tinv): dB® and (dA'4)(xdB®)

correspond to functions R(T) given by ¢ and the imaginary part of Ai4® + (1/ 2)¢“D5\“, respectively:

R(T) =1k, = OR() =kH", j*"=k,H™, (6.39)
R(T) = kyya(—iNAD® + iM% —1g*DAIA) =
G R ki ga[ 28" PTFLAHG 4 40, (F' 471G 4+ XA + XA gH )] (6.40)

Examples of representatives containing nontrivial Noether currents arise from functions R(T) that are linear combi-
nations of the real parts of A#)®:

R(T) = L kiya(Nirg)? + Nirgp®) =
G R ki 2F Y HY + 0, (74P Fi ¢ + 20N 4 oMV % — 200461 %)]. (6.41)

This contains indeed the Noether currents k;,, F'“*¥ H® of nontrivial global symmetries generated by

AAY = kioHY, ABS, = $ kita €uvpe F?7,  A(other fields) = 0. (6.42)

9Using part (ii) of lemma 6.6, the algebra (5.9), and Eq. (4.7), it is straightforward to verify that O[R(T) — k] ~ 0 implies
g* & 8, 8" with S¥* = 4i(Do"* Q1 +Da* Qo) for some gauge invariant QF = A% (p, 5\)+252B?(T). Hence, OR(T) ~ 4k Hea €
implies the triviality of w® in the gauge invariant characteristic cohomology (w® ~ dw? with w? = idm“dm”a,ﬂ,pasp”). The
proof of the reversed implication is more involved. Let me just note that one can prove it using the descent equations, by
showing that the triviality of w® in the gauge invariant characteristic cohomology implies that the cocycle of (Sexs + d) which
arises from OR(T') (see section 3) is trivial, up to a function (6.35), in the cohomology of (sex; +d) on gauge invariant functions
that do not depend on the ghost fields (treating the antifields as gauge covariant quantities).
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c¢) Almost all representatives of H (Ssusy, Tinv) depend on antifields because the generalized tensor fields T involve
antifields, see section 4. Exceptions are the field independent representatives (these are the constants k for g = 0,
the representatives (6.35) for g = 3, and the representatives PQ; + Py with Q; = k; € C for g = 4), and the
representatives k,H®, see (6.39) (H®* does not depend on antifields). In addition there are a few representatives
PQy +PQy from which the antifield dependence can be removed by subtracting trivial terms, see equation (B.70). The
antifield dependence of all other representatives cannot be removed as a consequence of the fact that the commutator
algebra of supersymmetry and gauge transformations closes only on-shell. However, this changes when one uses the
formulation with the standard auxiliary fields in which the commutator algebra closes off-shell (cf. section 9). In that
formulation, every representative P + P, can be brought in a form that does not depend on antifields. The reason
is that, when one uses the auxiliary fields, the algebra (5.9) has an off-shell counterpart which is realized on standard
gauge covariant tensor fields (rather than on the generalized tensor fields TT) and arises from (5.9) by substituting
Vs AL, 5‘?; and F’ Z“, for their hatted counterparts. In the formulation with auxiliary fields, H 4(ssusy, Tinv) can thus be
represented by functions PQy(T) + PQa(T) with Q;(T) = Ai(p, A) + D?Bi(T) € Tiny (i = 1,2) where D, and D are
now realized on the ordinary tensor fields T'7. The antifield dependence of other representatives of H (Ssusy, Tinv) (With
g < 4) can not be removed by the use of auxiliary fields because of their relation to the characteristic cohomology of
the field equations which is not affected by the use of auxiliary fields.

d) The results for g > 3 in lemma 6.6 follow from the “QDS-structure” of the supersymmetry multiplets formed
by the TT, see proof of the lemma. These results are thus not restricted to the theories studied here but apply
analogously to models with more general Lagrangian, or even with different field content, as long as the models have
QDS-structure.

f. Completion and result of the computation

So far we have determined the part with highest N-degree of the possible representatives of H (Sext, §) by analysing
equations (6.17) and (6.18) which involve only sy and sgusy. We have found that this part can be assumed to be of the

form fTPr (0, R) where the f1 are representatives of H (Ssusy, Tiny) given by lemma 6.6. To complete the computation

of H(Sext, ) we have to examine which functions f'Pr(6, R) can be completed to (inequivalent) solutions of the
remaining equations (6.19) through (6.20) involving seurv in addition to sie and seusy. For this purpose the following
result is helpful:

Lemma 6.7 ( [17]) (i) There is no nonvanishing sexi-closed function with degree 4 in the ¢*.

(ii) Let f = fs+ fa be an sext-cocycle where fs and fy have degree 8 and 4 in the ¢*, respectively. Then f is the
Sext-variation of a function ny with degree 4 in the é*; ns is unique'® and the solution of 6_ny = f3 with 6_ as in
(B.50).

Furthermore it is extremely useful to complete the 6, of the semisimple part of the Yang-Mills group to corresponding
“super-Chern-Simons functions” §, given by:

1
Gr = m(r) / dt tr . (CF ™Y i m(r) > 3, (6.43)
0
Gy = tr, [CF? = L C3F + L C° + 3iIZ(EMMN+ ENAN)] if m(r) =3, (6.44)
Gr = tr,(CF — %6’3) if m(r)=2 and r <rank(gym), (6.45)

with C' and {TZ-(T)} as in (6.21), and
M = NTO X = NTY, F=FT", F=tF+ (£ —1)C% (6.46)
The ¢’s satisfy . = 6, + ... and the §’s in (6.43) and (6.44) are sext-cocycles (in contrast to (6.45)):
Lemma 6.8 The super-Chern-Simons functions (6.43) and (6.44) are Sext-closed:
SextGr =0 for m(r) > 3. (6.47)

0This does not exclude that there are functions g which are not entirely of degree 4 in the ¢ and satisfy f = Sextg.
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Using lemmas 6.6, 6.7 and 6.8 and results on the standard (non-extended) BRST-cohomology one derives the

following lemma containing the result of the cohomological analysis:
Lemma 6.9 The representatives of H(sext,§) can be grouped into seven types:

(7)
st f=0, f€F o f= > [fDtseah, heF,
()=(1)
ap(l)(QaeL)
04,
o= {3 X PP a0,

rm(r)=2

fO =pPW(G 6r) where =0 if m(r)=2,

— (L 6"P —15,85") + L 20°D) tr,(AN) — (12,60° + L2 H) tr, (M) + c.c.,

o A O
f(?)) —_ {HaRb+X[ab] + Z XiaRb] aq } [ab](q79L)

rim(r)=2

xlab] _ o5 EW(‘EUW?; _ 56“”1&)%"] + E;t(i(b[a@lt(z)b] _ @[agmﬁb])
@ (4,6 ;
f(4) _ {F,Lf X[»Lf]f] i + X'Lfa 8 + X,;Lf 8 }6P (q) Cifr.eeae]'_nR)
aC1 dRe 94y oc

rim(r)=2

)

X[ifjf] - i Eﬂj\[ifo.ui\jf]7 Xua — Eﬂ)\lfa-ltgqsa +i= j\ifwa —c.c.,
X = ZENTtr, (AN) + 22N tr, (AXE) + c.c.,

2
F6) = {HaHbJr Z xlatl 9 4 xlable 9 9 1 xlabl(ed) 9

(5)
4, ke DRIORe JPian @00 )

rim(r)=2
U= (i glagMe P 4 13, Eat il (€ — €)Y + 2, € EI (H + iV )
+ 1 ERHMM oM E + (&) — 309D + ¢l (H + V) &a" D]} tr,. (M)
+{E, (€ — 9O + A2 P HY} tr, (A" ) + c.c.,

xlotle — 2, {2601l € g° + o Pl Eg° — g € ¢lgMIye — 2ga” Egl )

+ E {21 Pl HY ¢ + €loVr gl g + L cotD(pl9p)e)
+ 4 ol €D+ ED) (M) + & Eoraplogliye)

+= {% u@b] f{; _ ¢cau¢[aﬁﬁl

( 2 a¢b lt¢c _ I:Ilw(b[a@u(bb] _ (z)cf{;t[a@lt(z)b])} —c.c.,
XD = 95 (JE 8 60" — 9l E£deg?) — c.c

. ) 0 0
©) — J(ORY(T)) + xTia + xI Z 4 xTe =
7o ={(or" (1)) T:m%_; 5 5

X4 = {215, N4ghE + LE(DN4) + 2EX4D — c.c.}RY(T),
X =8ERN(T) tr, (EANE), X' =212 (€ — £y + ¢°¢D + ¢*ED)RY (1),
__ s o b . .
7@ = {(POF + PAD) + 82 (WAEQF + ENA0F) 2= L (G, Cver b1, ),

+
|~

aé’—iA a}PF(é7éAbel79LaR)7
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(6.48)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)
(6.54)



where Oy, C’Abel and C’free denote collectively the Lorentz-0’s (6.23), the Abelian C”s, and the C’if, respectively, c.c.
denotes complex conjugation when {Ti(r)} is antihermitian'', and other notation is as in lemmas 6.3 and 6.6. In

particular, RF(T), O and O are functions as R(T), Q1 and Qg in (6.30), respectively, and can be assumed not to
be of the trivial form given in (6.31).

7. CONSISTENT DEFORMATIONS, COUNTERTERMS AND ANOMALIES

We shall now discuss the results for the cohomological groups H%4(sext|d) and H*(sext|d) because of their relevance
to algebraic renormalization and consistent deformations. In algebraic renormalization, H%*(sexs|d) yields the possible
counterterms that are Poincaré invariant, gauge invariant and N=1 supersymmetric on-shell, and H#(sqy|d) provides
the Poincaré invariant candidate gauge and supersymmetry anomalies to lowest nontrivial order, cf. [18,4,7].

The other applications concern the Poincaré invariant and N=1 supersymmetric consistent deformations of the
classical theories. In this context a deformation is called consistent if it is a continuous deformation'? of the Lagrangian
and its gauge symmetries such that the deformed Lagrangian is invariant under the deformed gauge transformations
up to a total divergence. A deformation is considered trivial when it can be removed through field redefinitions.
Such deformations of n-dimensional gauge theories are completely controlled by H%"(s|d) and H'"(s|d) where n
is the spacetime dimension and s is the standard (non-extended) BRST differential [6,19]. In particular, H%"(s|d)
provides the nontrivial deformations to first order in the deformation parameters, while H'"(s|d) yields all possible
restrictions or obstructions to the extendability of the deformations to second and all higher orders. Analogously the
cohomology groups H%"(sexi|d) and HY"(sext|d) of an extended BRST differential for gauge and global symmetries
control those consistent deformations that are invariant under the global symmetry transformations contained in Sext,
where these transformations may get nontrivially deformed but their commutator algebra does not change on-shell
modulo gauge transformations. The latter statement on the algebra of the global symmetries holds because this
algebra is encoded in the extended BRST-transformations of the constant ghosts. Representatives of H%"(sext|d) do
not contain terms that would modify the extended BRST-transformations of the constant ghosts because they do
not involve “global antifields” conjugate to the constant ghosts'®. Hence, H*"(sey|d) yields only deformations that
preserve the algebra of the global symmetries contained in sext (in contrast, the algebra of the gauge transformations
may get nontrivially deformed). The consistent deformations which arise from our results on H%*(sexs|d) are thus
precisely those which are Poincaré invariant and N=1 supersymmetric, where the supersymmetry transformations
may get nontrivially deformed but their algebra is still the standard N=1 supersymmetry algebra (on-shell, modulo
gauge transformations). In view of the results derived in [21] it is unlikely that there are more general physically
reasonable deformations (which change nontrivially the N=1 supersymmetry algebra) but this question is beyond the
scope of this work.

We shall now spell out explicitly the antifield independent parts of the representatives of H%*(sex|d). These give
the first order deformations of the Lagrangian, and the possible counterterms to the Lagrangian that are invariant, at
least on-shell, under the gauge, Lorentz and supersymmetry transformations up to total divergences (the parts with
antifield numbers 1 and 2 of the representatives of H%*(scx¢|d) yield the corresponding first order deformations of, and
counterterms to, the symmetry transformations and their commutator algebra, respectively). As explained in section
3, the representatives of H%?%(sex|d) are obtained from those of H?(sext, &) by substituting ¢# + dz* for ¢* and then
picking the 4-form of the resultant expression. The representatives of H*(sext,S) are obtained from lemma 6.9 by
selecting from among the functions f() those with ghost number 4."* Up to trivial terms, the antifield independent
part of the general representative of H?%(sey|d) is:

Hrf {Ti(r)} is not antihermitian, then +c.c. denotes the addition of terms that were the complex conjugation if {Ti(r)} was
antihermitian (i.c., using —7\" in place of 7).

12 A deformation is called continuous if it is a formal power series in deformation parameters.

13See [13] for the concept of such antifields, and [20] for a discussion of deformations of the global symmetry algebra in the
framework of the extended antifield formalism.

