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ABSTRACT. Let © be a bounded domain in IR?, let H be a 2 x 2 matrix with det (H) = 1. Let ¢ > 0 and
consider the functional Ic (u) := g, dist (Du (2), S0 (2) U SO (2) H) 4 €|D?u (2)| dL?z over the class Bp of
Lipschitz functions from 2 satisfying affine boundary condition F. It can be shown by convex integration
that there exists F' ¢ SO (2) U SO (2) H and u € Bp with Iy (u) = 0. In this paper we begin the study of the
asymptotics of me := infBFﬁwz,l I¢ for such F. This is the simplest minimisation problem involving surface
energy in which we can hope to see the effects of convex integration solutions. The only known lower bounds
"25 = oo. In this paper we link the behavior of m. to the minimum of Iy over a suitable class
of piecewise affine functions. Let {7;} be a triangulation of Q by triangles of diameter less than h and let A;ﬂ
denote the class of continuous functions that are piecewise affine on a triangulation {7;}. For function u € Ap
let w € A}I@ be the interpolant, i.e. the function we obtain by defining @ ,, to be the affine interpolation of u

on the corners of 7;. We show that if for some small 3 > 0 there exists u € Bp N C2 N Bilip with

are liminfe_.g

I (u) < b
€
then for h =~ ¢VB the interpolant o € A;ﬂ satisfies Ip (@) < pl—eVB,
1
Note that it is conjectured that inerA% Iy (v) &= h3 and it is trivial that inerA% Iy (v) > coh so we reduce

the problem of non-trivial lower bounds on infz _~c2ngiip If to the problem of non-trivial lower bounds on
inerAh Ip. This latter point will be addressed in a forthcoming paper.
F
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1. INTRODUCTION

In the 1980’s from the work of Ball, James [1], [2] and Chipot, Kinderlehrer [5] a now well known model
for solid-solid phase transformations arose. In the model, microstructures observed in phase mixtures where
explained in terms of energy minimisation of deformations of the material.

Let u : © — IR? be a deformation of the material which occupies a reference configuration €, the total free
energy of this deformation is given by

I(u)= /qu(Du (z),0)dL3x (1)

where ¢ (., 0) is the free energy per unit volume in Q at temperature §. We fix 6 and we normalize ¢ such that
infrp ¢ (F,0) =0.

Formation of microstructure was shown to be closely related to the behavior of minimising sequences of I.
Many features of minimising sequences can be understood from the set {F' : ¢ (F') = 0}. This set is known as
the energy wells of the functional I.

Certain natural assumptions on the behavior of ¢, in particular frame indifference, imply that K has to be
of the form

K={SO@3)A;:i=1,2,...n} (2)
where the A; are symmetry related and depend on the action of the phase transition.

Given F € M™*™ let Br denote the set of functions u : Q — IR" satisfying u (z) = F () for all x € 9Q. The
set of F for which inf,ep, I = 0 turns out to agree with the quasiconvex hull K9 (see [22] for the relevant
notions). For any F' € int (K9€) it is possible to lower the energy of functional I with a relatively simple
function u € Bp that is built up from a simple (finite) layering of regions on which Du is made to be affine,
these functions are known as laminates .

Mathematically speaking, the first real surprise in this theory is the existence of exact minimisers of func-
tional I. Formally; given F' € K9¢ there exists a function u € Bp such that

Du (z) € K for a.e. x € Q. (3)

Even though functional T is not quasiconvex (by the very existence of such exact solutions) and therefor not
lower semicontinuous with respect to weak convergence, absolute minimizers exist and can be constructed.

Following the work of Dacorogna and Marcellini [8], Miiller and Sverdk [18], and later by Sychev [24] and
Kirchheim [10] there now exist a wide variety of methods to prove the existence of such solutions.

The approach of Miiller, Sverdk was to apply the theory of convex integration developed by Gromov [12];
convex integration is a far reaching generalisation of the methods developed by Nash and Kuiper in their work
on isometric embeddings.

