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Abstract

Let F be a parametric variational double integral and I' C R™ be a
system of several distinct Jordan curves. We prove the existence of mul-
tiply connected, conformally parametrized minimizers of F spanned in
I" by solving the Douglas problem for parametric functionals on mul-
tiply connected schlicht domains. As a by-product we obtain a simple
isoperimetric inequality for multiply connected F-minimizers, and we
discuss regularity results up to the boundary which follow from corre-
sponding results for the Plateau problem.
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1 Introduction and main results

We consider parametric variational functionals F of the form
(1.1) Fu(X) ::/ F(X, Xo A X,) dudv,
B
where F' is of class CO(R"® x RY), n > 3, N = n(n — 1)/2, satisfying the
homogeneity condition
(H) F(z,tz) =tF(x,z) for all t>0.

We assume that F' is positive definite, that is, there are constants mq, mo
with 0 < mq < mq such that

(D) my|z| < F(z,2) < malz| for all (z,z) € R" x RY.
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Then Fp(X) is well-defined by (1.1) for any domain B C R? and any map-
ping X € HY2(B,R"), where

anb:= (a7 — v € RY

denotes the bivector generated by the two vectors a = (a',...,a"), b =
(b%,... ,b") € R™. Moreover, the homogeneity condition (H) implies that
F is parameter invariant, i.e., invariant with respect to reparametrizations
by means of C'-diffeomorphisms with positive Jacobian, and even under
bi-Lipschitz transformations with positive Jacobian a.e.

The parametric integrand F' is said to be semi-elliptic if and only if

(©) F(z,-) is convex on RY for any x € R™.

A special Lagrangian of this kind is the area integrand A(z) := |z|, which
leads to the area functional

(1.2) Ap(X) ::/ A(Xy A Xy)dudv for X € HY(B,R").
B

We call a system I' := (I'', T2 ...  T*) consisting of k disjoint rectifiable
closed Jordan curves I'V C R, j =1,...,k, a Jordan system.

Our aim is to find a multiply connected surface spanning the contour I'
which minimizes the parametric functional (1.1). For the area functional
this problem is known as the Douglas problem or general problem of Plateau,
which was first attacked by Douglas [5], and then solved by Courant [2] for
the genus zero case, and by Shiffman in [16] prescribing an arbitrary genus.
Modern proofs and extensions can be found in the work of Tomi and Tromba,
[17] and Jost [13], and we refer to Chapter 11 in [4] for a more complete
discussion of the Douglas problem. For a solution of this problem in the
context of surfaces of constant, or variable prescribed mean curvature, we
refer to Werner [18], and Luckhaus [15], respectively.

We are going to focus on the genus zero case, and will combine Courant’s
classical approach for minimal surfaces as described in [3, Ch.IV] with the
method of conformal approximation of parametric functionals, which was
first introduced in [8] and improved in [9] for the Plateau problem, and
recently used in [10] to treat partially free boundary value problems for F.
This approximation procedure allows us to avoid the use of any conformal
mapping theorem in our arguments.

Certain conditions on the solvability of the Douglas problem need to be
imposed as may be illustrated by the particular boundary configuration con-
sisting of two coaxial circles in parallel planes. Depending on the distance
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of the two planes either the (doubly connected) catenoid or the pair of span-
ning disks may have less area A, see, e.g., the discussion in [3, pp. 141-142].
This motivates the so-called Douglas condition to exclude degenerate solu-
tions consisting of two or more surfaces bounded by complementary parts
of I'. Another technical problem arises from the fact that k-fold connected
domains of the same topological type may be of different conformal type for
k > 1, so that we are led to consider minimizing F over pairs of admissible
surfaces and domains.

To be more precise, we will restrict our attention to domains of the type

k
Brl,...,rk(pla cee 7pk;) = By, (pl)\ U BT’j (pj)’
j=2

where B,.(p) denotes the open ball in R? of radius 7 > 0 centred at the
point p € R*. If B, (p;) C By (p1) and B, (pj) N By, (pi) = 0 for all 4, j €
{2,...,k}, i#j, wecall By . (p1,...,pk) & k-circle domain. We denote
the class of all such domains as K. A member of K, with p; =0, 7 = 1 and
p; = 0 for some j € {2,... Kk}, is called a unit k-circle domain. The class of
unit k-circle domains will be denoted by K1. Note that K} = {B;(0)}, and
that one can perform elementary Mobius transformations to see that every
k-circle domain is conformally equivalent to a unit k-circle domain.

We define the class of domains and surfaces admissible for the given
boundary contour I' = (I'!, ..., T*) as

c(r) := {(B,X):B¢cKy,XecH"BR")YNC"OB,R")

X|op : OB 2 I is weakly monotonic! },

in contrast to the class of degenerate surfaces given by

S
Ci() := {(B,X):B= U Bj, Bj € Ky, disjoint, s > 1,
j=1

> kj=k, X € HY*(B,R") N C°(0B,R"),
j=1

X|op : 0B X T is weakly monotonic}.

!See [4, Vol.I, p. 231] for the notion of weakly monotonic mappings on the boundary.
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Setting
dil') := inf  Fp(X
(L) (B,)gleca“) B(X),
(1.3)
dir) = inf  Fp(X),

(B,X)ect(I)

we say that ' satisfies the Douglas condition for F if and only if

(1.4) d(T) < d'(T).
Notice that CH(I') # 0, since T' = (I'!,... ,T'*) consists of rectifiable com-
ponents I'V, j = 1,... ,k, each of which can be spanned by the harmonic

extension of the respective boundary representation, compare [4, Vol. I, pp.
233-234]. Hence the right-hand side of (1.4) is finite.

For technical reasons? we impose a chord-arc condition on T, i.e., there
are numbers § > 0, M > 1 such that, for any two points P,Q € I' with
|P — Q| < 6, the shorter arc on I' connecting P and @, denoted by A(P, @),
has length L(A(P,Q)) < M|P — Q)|.

Then we will prove the existence of conformally parametrized minimizers

of F in the class C(T') :

THEOREM 1.1. (EXISTENCE) Suppose that F satisfies properties (H),(D)
and (C) and the Douglas condition (1.4) holds. Assume also that ' satisfies
a chord-arc condition. Then there is a domain B € K}, and a pair (B, X) €
C(T") with

1.5 Fr(X) = inf F.
(1.5) B(X) ol

Moreover, X is conformally parametrized, that is, X satisfies
(1.6) 1 Xu> = |X,%, and X, X, =0 a.e. on B.

In principle, condition (1.4) can be verified for concrete boundary config-
urations. If, for example, I' = (I'',T'2?) consists of two coaxial circles of
radius R in parallel planes which are a distance A > 0 apart, then one can
compare the total area 2w R? of the two spanning disks with the area 2w R\
of the cylinder surface bounded by I'. Using (D) it is easy to check that
A < Rmj /my is sufficient for (1.4) to hold.

As a by-product of the existence proof we obtain the following simple
isoperimetric inequality for F-minimizing surfaces.

2The chord-arc condition is not necessary for k& = 1 in our arguments in agreement
with the existence result proved in [8] and [9]. For k& > 1 one could avoid this condition if
one had an a priori L°°-estimate for F-minimizers.
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THEOREM 1.2. (ISOPERIMETRIC INEQUALITY) Let F' satisfy (D). Then for
any (B, X) € C(T") satisfying (1.5) one has

k
m2 2
1.7 Ap(X) < LA(Ty).
(17) p(X) < g 3 PA(E)
Since regularity considerations are of local nature we can apply the regularity
results of [8] and [9] to obtain

THEOREM 1.3. (REGULARITY) Let F satisfy (H),(D) and assume that T’
satisfies a chord-arc condition. Then every conformally parametrized mini-
mizer of F in C(T) is of class C%*(B, R”)ﬂHllc;g(B, R™) for some o € (0,1/2]
and some q > 2.

In addition, one can prove C'“®smoothness up to the boundary of any con-
formally parametrized F-minimizer in the presence of a perfect dominance
function, if T € C3, and if F € C?(R™ x (RY —{0})) is elliptic, we refer the
reader to [9] and [11] for the details.

The present paper is organized as follows.

In Section 2 we present suitable versions of the Courant-Lebesgue Lemma
for sequences of multiply connected domains with boundary contours ap-
proximating a given contour in the Fréchet-sense. In addition, we prove
Courant’s compactness result for domains in IC,%;. Guided by Courant’s ideas
we work out different methods to manipulate multiply connected surfaces
in Lemmas 3.1-3.3 of Section 3. In Section 4 we describe how to approx-
imate the minimization problem for F on C(I') by introducing additional
L*°-bounds, and by adding a small multiple of the Dirichlet energy to the
parametric functional F. The technical result Theorem 4.7 contains the key
ingredient, which, in combination with the Douglas condition (1.4), is used
later to exclude degenerate minimal sequences, since it implies Courant’s
condition of cohesion. The existence proof in Section 5 proceeds in three
steps: first we establish the existence of conformal minimizers for the per-
turbed functional under an additional L*°-bound in Lemma 5.1, then we
show how to remove the L*°-bound in Lemmas 5.2 and 5.3, before we prove
Theorem 1.1 approximating F by the perturbed functionals. The appendix
contains two technical lemmas about Jordan systems.