“There are no functions f or £ with ghost number 4. The functions f® with ghost number 4 arise from polynomials PP
that are linear combinations k; g, of the ¢- with m(r) = 2 and of the Lorentz-0’s where, however, only k7§, yields deformations
and counterterms of the Lagrangian, symmetry transformations and their algebra (the representatives with Lorentz-0’s have
antifield number 3). The functions f®, f® £ and f(7 with ghost number 4 arise from P® = (1/6)k[ifjfkf]éiféjfé’kf —

ikifaé’if Ra, P[(fb)] = ik[ab]cRc, Pr = —iC’iA, and Pr = 1 respectively, where we introduced cosmetic factors 1/6 and +i.
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oa e &) m &) (1)
W pr=o =d Z( Levm+ Lsym + Lst + Lyt + L Noe,cM/,CS,FI + Lgeneric)

M .
Lou= Y ko H e[ (A,0,40 + 3 A, 4,45) = A"\

rim(r)=2 _ _
D= g0t [ Fu P 4 iV, 0P A — APV, A — L (DA)?]
— tr (Y TN+ P TN Fy — 3 (VOX + &“X)m]} (7.1)
(1) o S
L syM= Kiigjohy) (— 5 AL AJF PRI 4 i\t gh \IE AR (7.2)
(1) . . o
Lse= kia(3 F"" BY, + X1g® 4 N1p%) (7.3)

(1)
Lrpr= k[ab] E;wpoHaHsBsa H;mqsba#qsc + Hucd)aaud)b + chHlmaud)b

i H + (0 — o)) Y (7.4)
(1) . . _ . ) .
L Noe,CM’,CS,FI= (% ALA ohtee [Da; Dd] — i(D)\lA) — 2I\"D + Qi)\ZAD)RiA (T) (75)
(1) _ I _
L generic— D2 [Al (90; )\) + D2B1 (T)] + D2 [AQ(SZ, >‘) + D232 (T)] (76)

where the k’s are complex numbers, R; , (] T), A; (go,)\) and B;(T)) are functions as in lemma 6.6, T7, DaT7, DaT™
denote the antifield independent parts of TT DoT7, D TT respectively, [Dq, Ds] is the commutator of D, and Dy,
and Ay, A, \ are matrices constructed from the gauge ﬁelds and gauginos:

TT — T‘r|q>*:0’ DI = (D ’j"")|q>* 0, ﬁdTT = (T)d’f‘r”@*:o, [Da,@d] = Da@d — D4 Da,
A= AT A =NT, A= NI, (7.7)

Analogously one obtains the representatives of H''#(sey|d) from the functions f (1) with ghost number 5 given in
lemma 6.9. The antifield independent parts of these representatives are (the superscripts indicate from which f*)
they derive):

AW = Nk tr, {Cd(AdA + § A%) +i(§o A+ No€)(AdA + (dA)A+ 3 A%) + 3id*z (EA XN + EANN)} (7.8)
rim(r)=3

A = ko {5 GF) AT ARC 4§ (€X't — NToQ) AT AR AT 4 id'z Nt oM N AR C! (7.9)
AW = N g ] *F“) tr, (CdA +1AEoX +1ANGE) + (EoX' — N1 o€) tr, (AdA + 2 A®)
rmn=2 4 [ENT b, (AN) + 2XF tr, (ANE) + c.c.] ) (7.10)
AU = fop; 0 {(xF) (A Q% + CU B®) + €0\ — Nt 0€) ATt B®
dtz (SN NIQL +INTGHEAT — N CT 4 c.c.)} (7.11)
AP = Nk {(+dB*) (xdB®) tr,.(CdA +1ALoN + iANGE) + 2i(xdB*) ("€ — £u°) tr, (AdA + 3 A?)

rmin)=2 a [200°€ HY tr, (Ao X) + PP tr, (M) + c.c.] }
with  P® =1 ¢ P D? + 1 ¢*(H,, +10,0)" £6"D + & (€9 — 30°) D + § HI o€ (7.12)
AGD) — giy { L 014 A, [D*, DY) 4 21412 A €01 D — 2CTANAD
—LCA(DNA) + 260" N4 AlA + .} Ry (T) (7.13)
Al = @iz {1Qa, [D*, D] + 4iBS, €0 D — 21 £ + 2i¢" ED + c.c. } Ro(T) (7.14)

AT = d*z (C'AD? — 4iAlp €6D + 8X1E) [Ai, (0, A) + D? By (T)]
+ d'z (CAD? + 4iAlf £oD + 8EXA) [A], (@, A) + D*Bj, (T)] (7.15)
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where R[iAjA](T) and R,(T) are functions as R(T) in lemma 6.6, A;,(¢,\), Bi,(T), A, (3,)), B, (T) are gauge

invariant and Lorentz invariant functions, c.c. is used as in lemma 6.9, and

C=CT", Q"=di"Q% 0us=ditoyas, A =detAl, A= AT, (7.16)
* F' = $datda? e o F'*7,  B® = 5datdz”Bg,, *dB® = dz'Hj. (7.17)

pvo
We leave it to the reader to work out the antifield dependent terms of the representatives of H%*(se|d) and
H'*(sext|d) and add the following comments:

1)
a) L cm contains “Chapline-Manton” couplings between the 2-form gauge potentials and non-Abelian Chern-Simons

3-forms of the type frequently encountered in supergravity models, see, e.g., [22-25].

1
b) L sym contains the cubic interaction vertices of standard super-Yang-Mills theories. In particular it gives rise
to deformations of free supersymmetric gauge theories to standard non-Abelian super-Yang-Mills theories, with the
coefficients Kj;, j.x,) becoming the structure constants of the non-Abelian gauge group (the Jacobi identity for the

structure constants arises at second order of the deformation, cf. [26]; see also comment h) below).
€))
¢) L st gives rise to the supersymmetric version of the Stueckelberg mechanism [27] for 2-form gauge potentials.
(1
d) Lpr contains the trilinear vertices e#*?? H “HBB;'U of “Freedman-Townsend models” [28,29]. In particular it

yields deformations of gauge theories for free linear multiplets to supersymmetric Freedman-Townsend models as
derived in [30-32].

(1)
e) One may distinguish four different types of functions L Noe .cm,cs,F1, depending on the functions R;, (T") they
involve. The simplest choice is R;,(T) = k;, € C. It yields Fayet-Iliopoulos terms [33]:°

o |
Lri= 71kiAD>\ZA. (718)

All other choices lead to terms containing couplings ALA jé; of Abelian gauge fields to conserved currents ij =
(1/2)a% ,[DY, DY R;, (T), cf. comment b) in section 6e. Generically these conserved currents are nontrivial Noether
currents (up to trivial currents). The only exceptions are the currents which arise from R;,(T) = —% ki, a®® +
Kinjaa(—iNAY® +iXA9h% —ig@DAIA), see (6.39) and the text before that equation. These R;,’s yield Chern-Simons
type couplings between Abelian gauge fields and the 2-form gauge potentials, and Chapline-Manton couplings of the
2-form gauge potentials to Abelian Chern-Simons 3-forms:

¢)) . .

Lcs= kiyo AP HY + 00 = 1 kija P A2 OBy, + .. (7.19)
¢)) S

Lomr= —2ki,jaac? AN FIAHE + .. (7.20)

An example for a deformation involving a nontrivial Noether current arises from R;, (T) = 3 ki, i.a(AT90® + X))
which yields

1 o
L Noe= 2kiqiga A FH HS 4 (7.21)

Supersymmetric models with these interaction vertices were constructed in [32].
f) The invariants (7.6) have been termed “generic” because there are infinitely many of them, with arbitrarily high
mass dimensions. For instance, an invariant with mass dimension 8 arises from a contribution tr,(AAAX) to By,

D*D%*r, (AAN) = tr,.(16F),, Fyp F*PFY" — AF,,, Fpe F*FP7 4 .. ). (7.22)
In the formulation with the standard auxiliary fields (see section 9), all invariants (7.6) can be written as off-shell
invariants, cf. comment c) in section 6e. Hence, in that formulation deformations (7.6) preserve the form of the

supersymmetry and gauge transformations. Notice also that they can be written as standard superspace integrals in
a superfield formulation (D? and D? then turn into superspace integrals [ d?0 and [ d*@).

151n the formulation with auxiliary fields DA% is proportional to the auxiliary field D% | cf. section 9.
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g) (7.8) is a supersymmetric generalization of the non-Abelian chiral anomalies. Remarkably it is not accompanied
by antifield dependent terms, i.e., it is already a complete representative of H14(sexs|d), whether or not one uses
auxiliary fields (alternative forms and discussions of supersymmetric non-Abelian chiral anomalies can be found in
[34-52,2,53-55]). I note that (7.8) has a direct generalization in supergravity [17,12].

h) (7.9), (7.10) and (7.11) are present only when the Yang-Mills gauge group contains Abelian gauge symmetries
under which all matter fields are uncharged. They are unlikely to represent anomalies of quantum theories but give
important restrictions to consistent deformations at higher orders in the deformation parameters. In particular (7.9)
enforces at second order that the coefficients kp;, ;1) in (7.2) satisfy the Jacobi identity for structure constants of a
Lie algebra, cf. [26].

i) (7.12) may be viewed as an analogue with ghost number 1 of non-Abelian Chapline-Manton type couplings (7.1).

j) (7.13) is the analogue with ghost number 1 of the couplings (7.5). Owing to the antisymmetry of Ry;, ;. (T)
these representatives exist only if the Yang-Mills gauge group contains at least two Abelian factors. As in the case
of the couplings (7.5) one may distinguish between different types of representatives (7.13), depending on the choice
of Ry;,;,(T). The simplest choice is Ry;,;,)(T) = ki, € C and gives the analogue with ghost number 1 of the
Fayet-Iliopoulos terms (7.18):

Kjiaja) [ICHADNA +2(E0" XA + NAoHE) Al ] d'a. (7.23)

TAJA

All other choices yield representatives containing conserved currents given by (6.39), (6.40) or Noether currents such
as in (6.41). The representatives arising from (6.39) do not contain antifields and are somewhat reminiscent of chiral
anomalies because they read

KjinjalaC™ 4 AT4dB® + . .. (7.24)
The representatives arising from (6.40) may be viewed as an analogue with ghost number 1 of Abelian Chapline-
Manton type couplings (7.20). They read:

KiiajalkaaC'4 A9 (dAF) (xdB®) + . .. (7.25)
The representatives containing the currents (6.41) read
K aisaCi AT (+d A7) (xdB) + .. (7.26)

k) Similarly there are several types of representatives (7.14). The simplest arise from R, (T) = k, € C and read
2i ko (Y€ — E*) d . (7.27)
The other representatives (7.14) involve conserved currents and are of the form
d*z (Quik +...), i =10k, [D* DYR.(T). (7.28)

Again, one may distinguish between representatives containing the currents (6.39), (6.40), or Noether currents such
as in (6.41). Those with the currents (6.39) are not accompanied by antifields and explicitly given by (one can assume
kab = kpqp) because the part with k(g is trivial):

klay [Q*dB® — 1B, (S0 yp® + &t P d e + 2ig® (Ep° — p*E)d x] . (7.29)

1) The representatives (7.15) are the counterparts with ghost number 1 of the invariants (7.6). The simplest
nontrivial representatives (7.15) arise from A;, = k;, € C, A}, =k;, € C, B;, = B;, = 0. They read

8(ki  EN A + k) NAE) d a. (7.30)

Significant representatives (7.15) are in particular the supersymmetric generalizations of Abelian chiral anomalies.
They arise from A;, (¢, A) = =ik, tr,(AX) — ik, jar) MANA AL (@, X) = 1kT, trp (AN) + ik(i jan ) MANA, By, =
B;, = 0. This yields supersymmetrized Abelian chiral anomalies in a form as in Eq. (5.14) of [1]. By adding a
coboundary of H*(sex|d) to these anomalies, they can be brought to a form analogous to (7.8) as can be inferred
from (B.70).

m) Notice: when the Yang-Mills gauge group is semisimple and no linear multiplets are present, (7.6) and (7.8)
exhaust the nontrivial representatives of H?*(sey|d) and H'*(sex|d), respectively. Indeed, all other representatives
require that the Yang-Mills gauge group contains Abelian factors or that linear multiplets are present. Recall that the
representatives (7.6) can be written as off-shell invariants when one uses the auxiliary fields, see item f). Hence, these
off-shell invariants provide all Lorentz-invariant and N=1 supersymmetric deformations of standard super-Yang-Mills
theories with semisimple gauge group (to all orders!).
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8. REMARKS ON THE COHOMOLOGY IN NEGATIVE GHOST NUMBERS

In [5] it was shown that the standard (non-extended) BRST cohomological groups H?~™"(s|d) in n-dimensional
theories for negative ghost numbers are isomorphic to the characteristic cohomology in form-degree p (0 < p < n)
whose representatives are conserved local p-forms (dwP = 0). The cohomological groups H p*4’4(sext|d), 0<p<d4,
have a similar interpretation: they correspond to conserved local p-forms that are invariant under N=1 supersymmetry
and Poincaré transformations up to trivially conserved p-forms. To show this we use that each representative of
HP=4%(sx4|d) is related through the descent equations for sexs and d to a local p-form w®? with ghost number 0
which satisfies sexew 1P + dw®? = 0 and sexw®? + dw'P~! = 0 (see proof of lemma 3.1). The parts of these
equations with antifield number 0 read (see section 6a for the notation):

5w1—1710+1 + dwg’p =0 = dwg’p ~0

0,p 0,p 1p—1 _ 0,p 1,p—1
Yextwy ' + 0wy’ + dwy =0 & Yexwy =~ —dw ,

—~
N =
N

where subscripts denote the antifield numbers (wj” is the part with antifield number k& contained in w97). Notice that

wg’p has vanishing ghost and antifield number and thus does not depend on ghost fields, constant ghosts or antifields.
(8.1) shows that it is conserved. Furthermore it is gauge invariant, N=1 supersymmetric and Poincaré invariant up to
trivially conserved p-forms. This is seen from (8.2) because vext contains the gauge transformations (with ghost fields
in place of gauge parameters), the N=1 supersymmetry transformations and the Poincaré transformations (multiplied
by the corresponding constant ghosts, respectively).

Moreover wg’p is trivial in the characteristic cohomology (wg’p & dwg’p 71) iff the corresponding representative of
HP= 4% (504 |d) is trivial in the cohomology of sext modulo d. For p < 3 we had seen this already in section 6 a where
we found that H~3%(sex|d) and H 2% (sex|d) are isomorphic to the characteristic cohomology in form-degrees 1 and
2, respectively. For p = 3 the assertion can be proved by the arguments used in the proof of lemma 6.2: one finds that
the part w; "* of a nontrivial representative of H "% (sey|d) is a nontrivial representative of H(6|d)'6. As shown
in [5], it thus corresponds to a nontrivial global symmetry and, via descent equations for § and d, to a nontrivial
conserved 3-form containing the Noether current of this global symmetry!?. Hence, all nontrivial representatives
of H=%*(sext|d) correspond to nontrivial global symmetries of the action and nontrivial conserved currents. These
currents are N=1 supersymmetric and Poincaré invariant up to trivial conserved currents (see discussion above).
Accordingly the global symmetries corresponding to representatives of H =14 (sex|d) commute on-shell with the N=1
supersymmetry transformations and the Poincaré transformations up to gauge transformations®®.