Dacorogna and Marcellini used Baire category methods that were introduced by Cellina [3] and developed
by DeBlasi and Pianigiani in the context of Cauchy problems for ordinary differential inclusions.

The method of Miiller, Sverék is in some sense more constructive in that the functions u satisfying (3) are
the limit in the W! norm of a sequence of explicitly constructed functions. These functions are, roughly
speaking, “laminate like” in nature. Surprisingly, strong convergence in W' norm is achieved by making the
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functions oscillate faster and faster. The limiting function is a wild object. In fact it has been proved that
solutions to (3) must be such that Du ¢ BV (Q), see [7].

So exact minimisers of functional I are only possible due to the fact that I takes no account of the ”cost”
of oscillations. This is physically unrealistic. Since oscillations in minimisers occur when the derivative of the
function jumps from one well, say SO (3) A;, to another well SO (3) 4;, the "amount” of oscillation is related
to the total "surface area” of the regions in which the derivative of the minimizer lies in specific wells, this is
referred to as the surface energy . The bulk energy is the fQ ¢ (-) dL*x part of the functional.

Functional I was designed to model situations for which the surface energy is small. From the mathematical
perspective the simplest adaption of the functional that takes account of surface energy is:

I (u) = / ¢ (Du(x)) +e |D2u (:L')‘ dL*z 4)
Q
This functional is minimised over functions u € W21 (Q) N Bp.

1.1. The question: The effect of Surface Energy on Microstructure. The question of interest is
whether the unexpected existence of exact solutions to inclusion (3) having affine boundary condition has any
effect on the scaling of infy2.153, Ic as € — 0. In some sense this could be expected, in words; as € — 0 surface
energy becomes arbitrarily cheap, we can concern ourselves less and less with oscillations and just concentrate
on minimizing the bulk part of the functional. It may there for be reasonable to expect that minimisers for
sufficiently small e are something like slightly smoothed out solutions of (3).

This question is important because convex integration solutions are important. Recently, long standing
questions as to the regularity of systems of elliptic and parabolic equations have received surprising counter
examples via convex integration methods, [20], [21]. Specifically it has been proved there exist nowhere C*
solutions to the FEuler Lagrange equations of a strictly quasiconvex functional. This is in contrast to the
well known result of Evans [9] that minimisers of strictly quasiconvex functions are C1'® on a dense open,
full measure subset of Q. In [21] a parabolic system that starts from smooth initial data and evolves into a
function that is nowhere C! is exhibited.

Let K = SO (2)USO (2) H, F € intK9. The differential inclusion

Due K a.e. (5)
for function u € B is the simplest convex integration result. And the minimisation problem

Ie (u) (6)

inf
uEBRpNW?2:1

is the simplest “physical” situation where we could hope to see the effects of convex integration. The question
of asymptotics of infz,. % is a simple case of the more fundamental question; how much do convex integration
solutions oscillate?

The only known lower bounds on (6) are inf,ep,
Miiller [7].

As a consequence of Sverdk’s characterization of the wells K, [23] (namely that the quasiconvex hull is in
the second laminate convex hull) it is easy to see

Ie(u)

— oo which follows from the result of Dolzmann,

inf
ueEBRNW21 €

If convex integration type solutions start having an effect on our functional for sufficiently small € then we
can expect to be able to "beat” the scaling ce 3. Conversely if it could be shown that inf 4, 2.1 I? >cde s
this would say that convex integration solutions do not affect functional I..

Note that the only method by which non-trivial lower bounds on surface energy have previously been
obtained for simplified (finite well) versions of functional I. is to use the smallness of the bulk energy of
function u to show that u must lie close to the affine boundary condition. Since the affine boundary condition
is a non-trivial laminate convex combination of matrices in the wells, the only way u can remain close the
affine boundary is if the derivative of u, going up through region €2, jumps continuously from one well to

another. In this way lower bounds on surface energy can be easily harvested [17],[13].
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In our case, by the very existence of convex integration solutions, functions even with zero bulk energy need
not behave anything like the affine boundary. Hence it is necessary to somehow use the smallness of surface
and bulk energies in combination to control the function.