Acknowledgements. We would like to thank the Max-Planck Institute
for Mathematics in the Sciences Leipzig, the Graduiertenkolleg “Analysis,
Geometrie und ihre Verbindung zu den Naturwissenschaften” at the Uni-
versity of Leipzig, and the Sonderforschungsbereich 611 at the University of
Bonn for their generous support.
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2 Definitions and preliminaries for the Douglas
problem

A sequence of k-circle domains {B,,} C Ky with

Bm = Bh’m,...,rk,m (pl,ma R 7pk,m)

is said to converge to

B =2DB, . (p17 . 7pk)7

i.e., B, — B as m — oo, if and only if there are permutations o, of the
set {2,...,k} such that for j =2,... K,

il T =T I P =Pl Tan) = T3 M Pon () = Py
A sequence {(By,, X,,)} of domains B,, € K and mappings X, of class
HY2(B,,,R") is called separating if for all € > 0 there is mg = mg(e) € N,
such that for each m > mg there is a domain D,, € Kj, a bi-Lipschitz
continuous mapping T}y, : By — D, a closed Jordan curve ¢,, C D,, not
homotopic to zero in D,,, and bounding a Lipschitz domain in R?, a represen-
tative Z,, of X,,, such that ZmoTTgl|cm is continuous and coincides with the
boundary trace® X,, o T),,t|.,. on ¢, and satisfies diam (Z,,, o T\,  (e)) < €.
If a sequence {(By,, X;n)}, with B, € Ky, X € H"2(B,,,R"), possesses no
separating subsequence, it is said to be cohesive.

For X € HY2(B,R") the Dirichlet energy Dp(X) is given by

(2.1) Dp(X) := %/ VX |? dudv.
B

We will repeatedly use the following version of the Courant-Lebesgue Lemma
for sequences of multiply connected surfaces with uniformly bounded Dirich-
let energy, a proof of which can be modelled after the proof for k =1 in [4,
Ch. 4.4].

LEMMA 2.1. (COURANT-LEBESGUE) Let By, € K}, and X, € H'*(B,,,R"),
m € N, be a sequence of k-times connected surfaces, such that there is a con-
stant M with

Dp,. (Xm) <M < oo for all m e N.

Let g € R? and § € (0,1) be fized. Then for all m € N there exists a set
In C (6,7/6) with LY(I,,,) > 0, and a representative Zy, of X, such that for

3For the definition of the boundary trace operator see, e.g., [19, Ch. 4.4].
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all p € Iy, the mapping Zy, is absolutely continuous on 0B,(xo) N By, and
coincides* with the boundary trace Xm‘aBp(xo )NBy, s and satisfies

(2.2) | Zom (w0 4 pet) = Zm (0 + pe'®)| < |91 — 0y]'/?

for all 01,05 € {6 € R : 29+ pe'? € B,,}. In particular, for all € > 0 there is
some number 01 = d1(e) > 0, such that for all 6 € (0,01) there exists a set
I, C (6,7/8) with £Y(I,,) > 0 such that

(2.3) diam (Z,,(0B,(x0) N By,)) < € for all p € I,, m € N,

Denote wy := (1,0), wy := (0,i), ws := (—=1,0) € B1(0) C R?, and fix three
distinct points P; € ', i = 1,2, 3, where I' C R" is a single (closed) Jordan
curve. For a sequence of Jordan curves I',, converging to I' in the Fréchet-
sense as m — oo we say that a sequence of mappings X,, : B1(0) — R"
with {(B1(0), X,,,)} C C(I'y,) satisfies a three-point condition for P; € T,
1=1,2,3, if and only if

(2.4) lim X,,(w;) =PF; for i=1,2,3.

m—0o0
As a consequence of Lemma 2.1 important for controlling the boundary
values of sequences of surfaces we have

COROLLARY 2.2. Let {(B,Xn)} C C(I'y,) with 'y, — T in the Fréchet-
sense. Suppose that there is a constant M such that Dp(X,,) < M for all
m € N. Then, if

(i) { X} satisfies a three-point condition in the case k = 1, where B =
B1(0), orif

(ii) {(B,Xm)} is cohesive in the case k > 1,

the sequence X,|op is uniformly equicontinuous and contains a subsequence
converging uniformly to some vector-valued function X* € C°(0B,R"™) with
*: 0B — I' weakly monotonic.

Proor:
Once we have shown the uniform convergence of a subsequence of the
Xm to X* the continuity and the weak monotonicity follows easily. In the

“For this statement we refer to [6, Vol. TI, p. 232].
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case k =1, B = B1(0), let ¢y := min; |P; — B, and take my € N so large
that, by the three-point condition,

(2.5) I;’I;gl | X (wj) — X (wy)| > €9/2 for all m > my.

By Lemma A.1 of the appendix we find for every € > 0 a constant A = \(e) >
0 and m; = my(e) € N such that for Q7*, Q%' € I'y, with 0 < [QT" — Q5| < A
the shorter arc A(QT", @) C I'y, connecting Q7' and Q5" satisfies

(2.6) diam (A(QT", QY")) < € for all m > m;.

Hence, if 0 < € < €p/2, then A(QT, Q5") contains at most one of the points
X (wj), j =1,2,3, for all m > mgy := max{mg, m1}.
Let dp € (0,1) be a fixed number with

(2.7) 24/ 600 < min |w; — wy|.
i
For arbitrary € € (0,€p/2) choose 6 = d(€) > 0 such that

47 M

(2:8) Tog(1/5)

< A(e) and 0 < d.

For 29 € OB and m > my let p, € I, C (5,/0) be such that for {z,,2/,} =
0B N aBpm (ZQ)

, 4T M
(2.9) [ X (2m) = Xim ()] < Toa(1/3)"

which is possible by Lemma 2.1. Then (2.8) implies that | X, (z,,)—X (2],)| <
A(€), whence by (2.6) diam (A (X (2m), Xim(2h,))) < € for all m > mo.

m

Since € < €p/2 we know that A(X,,(2m), Xim(2),)) contains at most one of

the points X, (w;), j = 1,2,3, for all m > ma. On the other hand by the
three-point condition, the second part of (2.8), by (2.7), and the weak mono-

tonicity of X,,|op, we know that X,,(0B N B,,,(2)) contains at most one

of the points X, (w;). Therefore X,,(0BN B, (20)) = AN Xm(2m), Xm(21,))
and

diam (X, (0B N Bs(2))) < diam (X,,(0B N B,,, (20))) < €.

Since zy € OB was arbitrary, we get the equicontinuity on 0B :

| Xm(w) = X (w')] < € for all w,w’ € 9B with |w —w'| < 6.
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From X,,(0B) = T, — ' as m — oo we infer also that the mappings
Xm|op are uniformly bounded, and the Theorem of Arzela and Ascoli can
be applied to obtain a subsequence uniformly convergent to some continuous
vector-valued function X* : 9B — I

For k > 1 it suffices to show that the X, are uniformly equicontinuous
on any one of the components §,... 3% of OB. Relabeling and taking a
subsequence we may assume that X,,(37) = I'},, for all m, and that T}, — T.
Take an arbitrary € (37 and some € > 0, and let rj be the radius of B3I,
Then according to Lemma A.1 of the appendix there is some A = A(e) > 0,
and my = myq(e), such that for all Q*, QY € I, with 0 < |QT" — Q%] < A:

(2.10) diam (A(QT", Q%)) < €/2 for all m > m;.

Applying Lemma 2.1 we find d; > 0 such that for all
(2.11) 5<min{51,1,41“]2-,%m;}1 distQ(ﬂi’ﬂl)}’
(2

there is a set I,,, C (§,v/d) with £1(I,,) > 0 such that for all p € I,,,
(2.12) diam (X, (0B,(z) N B)) < min{\,€/2} for all m € N,

and

By(x)N Y =0 for all p € I, v # j,
where we tacitly assumed that X, is already the representative which is
continuous and coincides with the boundary trace on 0B,(x) N B. Define

5=/ N By(z), and {QT",, QY } = Xm(aBp(x') NB7) for p € I,,,. Then by
(2.12) and (2.10) we have for A(QY",, Q%) C Iy,

(2.13) diam (A(QY',, Q3',)) < €/2 for all m > my,p € In,.