H73%(sext|d) and H 2% (sext|d) were already given in lemma 6.2. H 1% (sex|d) can be obtained from H3(sext, )

which has three types of representatives as one infers from lemma 6.9: f®) with P[Eng)] = kqp) € C which correspond

to the global symmetries of the action under rotations acting on the indices a of the linear multiplets, f®*) with
PW = (1/2)k;,;,C* CF (ki j, € C) which correspond to the global symmetries under rotations of the indices if, and
f© = OR(T) where, however, (6.35), (6.39) and (6.40) do not yield nontrivial representatives of H ™14 (sey|d) [(6.35)
does not correspond to any representatives of H 1% (sex|d) because it is field independent, while (6.39) and (6.40)
are trivial in H3(Sexs,s) though nontrivial in H3(Sext, Tinv)]-

Comments: a) We just observed that the representatives of H~1%(sex|d) correspond to nontrivial conserved
currents that are N=1 supersymmetric and Poincaré invariant up to trivially conserved currents, and to the corre-
sponding global symmetries which commute on-shell with the N=1 supersymmetry transformations and the Poincaré
transformations up to gauge transformations. However, the correspondence is not one-to-one because there are con-
served currents and global symmetries of this type which have no counterpart in H 14 (sey|d). Indeed, consider the
currents j#* = 9H¢®. They are the Noether currents of the global symmetries under constant shifts of the ¢*. These
shift symmetries are evidently nontrivial. Furthermore they commute with all N=1 supersymmetry and Poincaré

16 Applying the arguments in the proof of lemma 6.2 to the case g = —1 one finds that the nontrivial representatives have
k =1 (but not k = 2 or k = 3 because there are no Lorentz-invariant homogeneous polynomials of degree 1 or 2 in the constant
ghosts).

YIn this context a global symmetry is called trivial if it equals a gauge transformation (in general with field dependent
parameters) on-shell. A conserved current j* is called trivial if j# =~ 9, S"* for some local functions S”* = —S”.

8Let A4 be (infinitesimal) global symmetry transformations and Jj'4 the corresponding conserved currents. One has Aajfg ~
j[”A,B] where j[”A,B] is the Noether current of [A4, Ag] and ~ is equality up to trivial currents [56,57]. Furthermore a current
is trivial iff the corresponding global symmetry is trivial [5].
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transformations. Accordingly their currents are conserved, nontrivial, and both N=1 supersymmetric and Poincaré
invariant up to trivial currents, respectively. Nevertheless they do not give rise to representatives of H ~1?%(sex|d).
This can be seen in various ways. One way is the following: the corresponding representatives of H3(sext, &) would
have dimension —1 and be linear in the fields of the linear multiplets (this follows from the structure of the shift
symmetries and their currents), and would thus inevitably have to be proportional to O¢®; however, O¢? is trivial
in H3(sext,§) for one has O¢* = —2H? = —28ext R%.  Another way is based on the algebraic structure which is
associated to the local BRST cohomology and described in section 3 of [13]. In the present case this algebra links the
representatives of H~1%4(s|d) corresponding to super-Poincaré symmetries and the symmetries under constant shifts
of the ¢s to the representatives R:d*z of H~3%(s|d) in a nontrivial way (owing to the presence of ¢-dependent gauge
transformations in the commutator of two supersymmetry transformations on B,,, ) which obstructs the existence of
representatives of H =14 (sey|d) corresponding to the shift symmetries.

b) The p-forms w®? mentioned above, which are related through the descent equations to the representatives of
HP=44(544|d) for 0 < p < 4, make up a complete set of field dependent representatives of HOP(sey|d) for p < 4.
This can be inferred from comment c) in section 3 using the result that HO(sey, §) is represented just by a number
(the latter result follows from lemma 6.9, a number being a solution f(1)).

9. OTHER FORMULATIONS OF SUPERSYMMETRY

In this section it is shown that our cohomological results do not depend on the chosen formulation of supersym-
metry. Alternative well-known formulations with auxiliary fields or linearly realized supersymmetry (in particular,
the standard superspace formulation) lead to exactly the same results. The reason is that the additional fields and
antifields which occur in these formulations give only rise to trivial pairs and thus do not contribute nontrivially to
the cohomology, cf. section 6 b.

a. Formulation with auxiliary fields

Let us first discuss the formulation with the standard auxiliary fields so that the commutator algebra of the Poincaré,
supersymmetry and gauge transformations closes off-shell. These auxiliary fields are real fields D? for the super-Yang-
Mills multiplets and complex fields F'® for the chiral multiplets. The formulation with these fields differs from the one
used here through the following changes as compared to section 2:

1. Field content: one adds the fields D?, F'*, F, and their antifields D}, F¥, F*s.
2. Lagrangian:
L=—306;F,, F" +16,;(V,AN6HN — N6tV ,N) + 4 6;D'DI
+ 5 0,0'0"¢ — 3 HL H" + 5 (9,064 — '+ 9,1)
+ VoV + 1 (VuXo"x — X6"V,ux) + 1 FF
+iD'eTip 4+ PTix A — N X Tip. (9-1)

3. Extended BRST transformations of the fields: the only changes are in the transformations of Ay, X and their
complex conjugates, and the addition of the extended BRST-transformations of the auxiliary fields:

Sext Ay = — [ik CINE + O\, — 3 (0 N)a — 16aD’ + (0" €)oF),
sext D' = — £,/ CI D 4 69, D' 4 6"V N 4+ V NokE
SextXa = — C'Tixa + HOuXa — % (o X)a + EaF — 2i(a“f)avug0
SextF' = — C'TiF + &0, F — 21V, xo"€ + AN €Ty (9.2)

4. The extended BRST-transformations of the antifields are according to (2.23) obtained from an extended La-
grangian which is now given by

Lext = L — (Sextq)N)q)jv . (93)

23



The passage from the formulation with auxiliary fields to the formulation without auxiliary fields is done by elimination
of the auxiliary fields using the solution of their “extended equations of motion” derived from Leyt and setting the

antifields D}, F, F; to zero. This amounts to the following identifications:

D' = —i6" (gTjp + NjE+EX;), D =0,
= —4éx*, F=4x*¢, F*=0=F" (9.4)

These identifications reproduce the formulae given in section 2 und turn representatives of the cohomologies H (Sext, )
and H (Sext|d) in the formulation with the auxiliary fields into representatives of the same cohomologies in the formu-
lation without auxiliary fields (see, e.g., section 15 of [5]). From the cohomological perspective, this reflects that the
auxiliary fields and their antifields give only rise to trivial pairs (see section 6b). These trivial pairs are (D}, SextD}),
(F¥, 85ext F¥), (FY, sext FY) and all their derivatives, for one has:

Sext Df = 0, D7 +1(gTyp + A&+ EN) + C7 f;,° Dy, + 0, D
SextF* =2 F — x*¢+ C'F*T; 4 ¢0, F*
sextF* =2 F +&x* — C'T,F* + ¢9,F*. (9.5)

b. Formulation with linearly realized supersymmetry

The standard formulation with linearly realized supersymmetry (often formulated in superspace) uses complete
real vector multiplets in place of only the gauge potentials and the gauginos, and a higher gauge symmetry which
gives rise to additional ghost fields. The linearized additional gauge transformations shift the additional fields of
the vector multiplets by additional gauge parameters. As a consequence, the extended BRST transformations act
on these fields as nonlinearly extended shift transformations involving the additional ghost fields. The extended
BRST transformations of the antifields of the additional ghost fields are nonlinearly extended shift transformations
involving the antifields of the additional fields of the vector multiplets. Hence, all additional fields, antifields and
their derivatives give only rise to trivial pairs. Elimination of these trivial pairs reproduces the familiar Wess-Zumino
gauged models described in section 9 a. If one also removes the auxiliary fields as outlined there, one ends up precisely
with the formulation as in section 2. Let us show this explicitly for the Abelian case with one vector multiplet and
one chiral matter multiplet (linear multiplets need not be considered here because supersymmetry is already linearly
realized on them). We denote the fields of the vector multiplet by V, (a, Z, A}, A, and D’ and those of the chiral
multiplet by ¢’, x;, and F’, where V, A and D’ are real fields, while the other fields are complex. The ghost fields
are denoted by A, T', and ¥ and are all complex (they form a chiral supersymmetry multiplet). The extended BRST
transformations of these fields are

SextV =1(A — A) + £+ (€ + ¢"0,V
SextCa = Lo + ¢0,Cq — %CW(UWC)(X — (a“«f)a(AL +1i0,V) — & Z
SextZ =X + &0, Z + 210,(o™€ + 21N
SextAl, = —0u(A+ A) + 0, A), — ¢," A, —ilo, N +iXN 0, & +10,(6¢ — (€)
SextAy = MO, — 5 A (0N o — oD+ 2(c"€) 00, A,
SextD' = &9, D' + Ea" N + O N ot E.
Sext’ = —2iAp" + D’ + €X'
SextXn = —21AXL, — 200" + 0, XL, — %c‘“’(owx’)a — 2i(0"8) 0 0up + £ F'
SextF' = —2IAF" + 2Ty + 25¢ + "0, F' — 210, X o"&
Sext A = &0, A + 1D
Sextl'a = ¢"0, T — % M (0o + €03 — 2(07€) 00, A
SextE = 10, — 210, To"¢. (9.6)
The presence of the shift terms i(A — A), I'y and ¥ in SextV, SextCo and SexsZ implies that (V, sextV), (Cas SextCa),
(Z, sextZ) and their derivatives form indeed trivial pairs. The same holds of course for ({4, Sextla), (Z, SextZ) and

their derivatives. It is straightforward to verify that the following identifications reproduce the sext-transformations
of A,, ¢, A\, D, x, F and C given in (2.8), (2.13), (9.2) and (2.15) for the Abelian case (with C"T;p = —iCp etc):
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Ay=A, X=X, D=D, C=-A-A+i—il,

w
o=e"y, xa=¢e" (X, +20¢), F=e"(F —2Z¢ —20x —2(C¢). (9.7)
The antifields of the additional fields give also only rise to trivial pairs, as one has
SextA* _ IV* + aﬂA*p,/ + 28#].—‘*0"“‘5* 21(50*/90/ + X*/X/ + F*/F/)
5extr*a — _C*oc _ lgozA* _ QiGME*O’Mé-F 2(‘0/X*o¢l + 2Xa/F*/
Sexty” = Z* +T*E + 20 F*. (9.8)

The non-Abelian case is analogous except that the extended BRST transformations of the fields receive further
nonlinear contributions, and, as a consequence, the relation of primed and unprimed fields becomes more complicated
(in particular A,, A and D do not coincide anymore with their primed counterparts).

10. OTHER LAGRANGIANS

Even though our analysis was performed for Lagrangians (2.2), it is not restricted to these. In particular it applies
analogously to more general Lagrangians which are of the form (7.6) in the formulation with auxiliary fields (with D,
and D, realized off-shell on ordinary tensor fields, cf. comment c) in section 6 €), such as

L = D?[Gi;j (¢)N'N + P(p) + D*K (¢, @, ¢)] + c.c. (10.1)

where Gi;(¢)A'N, P(p) and K (¢, p,¢) are gauge invariant functions. (10.1) is a generalization of the Lagrangian
(2.2) which is still at most quadratic in derivatives but in general not power counting renormalizable as it contains
terms such as (Gy; () + c.c.)Fj,, F7*. The special choice Gij(¢) = d;;/16, P(¢) = 0 and K (p, ¢, ¢) = (g — ¢'¢)/32
reproduces the Lagrangians (2.2) after elimination of the auxiliary fields, up to a total divergence. Let us briefly
indicate how one can apply our analysis and results to such models or even more general Lagrangians (7.6) containing
terms with more than two derivatives such as (7.22), assuming that supersymmetry is not spontaneously broken (see
comment below) and that the field equations satisfy the standard regularity conditions (see [7]):

(i) The extended BRST transformations of the fields and constant ghosts are as in section 9a when one uses the
formulation with auxiliary fields (recall that the deformations (7.6) do not change the gauge or supersymmetry
transformations when one uses the formulation with the auxiliary fields, cf. comment f) in section 7).

(ii) The extended BRST transformations of the antifields contain the Euler-Lagrange derivatives of the Lagrangian
with respect to the corresponding fields and are thus more involved than in the simple models (2.2). As a
consequence the explicit form of the w-variables (see section 4) changes. A subset of these variables even may
fail to be local in the strict sense of section 3 (because the algorithm [11] may not terminate anymore). This
failure of locality does not happen for Lagrangians (10.1)!° but it will generically happen for more general
Lagrangians. In order to apply our analysis in the latter case one must relax the definition of local functions and
forms accordingly. In particular this is necessary and natural when dealing with effective Lagrangians containing
terms such as (7.22) multiplied by free parameters (coupling constants). One may then use the definition that
local functions and forms are formal power series in the free parameters, with each term of the series local in
the strict sense, cf. the remarks on effective theories in [7].

(iii) The descent equations and lemma 3.1 hold also in the generalized models.

(iv) The gauge covariant algebra (5.9) does not change because it reflects the extended BRST transformations of
the ghosts which do not change.

(v) The structure of the cohomological groups presented in section 6a does not change because sext Ry and sextCi*f
do not change (this follows from the fact that the gauge transformations do not change). However, fap, f.,, He
and F can receive additional terms because of changes of the field equations.

9Temma 4.2 still holds for these Lagrangians but the proof of the lemma is more involved than for the simple Lagrangians
(2.2). Without going into detail I note that one may use the derivative order of the variables (rather than their dimension) to
prove that the algorithm [11] terminates for Lagrangians (10.1).
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(vi) Subsections 6b, 6 ¢ and 6d evidently apply also to the generalized models.