The main contribution of this paper is to reduce the problem of (non-trivial) lower bounds for I? to the
problem of (non-trivial) lower bounds for the finite element approximation of I. In the follow up to this
paper [14] we will establish such bounds. Before stating our results we need to introduce the notation and

background to explain the scaling of the finite element approximations of I.

2. BACKGROUND AND NOTATION

We let H denote a diagonal matrix of the form

c 0
- 2

for some & € (0,1). Let 0 = min {&, 10000_1} and we assume throughout that o is radically smaller than any
small constant that might appear in the proof.

Let P (a, ¢1, P2, r) denote the parallelogram centered on a of side length equal to r with sides parallel to
¢1 and ¢o. We will refer to this as a skewcube .

We let § (a,v1,v2) denote the parallelogram centered on a with one side parallel to v of length |v1| and
the other side parallel to vy of length |va|.

We will often be required to consider ODEs of the form

X

— (to) = D¥ (X (to))

dt

where ¥ is some C? scalar function. Informally when we use the expression “run X forward in time until
it hits .. “ we consider the set {X (¢) : ¢ > 0} and we find the smallest t; > 0 such that X (¢;) reaches the

boundary of some set. The expression “run X backward in time until it hits .. “ is defined similarly.
Let

X (0)=x¢ and

1
D (o) := {M € M?*? : sup |Mv| < — and ing|M’u| > 02}.
veSs g ve

and we let
Ap (Q) = {u e C*(int (Q)) : u(z) = F (z) for z € 9Q and Du (z) € D (o) for any z € int (Q)} .

We will be considering minimisers of functional I. over this function class. As we will be dealing with the
case det (H) = 1 a solution to the differential inclusion (5) is given by method of Miiller and Sverdk ([19]).
Their method yields easily the existence of a sequence uy € Ap () such that up — u in Wh (Q) for some
Lipschitz function u that solves (5).

In this paper we will have to deal with many constants, all of them in one way or the other dependent on
the eigenvalues of H. We adopt the following convention; constants that carry through the whole proof from
lemma to lemma will be denoted ¢y, ¢o,.... Inside each lemma the “local” constant will be denoted ¢y, co,. ...
In each lemma “we start the clock back” and begin by numbering our local constants from ¢;. We also make
the convention that ¢; <cx <es3....

2.1. Finite Element Approximations. As is standard in finite element approximations, we will say a
triangulation (denoted A.) of 2 of size € is a collection of pairwise disjoint triangles {7;} all of diameter e such

that
QC U Ti-
Ti €N

Given a function u, we can approximate u uniformly by a function 4 that is piecewise affine on the triangles
of A¢ by letting |, be the affine map we obtain from interpolating u on the corners of 7;. We will call u
the F.E. approzimation of u. When we replace the function class of a minimisation problem with respect to
functional J, with a the class of F.E. approximations to the functions in the function class, this is known as
the finite element approximation to J.
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Finite element approximations of functionals such as I have received much interest, for example see [15],[17],
[4]. In this paper our interest in these approximations comes mainly from the fact that they provide a conve-
nient intermediary step for the study of surface energy problems: Given a triangulation for which the edges
of the triangles are not parallel to the rank-1 connections of the wells K, every time the F.E. approximation
to a function jumps from one well to another, there must be at least one triangle which is nowhere near the
wells. More informally; if for example we have an F.E. approximation to a laminate, every triangle that cuts
through an interface between the regions where the derivative of the laminate takes different wells will be such
that the affine map we get from interpolating the laminate on the corners of the triangle will have its linear
part some distance from the wells.

In this way, F.E. approximations reflect a competition between “surface energy” as given by the error con-
tributed from jumps in the derivative, and bulk energy which in the case of “laminate like” F.E. approximations
is basically the width of the interpolation layer.