If we had X,,(3\8}) = A(QY",, Q) for infinitely many m € N, then the

curves

Com = (ﬁj\ﬁg) U (0B,(x) N B), for pe Iy

would not be homotopic to zero in B, and by (2.12),(2.13),

diam (X, (cp,m)) diam (A(QY"), Q3,)) + diam (X, (0B,(z) N B))

<
< €
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contradicting our assumption that {(B, X,,)} is cohesive®. Hence Xm(ﬁg) =

A(QT,, Q3',) for all (but finitely many) m € N, which leads to

diam (X, (8 N Bs(x))) < diam (X, (3])) (2§3) €/2,

because p € I, C (4, \/3) Since x € [; was arbitrary, this concludes the
proof. a

In order to control the domains for minimal sequences we will prove a
slightly generalized version of Courant’s compactness result [3, pp. 146-148]
for normalized unit k-circle domains.

LEMMA 2.3. Let T, — T in the Fréchet-sense, where I'y,,I' C R™ are Jor-
dan systems. Suppose that {(Bm,Xm)} C C(Ty,) with By, € K}, X, €
HY2(B,,,R"), is a cohesive sequence with Dp, (Xm) < M for all m € N,
where 0 < M < oo is a constant independent of m € N. Then there is a
subsequence { By, } and a domain B € K}, such that B,,, — B as v — co.

Proor: Since I'y, — I in the Fréchet-sense, we may assume that I',, =
(rL ... TF) with disjoint (closed) Jordan curves I}, converging to I'V €
I =(T'',... ,T%) in the Fréchet-sense as m — oo for j = 1,... , k. Let

Bm - Bl,?‘Q’m,Tg’m,... Tk,m (0’ Oap3,m) e apk‘,m)

and by relabeling we can assume

(2.14) Xu(0Br,,, (pjm)) = T}

I
For m sufficiently large we have
(2.15) dist (07, TL ) > ¢/2 for j#1,

where ¢ := min;¢;{dist (I'",T7)}. Since |pj | < 1 and 0 < rj,, < 1 for all
j=2,...,k and all m € N, we can take a subsequence (again labeled by
m) such that

(2.16)
Pjm — Dj € B1(0), 7jm —1; €[0,1], for j=2,... ,k as m — oo.

We need to show that B, (p;) C Bi(0) and B, (pj) N By, (p) = 0 for all
J,l€{2,...k}, j # 1. In other words we claim

5For the transformation T}, required in the definition of a separating sequence we can
simply take the identity map for all m. The condition (2.11) ensures that ¢, bounds a
Lipschitz domain in R2.
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(i) lpj — ol > 7+,

(i) [pj|+r; <1,

(ifi) 0 < r;
forall j,l € {2,... ,k},j # . Since By, € K} it is clear that 0 < r; < 1, |p,|+
r; < 1and |p; —p| > 7 4+ 71, because the corresponding strict inequalities
hold for pjm, 7jm for all m. To show (i)-(iii) we just need to exclude
equality, and for that we apply an indirect reasoning. Lemma 2.1 implies
that for all e € (0,c) there exists 6; > 0 such that for all 6 < min{d;,1},

r € R? there is a set I,,, C (4, \/5)_With LY(I,,) > 0 such that for all r € I,,,,
X, is continuous® on (0B, (x) N B,,) U 0B,,, and

(2.17) diam (X, (0B, (z) N By,)) < €/2.

Case A. There is at least one j € {2,... ,k} such that r; = 0. Let £; :=
{ZE {1,... ,k}:?“l >0}.

Al If |py —pj| > foralll € £;,1# 1, and if |p;| < 1, then we have for

(218) 0= gming 8,1 (min{|lp —pil = n[})? 5

leL;

for p € I, C (,/6), and for m sufficiently large,

(2.19) B,(pj) N By, (1m) = 0 for all 1€ L;,1# 1, and
(2.20) B, (05 C Bi(0).

Moreover, for all i € {1,... ,k} with 7; = 0 and p; # p; we have

(2.21) B,(pj) N By, ,,(pi;m) = 0 for all msufficiently large.
For all v € {1,... ,k} with r, = 0 and p, = p; we have
(2.22) B,,..(Pvm) C By(pj) for all msufficiently large.

By (2.19)-(2.22), and (2.17) for « := p; we obtain that the curve
0B,(p;) is not homotopic to zero in B, for m sufficiently large, but
with

diam (X, (0B,(p;))) < €/2,

5As before we have identified X,, with the particular representative being continuous
and coinciding with the boundary trace on (0By(z) N By) U 8By, for each r € I,,,.
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which is not possible since {(B,, X;)} is cohesive’.

A2. If |p; — pj| = r; for exactly one index [ € £;, then take

(2.23)  §:=1min{ é, 1, e 4mMAT () (mﬁl{“ps —pjl — rs|})2 )

SECj

where A(e) is the constant appearing in Lemma A.1 in the appendix.
Consequently, applying this lemma we obtain for all m sufficiently
large

(2.24) diam (A(QT", Q5")) < €/2

for all Q7*, QY € TL, with |Q7" — Q%] < ,/%. Applying Lemma
2.1 we infer for all p € I,,, C (6,V/5) and for m sufficiently large

(2.25) B,(p;) N By, ,,,(Ps;m) = 0 for all s € L;\{1},
(2.26) B,(pj) N By, ., (pim) =0

for all i € {1,... ,k} with 7, = 0,p; # pj. For all v € {1,... ,k} with
r, = 0 and p, = p; we have as before

(2.27) B,,..(pvm) C By(pj) for all msufficiently large.
In addition,

(2.28) X (W) — Xom (wm)| < %

for {w1 m,w2m} = 0B,(pj) N OB, ,, (Pi,m). Defining the arcs ¢, :=

0B,,,NB,(pj) we obtain curves v, m, := ¢, ,mU0IB,(p;) not homotopic to
zero, with diam (X, (7,,m)) < € by (2.28), (2.24) and (2.17) for x := p;,
contradicting the fact that {(B,,, X,,)} is a cohesive sequence.

" As before, to obtain a separating sequence here, and in the following cases, satisfying
all requirements in the definition one can take T}, := Id 2 for all m. Choosing ¢ sufficiently
small as done in (2.18) or in (2.23) we can ensure that the respective nonzero homotopic
curves bound a Lipschitz domain in R?, since they consist of circular arcs that meet
transversally.
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A8 If |pp — pj| = r for at least two indices | = l1,lo € L;, then we
distinguish the two cases l1,ls # 1 and, say [y = 1. In the former case
we obtain

iy 1 < py = pl < py — pil + [pj — Pl

= 1+,

ie, |p, —pi,| = 71, + ri,. In the second case, we calculate using the
facts r; = 0, |pj| =1, |pi, — pj| = r1,, and |py,| + 17, < 1,

Do | + 71, > |psl — P, — il + 11,
1—T12+T12 =1,

that is, |p,| + 7, = 1. In both cases we obtain
(2'29) 6B7"11,m (ph,m) n 6Bp(pj) # 0, 8BT12,m (pb,m) N 8Bp(pj) # 0,

for all p € I,,, C (6,/9), 6 sufficiently small, and m sufficiently large.
Thus, we find by (2.17) for z := p;

dist (D1 Ti2)
< dist (X (9Byy, ,, (P1y,m)) N OBy(p;)); Xm (0By, ,,, (Pia,m)) N B,(p;)))
< €/2,

contradicting (2.15), since € < c.

Case B. If r; > 0 for all j € {1,... ,k}, then we distinguish two situations:

B1. If |p;—pj| = ri+r; for some i # j, 4,5 € {2,... , k}, then we argue as in
the first case of item A3 above using (2.17) for x := 9B, (p;) NI B, (p;)
and m sufficiently large.

B2. If |p;| + r; = 1 for some i € {2,... ,k} then we argue as in the second

case of item A3 above, again by (2.17) this time for z := 9B1(0) N
0By, (p;) and m sufficiently large.
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3 Manipulating multiply connected surfaces

For comparison arguments it is important to work on a fixed domain B € K,
for which we will prove the following Lemma guided by the ideas of Courant.