(vii) H (Ssusy, Tinv) is still given by lemma 6.6, except for the possible modifications of H® and F'* mentioned above.
Indeed, the results for g < 2 derive as before from the results in section 6a and from Eq. (B.29) which holds
also in the generalized models (the proof of that equation applies also to the generalized models). The results
for g > 3 are solely based on the algebra (5.9) and the structure of the supersymmetry multiplets which do not
change.

(viii

~—

Lemmas 6.7 and 6.8 apply without modifications also to the generalized models.

The possible changes of lemma 6.9 are induced by the modifications of H* and F* mentioned above and concern
the representatives f(2), f3) () and fO). £ and f®) have counterparts also in the generalized models but
their explicit form changes when H? receives additional terms (the additional terms cause changes of the X-
functions occurring in f and f®); the existence of these representatives is still guaranteed by the vanishing
of H9(Ssusy, Tinv) for g > 4). The existence and precise form of representatives f ) and f® depends on the

~—

(ix

modifications of H® and F* and varies from case to case. However, the modifications of f®) do not concern
consistent deformations, counterterms or anomalies because there are no representatives f(3) with ghost numbers
4 or 5. The representatives f(*) are mainly of interest for the deformation of free theories with Lagrangians of
the form (2.2).

Comment: In models with spontaneously broken supersymmetry the goldstino fields and their extended BRST
transformations form trivial pairs (the extended BRST transformations of the goldstino fields substitute for the
constant supersymmetry ghosts in the new jet coordinates {u’ v’,w’}). As a consequence the structure of the
extended BRST cohomology is essentially the same as its non-supersymmetric counterpart, provided one relaxes
the definition of local functions and forms suitably, if necessary (see remarks above). The representatives of the
cohomology are supersymmetrizations of their counterparts in the non-supersymmetric cohomology, similarly to the
supersymmetrized actions constructed in [58-60].

11. CONCLUSION

The major advances of our analysis as compared to previous work are: (i) we have computed the cohomology in
the space of all local forms rather than only in the restricted space of forms with bounded power-counting dimension;
(ii) we have included linear multiplets in addition to super Yang-Mills multiplets and chiral multiplets. Furthermore
we have computed the cohomology for all ghost numbers even though the results for H9#(sey|d), g > 1 are currently
only of mathematical interest as no physical interpretation of these cohomological groups is known to date. Let us
briefly summarize the results for the cohomological groups H®*(sex|d) and H'*(sey|d) which are most important
for algebraic renormalization, candidate anomalies and supersymmetric consistent deformations of the models under
study.

The results are particularly simple when the Yang-Mills gauge group is semisimple and no linear multiplets are
present: then all representatives of H%%(scx|d) can be written in the form (7.6) (times the volume element, and
up to antifield dependent terms in the formulation without auxiliary fields), and the representatives of H'#(seyx|d)
are exhausted by (7.8) (up to cohomologically trivial terms, respectively). Hence, for semisimple gauge group and
in absence of linear multiplets, (i) all Poincaré invariant and N=1 supersymmetric consistent deformations of the
action which preserve the N=1 supersymmetry algebra on-shell modulo gauge transformations can be constructed
from standard superspace integrals and preserve the form of the gauge transformations and N=1 supersymmetry
transformations when one uses the auxiliary fields (accordingly in the formulation without auxiliary fields only the
supersymmetry transformations of the fermion fields get deformed as one sees by elimination of the auxiliary fields);
(ii) all counterterms that are gauge invariant, Poincaré invariant and N=1 supersymmetric at least on-shell can be
written even as off-shell invariants by means of the auxiliary fields and are constructible from standard superspace
integrals; (iii) the consistent Poincaré invariant candidate gauge and supersymmetry anomalies are exhausted by
supersymmetric generalizations of the well-known non-Abelian chiral anomalies and these can be written in the
universal form (7.8) whether or not one uses the auxiliary fields. These results are not restricted to Lagrangians
(2.2) but apply also to a general class of Lagrangians and in particular to effective super-Yang-Mills theories with
semisimple gauge group, see section 10.

When the Yang-Mills gauge group contains Abelian factors or when linear multiplets are present, there are a number
of additional cohomology classes of H%*(seyt|d) and H'*(sext|d) whose representatives cannot be written as in (7.6)
or (7.8). We have computed them explicitly for the simple Lagrangians (2.2) because they are particularly relevant to
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the general classification of supersymmetric consistent interactions which naturally starts off from free models with
Lagrangians (2.2). The antifield independent parts of the additional representatives are given in equations (7.1)—(7.5)
and (7.9)—(7.15). From among these only the candidate anomalies (7.15) and a few special solutions are off-shell
invariants or can be written as off-shell invariants by means of the auxiliary fields. The special off-shell solutions are
particular representatives (7.5) given by the Fayet-Iliopoulos terms (7.18) and the Chern-Simons type representatives
(7.19), analogous representatives (7.13) with ghost number 1 given in (7.23) and (7.24), and particular representatives
(7.14) given in (7.27) and (7.29). All other functions (7.1)—(7.5) and forms (7.9)—(7.14) are accompanied by antifield
dependent terms and may look somewhat different when one uses a more general Lagrangian (some of them might
even disappear), cf. section 10. The interaction terms contained in (7.1)—(7.5) include, among other things, Yang-
Mills, Freedman-Townsend and Chapline-Manton vertices, and Noether couplings of gauge fields to gauge invariant
conserved currents that are supersymmetric up to trivial currents.

Finally we remark that the results derived in this paper are characteristic of theories with a particular supersym-
metry multiplet structure on tensor fields which we have termed “QDS structure” (see [61] and proof of lemma 6.6).
Indeed, when one reviews the derivation of the results one observes that, essentially, they can be put down to three
central ingredients: the characteristic cohomology of the field equations in form-degrees smaller than 3 (see section
6a), standard Lie algebra cohomology (see section 6 d), and what we have termed supersymmetry algebra cohomology
(see section 6 e). While the characteristic cohomology and Lie algebra cohomology are not affected by the supersym-
metry multiplet structure, this structure is decisive for the supersymmetry algebra cohomology. The QDS structure
underlies the results for ghost numbers larger than 2 in lemma 6.6 and these results hold analogously for all models
with QDS structure as can be inferred from the proof of the lemma.

APPENDIX A: CONVENTIONS AND USEFUL FORMULAE

Minkowski metric, e-tensors:

N = diag(l,—-1,-1,-1), &7 = 5[‘“’”"], 0128 — 1,
£0B — _gBa 4 _ _pa 12 i 1,

€a757ﬁ = 0P = diag(1,1), EO'/YE;YB = 55 = diag(1,1)

o (10 (01 s [0 —i s (1 0
?=(o1) =(10) #=(573) 7= (5 9)

— o &B_af _p pr 1 W=V _ V=l —pv 1 Zp v v _u
g =eWeWal,, o = i (0¥ —o"a"), " =3 (6"0" —5"c")

o-matrices:

Raising, lowering, contraction of spinor indices:
wa = Eaﬁwﬁa ,(/}a = Eaﬁwﬁv l/jd = 59'4[31/_)[3’ @d = Edﬁz/;[ja TZJX = waXou 11_)9_( = l/joﬂ_(d
Lorentz vector indices in spinor notation:
Vaa = UZO'(V;L

Grassmann parity:

|X§‘113‘n" =m+n+ gh(X) + form-degree(X) (mod 2)
Complex conjugation:
XV = (-)XIVix y
Hodge dual:
*(dxt .. dxtr) = ﬁ dr” .. .dx"rey, oy, Kl

Symmetrization and antisymmetrization of indices:
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1 1 ’
_ L = __\sign(m)
T(alman) o E : Taﬂu)-naw(n)v T[alman] Y E ( ) Taﬂu)n-aﬂ(n)
" wES, " wES,

Frequently used functions and operators:

= - _1 oPEO = _1

S = =7 Euvpel’C’, Eu = —§Eupel P, E= *i Epvpa e’ el e’
O =¢"Coug, VU =2"(§ou)”, 9 =¢"(6,8)"
C'=C'+ A
R= R+iQuc" + 5 B et
H® = ("€ — %) + ¢ A
= i(¢°€ — &) + e Hyp + 6% (9 — Py0 + 2B, By — E,Q" —1ERy)
=ct(&oy L Nitg,€) + 1M ppe Ul
= ONT — N — B, UMY 4§90 (=22, Lo NS, — 25, A, 0" E+ E AT +2C)
Fl =it (Eou N — Nio,&) + 1 Lene'Fl,
= —i\ — N + LtV F,
H® = —284€0,E0" — ¢ (E0,, 0" wa@wg) — L ere e HY
—20¢ + 25, (Ea* 9 + 1" awg) —i= H‘“‘
O =40 —4E,,(£0"'D + €MD) — 1 50" [D*, DY]
P=—16%,,£5"E —4iE, "D + :D2 = 4ivY — 4iE,66"D + ED?

S
oy

it _

D,-transformations:
Da )\’L = - Z(+) + €ap 5% SDTJ% D >‘ =0, Daﬁégj) = —20Y Ca(p @Tj)%’y)a Daﬁgs},—) - 721v )

Dot = o, Dathp=0, Datdy=—H, 5—iV, 36, DuHs’ = -1V yy
Da(p = XOH Da@ = 0) Da)%ﬁ = 0) Da;(ﬁ - _21©C¥B(‘0

APPENDIX B: PROOFS OF THE LEMMAS

Proof of lemma 3.1: First we show that (3.1) implies descent equations of the standard form:
Sextw? + dwITh? =0, Seqw? T2 +dwIt?2 =0, ... seqwdTET™M =0, (B.1)

for some local forms w9t4~P? and some form-degree m which is not a priori known but turns out to be necessarily
0 whenever w?* is nontrivial (see below). The descent equations follow from the so-called algebraic Poincaré lemma
(cf. section 4.5 of [7]) which describes the cohomology H(d) (locally) in the jet space associated with the fields,
antifields and the constant ghosts. It states that HP(d) vanishes locally? in form-degrees p = 1,2,3 and that
HO°(d) is represented by constants which means in the present case that H°(d) is given by &, the vector space
of polynomials in the constant ghosts. One derives (B.1) in the usual manner: acting with sext on an equation
SextwITAPP 4 duwIt5—PP=1 = () gives d(sexw? T PP~1) = 0. If p — 1 > 0, the algebraic Poincaré lemma guarantees
that there is a local form w96 PP~2 such that SexwI > PP~ 4 duwIt6—PP=2 = (. If p — 1 = 0, then the algebraic
Poincaré lemma alone only allows one to conclude sexiw9t4? = M for some M € &. Nevertheless, one can assume
M = 0 without loss of generality, for the following reason: an sext-exact function which depends only on the constant
ghosts is necessarily the sqx¢-transformation of a function which also depends only on the constant ghosts because the
Sext-transformations of the fields and antifields do not contain parts depending only on the constant ghosts; hence,

20Global aspects are left out of consideration in this work. They may be studied along the lines of [62,9].
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SextwITH0 = M implies M = sex¢ N for some N € . The descent equations (B.1) then hold with wIt40 _ N in place
of w90 as one has Sext (WY — N) = 0 and Sexiw9 ™! + d(w9T0 — N) = 0.
H (sext + d) enters in the usual manner by writing (B.1) into the compact form

4
(Sext T )@ =0, @= ) wittPr, (B.2)

Using standard arguments (see [63,10,7]) one deduces that H(sex; + d) is isomorphic to H**(sext|d) @ H (Sext, €).

The isomorphism between H (Sext +d) and H (Sext, §) rests on the fact that (sext +d) arises from sext on all variables
except for z* simply through the substitution c* — c* + dxz*.2! Apart from this substitution, the only difference
between (Sext +d) and Sext is that one has (Sext +d)x* = dz# but sexia* = 0. However, this difference does not matter
because z# drops essentially from H (Sext + d). This is seen after changing variables from ¢* to é* = ¢ 4 dz# — a¥c, "
(with all other variables left unchanged). Using the new variables, (z#,dz*) become trivial pairs which drop from
H (sext + d) by the standard arguments (see section 6b) because the z# and dz#* form “(Sext + d)-doublets” due to
(Sext + d)xt = dzt, and the (Sext + d)-transformations of the other variables do not involve a* or dx* when expressed
in terms of the new variables (one has sext +d = ¢#0,, + ..., except on ).

Hence, one has H (Sext + d) ~ H(Sext + d, S’) where § is the analog of §, with ¢” in place of ¢*. The isomorphism
H(sext + d, S’) ~ H(Sext,§) is now evident, since (Sext + d) acts in F exactly in the same manner as sex acts in §
(modulo the substitution é* — ¢&*).

Proof of lemma 4.1: [0,,0,] = 0 implies the following identities:

(0f,07]1zr = [0f, 0]z = [0=,07)Z0 = [0=,0%)Z" = 0,

(01,0212 = (m +n+2)0Z]",

0F,07)2™ = (m —n)0Z™,

a+ajzg“ =in(m+2)0Z+070-2), (B.3)

These identities can be used to construct a basis for the derivatives of a field or antifield: every kth order derivative
can be expressed as a linear combination of the components of polynomials of degree k in the operations 81, or, o,
0~ applied to the field or antifield; using (B.3) one can construct an appropriate basis of these polynomials; the u’s,
linearized v’s, and w(g)’s just provide such a basis for the derivatives of all fields and antifields. For instance, consider
a scalar field ¢ and its antifield ¢*. Using (B.3) one verifies straightforwardly that bases for all derivatives of ¢ and ¢*
are Uy, (0P (91)9¢ and U, ;0P (0] )9¢*, respectively. Uy, ,OP(0])9¢" is contained in {u’}. One has sex¢* = —O¢+. ..
and thus Sext Dp(@i‘)qé* = —D”“‘l(@j_’)qu + .... Hence the set of the linearized variables v¢ = sexct! contains a basis
for all derivatives of ¢ except for the (81)‘1(;5. The latter are contained in {w(lo)}. Analogous arguments apply to the
other fields and antifields, see [12] for further details.