F.E. approximations of a three well functional I of the form I, over a function class having affine boundary
condition in the second laminate convex hull of the wells have been studied by Chipot [4] and the author
[13]. If A;, denotes a triangulation of size h and A% denotes the set of functions that are piecewise affine on
Ay, satisfying the affine boundary condition F. Chipot showed inf,, ¢ Al I (u) < Ch3 and the lower bound of

inf,cqn I (u) > ch3 was provided by the author. From Sverak’s characterization [23] we even know the exact
arrangement of rank-1 connections between the wells SO (2) U SO (2) H and a matrix in the interior of the
quasiconvex hull. The finite well functional studied in [13] precisely mimics these rank-1 connections. We feel
confident in conjecturing:

Conjecture 1. Let K := SO (2)USO(2)H, H = (g 091 ). Let Ay, be a triangulation of Q of size h with the
edges of the triangles not in the set of rank-1 direction of K.

Let A% denote the set of function with affine boundary condition F that are piecewise affine on the trian-
gulation Ay. Let d (-, B) denote the Euclidean distance away from set B. Let I (u) := [, d(Du(z),K)dL*z
then we have

inf I(u)>ch®
ueA’}

Ie (u)

The contribution of this paper that is most recognizably relevant to the asymptotics of inf,c 4, is to
I (u)

€

reduce the proof of lower bounds of the form inf,c 4, > e # (for sufficiently small 3) to lower bounds of

the form inf, ¢ 4n I (v) > hi=eVB for h ~ eVP.

3. STATEMENT OF RESULTS

Theorem 1. Given region Q and triangulation /. with triangulation size €. Let my > 2048. Let v € Ap (Q).
If we have for some small €

/ d(Dv(z),S0(2)USO (2) H)dL?z < e™
Q

and

/ |D21) (ac)‘ dL?z < ¢~ o
Q
then the F.E. approximation v. of v on A, satisfies
- 18192
I(0e) <ce ™.
This Theorem is basically a consequence of the following Theorem.

Theorem 2. Given region Q and triangulation A\, with triangulation size €. Let mg > 2048. Let v € Ap (Q)
and let skewcube S := P (a, ¢1, $2, c€) be such that N < (S) C Q. If for some small k > 0 we have

/ d(Dv(2),50 (2)USO (2) H) dLPw < x"5"+5¢
S

then either
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D?v (z)| dL?z > CoRE
S

e or given triangle 7, € A, containing a, if L; denotes the linear part of the affine map obtain from
interpolating v on the corners of 7; then

mq

d(L;, SO (2) U SO (2) H) < k701

Theorem 1 has as an easy corollary

Corrolary 1. Given region Q and triangulation A, with triangulation size h. Let mq > 2048. If v € Ap (Q)

is such that I soss
A (’U) < 677’%
.=
m? —2048
then for h:==¢€¢ ™ , the F.E. approzimation T, of v on Ay satisfies

8192

I (o) <h'™ o,
The bulk of this paper will be devoted to proving Theorem 2.
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suggestions that facilitated my entry into this subject. Thanks to Bob Jerrard for many suggestions, expla-
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the support of an EPDI fellowship, mostly during the author’s stay at the MPI in Leipzig and completed
during the winter at the Mathematics Department of the University of Jyaskyla, the hospitality of both these
institutes is gratefully acknowledged.
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4. PLAN OF PROOF

The proof is long, but essentially made up of only four basic ideas. We explain them in chronological order
(which is not the order they appear in the proof) because this still seems the best way to explain how the
proof builds up.

4.1. The pull back idea. To begin with note that there are two linearly independent vectors ¢; and ¢5 such
that |[He¢;| = 1 for ¢ = 1,2. See for example Fig. 14. Every unit vector between ¢; and ¢o (denoted by Es)
will be mapped by H to a vector of size strictly less than 1. Similarly every vector between —¢; and —¢o
(denoted by =1) will by shrunk by H. For this reason Z; U Eg will be called the shrink directions.

Now the most basic example of a function satisfying the affine boundary condition that minimizes bulk
energy is a laminate . In the reference configuration this can be seen as a function defined on a collection of
strips running parallel to either ¢; or ¢, for which the derivative of the laminate alternates from one strip
to the next from being in SO (2) to being in SO (2) H. For simplicity, let us suppose for the time being the
strips are parallel to ¢; and let us denote the laminate by u. Now if all our strips are of width w, by Fubini
and the fact that det (H) =1 and |H¢1| = 1 we know that the images of our strips under the action of u will
be to send them to strips of width w, as shown Fig. 1.