LEMMA 3.1. Let By, € Kt and X,,, € H"?(B,,,R"), m € N, with B, —
B € K} and Dg,,(X;n) — d as m — oo. Then there is mg € N such that
for m > my there exist bi-Lipschitz continuous mappings Cm : B — B, with
the properties

(i) Zm = Xm o (m € HY2(B,R") for allm € N,
(ii) Dp(Zpm) — d as m — 0.
(iii) {(B, Zn)} is cohesive iff { B, Xm)} is cohesive.
PROOF: Let
B,, = Bly""Q,rny---7T'k,m(0’p27m’ e Dlem),s
B = Biry,..;. (0,02, - Pk);

with p; ., — pj, and 1, — r; for all j = 2,... k. For
1
0 < s < = mindist (0B, (pi), 0By, (p;))
2 i#j ’ !

one has
B = Bl,r2+s,...,m+s(0’p2a .-.,pk) C B,

and for i, =2,... ,k, i #j

By, +s(pj) C B1(0) and B, 15(pj) N By, 45(pi) = 0.
On the other hand, we find mg € N such that
By, (pjm) C Bryts(pj) for all m >mq, j=2,... k.
For m > my define bi-Lipschitz continuous mappings ¢, : B — B,, by

(3.1)

w for we B,
Cm(w) = _
Tpjm=pjTjmTjri+s (w— pj) +p; for we BN BT,7'+8 (pj)7

where 7, 4. for r,a € (0,R), p € R?, |p| + R < 1, has the properties
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(@) Tprar: Br(0)\B,(0) — Br(0)\B,(p) is a diffeomorphism,
(b) For p, — 0 and a,, — 0 one has 7, 4, — Idg in C*(Br(0)\B,(0)),
(€) Tprar(w)=w for w e OBR(0).

One can easily check that such a mapping can be constructed in polar co-
ordinates w = pe’® = (p,0) as

(,6) = Tprar(p,0) = p+ [a+ 2= (b(8) — )] ”,

R—7r
where b(f) is the positive solution of the quadratic equation R? = |p +
b(0)e|?, for details see [14, pp. 13,14].

Statement (i) follows from the Lipschitz continuity of (,, and [19, Thm.
2.2.2], assertion (ii) from an explicit calculation of Dp(X,, o (n), see [14,
Lemmas 2.8 and 2.13] for the details.

(iii) Any curve ve 3 C B not homotopic to zero corresponds to a curve
Ym = {m o B C B, not homotopic to zero and vice versa. If X,, is not
cohesive, then it must possess a separating subsequence X,,,. This implies
that the subsequence Z,,, := X, o ¢, is separating, so Z,, is not cohesive.
We can argue in the same way starting with the assumption that Z,, is not
cohesive. O

For technical reasons we introduce the sets
Ck(T):={(B,X)eC):|X|<K ae. on B} for K€ (0,00].

Notice that Coo(I") = C(T).

We are going to show that we can replace small parts of a surface by
the constant map Z = 0 without gaining too much energy. The Lemma is
formulated for general functionals with quadratic growth.

LEMMA 3.2. Let Go(Y) = [, G(Y,VY)dudv be a functional with a La-
grangian G € CO(R" XRQ”) satisfying G(m p) < (1/2)|p|* for some constant
w >0, and let (B,X) € Cg(T') for some K € (0,00]. Then for any § > 0
and p € B there exists ro € (0,dist (p,0B)) depending on § and on K such
that for any r € (0,ro) there is (B, Z,) € Ck(T") with

(i) G8(Z;) < Gp(X) +34,
(ii) Zr|p, () = 0.

15
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PRrOOF: For p € B there is R € (0,dist (p, 0B)) such that
§

(3.2) Dp,p(X) < o =:6p for all pe (0,R).

Take p € (0, R) such that a representative of X (again denoted by X) is
absolutely continuous and satisfies | X| < K on 0B,(p).

Then choose H € H?(B,(p),R") such that

(i) H—X € H"3(B,(p),R"),
(i) AH =0 in B,(p).
By the maximum principle for harmonic functions we obtain

(3.3) sup |H| = sup |H|= sup |X|=:M,
By(p) 9B, (p) 9B, (p)

(hence M < K,) and, using the Dirichlet principle,
(3.4) DBp(p)(H) < DBp(p)(X) < 50.

For some constant 7 < p to be chosen later set

1 if s>n,
hy2(s) = 1+% if n? <s<n,
0 if s <n?
Then the mapping
X if —p| >
Zyp(w) = (w) : lw —pl > p,
hp(Jw = p)H(w) if w —p| <p

is of class H"?(B,R") and (B, Z,2) € C(T), since we can estimate for the
Dirichlet energy on B,(p) (writing hy, for (h,2(lw — p|)).) using Hélder’s



THE DOUGLAS PROBLEM

inequality and the Dirichlet principle
1

Dp,p(Zp) = —/ \hoH + hHy|* + |hoH + hH, | dudv
2 JB, ()
1

- ! / (12 + B2)| H? + h2(Ha|? + |Ho )] dudo
2 JB,(p)

+ / 2hH - (hyHy, + hyH,)] dudv
By(p)

1/2
[ / \VH|? dudv]
By (p)\B,2(p)

S M2DBP(P)(h772) + DBP(P) (H)

1/2
/ |Vh|? dudv
By(p)\B,2(p)

+2M

<MD, ) () + D, ) (H) + 232D, ) () /2D, ) (H)

An easy calculation shows that 2Dp () (h,2) = —2m/(logn) =: 61(n), hence
by (34),

DBp(p) (ZTIQ) < M251/2 + dp + 2M\/a\/ 20p.
Now we choose 7y so small that M?261(n) < 25 for all € (0,7), whence
(3.5) DBp(p)(ZnQ) < 64g for all n e (0,770).

Setting 7o := 13 we obtain for any r = 7> < 13 =1

98(Zr) = 9p\B,)(X) + 95,4 (Zr)

Gp(X) + 1D, (Zr)

Gp(X) 4 6udg = Gp(X) + 4,

and Z,|p,(p) = Z’72|Bn2 (») = 0 by construction. Moreover, Z,.(w) = X (w)
for |w — p| > p, which implies |Z,(w)| < K for a.e. w € B\B,(p). On the

other hand, |Z,(w)| < |H(w)| for |w — p| < p, hence by (3.3) |Z,(w)| <
supyp,(p) | X| < K. Thus (B, Z,) € Ck(T). O

IN A

Essential for our existence proof in the following section is a “pinching”-
Lemma (modeled after Courant’s corresponding result for the Dirichlet en-
ergy) that allows us to contract a part of a surface contained in a small ball
to the center of that ball without gaining too much energy.

LEMMA 3.3. Let (B,X) € Cg(T") and P € Bg(0) C R", 6 > 0, ¢¢ > 0
be given. Then there is ng € (0,min{K,1}) depending on the modulus of
continuity of F’mXSn_l’ onT, §, and on the value Fg (X), such that for
every n € (0,m9) there is a mapping ®, : R™ — R™, such that

17
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(i) @,(I') is a Jordan curve with ||®,(I") = I'||co < 6,

(ii) @, 0X € Cr(Py(I)),

(iii) @, = Idg: on R™\B,(P),

(iv) @, =P on m,

(v) F(®,0X) < F(X)+6 forall € €l0,e).
PROOF: Define
(3.6)

wr(o) == max{\F(x,z) — F(y,2)| 2,y € Bg(0),z2€ 8" |z —y| < J} ,

and choose 7y € (0, K) so small that

1 ma 3 } (5
3.7 max { — |w + , < = .
(3.7) L)+ e g FH)

Then, for n € (0,m9) and x € R", set ®,(z) := P+ hy(|x — P|)(x — P) with

1 it r>n,
(3.8) hy(r) :== < 1+ 710%0(;{;) if n”2<r<n,
0 if r<n?

Parts (iii) and (iv) follow immediately from this definition, and Part (i)
is proven in the appendix, Lemma A.2, as well as the weak monotonicity
of ®,0X on B. By [19, Thm. 2.1.11] &, 0 X € HY?*(B,R") since ®,) is
Lipschitz continuous, and @, (X (w)) € [P, X (w)] for any w € B. This implies
|®, (X (w))| < K for a.e. w € B, since both P and X (w) are contained in
Bk (0) € R™. This together with (i) proves Part (ii). It remains to show
Part (v). First notice that

(3.9) |®,0X —X|<n on B.