Proof of lemma 4.2: We only need to prove that the algorithm in section 2 of [11] produces w’s that are local
functions (eq. (4.1) holds by the algorithm). This can be done along the lines of section 3 of [11] using the following
dimension assignments:

X |R76M| 4 |CaQuacwj|AuaBﬁwa¢a<Paau|>\awaX| %
dim(X)| -1 [-1/2] 0 | 1 | 3/2 |4—dim(®7).

(B.4)

With these assignments we have: (i) sext has dimension 0, (ii) all u’s, v’s, w(g)’s with non-positive dimension have
positive ghost numbers and dimensions > —1, (iii) all u’s, v’s, w(gy’s with negative ghost numbers have dimensions
> 5/2. Because of (i) and since Sext has ghost number 1, each w-variable constructed by means of the algorithm in
[11] has a definite dimension and a definite ghost number. Properties (ii) and (iii) imply that there are only finitely
many monomials in the u’s, v’s and wg)’s with a given dimension and a given ghost number. Hence, each w-variable

21This is a direct consequence of the presence of spacetime translations in sext: Sext contains the translational piece ¢,
(except on z*) and thus (Sext + d) contains (c¢* + dz")0,.
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is a finite sum of such monomials and thus a local function.

Proof of lemma 5.2: 52, =0 and (5.6) imply

0= 55 f (1) = (sextC) A f(T) + (=)MHCMCN Ax An £(T)
= (seC)ANF(T) + 3 (H)MHCMCN AN, An}(T) (B.5)
where | M| is the Grassmann parity of Ay and [, } is the graded commutator:
[An, An} = AnAy — (—)NVTIMIA Ay
The transformations of the C’s have the form
SextCT = 1 (—)MIF1eMeN 7 P(T) (B.6)

for functions FysP(T) which can be read off from (5.1), (3.4), (2.19), (2.20) and (2.21). Since (B.5) holds for all
functions f (T) and since the CM are independent variables, we conclude

[An, Ay} =—Fnu"(T)Ap. (B.7)

This yields (5.9) when spelled out explicitly.

Proof of lemma 6.1: The lemma is proved exactly as the corresponding results in [5] (see also [15]). We shall
therefore only sketch the basic ideas and refer to [5] for details.

The results for k > 3 follow from the general theorems 8.3, or 10.1 and 10.2 in [5] because the models under study
have Cauchy order 3 and reducibility order 1 in the terminology used there (the proofs of these theorems given in
[5] apply also in presence of the constant ghosts because the latter are inert to both § and d). To prove the results
for k = 3 and k = 2 we first consider the linearized theory and derive H{(6(?|d) for k = 3 and k = 2 where §() is
the Koszul-Tate differential of the linearized models (the §(%-transformations arise from (6.2) by linearization). The
cocycle condition in H (6P |d) is 6(Qwi + dw} | = 0 and reads in dual notation

SO+ a1, =0, (B.8)

where we used w} = d'zfy and wi_| = (1/6)dz"dx"dzle po f_1, i-€., fr and fg_, are local functions (rather than
forms) with antifield number k and k — 1, respectively. One now considers the Euler-Lagrange derivatives of (B.8)
with respect to the various fields and antifields. In particular, the Euler-Lagrange derivatives with respect to R},
Qi B Be,, CF and A" yield the following equations, respectively:

yz

50 9k _ (B.9)
IR

5 ?Lf —id, O (B.10)
aQu+ OR:

5© Aa{’“y =9, M 4y, Aaff (B.11)
OB Qv aQu+

5(0) Aafk — i 5ab E,uvﬂasp)\nraaaA Aafk (B].Q)
oBg,, dByrT

5 Ofr _, (B.13)
aC

5@ 90k _ 5 Ofi (B.14)

g~ 5o

We discuss first the case k = 3. df3/OR’ has antifield number 0, i.e., it does not depend on antifields. (B.9) is thus
trivially satisfied and imposes no condition in the case k = 3. 0f3/0Q%" has antifield number 1 and thus §©Oafs/ oQ:H
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vanishes on-shell in the linearized theory. Hence (B.10) imposes 8M(5 f3/OR:) =0 0 where ~(9) is equality on-shell

in the linearized theory, i.e., d f3/ 5R(*l are cocycles of the characteristic cohomology (= cohomology of d on-shell) of
the linearized theory in form-degree 0. According to theorems 8.1 and 8.2 of [5] (or theorem 6.2 of [7]), the vanishing
of H f(é(o) |d) implies that the characteristic cohomology of the linearized theory is in form-degree 0 represented just
by constants, which in our case are functions of the constant ghosts. This gives

Ofs
OR:

= ka(07§75) + 6(0).9(11 ; (B15)

for some local functions g§ with antifield number 1. Using (B.15) in (B.10) and proceeding then as in section 9 of [5],
one eventually obtains

fa=k"(c,&, R, + 0 gy + Oughy | (B.16)

for some local functions g4 and g4 with antifield numbers 4 and 3, respectively. Hence, H4(5(*)|d) is represented
just by the 4-forms k%(c, &, &) R:d*x. Owing to 6R: = 5 R, this result for H3(5(*)|d) extends straightforwardly to
H$(5|d) which proves the assertion in (6.3) for k = 3.

The case k = 2 can be treated analogously. d fa/ éRZ vanishes (f2 has antifield number 2 and thus cannot depend on
R) while 8f,/8Q* and df,/OC; do not depend on antifields. Hence (B.9), (B.10) and (B.13) are trivially satisfied
and impose no condition for k = 2. (B.14) imposes that d f2/ 50;‘ are cocycles of the characteristic cohomology of the
linearized theory in form-degree 0. Analogously to (B.15) we conclude

= k(6,6 +6Vg1 (B.17)

for some local functions g¢ with antifield number 1. (B.11) imposes that dz*d fo/0Q*# are cocycles of the characteristic
cohomology of the linearized theory in form-degree 1. The latter is isomorphic to H3(d ©) |d) and this isomorphism is
established through descent equations for §(°) and d (again, see theorems 8.1 and 8.2 of [5] or theorem 6.2 of [7], and
the proofs of these theorems). Using the result for Hj(0(°)|d) which we just derived and the fact that the descent
equations for 6(°) and d relate R:d*z to the 1-forms dx* H,,,, we conclude

O fo
aQu+

= k" (c, &, &) Hyy + 6 gt + 0,98 (B.18)

for some local functions gy, ; and gj with antifield numbers 1 and 0, respectively. Inserting (B.18) in (B.11) and using
that 0,Ha, — 0y Hap = EWW(S(O)B;”", one obtains from (B.11) (owing to the acyclicity of 8O in positive antifield
numbers, see, e.g., section 5 of [7]):

Of2
OB

= _k,ab(c, €a g)g;wpaBZpa - 8”93,1 + 8%9371 + 5(0)921/72 ) (B19)

for some local functions gf, , with antifield number 2. Using (B.19) in (B.12), the latter gives (again owing to the
acyclicity of §(0) in positive antifield numbers):

0 v
ééfj = % Sab k’bcg‘“’p"&,sz _ % Sub 8/)8[#9#“/]17,2 + 5(0)9573 , (B.20)
iz

for some local functions gfl“é with antifield number 3. Using (B.17) through (B.20) and proceeding then as in section
9 of [5], one obtains

f2 = kZ(C,g,g)C: + % [kab(cﬂgag) - kba(07§75)]Q2#pr‘
— Lk (e, &, )2 p0 B By + 6 g3 + d,ugh (B.21)

for some local functions g3 and g4 with antifield numbers 3 and 2, respectively. Hence, H§(5(O)|d) is represented by
the 4-forms k*(c, &, €)Crd*x and kl®) (¢, &, €) fupd*x with fu, as given in the lemma. kl®¥l(c, ¢, &) fapd*x is a cocycle of
H3(5|d) owing to Q# = §OQ# and B = §O)B*# . In contrast, §(’C; and §C} do not coincide except for
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i = i¢. The nonlinear terms in §C7 for other i obstruct the completability of these terms to cocycles of Hy(d|d), see
section 13 of [5]. This yields the result for k£ = 2 asserted in (6.3). -
To prove (6.4) we take the Euler-Lagrange derivative of R;k%(c,§,§) = g4 + 0ug5 (which is equivalent to

R:k%(c, &, €)d*x ~ 0) with respect to R:. The result is

ka(cvgaé) =—0

= . B.22
3R (B.22)
The presence of 4 implies that the right hand side contains only terms that are at least linear in fields or antifields,
unless it vanishes. Hence both sides of (B.22) must vanish which gives k%(c,{,§) = 0. - B
(6.5) can be proved in an analogous manner. The Euler-Lagrange derivatives of C} k" (c, &, ) + fapkl®(c,€,6) =
893 + 0,94 with respect to C} and Q3! read, respectively:
: . d
k(e 6,6) = 6 2 (B.23)
oCs,

0gs ;5 995 (B.24)

[ab] &
Hbltk (C,E,é) =0 éQZH 0 éRZ

(B.23) implies k¥ (c,&,€) = 0 by the same arguments as in the text after (B.22). (B.24) states that the 1-forms
da:“Hka:[“b] (c,&,€) are trivial in the characteristic cohomology. This is equivalent to the statement that the 4-forms
d4:cRZk[“b] (c,&,€) are trivial in H3(]d), see text before (B.18). Using (6.4), which we have already proved, we thus
conclude from (B.24) that the kl®¥(c, £, €) vanish.

9—1,3

Proof of lemma 6.2: We decompose the cocycle condition sexw9?* + dw = 0 into pieces with different

antifield numbers. This gives

Swit + dwl”1% =0, Few? + dwl +dwi =0, ... (B.25)

where wk’4 and wg71’3 are the pieces with antifield number % contained in w9* and w913, respectively, and k is the
smallest antifield number which occurs in the decomposition of w9*. The first equation in (B.25) states that wk’4 is
a cocycle of Hj(8|d). Without loss of generality we can assume that it is nontrivial in H{(5|d) because otherwise we
could remove it from w9* by subtracting a coboundary of H9*(sexs|d) from it (if wk’4 = 5wiﬂ’4 + dwi’?’, consider
wd* — sextwg;}A — dwg’B). Now, if g < —3, then k > 3 (the antifield number of a forn; Cannotibe smaller than minus

its ghost number). Since H}(d|d) vanishes for k > 3 according to lemma 6.1, we conclude that H9?(sext|d) vanishes
for ¢ < —3. This yields the result for ¢ < —3 in (6.6). If ¢ = —3, then k£ > 3 and lemma 6.1 implies that we can
assume that £ = 3 and that wy >4 is a linear combination of the 4-forms R*d*z with numerical coefficients (constant
ghosts cannot occur in these coefficients for g = —3 because R has ghost number —3). Since Ridx is a cocycle
not only of H(d|d) but also of H(sexs|d) (owing to sext R = (6 + ¢*0,) R = 0,(1Q%* + é*RY)), this yields the result
for g = —3 in (6.6). If ¢ = —2, then £ > 2. Now lemma 6.1 leaves two possibilities, k = 2 or k£ = 3. In the case
k = 2 it implies that w, 24 is a linear combination of the 4-forms C;; d*z and fud*z with numerical coefficients (as
C; and fu have ghost number —2). One may now verify by direct computation that f(;bd4x completes fopd*z to a
cocycle of H(sexi|d). Cfd'x is already a cocycle of H(sext|d) (owing to sextCi. = (6 4 ¢#0,)Cf = 9, (= A" + e Cy)).
In the case g = —2, £ = 3 we conclude from lemma 6.1 that w; >% is a linear combination of the 4-forms Rid*z
with coefficients k%(c, &, &) that are linear combinations of the constant ghosts. Owing to Yext R = 0, (¢*R), the
second equation in (B.25) imposes [Yextk®(c, &, &) REd* e = §(...) +d(...), i.e., the triviality of [yextk®(c, &, &)|Rid x
in H(8|d). This implies Yextk®(c, &, &) = 0 according to (6.4) because Yextk?(c, &, €) is again a function of the constant
ghosts. Yextk?(c, &, €) = 0 implies k%(c, &,€) = 0 since no linear combination of the constant ghosts is Yexi-closed as
can be easily verified directly [or deduced from the Lie algebra cohomology of the Lorentz group, as 7Jext contains the
Lorentz transformations; see also section 6 d]. This completes the proof of (6.6).

To prove (6.7) we use that k?R’d*x ~ 0 is equivalent to k*R} = Sext.f + O, f* (for some f and f#*) and take the
Euler-Lagrange derivative of the latter equation with respect to R}. This gives

of
oQi

B = e 2Ly arp, O
OR: OR:

—26otE (B.26)
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All terms on the right hand side depend on fields, antifields or constant ghosts while the left hand side is a pure
number. Hence both sides of (B.26) must vanish and we conclude k% = 0. .

(6.8) can be proved analogously by taking the Euler-Lagrange derivatives of the equation k"Cr + k[ab]féb =
Sextf + Op f* with respect to C} and Q#, respectively. This gives

kY = Sext —— or _ of igoté a{ (B.27)
Lo "oy oA"
O H oy = s - — 9, 2L o O g 0T g, 3 { . (B.28)
0Qu" 0Qu" 0Qxv OR: ok

(B.27) implies k = 0 by the same arguments as the text after (B.26). Now consider (B.28). The ghost-independent
part of that equation is of the form k%] Hup, =0(...)+ 0u(...) which implies kl*l = 0 by the same arguments as in
the text after (B.24).

Proof of lemma 6.3: We use that HY(sext, ) is isomorphic to HI™4%(sey|d) © HI(sext, €), where the rep-
resentatives of HI™%%(sext|d) and HY(sext,§) are related through descent equations for sex; and d, see lemma 3.1
and its proof. According to lemma 6.2, H9~%%(s.|d) is represented for g < 3 by linear combinations of R}d*z,
C*d4:c and f/, d*z. These 4-forms are related through descent equations for sex and d to the 0-forms iH® Oab, Fit T80 e
and (1/2) HH 46 eqdap, respectively, as can be verified by direct computation. The contributions of H (Sext|d) to the
cohomology groups HY(sey,T), g < 3, are thus representatives k, H* (for g = 1), and k;, F'r 4+ (1/2)k (ab] He*H" (for
g = 2). The contribution of H (Sext, €) is exhausted by complex numbers for g = 0. The reason is that Sext contains
the Lorentz transformations which enforces that representatives of H (Sext, €) be Lorentz-invariant (as the Lie algebra
cohomology of the Lorentz-algebra enters here, see section 6d for details); however it is impossible to build nonva-
nishing Lorentz-invariants with ghost number 1 or 2 in & owing to the Grassmann gradings of the constant ghosts
(in particular, ¢#¢, and £*¢, vanish). This leaves us with H?(sext, €) which is evidently represented just by complex
numbers because functions in € with ghost number 0 are pure numbers. This ends the proof since & does not contain
polynomials with negative ghost numbers.