FIGURE 1

Now if we want a path that travels through the strips in the image in the quickest way possible (i.e. a
path that goes from one strip to the next with the minimum length possible) then clearly such a path would
traverse at right angles to the strips in the image, as shown in Fig. 1. Let P denote this path. Now we consider
the pull back of P in the image. Let ¢ (2) denote the tangent to the path «~! (P) at point z, so we have the
following formula: H! (P) = fu,l(P) |Du (z)t (z)| dH'z. Let Q denote a subsegment of the path that is given
by the path intersected with one strip in the image (denoted S, see Fig. 1) for which Du|,-1(g) € SO (2). Now
H'(Q) = w and as v~ (Q) connects the edges of u=* (5), so H' (u™!(Q)) > w. Since Du|,-1(5) € SO (2)
we have

w= H(Q) = / Du(2)t (o) dH'e = H' (1™ (Q)).
u= Q)

Thus u~! (Q) must be a straight line going through S perpendicular to ¢;. Now let R denote the subsegment
of the path given by the path intersected with a strip in the image (denoted by T') for which the Du|,-1(7y €
SO (2) H. Tt should be obvious that u~! (R) is not going to be a line perpendicular to ¢1, since if our laminate
pulled back two linearly independent straight lines to straight lines it would be affine. On the other hand, by
the same argument as for Q, if u~! (R) isn’t perpendicular to ¢; and so H! (u’l (R)) > w, then (by the fact
that u is a laminate and so u~! (R) is a straight line) all the points # € «~! (R) must be such that ¢ (z) € =y,
i.e. t(z) must be in the shrink directions. We examine the situation more closely, see Fig. 2.

Now u~! (Q) needs to connect the edges of u=! (T) (which are of course distance w apart) whilst keeping
the integral [ ~1Q) |Du (x)t (z)| dH > small. As can be seen from Fig. 14, the vector that shrinks most under

the action of H is right in the middle of —¢1, —¢2. We denote this vector by g
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U (T -

FIGURE 2

Let W be the straight line connecting the edges of =" (T'), which minimizes [}, |[Ht ()| dH"z. In deciding
the angle of W there is a compromise between having W close to parallel with ¢y and trying to keep the
length of W not too much bigger than w. Its an exercise to calculate the optimal direction , we will denote it
O1-

Now 4! (Q) connects the edges of u™! (T) and w = H' (Q) = [

u
we must have that [, [Ht (z)] dH'a < w. If the inequality was strictly less, then as u (W) connects the edges
of T, so we would have

“1(Q) |Ht (x)| dH'x. So since w minimizes

w>/ |Ht ()| dH s = H' (u(W)) > w,
w

contradiction. So u~! (Q) is the minimiser and hence u~! (Q) must be parallel to Q1.

So we know exactly what the pull back of p looks like; in strips in the reference with derivative in SO (2)
it is forms a line perpendicular to ¢1. And in strips in the reference with derivative in SO (2) H it is forms a
line parallel to ¢7. As shown on Fig. 1.

Now we wish to apply what we have learned to a general function v : Q — IR? with small bulk energy (i.e.
Jod(Dv(x),S0(2)USO(2) H)dL*x < eL? (Q2)). We take lines through the reference going in direction ¢,
going through ) and consider their image under v, as shown in Fig. 3.

Wiy

FIGURE 3
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Suppose for two lines Iy, lo we have that v (I1), v (I2) are distance less than w apart at some point, as shown.
Let [ be the line of length less than w joining v (I1) to v (I2). We consider the pull back v=1 (I). Let ny denote
the anticlockwise normal to ¢;. Now as we have an L' bound we know that most of the points z € v=1 (1) are
close to the wells, if 2 € v™" (1) such that Du (z) € N 4 (SO (2)) it doesn’t matter which direction the tangent
t(z) is in. On the other hand for those 2 € v~ (I) such that Dv (z) € N s (SO (2) H) the worst thing that
can happen is that ¢ () = ¢;. But even in this case (as we know from the example we studied) [ will “fill up”
according to how far in direction n; path v=! () travels. So we have

H () = /1(1) \Dv ()t (z)| dH'x > (1 — \/e)L! (pd)li (v (1))) = (1-Ve)w.