Then we calculate on B* := {w € B : % < | X(w) — P| <n}

1 X-P
X-r - - Xl

1 X—-P
|X — Pllogn || X — P|

[hy(1X — P, XU] ,
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which implies

(P 0 X)u = hy(|X — P)) Xy

1 [X-P X-P
logn [|X - P “"] |X - P
(3.10)

(@50 X)y = hy(|X — P|)X,

1 X-—-P X-—-P
logn || X — P| v | X — P|

on B*. Hence

1 X_P 2
2 _ 2 2
(@008 = R1X = PDXE+ sl = 2 logr] | = X
3
3
2 2 2 2 *
(®,0X)? < hn(|X—P|)XU+—|10gn|XU on B*.

Thus, we can estimate the Dirichlet energy as

Dp-(®,0X) < Dp(X)+ @DB*(X)
5
(3.11) (3;7) 1+ %)DB*(X).
On the other hand by (3.9),(3.10),
(®noX)u A (PyoX)y = hi(|X — P)XyAX,
P[NP T X
logn | X — P| | X — P|
P [X P ] XP
logn | X — P| | X — P|
For A, B, E € R" with |E| = 1, we have the estimate
((B-EYANE+ (A-E)EANB|<|ANAB|,
hence
(3.12) (y 0 X)uA(PyoX)y =hi(|X — P)XuAXy+ R

with |R| < [logn|™!| Xy A Xy
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Using the assumptions (C),(D), and (H) on the parametric integrand F
we estimate on B*

F(®,0X, (B, 0X), A (P, 0X),)

1 1
= F(®, 0 X, ~(2h2(|X — P)X, A X )
512 (@0 72(hn(! ) Xu A v)+2 R)

1 1
< SF(@oX, 2h2(1X — P Xu A Xy) + 5 F(@y 0 X,2R)

hi(|X — P|)F(®y 0 X, Xy A Xy) + F(®y0 X, R)

X, NANX mo
< R2(|X — PF(®, 0 X, 2" )| X, A Xp| + —— [ Xy A X
(H)T(D) n(’ ’) ( n ’XUAXU‘)‘ u U’ \logn!‘ u U’
X, A X XuAX
< RA(|X — P [F(I)oX,uiv —F(X, ) XA X
(B) n(’ ’) ( n ‘Xu/\Xv’) ( ’Xu/\Xv‘) ‘ u U‘
ma
R2(X —P))+ ———— | F(X, X, A X
#ix - P4 T POX A
-1 ma
< <1+m1 [wp(n)—l— ])F(X,Xu/\Xv)
h2<1,(D) |log 7|
)
< F(X, Xy AN X))+ =),
37) (X n X+ )

Integrating over B* we arrive at

Fp(X)
F(X)’

Fpe (@0 X) < Fpe(X) +06
and together with (3.7) and (3.11) this leads to

6*( )
Fou(@yoX) < Fo(X)4+0-2 2 <Fe(X)+6

for all € € [0, ], since F.(X) < Fi(X) < FR(X) for all € € [0, €. O

4 Conformal approximation of parametric func-
tionals

We consider the conformally invariant functionals

F5(X) = Fp(X) +€eDp(X) for €>0 and X € H"*(B,R").
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Recall from the previous section the definition of the class Cx (I') and define
analogously

ch(r):={(B,X)eCl(): | X| <K ae. on B}.
Set for € > 0 and K € (0, 0]

dg(T,e):= inf F5(X) and d.(T,€):= inf  F5(X).
(L) (B, X)eCk (D) B(X) k(1) (B,X)eCk (I) B0
Notice that dso(T',0) = d(T') and db(T',0) = df(T') by definition.
Considering separating sequences we define the infimum of F¢ over all
such sequences as

, . . o .
(4.1) di(Te) := (Bm,xgl)ch(r) lblgglof Fg, (Xm)
(Bm,Xm) sep.

for € € [0,00), K € (0, 00].

LEMMA 4.1. The mappings € — di (T, €), € — d}((f‘,e), and € — d} (T, €)
are nondecreasing, and

(42)  dx(I,0) = lim dic(T¢) and di(T,0) = n%d}((r,e)

for all K € (0, 00].

Proor: The functions € — dg (I, €), € — d}((F,e), and € — dj (T, €), are
nondecreasing on (0, 00), since for 0 < €; < €3 one has F (X) < F7(X) for
any (B, X) € Ck(I'), 0 < K < co. Hence the respective limits on the right-
hand side of (4.2) exist unless Ck (') = 0, or C}L((F) = (. In that case both
sides of the respective equation in (4.2) become infinite and we are done.
Since Fp(X) < Fg(X) for all € > 0, (X, B) € Cx(T), or (X, B) € Cl(I),
respectively, we have

die(I',0) < lim dc(I',¢) and i (T,0) < n%dg(r,e)

If we had dg (T",0) < lime_ 4o dg (T, €) then we could find (B, X) € Ck(T)
such that Fp(X) < lim._, 4o dg(T, €). Consequently we could choose ¢; < 1
such that also

Fg(X) < hIEOdK(F’E) <d(T',e1) < Fg(X),

which is absurd, i.e., dg (I",0) = lim.—, 1o dx (T, €). The same argument works
for dl . O
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LEMMA 4.2. Let K € (0,00] be a given number. Then the following holds:
If dg(T,0) < d}((F,O), then for €1 sufficiently small we have dg(T',€) <
di (T, €) for all 0 < € < €.

PROOF: Assuming the contrary we find a sequence ¢; — 0 with dg (T, ¢;) >
d}((F, ¢;) for all 7 € N. Going to the limit i — co we can use (4.2) to obtain

dx(T,0) > lim d (T, ;) = dje(T',0),

contradicting our assumption. O

LEMMA 4.3. The mappings K +— dg (T, €), K d}((F,e) and K — dj (T, €)
are monotonically decreasing, have respective limits as K — oo, and we have

(4.3) Jim di(T,e)=d(T,e) and lim di (T, e) = d'(T,€)
for all e > 0.

ProOOF: It suffices to show the claim for di (T, €), the result for d}((F, €)
follows by induction on the components. The function K — dg (T, €) is
decreasing and bounded from below for each € > 0. Moreover,

0 <d(T) <d(T,e) <dg(T,e) for all K € (0,00],¢ > 0.
Hence the limits
doo(€) == Khinoo di (T, e)
exist and

(4.4) d(T,e) < dso(€) < dg(T,€) forall € >0, K € (0,00].

To prove the claim we assume to the contrary that doo(€) > d(T', €) for some
€ > 0. Then we find (B, X) € C(T') such that

(4.5) doo(€) > Fp(X) > d(T,e).
For n € (0,dx(€) — F3(X)) we find § > 0 such that

(4.6) (mg + €)Dp(X) <n for all EC B with L£*(F) <4,
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since X € HY2(B,R"). Moreover, we have for K > 0
(4.7)

K*C({w e B:|X'(w)]) > K}) < / | X (w)[? dudv < || X7
{IX*(w)|=K}

Thus we may choose Ky > ||T'|| so large that the set
k= J{w e B: X (w)| = Ko}
i=1
has measure
(4.8) L%(k) < 6.
Then the truncated surface Y with the components
Yi(w) i sign (X (w)) Ko %f \Xz(w)] > Ky,
X" (w) if | X"(w)| < Ko,
is in the class C 5, (I'), and satisfies
FpY) = Fp,(Y)+FY)

B\ (X) + (m2 + €)Dx(Y)
Fp(X) + (m2 + €)Dy(X).
Thus we infer from (4.6) and (4.8) that

d urco (T's€) < Fp(Y) (4§6) Fi(X) + 1 < doo(e)

<
<

by our choice of 1, contradicting (4.4) for K := \/nKj. O

A similar argument as in the proof of Lemma 4.2 leads to

COROLLARY 4.4. Let € > 0 be arbitary. If d(T',e) < d'(T,¢), then there
exists K1 € (0,00) such that di(T',€) < d}((F,e) for all K € [K;, 0.

LEMMA 4.5. Let € > 0 and K € (0,00] be arbitrary, and supposse that
{(Bm, Xm)} C Cx(I'y,) is cohesive with

(4.9) Dp,,(Xm) <C forall m €N,

where C' does not depend on m. Then there exist B € K., X € H“?(B,R")
such that

(4.10) dic (T, €) < F(X) < liminf Fyy_(X,n).

m—0o0

23
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Recall that for k = 1 one has K} = {B1(0)}, hence all sequences {(B,, X;)} =
{(B1(0), X,,,)} € Cx(T'y,) are cohesive for k = 1.

Proor: For k£ = 1 we may assume that the X,, satisfy a three-point
condition for preassigned distinct points P; € T', i = 1,2,3. Thus by (4.9)
and a suitable version of Poincaré’s inequality and Corollary 2.2 we find
a surface X € H2(B1(0),R") N C°(0B1(0), R") with a weakly monotonic
boundary mapping X|sp, (o) : 9B1(0) — I' and with

Xy, — X in HY(By1(0),R™),
Xm0 0) — Xlop, o) in C°(0B1(0),R")
for a subsequence m,, — oo. Hence | X (w)| < K for a.e. w € B1(0), and thus,
(B1(0), X) € Ck(I'). This and the lower-semicontinuity result of Acerbi and
Fusco in [1] applied to the functional F§; imply (4.10).
For £ > 1 we may assume that B,, € lC,lg for all m € N by elementary

Mobius transformations.
We deduce from (4.9) that

(4.11) Dg,,, (Xm,) — D €[0,C] as v — o0
for a subsequence, and taking a further subsequence we may assume that

(4.12) lim Fp  (Xm,) = lminf Fg (Xp).