Proof of lemma 6.4: The proof is standard and uses a contracting homotopy g for the u’s and v’s. g is defined
in the space of functions f(u,v,w) according to

Ldt , 0f (tu,tv,w)
Qf(%v,w)*/o TYU T g

Owing to (4.1), one has

Yd 0 0
(st} (www) = [ G [ul 5o+ o” ] o) = Flavw) = £(0.0,0)

This implies
Sextf(u7v7w) = 0 = f(ua v, ’U}) = f(07 0) ’U}) + Sexth(U,U,UJ),

i.e., only the piece f(0,0,w) contained in an Sext-cocycle f(u,v,w) can be nontrivial. Owing to f(0,0,w) € 20 and
Sext20 C 2V (the latter follows from (4.1)), one concludes H (Sext, &) =~ H (Sext, 20).

Proof of lemma 6.5: Since coboundaries of sj. can be removed from fs (see text at the beginning of section
6d), we conclude from (6.25) that we can assume fm = fI™Pr_(6, R) for some f'™ € T;,,. Using this in Eq. (6.18)

we obtain (Ssusy f- )Pp_(e R) + Stie fi—1 = 0. The latter implies sgusy f1™ = 0 for all fI™ because of (6.26) (since
fF’" € Tinv implies sgusy f 7 € Tinv). Assume now that fF’" = Ssusyg for one of the fFW and some g € %i,y. Then

this fT7 can be removed from fr by the redefinition f — sext[gPr. (6, R)] (this redefinition only removes the piece
with fI'7 from fm and modifies in addition fm;_1). Hence we can indeed assume without loss of generality that
U™ # Squsygt™ for all fIm.
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Proof of lemma 6.6: The proof is based on methods and results developed in [61] and [12]. Therefore we shall
only sketch the main line of reasoning and refer for details to the respective sections and equations in these works.

(i) The results (6.30) for g = 0,1, 2 arise as follows. Owing to (6.28), nontrivial representatives of HY(sext,§) which
are in T, are also nontrivial representatives of HY(Sgusy, Tinv). For g = 0,1,2 these are given by lemma 6.3. In
addition HY(Ssusy, Tiny) contains functions f € Ti,, which are trivial in HY(Sext, §) but nontrivial in HI(sgusy, Finy):
f = SextB for some 3, but not for any 8 € Tin,. For g < 3, the latter are exhausted by (linear combinations of) the
Abelian F’s, up to trivial terms:

0 if g=0
f = Sextﬂa f S (Zinva ﬂ S 1’3: = f = sextﬁlj ﬁ, S ‘Iinv if g= 1 (B29)
k/’iA]:’LA + 5extﬁla ﬁ, S ‘Iinv if g = 2.

This can be proved as an analogous result in appendix D of [12]. The basic ideas are as follows. One can assume
0 € 20, see lemma 6.4. The result (B.29) for g = 0 simply reflects that 20 contains no function with negative ghost
number, i.e., there is no 8 with ghost number —1. The result (B. 29) for g = 1 holds because functions in 20 with
ghost number 0 can only depend on the T’s which implies 8 = B3(T) € Tiny. The result (B.29) for g = 2 is obtained
by differentiation of f = sex/3 with respect to €7 or ¢*” which yields sext(aﬁ/acz) = 0 and Sext(98/0c*) = 0,
without loss of generality (see [12]). Using now lemma 6.3 and that 83/0C* and d3/8c*” have ghost number 0 in the
case g = 2, one concludes that these expressions are complex numbers, and thus § = k;é’z + K, + B¢, €€, T)
f = Sext3 € Tiny implies then k, = 0 unless J; is Abelian, k::w =0, and ' € Tiny.

The results (6.30) for g > 3 are derived using a decomposition of the cocycle condition sgysy f = 0 with respect to
the degree in the translation ghosts ¢# (“c-degree”). ssusy decomposes into pieces 0_, &g, 64 with é-degrees —1, 0, 1,
respectively, where §y consists of two differentials b and b that involve ¢ and &, respectlvely

Ssusy = 0— + 00 + 04, o =b+0b,

b=¢"D,, b=£EYDs, 6. =é"V,. (B.30)

Here D,, D4 and @u act nontrivially only on the Ts. To prove the results (6.30) for ¢ > 3 one only needs the
cohomology of d_, and the cohomologies of b and b in certain spaces specified below. The cohomology of §_ was given
in eq. (6.5) of [61] (see also [64]); it reads:

5168 =0 & .68 = P(3,) + Q.8 + OM +5_g(.&,§),
O = da,l, % = (€)%, U = (30", (B.31)

where nonvanishing P (9,€), Q(9,€) and ©M are nontrivial in H(5_). This result holds in the space of all polynomials
in the &, £, €%, irrespectively of whether or not they are Lorentz-invariant. Of course, it holds analogously in the
space of polynomlals that can also depend on the T’s because the latter are inert to (5_ (in that space (B.31) thus
holds with f, P, Q, M, g depending also on the T’s). The cohomology of b is needed in the space of local functions
of the £€* and 17 which are invariant under 51(2, C)-transformations of the dotted spinor indices??. This cohomology
is given by

bFET) =1, f(6T) =0 &  fET) = Alp,N) + D*B(T) +bg(€, 1),
LagB(T) = l,39(&,T) = 0, (B.32)
where Zixﬁ = ; a’ ZW generates the s[(2, C)-transformations of the dotted spinor indices (ngiﬁa, = —E#(d’lzﬁ') etc.).

(B.32) can be derlved from its linearized version which concerns the cohomology of the operator by = £ Dy involving
only the linear part Dg of Dg (i.e., D(-XTT is the part of @(-XTT which is linear in the T’s; e.g., one has @aj\’ﬁ =

(=) ij N\ — i) fs o .
_Fdﬁ + 450" @Tj¢ and thus D(-X)\’ﬁ- = _Faa ) and is given by:

22} is indeed a differential because of b? = (1/2)fdfﬁ{ﬁd, 55} = 0 which follows from (5.9).
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bof(&T) =1y f(ET) =0 & f(ET) = Alp,\) + D*B(T) + bog (¢, T),

lygB(T) = aﬁg( ) = 0. (B.33)

This follows from eq. (6.8) of [61] because the Dg4-representation on the 17 has QDS structure in the terminology used
there: indeed, the Dg4-representation decomposes into the singlets ¢* and M and infinitely many (D)-doublets given
by (V)18 ~(VDFO), (VEPEC, 5N, (V)9 (V3)0), (V) (Ve — (T Dr+19m)
((VJr) (VJr) %), ((@i)q)zs, —21(@1)‘”‘1905) (where ¢ = 0,1,...). (B.32) follows straightforwardly from (B.33)
by a standard argument: let f be a b-cocycle; one can decompose f according to f = Zkao fr into parts fr with
definite degree k in the T7s where ko denotes the lowest nonvanishing degree of the decomposition; bf = 0 implies
bofry = 0; (B.33) implies fr, = Ak, (0, A) + DQBkO( ) + bogi, (€, T) for some Ay, (¢, \), B, (T) and gy, (€, T) that are
l_dﬁ'—invariant; one now considers f’ = f — Ay, (¢, \) — D?By, (T ) bgko(f,T), by construction f’ is b-invariant and
its decomposition starts at some degree k{ > ko; one repeats the arguments for f’ and goes on until one has proved
(B.32) WithAZAkO-i-Ak[l)—l—..., BZBkO—I—Bk[I)—I—... andg:gko—i—g%—l—...
Armed with (B.31) and (B.32), one can prove the results (6.30) for g > 4 as in section 6 of [61] (the arguments

used in [61] go through in Tj,, because all relevant operations used there commute with the ¢;) and for g = 3 as the
corresponding result in appendix E of [12].

(ii) The nontriviality and inequivalence of the cocycles 1, He, Fit and H°H®, a < b, in H (Ssusy, Tinv) follows
already from (6.10), (6.11) and (6.12). The nontriviality and 1nequ1valence of the Fi4 in H (Ssusy, Tinv) can be
shown as the corresponding result in appendix E of [12]. That F% is not equivalent to Fit or H*H® can be
deduced from its seyi-exactness, Fid = seCiA: Ky Fir + %kabHaHb + ki, F'4 = squsyw for some w € Ty, implies
kifﬁ'if + % kap HOH® = Sexs (w—ki, CA”A) and thus k;; = kqp) = 0 by (6.12). This proves the assertion on the cocycles
1, H*, Fis, H°H" and F4 in part (ii).

Next we shall prove the assertion on OR(T). Assume that OR(T) = Seusyw for some w € %Fi,,. Notice that
w is defined only up to the addition of sgysy-cocycles in Tin,. In particular we are free to add terms squsyf with
f € Tinv to w (owing to sbusy f =0 for f € Tiny). Since w has ghost number 2 in this case, it decomposes into
wo + w1 + we where subscripts indicate the é-degree. One has wy = §a§ﬁwaﬁ(f) +E%%W04 (T) + gdgaww(f). The
part of OR(T) = seusyw with é-degree 0 reads 0 = dowo + 0_w;. This gives in particular l_)[g_dggww(TA)] =0. (B.32)
implies thus gdf_ﬁwdﬁ(f) = by for some 1 = %4 (T) € Tiny. Without loss of generality one can thus set Was (T) to
zero because the latter can be removed by subtracting sgusyn from w. Analogously one concludes that one can also
set wag(T) to zero. One is then left with wy = £*€%waa (1) which can also be set to zero because it can be removed
from w by adding ssusya with a = (i/4)6“%qg (T) Hence, one can assume w = w1 + we with d_w; = 0. Using (B.31)
and that w has ghost number 2, one concludes w; = 89 + 89, for some functions Q¢ and Qg of the T’s that
are gauge invariant and transform under Lorentz transformations as indicated by their indices [w; cannot contain a
0_-exact piece because it has ghost number 2 and ¢é-degree 1 and thus depends linearly on the supersymmetry ghosts
whereas J_-exact terms depend at least quadratically on them]. The part of OR(T) = Ssusyw With é-degree 1 reads
4OR(T) = dow1 + 6_wy. This gives in particular bQ¢ = 0. Using (B.32) one concludes Qf = Af (¢, \) + D2B¥(T)
for some functions A%(p,A) and B(T). Analogously one concludes Q2 (7) = A%(@, \) + D2BS(T)). Using this in
4®R(T) = dgw1 + 0_wo one obtains 4@R(T) + 80U + 896y = §_w,. By means of the §_-cohomology one concludes
R(T) = DOy +DOs and wy = —iéadéd[ﬂ)“ﬂf —iéadéagﬁdﬁg [wa cannot contain a d_-exact piece because it has ghost
number 2 and é-degree 2 and thus does not depend on the supersymmetry ghosts]. Conversely, R(T) =D, + Dy
with Qf and QF as above implies OR(T) = sgusy (w1 + wg) with w; and wy as above. o

The assertion on PQy + P€); is proved in an analogous manner by decomposing the equation Py + Py = sgusyw
into parts with different ¢-degrees. The parts with ¢é-degree 0 and 1 read 0 = dpwg+0_w1 and 0 = §ywg~+ dow1 +I_wo,
respectively. As in the investigation of the case G = 3 in [12] one concludes from these equations that, up to trivial
terms, one has wp = 0, wy = 320X(7), wy = 8i¢**(J4Da + ¥aDs)X for some X = X (T [') € Tiny. Using this in the

equation with c—degree 2 contained in PQy + PQy = sgqusyw, one obtains 4id99(; — DX ) — 4iv9(Q2 + DQX) =
78119 94[D*, D¥]X + §_w3. By means of the §_-cohomology one concludes Q; = D?X, Q, = —D?X and

= —4iZ,4[D%, D% X . Furthermore, using the algebra (5.9), one verifies that sext (w1 + wa —|—w3) (PD? - PD?)X
and concludes that PQy + PQy = Ssusyw is indeed equivalent to €; = DX, Qy = —D?X (I note that one has
w1 + w2 + w3 —8OX)
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Proof of lemma 6.7: (i) Sextfa = 0 implies 0_ f4 = 0 because J_ is the only part of sex that lowers the é-degree.
(B.31) implies that the cohomology of §_ is trivial for é-degrees larger than 2 because 9 and ¥¢ are anticommuting
quantities. We conclude that f; is d_-exact, i.e., f4 = d_n5. This implies f4 = 0 because 75 has ¢-degree 5 and thus
vanishes.

(ii) Existence of n4: Sext(fs + f4) = 0 implies d_ f3 = 0, from which we conclude f3 = d_n4 by means of (B.31).
Consider now f/:= f3+ f4 — Sextfa: it is an sext-closed function with é-degree 4. By means of part (i) we conclude
that f’ vanishes and thus that f3 + f4 = Sext74. Uniqueness of 14: f3 + f4 = Sexta and f3 + f4 = Sextny imply
Sext(na — 1) = 0 and thus 14 — 0 = 0 according to part (i).