V—00 m—00

Thus by Lemma 2.3 we can find a unit k-circle domain B € lC,lg and a
subsequence {B;} C {B,,}, such that B — B as | — oo. Using the
reparametrized surfaces Z; € H'2(B,R") for | sufficiently large, constructed
according to Lemma 3.1, we find

(4.13) Dp(Z)) - D as | — .

A suitable version of Poincaré’s inequality yields a uniform bound on the
H'2-norm of the Z; independent of [ so that we find a surface Z € H"?(B,R")
such that (for a relabeled subsequence)

Zy — Z in H“?(B,R") as | — oo.
In addition, we can apply Corollary 2.2 to get
Zilop — Zlop in C°(OB,R") as | — oo,

where Z|gp is weakly monotonic, since the reparametrized sequence {(B, Z;)}
remains cohesive according to Part (iii) of Lemma 3.1. In addition, we have
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|Z] < K a.e. on B, since |Z;| < K for all [ € N. Consequently, Z € Cx(I),
and we may apply the lower-semicontinuity result of [1] valid for the func-
tional F5 to conclude

(4.14) dg(Tye) < Fp(Z) < lilminf Fs(Z)).
The parametric invariance of F implies

fé(Zl) = j:éml (Xml) + E(DB(Zl) — DBml (Xml)) for all [ €N,
hence by (4.11)—(4.13),

lilm inf F5(Z;) = lilm inf féml (Xo,) = liminf g (X,y),

! m—00

which proves (4.10) according to (4.14). O

LEMMA 4.6. For alle >0, 0 < K < oo one has
di(T,€) < di (T, e) < dic (T e).

Proor:  The first inequality is obvious, since dx (I, €) < Fiy (Xip) for any
member (B, X;,) of a separating sequence in Cx (I").

For the second inequality it suffices to consider the case k > 1, since for
k = 1 we have Cl.(T') = 0, whence di(T',¢) = oo for any K € (0,00] and
e > 0.

Moreover, it is enough to prove the second inequality for s = 2 com-
ponents (see the definition of C}L((I‘)), the rest follows from a simple in-
ductive argument over the number of components. Hence we may as-
sume that I' = (I'',T?), and for § > 0 we choose (B, X1) € Cx(T!) and
(Bz, X5) € Ck(T'?), with By € Ky, and By € Ky,, where ky + ko = k, and
such that

(4.15) F(X1) <dg(T'e) +6 and F (X1) < dg (T, e) + 6.

Applying Lemma 3.2 for G := F¢ we obtain new surfaces (By, Z1) € Cx (T'!),
(B3, Z3) € Ci(T'?), such that there are balls B, (p1) CC Bi, B,,(p2) CC Bo,

with Z1|p, (p) =0, Z2|B,,(p,) = 0, and such that

(4.16) %1 (Zl) < fgl (Xl) + 6 and .;E%Q(Zg) S .7:%2 (Xg) + 0.

Let B3 be the reflection of By at 0B, /2(p2), and Z3 be the reflected surface
defined on B3, i.e., Zj(w) := Zo(77}(w)) for w € 7(Bg), where T denotes
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the reflection mapping at 9B, /2(p2). By dilation and translation which are
conformal mappings we can assume that 9B,,/3(p2) = 0B, /2(p1), and we
introduce the k-circle domain B € K by

B = (Bl\Bm/Q(pl)) U B;
Now define a mapping Y € H%?(B,R") by

Zy  on Bi\By (p1),
Y:=4¢0 on By, (p1)\Bs,
Z3 on B3,

to obtain (B,Y) € Ck(I'). The conformal invariance of the functional F¢
and (4.16) imply

FpyY) = BB, (p1)Y) + FB, oz (V) + Fis (Y)
= FBnB., 1) %) T g, pon\5; (0) + Fis (Z3)
Egl(Xl) +5+0+f§2(X2) + 0

(4.16)
< d(IMe) +d(T?€) + 4.

Since Y maps the reflected image 7(0B,(p1)) onto zero for all p € (r1/2,71),
the constant sequence (B, Yn) = (B,Y) € Cx(T) is separating® by defini-
tion. Therefore

i (Ty€) < F(Y) < dg (Tt €) + dg (T2, €) + 4.

Since the partition I' = (I'!, T'?) was arbitrary we obtain d} (T, €) < d}( (T'e)
for all € > 0. O

The central result for the existence proof in the next section is

THEOREM 4.7. Let I',,,I" be Jordan systems with I',;, — ' in the Fréchet-
sense as m — 0o. Then

(i)
dg(T,e) < liminf  Fp (Xm).

(Xm,Bm)€CK (T'm)

8 As before we can take the required bi-Lipschitz transformation T}, in the definition
of separating sequences to be the identity in the plane.
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(ii)
di (T, €) = dic (T, €),

foralle > 0,0 < K < oo, and for all sequences {(Bm, Xm)} C Cx(Tp).

PrOOF: (i) We prove the claim by induction over k. In the case k =1 we
may take a sequence {(B1(0), Xy,)} C Cx(I'),) with

lim Fp(X,,) = liminf F5(X,,) < oo,
m—0o0 m—0o0

(if the right-hand side is infinite there is nothing to prove). This implies for

e>0

(4.17) Dp(Xm) < c(e) for all m €N,

where c(e) is a constant depending on e. Now (i) follows from Lemma 4.5.
For the induction step k — 1 — k we consider a sequence {(By,, X;n)} C
Ck (Fm) with
lim Fg (Xy,) = liminf Fp (X,)

m—00 m—00

and we may apply elementary Mobius transformations to get B,, € IC,}; for
all m € N.

We distinguish two cases:

Case A. Assume {(B,,, X;n)} C Ck(I'y,) is separating. Then (since
| Xm| < K ae. on B,,) there are points Q,, € Bg(0) C R", domains
D,,, € K, containing closed Jordan curves ¢,, C D,,, not homotopic to zero
in D,, and bounding a Lipschitz domain in R?, bi-Lipschitz mappings T}, :
B,, — D,,, and constants Nm — 0 as m — oo, such that a representative
Zy of Xy 0T 1 restricted to ¢, is absolutely continuous and coincides with

the boundary trace on c¢,,, and satisfies

HZm - QmHOO,cm < 7772n-

Taking subsequences we may assume that @, — @ € Bk (0) and adjusting
the constants 7, > 0 we get

(4.18) 1Zm = Qlloc,cn < M-

Let 9; — 0 be a given sequence of numbers. Then, according to Lemma
3.3 we find for fixed ¢ > 0 and for each i € N some number 7n9; > 0, and
(taking a subsequence of the 7, above and relabeling) 7; < 19 ;, mappings
®,, : R" — R", such that

27
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(i) @y,(I) is a Jordan curve with
[[®n; (i) = Tillco < 65,

Dy, 0 Zi € Cx(Py, (T0)),
n = Idgs on R™\B, (Q),

=Q on B (Q).

(i)
iii) @
v) @
) F Z;) < Fg (Xi) + 6.

V i 0]

In particular, we have ®,, 0 Z;|., = Q for all i € N. We define new surfaces’
V' e HY?(E},R"), Y? € HY?(E2,R"), by

i -

Vi {@m oZior~t on 7(D!)C E,

Q elsewhere on E},
and
V2. ®,.07; on 7(D?) C EZ
! Q elsewhere on EZ-Q,
where

D} :=int (¢;) N D;, D?:= D;\D},
E! .= int (1(¢;)) UT(D}), E?:= int(¢;) U DZ,

where 7 : R?2 — R? denotes the reflection at an arbitrary circle contained in
the set int (¢;) N D;.

One can check that E1 and E2 are of lower topological type, and that
(BELYY) € Cr(®:(T))), and (Ef,Yf) € Cx (®;(T?)), with T}UI'? =T for all
i € N, by property (i),(ii) of the ®,,. In addition, by property (i), we get
®,.(I'}) — T}, and ®,,(T?) — I'?, as i — oo, where [''UI'> = T". Moreover,
we have by construction

(4.19) o (V) + Fa (V) = Fp,(Py, 0 Zi).
Using the induction hypothesis

dr(I',e) < hmlanEl( D) and di(I%€) < hmlanEQ(Yz)

1— 00 1— 00

9y;! and Y;? are in fact in the right Sobolev class since they are constructed from H'2-
surfaces with matching boundary traces by the assumptions on the values on the curves
C;.
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we obtain by Lemma 4.6, (4.19) and the definition of d}((F, €)

dg(Tye) < di(T,e)
L.4.6
< dg(The) +di(T?e)
(4.20) < liminf Fp (@, 0 Z;)
(4.19) 100
< liminf Fg (X)),

m—00

—~
<
~

which proves (i) in this case.