Proof of lemma 6.8: We first recall the well-known Chern-Simons-polynomials g¢,.(A4,F) =
m(r) fol dt trT(Ath(T)fl) with Fy = tF + (t> — t)A? for Yang-Mills connection forms A and the curvature forms
F = dA 4 A2, They satisfy dq,(A, F) = tr, F™"), sce, e.g., [65]. Now, written in terms of matrices, eq. (5.1) reads
SextC = —C2 4+ F which arises from F=dA+ A? by substituting Sext, C and F for d, A and F, respectively. The
action of sexy on polynomials in the C' and F is thus isomorphic to the action of d on polynomials in the A and F
(this statement refers to the free differential algebras of C’s and F’s, and A’s and F’s, respectively). We conclude

1
Sext@r(C, F) = tr, F™)  q,(C, F) = m(r) / dt tr, (CF™M), (B.34)
0

for all 7 = 1,...,rank(gym). We shall now show that tr,F™(") vanishes for m(r) > 3. This follows from the explicit
form of F: eq. (6.14) gives

F=F—wA-w) F=1LleE, T, (B.35)
with 9 and 9% as in (B.31). Since ¥* and 9* have é-degree 1, tr, F™(") contains only terms with é-degree > m(r). In

particular it thus vanishes for m(r) > 4 (since the spacetime dimension is 4 and the translation ghosts anticommute).
For m(r) = 4 one obtains:

tr, F4 = tr, (9N + AL, (B.36)

Since the 9 and 9 are four anticommuting quantities, (B.36) is proportional to the product of all these four quantities
and thus to 9999. The latter object has é-degree 4, is bilinear both in the &’s and the £’s, and Lorentz-invariant;
hence it is proportional to Z£€EE which vanishes owing to €€ = £€ = 0 (as the supersymmetry ghosts commute). We
conclude that (B.36) vanishes and thus

tr, F™ =0 for m(r) > 4. (B.37)

Egs. (B.34) and (B.37) yield sext§r = 0 for m(r) > 4.
For m(r) = 3, (B.34) gives explicitly:

Sext [tr,«(CA'.?’:2 — %03]—' + % 6’5)] = tr, F5. (B.38)
Evaluation of the right hand side gives, using (B.35) and the facts that ¥ and J% anticommute and have é-degree 1:

tr’!‘]:?’ = f3 + f47
AN, (B.39)
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where f, has é-degree 4. Owing to sex (tr,.F3) = 0 (which follows from (B.38) because of 52, = 0), we can apply part
(ii) of lemma 6.7 to (B.39) and conclude:

£, 3 = Soe [~3LE tr, (EAAN + EAAN)], (B.40)
where we used that
S_(22€*) =909, 6_(22&s) = 990, (B.41)

which can be directly verified. Egs. (B.38) and (B.40) yield sext¢r = 0 for m(r) = 3 with §, as in (6.44).
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Proof of lemma 6.9: Let us first describe the general strategy of the proof. The derivation of the lemma starts
off from our result that the part fm of an seyi-cocycle takes the form fU'Pr(6, R) where fU are representatives of
H (Ssusy; Tinv) given by lemma 6.6. The seven types of representatives given in the lemma correspond to different
representatives fI' of H (Ssusy, Tinv). The proof of the lemma comprises two aspects: (i) determination of those func-
tions fI Pr (6, R) which can be completed to inequivalent sext-cocycles; (ii) explicit computation of these sext-cocycles.
These two aspects can be treated largely independently, i.e., basically one can carry out (i) without sophisticated
computation. The computations (ii) concern above all the explicit determination of the X-functions given in the
lemma and are partly quite involved. We shall only sketch the computation of the functions X?. The other X’s can
be analogously derived.

(i) is carried out using results derived above, in particular lemma 6.6 (which implies already the existence of
X-functions with the desired properties as we shall show in the course of the proof), and results on the standard (non-
extended) BRST cohomology. The latter can be employed here because sext includes the standard (non-extended)
BRST differential s (the s-transformations arise from the sexi-transformations by setting all constant ghosts ¢, ¢*,
€, €% to zero). A necessary condition for a function f € F to be an sex-cocycle is thus that it gives a solution
to “complete” descent equations for s and d (where “complete” means descent equations involving a volume form)
after setting ¢V, ¢ and &% to zero and substituting dz* for ¢ (the reason is that the substitution c# — c* + da*
promotes an Sexg-cocycle to an (sext + d)-cocycle, i.e., to a solution of complete descent equations for sext and d, see
section 3). In particular this implies that a function fTPr (6, ]A%) cannot be completed to an sey-cocycle if there is
no corresponding solution of complete descent equtions for s and d. Actually this statement can be refined because
the relevant descent equations for s and d are those in the subspace of Poincaré invariant forms?? with an arbitrary
dependence on the Lorentz-6’s** (for the argument applies equally to an extended BRST-differential which involves
the Poincaré transformations in addition to s and arises from sqy¢ by setting only the constant supersymmetry ghosts
to zero).

We shall now spell out the arguments more specifically, and separately for the various types of representatives:

(1) The representatives f() arise from functions k* Pr (6, ]A%) with complex numbers k', i.e., they involve the constant
representatives of H(ssusy, Sinv) (¢ = 0 in Eq. (6.30)). Functions P(6, R) give rise to solutions of complete non-
supersymmetric descent equations in four dimensions only if they do not depend on the Abelian C ’s, nor on the
Yang-Mills-6’s with m(r) = 2, nor on the R’s. The reason is that Abelian ghosts, R’s or Yang-Mills-6’s with
m(r) = 2 lead to obstructions to the “lift”?> of 0-forms P(f¢, 01, R) to solutions of complete descent equations
where the 6¢’s are the Yang-Mills-0’s with C’s in place of C’s (i.e., (Bc)r x tr,.CQm(’“)_l): if P depends on Abelian
ghosts, the obstruction is encountered at form-degree 2 and given by Fi49P(0¢, 0y, R)/0C*4 where Fi4 = dA%A
with A4 = d:c“ALA; if P does not depend on Abelian ghosts but on R’s, the obstruction is encountered at form-
degree 3 and given by —iH®*0P(fc, 0L, R)/0OR® where H* = dB* with B* = (1/2)dz*dx” B%,; if P neither

2
depends on Abelian ghosts nor on R’s but on Yang-Mills-’s with m(r) = 2, the obstruction is encountered at
form-degree 4 and given by 37, ), tr,F?dP(0c,0)/0(0c), where F = dA+ A%, A = dac“ALTi(T). Hence,
in order that P can be lifted to a complete solution of the non-supersymmetric descent equations, it must only
depend on the 6’s with m(r) > 2 or the Lorentz-6’s. Since the former can be completed to sext-invariant ¢’s,
see lemma 6.8, and the latter are already sex-invariant, one arrives at the representatives f().

(2,3) The representatives f® and f® arise from functions kz};f{‘le (8, R) with complex numbers kL, i.e., they involve
the representatives Heof H (Ssusy, Tinv). These functions give rise to Poincaré invariant solutions of the complete
non-supersymmetric descent equations in four dimensions only if they do not depend on the Abelian C’s and at
most linearly on the R’s through terms H ap(? (0)+H la RY) P[S’b)] (0). This can be shown by arguments analogous
to those used in section 13 of [7] where the standard BRST cohomology for free Abelian gauge fields was
investigated. The latter leads, among other things, to the BRST-invariant forms «EF?P;(C) where F! = dA!
are Abelian field strength 2-forms, xF! their Hodge duals and Pr(C) polynomials in the Abelian ghosts. The
requirement that such forms can be lifted to Poincaré invariant solutions of complete descent equations leads to

ZPoincaré invariance of a p-form drz*! .. dx*Pwy,, . ) means here that the coefficient functions wyy, ..., do not depend
explicitly on the spacetime coordinates and transform covariantly under Lorentz transformations according to their indices
[k - pp].

248ince the Lorentz-0’s are sexi-closed and d-closed, they can appear arbitrarily in the solutions of the descent equations.

#5See section 9.3 of [7] for the terminology and a general discussion of “lifts” in the context of descent equations.
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the equation d(; Py (C) = 0 whose general solution is P;(C) = 0;P(C) where 0; = 8/0C”, see Egs. (13.18) and
(13.19) of [7]. The standard BRST cohomology for the theories under study contains, among other things, the
BRST invariant forms xH*P, (R, 8¢, 01). The requirement that such forms can be lifted to Poincaré invariant
solutions of complete descent equations in four dimensions leads analogously to 9, P (R,0c,0L) = 0 and
9i, P.(R,0¢,01) = 0 where 9, = 9/OR® and 9;, = 0/0C*4 (otherwise the lift would be obstructed at form-
degree 3 by Fi4 x H%9; , P,(R,0c,0L) or at form-degree 4 by H® x H*9,Py(R,0c,01)). Now, in contrast to the
CT, the R* are commuting variables and thus the general solution to the first condition, which has the structure
of Killing vector equations in a flat space with coordinates R, is P,(R,0¢,01) = PéQ)(Gc, 0L) + RbP[(S] (¢, L)

while the second condition imposes in addition that Pf) and P[(;b)] do not depend on the Abelian ghosts. Let
us now separately show how this leads to the representatives f(?) and f®),

f@) derives from ﬁ“Pf)(G). Completing the Yang-Mills-0’s to the §'s yields H? P> (q, 0) (as Pf)(e) does not
depend on the Abelian C’s). Since the H’s, ¢’s with m(r) > 2 and Lorentz-6’s are sext-invariant, one has

- ) - oP? (4,0
Sext [Han)(q,eL)] =—H Y tr,(F?) %

rim(r)=2

(B.42)

where we used that sy, = tr,.F? for m(r) = 2. The functions He tr, (F2) which occur on the right hand side
of (B.42) are sext-closed elements of Tiy, with ghost number 5. According to lemma 6.6 they are thus sext-exact
in Tiny, i.e., there are functions X2 such that

Hetr, (F?) = 560 X%, X% € Tiny. (B.43)

Such functions are given explicitly in the lemma. Of course, they are determined only up to sex¢-cocycles in
Tinv. However, this arbitrariness is irrelevant because adding such sext-cocycles to X2 results at most in adding
a solution f(7) and an se-coboundary to f(?) [since X has ghost number 4, lemma 6.6 implies that it is
determined up to an sexi-cocycle of the form PQL; + 73(_2?,2 + Sexth?® (with h? € Ti,,) which gives rise to a

representative f(7) up to an sext-coboundary, see item (7) below]?¢. The explicit computation of functions X2
is sketched at the end of the proof. Using (B.43), the right hand side of (B.42) gives

. oP? (4,0 oP? (4,0
7Ha Z trr(}-Q) 62(1 L) — Z (Sexth) 6;‘1 L)

rm(r)=2 rim(r)=2

apf)(q o) 82P(2)((j o)

= —sext Y X Y X (FR) ——e— B.44

s t T 8dr + T r ( ) 8er'6(j7- ( )
rm(r)=2 T,

Since both X¢ and tr,.(F?) contain only terms with ¢-degrees > 2, the last term in (B.44) has ¢é-degree 4.
Combining (B.42) and (B.44) and using part (i) of lemma 6.7, one concludes that this term vanishes and that
@) i3 sexe-closed:

a 8P qaeL
Sext /P = Y XPtr.(F?) 8qr/§)qr ) _o, (B.45)

rim(r)=2
rlim(r’)=2

f®) derives similarly from H “RbP[(?’b)]( ). Again, we complete the Yang-Mills-0’s in P[Sng)] to the ¢’s and compute
the sext-variation of the resultant function:

Sext | HORVPS) (q,eL)} - —[f{[“Hb] +HEORY ST e (F?) p<3 ) (d.61)- (B.46)

rim(r)=2

26For analogous reasons the arbitrariness in the X’s occurring in other representatives does not matter.
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The function HeHY is an Sext-closed element of ¥;,, with ghost number 4. According to lemma 6.6 it could
only be nontrivial in i, if it were equivalent to a function of the form Py + PQs. However, this is not the
case: HI"HY is quadratic in the fields of the linear multiplets and has dimension 0 (using dimension assignments
as in the proof of lemma 4.2); hence, in order to be equivalent to a function P§2; + Py, Q1 or Qs would have to
be given by D2B(T') where B(T') would be quadratic in the fields of the linear multiplets and have dimension 2;
hence B(T) would be a bilinear function in the ¢%; however, owing to the antisymmetry of H[*H?" in the indices
a and b, this bilinear function would have to be proportional to ¢!*¢" which vanishes since the ¢’s commute.
Hence, the functions HlaH are Sext-€xact in Ty,y, i.e., there are functions X [ab] ¢ Tinv such that

HOHY = s X10% xlobl e gy (B.47)

Such functions are given explicitly in the lemma. Using (B.47) and (B.43), the right hand side of (B.46) gives

= = o 0
. [aqyb] [a Y] 2 (3)
A+ Al R ‘_ ;_zmmy | P& @ 0n)
0
ab b (3)
= _{(SextX[ ])"’ Z (SextXr[ )R] 94, }P[ ](QaeL)
rim(r)=2
- fsext{[x[abl + ) xlgY ;; }P[f;}](q,oL)} + 20, (B.48)
rim(r)=2 r

where

Z® = N =X, (F?) + XY
rim(r)=2
9*F, [ab](QaeL)

X9 R ¢, (F2
+ Z LRt (F7) 94,4,

rim (r)=2
rim(r!)=2

(B.49)

It is easy to verify that Z(3) has é-degree 4 (in particular the term with é-degree 3 in XT[aHb] vanishes as it is
proportional to ¢l*¢). Analogously to (B.45), we thus conclude from (B.46) and (B.48), using again part (i)
of lemma 6.7:

sext f = 2B = 0. (B.50)

The representatives f(*) arise from functions kF Fie Pr(6, R) with complex numbers k!, i.e., they involve the

(28
representatives Fit of H (Ssusy, Tinv). These functlons give rise to solutions of complete non-supersymmetric
Poincaré invariant descent equations in four dimensions only if they are of the form F 8P(4)(9, R) / dC' where
13(4)(6’7 R) can depend on all 8’s except for those Abelian C’s which are not contained in {CA”'f}7 see section 13
of [7] and section 8 of [14] (and also the brief discussion in item (2,3) above). Proceeding as in item (2,3), one
obtains

T aP(4) Aaéreeao aR
Sext |:FVLf (q Af. L )i| =
80“
.y ) W (g ¢ »
jald [ﬂf o . } OP(4, Ctree, O, ) (B.51)
80% 6(]7 oCH

rm(r)=2

Notice that the first term on the right hand side actually contains only the antisymmetrized products Flis Fit]
because §2P¥) / oCH A is antisymmetric in ¢y and jf owing to the odd Grassmann parity of the C’s. Using
lemma 6.6 one concludes that the sey-closed functions Flit Fitl | FitHo and Fitr,.(F?) which occur in (B.51) are
Sext-exact in Tiny: FUH® and Fitr, (F 2) have ghost number 5 and 6, respectively, and are therefore seyt-exact
in Ty by the result of lemma 6.6 for g > 5; the seyi-exactness of Flit Fiel ip Tinv 1S seen using arguments as
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in the text after Eq. (B.46): Flit Fit] has ghost number 4 and dimension 0 and is quadratic in the T’s of the
super-Yang-Mills multiplets which implies that it cannot be equivalent to a function PQ; + PS5 because €2y or

{23 would have to be proportional to Alit M) which vanishes. Hence lemma 6.6 implies that there are functions
Xliedel X#@ and X/t such that

Flispirl — _g Xliiel - xlidd e g
EvifHa — s X0, X e Ty (B.52)
Fitr, (F?) = —sexe X, XU € Tipy -

Such functions are explicitly given in the lemma. Using the same reasoning that led us to Egs. (B.45) and (B.50)
one concludes from (B.51) and (B.52) by means of part (i) of lemma 6.7 that f(*) is sex¢-closed:

Sextf(4) = U. (B53)

The representatives f () arise from functions kr HeH *Pr (o, R) with complex numbers kab, i.e., they involve
the representatives HH of H (Ssusy, Tinv). In order to give rise to Poincaré invariant solutions of the complete

non-supersymmetric descent equations, these functions must not involve Abelian C’s because otherwise the lifts
of the BRST invariant 2-forms kgb(*H ) (*H®)Pr(0c, Capel, 01, R) to Poincaré invariant solutions of the descent

equations were obstructed by the 4-forms kL (*H“)(*Hb)FiA OPr (8¢, Cavel, 01, R) /OC 4. This leaves us in this

case with functions H*H bP[ 5b)] (0, R) where P[( ](9 R) does not depend on Abelian C’s. The antisymmetry of

P[(ab)] in a and b is due to the fact that the H’s anticommute since they are Grassmann odd. Substituting the
q’s for the corresponding 6’s and computing the seyxt-variation of the resultant function gives

Soxt | HH'P) (4,01, )|

:Hagb[ He

The functions H*HYH¢ and H*H? tr, (F 2) are Sext-closed elements of T, with ghost numbers 5 and 6, respec-

tively. Using lemma 6.6 we conclude that they are sext-exact in Tj,,. Hence there are functions X lable and X,Lab]

such that

0 A
Y D te( () 5 P[(ab)](q,QL,R). (B.54)

rim(r)=2

HOHH® = —s0q X190 HOH  tr, (F?) = —s0q X108, Xlable xlabl ¢ g, (B.55)

Such functions are explicitly given in the lemma. Using (B.55), we obtain:

0
aA

ot {Hc T (F?)

}P(S (CLGL, )

rim(r)=2

en D ) .
= [(sexe X1 ot D7 (s X[ 5| PG 01 )

rim(r)=2

ap<5> (4,01, R) or®) (4,00, R)
- _ xlable " [ab] 7R T [ab] _~ [ab]\ > 727 7 (5)
Soxt | X et o Xk 5 + 70, (B.56)

rim(r)=2
where

or®) (4,00, R) or®) (4,00, R)
7) _ xlabley b D 7Y xlablg Lo B.57
’ OR¢ Z " Aqr ( )

rim(r)=2

Z®) contains only terms with é-degrees 3 and 4 because X!*Y¢ and X,[«ab] contain only terms with é-degrees

> 2 and the sex¢-variations in (B.57) contain only terms with é-degrees > 1. Furthermore Z ®) is Sext-Closed
because it is sexi-exact as one sees from (B.56) and (B.54). According to part (ii) of lemma 6.7, Z(®) is thus
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the sex¢-variation of a function with é-degree 4 whose d_-variation is equal to the part of Z®) with é-degree 3.
Explicitly one obtains

2P <q,eL,R>}

26 = . [ xlabitea) )Y (B.58)
ORIORe
with X [9b1(cd) a5 given in the lemma. (B.54), (B.56) and (B.58) show that f(®) is sey-closed:
Sexct.S P = 0. (B.59)

The representatives f(®) arise from functions (ORT(T))Pr(6, R), i.e., they involve representatives OR(T) of
H (Ssusy; Tinv). Substituting the ¢’s for the corresponding 6’s and computing the sexi-variation of the resultant
function gives

Sext {(ORF (T)) Pr(q, Cavel, 01, R)} =

. .0 0 0 A -
_ T A _ 2 a 9 .
(OR (T)) |:.7'- aéiA +H aRa t‘:%:;rr (f ) 6qA7i| PF (Q7 C1Abela oLa R) (BGO)
(ORY(T))Fi4, (ORT(T)YH® and (ORY(T)) tr,(F?) are seyi-closed elements of T, with ghost numbers 5, 6
and 7, respectively. According to lemma 6.6 they are thus seyi-exact in Tiny, i.e. there are functions X4, XTe
and X[ such that

(ORF (T))j:ZA = SextXFiA; XFiA S ‘Iinv 3
(ORF (T))Ha = SeXtXFa7 XFa S ‘IiIlV7 (B61)
(ORM(T)) tr(F?) = sexe Xy, Xy € Tiny -

Such functions are explicitly given in the lemma. Using the same reasoning that led us to Egs. (B.45) and (B.50)
one concludes from (B.60) and (B.61) by means of part (i) of lemma 6.7 that f(®) is sexi-closed:

Sext f(8) = 0. (B.62)

The representatives f(7) arise from functions (POY+POL)Pr (0, R), i.e., they involve representatives (P2, +PQs)
of H(Ssusy; Tinv). Proceeding as in item (6) we obtain

Sext [(PQ{ +PQY) Pr(d, Cavel, b, R)} =

ot [is O L O 91, ~ :
(PO} + POL)|F0 ot 1 ot D () 5o | Pr(d, Caver, B, ) (B.63)

rim(r)=2

(B.63) contains only terms with é-degrees 3 and 4 because PQ} +PQY, Fi4, H® and tr, (F?) contain only terms
with é-degrees > 2, 1, 1 and 2, respectively. The terms with ¢-degree 2 in Py + Py are 4i(99Q; — 99Qs), the
terms with é—degree 1in Fi4 and H® are 71(195\ + 155\)“‘ and —20¢%, respectively. Owing to © = ¥¢ = &9 and
9299 = 9495897 = 0 (the latter holds since the 9 and ¥ anticommute) the terms with é-degree 3 in (B.63)
are
OPr(0c, R)

oCa
Part (i) of lemma 6.7 implies thus that (B.63) is the sex-variation of the function with é-degree 4 whose
d_-variation equals f3. Using (B.41) it is easy to identify this function:

OPr (9(), R) }
8CiA
9Pr (4, Caver, 01, R)}
oC"a

3 = 4(09QLINIA — GIOLYAIA)

fi=—0_ [85 (NAEQL 4 eXia )

= —0_[8E(N4€al +hah) (B.64)
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Hence we conclude from (B.63), (B.64) and part (i) of lemma 6.7 that f(7) is sex¢-closed:

sext S = 0. (B.65)

The cocycles which arise from functions k! W A Pr(6, R) containing the representatives 74 of H (Ssusy, Tiny) are
equivalent to linear combinations of representatives f ©) and (M, as will be now shown. The lift of the BRST-
invariant 2-form F*4P;, (0¢, 0L, R) to a Poincaré invariant solution of complete non-supersymmetric descent
equations in four dimensions is obstructed by the 4-form F*4F749;, P;, (8¢, 0L, R) where 9;, = 0/0C**. This
obstruction is absent only if d;, P;,)(fc, 0L, R) = 0. The general solution to this condition is P;, (¢, 0, R) =
di,P(0c, 01, R), see section 13.2.2 of [7]. Hence functions k] F' Pp(6, R) can give rise to Sext-cocycles only if
they are of the form Fi19P (6, ]%)/8@“ Proceeding as in the other cases, one obtains

s t|:fiA aP(éa C’AAbelaeLaR)} _
= aCia
]_.iA [Ha } (i‘)P((j, C'Abela 9L7 R) (B 66)
e 3%« dCia ' '

The functions F*4H® and F'4 tr, (F 2) are Sext-coycles in Ti, with ghost numbers 5 and 6, respectively, and
thus sext-exact in Tj,y according to lemma 6.6. Hence there are functions X'4® and X4 such that

FUHY = =56 X4, FA0(F?) = —se XA, X% XA € T (B.67)

Owing to H® = —(1/2)O0¢*%, the first equation in (B.67) is just a special case of the first equation in (B.61).
X'A% can thus be obtained from X F.“‘ by choosing R (7)) = ¢%/2. The computation of X4 is very similar to
the computation of the functions X which satisfy the last equation in (B.52). One obtains

X140 = 15, NohE¢" + 2 ( 9"DX + N4d) —cc.,
Xia = A2 [NAEtr, (M) + 284 i1, (A, AE)] + c.c. (B.G8)

Proceeding as in items (2,3) and (4), one obtains sex-cocycles f(®):

} 9P (4, Caver, O, R) (B.69)

Sextf(g) = 0; f(s) - |:]:iA + XiAa + Z aéiA

rim(r)=

Gy

To show that f(®) is equivalent to a linear combination of representatives f(®) and f("), as we have asserted
above, we shall use the following relation:

i, (F2) = — £ P, (AA) + & Pt (AN) + St [Eu tr,«(j\a“;\)} . (B.70)

Furthermore we recall that one has
5extP(dvéAbe179La A) =

5
80“‘ 8R

aA } (4, Caver, 01, R). (B.71)

rim(r)=2
(B.69), (B.70) and (B.71) give [one may use part (i) of lemma 6.7 to verify this]:
dP(G, Cavel, Or, R)}

F® — st [P((f, Cavel, 01, R) — Z = trr(S\U“i)

ofija

rim(r)=2 q

- [ —He + XiAa A Z Ya 0 } 6P(Q7 CAIA)eh v, R)
rim(r)=2 8Rb OR®

0 } 9P (4, Caver, 1, R)

+ [{g Pire (M) = g P (AN} + 7% —am 0 7

rim(r)=2

(B.72)
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where

V= ASO AN, Yl = iZg(Eht —06),
Vi = iZ{NAE tr (AN) — EXA tr (AN ).

Recall that {Pr(6, R)} denotes a basis for the monomials in the 6’s and R’s. Hence one has

oP (0, R) _ TR0, ) dOP(0, R)

dRa op, = F Pl R)

for some complex numbers kI and k"™'. (B.72) shows explicitly that f® is indeed equivalent to a linear
combination of representatives f(®) and f(7) arising from the particular choices

RUT) =110, of = 3 iwTe, (), 05 =— 3 1k, (W),

rim(r)=2 rim(r)=2

To illustrate the derivation of the X-functions, let me finally describe in some detail how one derives X?
satisfying (B.43). (6.9) and (B.35) yield

HO tr, (F2) = (W)€ — i€t + e H,)® tr, (F — i0) — i00)2. (B.73)
We start from the terms with lowest ¢-degree in this expression. They have é-degree 2 and are given by
(€ — €)" tr, (VA + D42
= —i(¢€ — €)* [~ DI tr, (AN) + 20°9% tr, (Ao Aa) — & D0 tr,.(AN)]. (B.74)
(B.74) is 0_-closed since it is the term of lowest ¢-degree of an sey-cocycle. The ¢_-cohomology (B.31) shows that
it contains precisely two terms which are not _-exact. These are (i/2))%€00 tr, () and (ji/2)§1ﬁ“1§1§ tr.(AN)

which are easily seen to be b-exact and b-exact, respectively (owing to bgp = «f?ﬁ, bop = 1&5 ,bA =D\ = 0). Using
that one has sextf = (6— + b+ b+ 'V, f for f € Tiny, we can thus write these terms as

L 99€00 trp(AX) = (sext — b — ¢4V,,) [ 096 tr(AN)],
— L& I tr, (AN) = (sext — b — #%,,) [— & 996 tr, (AN)]. (B.75)
Using (B.75) in (B.73), one obtains
Hetr, (F?) = sext Xy = foo + flg+ [y (B.76)
X2, = 199¢% tr,(AX) — 4 997 tr, (AN, (B.77)

where f5, fi3 and f; have ¢-degree 2, 3 and 4, respectively, and f'5 is d_-exact, i.e., there is some X5 such
that

S_Xly= [, (B.78)

[Of course, X3 is only defined up to the J_-variation of some function with ¢-degree 4.] Explicitly one obtains:

@y = 16 [~ 00 tr,(AX) + 20%0% tr, (Ao Aa)] — 4 90 b [6° trT(XX)] tec
=& [~ tr, (AX) + 2090 tr, (Aada)] — £ 00 ¢° {DtrT(S\S\)
Xy = —1E,(&6"0" + § ¢" €6 D) tr, (AN) — 15, £ tr, (Aot Q) + (B.79)
Using (B.78) in (B.76), one obtains

H tr, (F?) - Sext (X1p + XJ13) = ~7a,3 + ng ’ (B.80)
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where f,‘}3 =fis—(b+ T))X,‘},3 and f,‘.lA = fis— é“@MX,‘}B. (B.80) is an sext-closed sum of terms with é-degrees
3 and 4. According to part (i) of lemma 6.7 it is thus the sext-variation of a function X', with ¢-degree 4 that
fulfills 6_ X2, = f5. We conclude that

T7

HOtrp(F?) = Sext (X + X23) = sextXfy s (B.81)
where 0_ X, = ~f3 The explicit computation gives
X2, = 20D+ L 6°D?) tr, (M) — LEH tr,(Ac#A) + c.c. (B.82)

(B.81) yields X¢ = X2, + X5 + X2,
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