Case B. Now we assume that {(X,,,Bn)} C Ckx(I'),) is cohesive. If
liminf,, .o Fg (Xpm) is infinite, there is nothing to prove for Part (i). If,
on the other hand, there is a constant ¢ such that

liminf Fg (Xy,) < C,

m—00

then we find (for fixed €) another constant c(e) such that
Dpg,, (Xm) < c(e) for all m e N,

which allows us to apply Lemma 4.5 to prove (i) in Case B as well.

(ii) If dj(T',€) is infinite, (which is the case, e.g., for k£ = 1) then so is
d}((F, €) by Lemma 4.6, and there is nothing to prove. If dj. (I, €) is finite,
then we choose for arbitrary 6 > 0 a separating sequence {(B,, Xm)} C
Cx (Fm) with

n}i_r)noo Fp, (Xm) < di (T, e) +0.

Now we apply the construction of Case A above to this sequence to arrive
at (4.20), i.e.,
dg(T,e) < di(T,e) < lim Fg (X)) < d*(T,¢) + 6,

m—00

and let 6 — 0. This together with Lemma 4.6 finishes the proof of (ii). O

5 Existence proof

LEMMA 5.1. There exist ¢ > 0 and K1 > 0 such that for each € € (0, €],
K € [Ky,00) there is a domain BS € K}, and (BS, X$) € Cx (') with

(5.1) Figo(X5e) = dic(T ).
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Moreover,
(5.2) (X)ul? = [(X5)o? and (X&)u - (X5%)» =0 a.e. on Bg.

PrOOF: For arbitrary e > 0 we take a minimal sequence {(By,, Xm)} C
CK(F) with

(5.3) lim F5 (Xm) = di (T, €).

m—0o0
Since C}((F) # () for K sufficiently large, and since dg (T',€) < d}((F,e)
by Lemma 4.6, the right-hand side is finite, and we find a constant c(e)
independent of m such that

Dpg,,(Xm) < c(e) for all m € N.

If {(Bm,Xn)} is cohesive (which is automatically the case for kK = 1) then
we can apply Lemma 4.5 for fixed € > 0 to obtain a pair (Bf, X§;) € Cx(I')
satisfying (4.10) and hence (5.1) by (5.3).

We claim that, for e sufficiently small and K sufficiently large, there
is no separating minimal sequence for F¢ in Cx(T"). Indeed, the Douglas
condition (1.4) implies by Lemma 4.2 for K := oo, that there exists ¢ > 0
such that

(5.4) d(T,e) < d(T, ) for all €€ (0,e].
This in turn yields by Corollary 4.4 that there is K € (0,00) such that
(5.5) dg (T,e) < di (T,e) forall K > Ky, e € (0,¢].
Consequently, any minimal sequence {(By,, X;,)} C Cx(I") with
(5.6) lim 7§ (Xm) = dg(T,¢)

m—o0

must be cohesive for € € (0,¢;], K € [K1,00), since otherwise by (5.5) and
Theorem 4.7, Part (ii) we would have

d (T i (T = di(T
K( 56) (5<5) K( 56) Thm.4.7(ii) K( 56)
< liminf Fj (X,,) = lim Fj (Xin) oo dg(T,e),
m— 00 m—o0 5.6

which is absurd.
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Finally we have to show the conformality relations (5.2). The minimality
(5.1) implies in particular,

(5.7) e (Xig) < Fpe (V)
for all Y € HY2(B%,R") with (B%,Y) € Cx(T). As in [8, p.254] we obtain
0F“(X§,n) = 0 for the inner variation of .7-"]%;( at X, in the direction of

an arbitrary vectorfield n € Cl(g, R?). Since F is parameter invariant, we
have OF (X¢,n) = 0, and thus D(X§,n) = 0 for any'® € C1(BS.,R?),
which implies (5.2), see [4, Vol. I, p. 246]. O

LEMMA 5.2. Assume T' satisfies a chord-arc condition. Then there is a
constant x = x(T') depending on T' but independent of ¢ and K, such that
X € C%(B%,R™) for some a € (0,1/2] independent of € € (0,€1] and
K € [K;,00), with

(5.8) HXE(HCO’Q(an) < x forall e (0,e1], K € [K1,00).
In particular, X5, € Cy(T) for all € € (0,€1], K € [K1,00).

PrROOF: By assumption (D) on the parametric integrand F' and by (5.1)
and (5.2) we obtain

(m1 + €)Dpe (X ) m1Ape (Xk) + €Dpe (Xk)

(5.2)

< T (X)) < Fpe (2)
(D) (5.1)

(%) mQ.AB;{ (Z) + EDB% (Z)

< (m2 + G)DB;((Z)
for any (B%,Z) € Ck(T') and for every € € (0,¢;], K € [K;,00). Since
(ma + €)(m1 + €)= < mg/my for any € > 0, we arrive at

(5.9) Dp: (X)) < 2Dy (Z) for all (B, Z) € Cx(T).
mi

We can now use comparison arguments as in [8, pp. 261-263] by replacing
X, locally by harmonic vectors (without leaving the class Cx (I") due to the
maximum principle) to finish the proof. O

1075 avoid Riemann’s mapping theorem for multiply connected domains one can restrict
the inner variations to a special class of vector fields (but still sufficiently large to obtain
conformality), as done in [3, pp. 169-178], [14, Ch. 3]. These vector fields generate
diffeomorphisms mapping B¢, onto a k-circle domain.
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LEMMA 5.3. For all ¢ € (0,¢1] there is a domain B¢ € K} and a pair
(B¢, X¢) e C(TI') with

(5.10) Fpe(X) =d(T,e)
Moreover,
(5.11) X2 =|XE2 and XS-XS=0 ae. on B-

Proor: By Lemma 4.3 we know that
(5.12) Fpe (Xk) =dr(I',e) — d(I',€) as K — oo.

The right-hand side is bounded by Lemma 4.6 for K := oo and the fact that
CT(T') # . Thus there is a constant C independent of K € [Kj,00) such
that for fixed € € (0, €]

pe (Xi) < C forall K € [Ky,00).
This yields a constant C(e) depending on e but not on K, such that
(5.13) Dpe (Xk) < C(e) forall K € [Kq,00).

If {(B§, X5 )} C C(I') is cohesive (which is always true for £ = 1) then we
may use Lemma 4.5 (with K := oo there) to obtain a pair (B¢, X¢) € C(I)
with (4.10) for K = oo, and thus by (5.12) the desired identity (5.10).

For k > 1 we claim that the sequence {(BY%, X% )} is cohesive. In fact,
we infer from (5.8) in Lemma 5.2 that

(5.14) (Bi, X ) € Cy (') for all K € [K;,00),€ € (0,€1].
If {(B%, X4 )} were separating we would obtain from (5.12)

. * <l i 65 3 - .
(5.15) dy(Lye) < l}?l_)lglofFBK (X%) 612 d(T,€)

This together with (5.4), Lemma 4.3, and Part (i) of Theorem 4.7 leads to

d* (T < d(T df(r < di(r = d5(T,e).
X( 76) (515) ( 76) (5<4) ( 76) L3 X( 76) Thm.4.7 X( 76)

This is a contradiction and proves that {(Bf, X5 )} is cohesive.
The conformality relations (5.11) follow by taking inner variations of F§.
at X¢ as in the proof of (5.2) in Lemma 5.1. O
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PROOF OF THEOREM 1.1: By assumption (D), the conformality rela-
tions (5.11), and the minimality (5.10) we deduce for the (B¢, X¢) € C(I)
obtained in Lemma 5.3

(mq 4 €)Dpe(X°) (5:11) m1Ape(X€) + €Dpe(X°)

(5.16) < Fp(X©) < Fpe(2)

(D) (5.10)

< (m2 + E)DBe (Z)
for any (B¢, Z) € C(T') and every e € (0,¢1]. Since (mg + €)(my +¢)~! <
ma/my for any € > 0, we arrive at

(5.17) Dpe(X) < 22Dpe(Z) for all (BS,Z) e C(T).

my
Using the fact F.(X€¢) = d(I',€) and Lemma 4.6, we can replace (5.16) by

(m1+€)Dpe(X) < d(Ie) < di(Te)
L.4.6
< FoY) < (ma+€)Da(Y)
for any (€,Y) € Cf(T), and thus,

(5.18) Dpe(X) < 22Do(Y) for all (Q,Y) € CH(D).
mi

In particular, if T' = (I''... ,T*), we may take (,Y) € C/(I') to be the
collection of %k disk-type minimal surfaces Y; spanned in IV, j=1,... k,

defined on i
Q.= U Bj,
j=1
where the disks B; € K1, [ =1,... ,k, are disjoint. More precisely,

Yl on Bl,
Yi=4¢:
Yk on Bk,
where Y; € HY?(B;,R") is a minimal surface such that (B;,Y;) € C(IY),
j =1,... k. By the classical isoperimetric inequality for minimal surfaces
(see e.g., [4, Vol. I, Ch. 6.3]) we infer from (5.18)
k

mo

(5.19) Dp(X) < L3(TY) =: ¢(T,m1,my) for all €€ (0,¢],
1

4mmy 4
]:

33
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where L(I'7) denotes the length of the j-th component IV of I'. The right-
hand side does not depend on € € (0, €], so there is a sequence €; — 0 such
that

(5.20) Dpei (X9) — D € [0,¢(T, my, ma)].

As in the proofs of Lemma 5.1 and 5.3 we have to show that (for k£ > 1) the
sequence {(B%,X%)} C C(I') is cohesive, since then we may apply Lemma
4.5 (for K := 0o and € := 0) to obtain (B, X) € C(T") such that

d(T) = d(T,0) < Fp(X) < liminf F9(X%) = d(T),

J—00

which proves (1.5).

We claim that {(B%, X% )} is cohesive. Indeed, otherwise we could infer
from the Douglas condition, the estimate (5.8), (5.20), (5.10), Part (ii) of
Theorem 4.7, and from the Lemmas 4.1 and 4.3 the following:

i _ gt — T T
ar) < A =diro) 5 tin di(r,0)

_ . . t ' < . t '
L41 f}gwlggo A (T 65) L43 Jlggo 4 (T, €)
Thm.4.7(ii) ]EEO (T 65)

< lim liminf ., (X)

(5_8) j—00 m—oo

= lim |liminf Fgen (X)) +¢; lim Dpem (Xﬁm)]

j—>OO L m—oo m—0o0
= lim | liminf Fgem (X™) + ejD}
(5200  j—oo L m—oo
< lim |liminf g2 (X") +¢; D}
j—oo L m—oo
= lim |liminfd(T,€,,) + ejD]
(5.10) j—oo L m—oo
= lim [d()+ D] =d(T
g AT+ (),

which is absurd.

To prove (1.6) we argue as follows. By (5.10) and (1.5) and the fact
that both (B%,X%) and (B, X) are contained in the class C(I') (where
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B = B% = B;(0) for all j € N in the case k = 1), we obtain for all ¢; >0

Fpei(X9) +€;Dpe; (X9) = Fpe, (X9)
< F(X) = Fp(X) +¢Dp(X)
(5.10)
< F(X9) +¢Dp(X).
(15)
This implies
(5.21) Dpe; (X9) < Dp(X) for all € > 0.

Recall from the proof of Lemma 4.5 (applied to {(B%,X%)} for K = o0,
and € := 0) that there are reparametrizations Z; € H"?(B,R") of X% such
that by (5.20)

(5.22) Dp(Z;) — D,

(5.23) Z;— X in HY*(B,R"), as j— o0

This together with the weak lower semicontinuity of Dp(-) in H'?(B,R")
leads to

limsupDPp(Z;) = D = lim Dy (X9) < Dp(X) <liminf Dgr(Z;).
oo B () P (s S P )(531> 5(X) < lim i D(%)
Thus,
(5.24) lim Dp(Z;) = Dp(X) = D,

Jj—00

and (5.23) then implies the strong convergence
(5.25) Z; — X in HY?(B,R") as j — cc.
Since the area functional A is parameter invariant and by (5.11) we have

Ap(Zj) = Ape; (X9) 5 Dpe; (X9),

which implies by (5.24),(5.20) and (5.25),

(526) Dp(X) (5.24)  (5.20) joo B i (X9) fae 5(Z;) (5.25) 5(X)
This proves (1.6) and finishes the proof of Theorem 1.1. O

The PROOF OF THEOREM 1.2 follows directly from (5.19) and (5.26).

35
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A Auxiliary facts about Jordan systems

Let T',,, and I" be Jordan systems in R".

LeEmMA A.1. If Ty, — I in the Fréchet-sense, then for any ¢ > 0 there
is A = Ae) and my = my(e) such that for all Q7*, Q5 € Iy, and for all
Q1,Q2 €T with 0 < |QT" — Q5| < A, 0 < |Q1 — Q2| < A,

diam (A(Q1,Q2)) < €/2 and diam (A(QT', Q%)) < €/2 for all m > my,

where A(QT',Q5') and AN(Q1,Q2) denote the shorter arcs on I'y, and T,
connecting Q7' and Q3', and Q1 and Q2, respectively.

PrOOF: We prove the statement for I first. Assume for contradiction that
there is a sequence of points Q} # Q% on I' with |Q} — Q4| — 0 such that
diam (A(QY, Q%)) > € for some € > 0. Then

A(QT,Q3) NIB(QY) # 0 and
(A.27)
(MA(QT, Q3)) NOB(QY) # 0,

and we find points R, € A(QY,QY) NOB(QY), and S, € (I\A(QY, Q%)) N
0B(QY). Since I' is a Jordan system, we can assume (taking v sufficiently
large) that R, and S, belong to the same component IV of I', and we can pick
an injective continuous arc length parametrization v : [0, L] — I'V ¢ R" with

QY =(sY), Q5 = v(s4), Ry = ~v(0v), and S, = v(1,), where o, € (s, s%)
and 7, € [0, L]\(sY, s§). Assume without loss of generality that

(A.28) V((s1,52)) = AQ1, Q2), Le. |s] — s3] > €/2.

Taking subsequences we get sf — s1, s§ — s2, 0, — 0 € [s1,52], and
T, — T € [0, L] — (s1, s2) as v — oo. Note that |s; — s2| < L, since otherwise

diam (y(sY, s5)) — diam (y(s1, s2)) = diam (y(0, L)) = diam (I')
contradicting (A.28) for v sufficiently large. Consequently, by
(s1) = lim @7 = lim Q3 = 7(s2),

we have s; = sg since v is injective, contradicting (A.28) again.
For the corresponding result on I', let € > 0 be given and take n = n(e)
be such that

diam (A(Q1,Q2)) < €/4 for all |Q1 — Q2| <.
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Choose v so large that for all v > 1
IT, = Tlleo < minn/4,¢/3}.

Then |QY — Q4| < n/2 implies |Q1 — Q2| < n for Q; :=lim, ., QY, i =1,2.
Hence we obtain diam (A(Q1,Q2)) < €/4, and this implies

diam (A(Q7,Q5)) < /4 +2|T'), —T'||co < €/2.

LEMMA A.2. Let T' C R™ be a Jordan system, and P € R™. Then for every
d > 0 there is ny = no(I', ) such that for all n € (0,10), () is a Jordan
curve with ||®, (") = T'||co < &, where &, : R™ — R" is defined as in Lemma
3.3. In addition, ®, 0 X : 0B — R" is continuous and weakly monotonic
for any weakly monotonic mapping X € C°(0B,R™).

PrOOF: Choose 19 € (0,9) so small that at most one component IV of
the Jordan system I' = (I'" ... ,T'*) has nonempty intersection with the ball
By, (P), and such that the set IV N B (P) is connected. One can check that

@, restricted to the set R™\B,2(P) is a homeomorphism onto R™\{P}.

Hence @, (I'\I'Y) is a Jordan system consisting of ¥ — 1 components and
the part ® o (I N (R™\B,2(P)) is a Jordan arc. Let v, : S' — R" be the
injective arc length parametrization of IV. Since I' is a Jordan system we
know that the set

J:={se S :vy(s) € B,2(P)}

is a closed arc on S*, with ®, oI'(J) = P. We can cut out the open interior.J
and identify the endpoints of J to obtain a new circle denoted by S* with

perimeter 27 — |J|. Thus we obtain a homeomorphism ® o~; : S*\j — R7,
which can be rescaled by 27/(27r — |J|) in the domain, to yield a closed
Jordan curve I', which can be identified with @, (I'/). This proves the first
assertion.

For the second claim we only need to consider the component I'V of T,
since ®,, is the identity map on R™\B,(P) by definition. For z € TV we
obtain by definition of &,

0 for = € B,2(P),

@, (x) — 2] = { R

<n for x € R"\B,2(P),



38

M. KURZKE, H. VON DER MOSEL

see (3.8).

The last claim follows from the fact that ®, is a homeomorphism of

R™\B,2(P) onto R"\{P}. The composition of a weakly monotonic mapping
with a homeomorphism remains weakly monotonic, and the composition of
a weakly monotonic mapping with the constant map is also weakly mono-
tonic by definition. a
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