So this implies the images of lines I3 and I must be (by at least (1 — v/¢) w) “pushed over” from one another.
This is our first restriction on the geometry of the function we want to study, just coming from smallness of
bulk energy.

4.2. ODE method. We consider the same picture as before but from a different perspective. So ly,1s,... are
lines in direction ¢; going through  and we consider the images v (I1),v (l2),.... Now supposing we were
on a point x € v (I;) and we wanted to get to v (I2) via a path of the shortest length.

B X
v }

v() vy 4] It
FIGURE 4

The most natural way to do it would be to consider the vector field given by the derivative of the function
T ;v (Q) — IR? defined by ¥, (z) := v~ (z) - ny. If we “follow” the vector field from point it will indeed
take us along the optimal path to v (l2). But “following” a vector field is exactly finding an integral curve for
a vector field, which means solving the following ODE

X(0)== % (t1) = DY (X (t1)) .

Now if point y € {X (t): >0} is such that Dv (v=' (y)) € N ¢ (SO (2)U SO (2) H) we calculate that
DV (y) = Dv=T (y) - n1. Letting R (v~ (y)) S (v (y)) := Dv (v (y)) be the polar decomposition of
Dv (v (y)) (ie. R(v™'(y)) € SO(2)and S (v7! (y)) € M™™) we have Dv=T (y)n; = R (v™' (y)) S~ (v (y)) ma
andas S (v™! (y)) € Nz ({Id, H}) soeither S (v™" (y)) € N,z (Id) andso |S (v (y)) n1| = Lor S (v (y)) €
N e (H) and so ‘S (v™' (y)) n1| & |H 'n1| =1 (see Fig. 14). So assuming the path of the vector field is such
that Dv stays close to the wells, if A is a connected subset of the set {X (¢) : ¢ > 0} with end points e € v (I3),
s € v (l1) and with the property [, d (Dv (v™'(2)),SO (2)USO(2)H) dH'xz < eH" (A) then

[Ty (e) — Uy (9)| = |(v_1 (e) —v7'(s)) - ni| ~ H'(A).

The precise statement of this is given by Lemma 3. So on Fig. 4, if v=1(s) € I; and v~!(e) € I3 then
H' (A) =~ w, however if A is a wavy line, then |e — s| < H' (A) and so we have e € v (l2) is distance less than
w away from s € v (I1). This contradicts the “pull back” idea. And so A must form a nearly straight line.
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4.3. The Coarea Alternative. From the “pull back idea” and the “ODE method” it seems we are able to
gain quite a lot of control of our function v just by using bulk energy. The catch is that whilst it is not hard
(by Fubini and the Area Formula) to find lines in the image for which Dv (v™! (-)) stays close to the wells, its
much harder to find integral curves to the vector field DW; with this property. We require a kind of curvilinear
version of Fubini and this of course is nothing other than the Coarea formula.

To invoke the Coarea formula we need to define a function ©; : v () — IR such that the level sets ©7 " (t)
form integral curves of DW;. By smoothness of u and hence of DW¥; and so by uniqueness of ODE solutions, its
easy to see that such a function exists. Let a be the center of €2, in its crudest possible manifestation we define
O in the following way: For any € v (€2) we run the ODE that forms the integral curve of D¥; containing x
until we reach v ((a + (¢1)) N Q) (for easy reasons the integral curve must intersect this 1-set at only one point)
we define p (z) to be the point of v ((a + (¢1)) N Q) that we reach, then we define O (z) := v~ (p(x)) - ¢1.
Let J (z) :=d (Dv (v (z)),50 (2) USO (2) H), the coarea formula tells us

/J(:c)|D®1 (:c)|dL2x=// J(z) dH zdL't.
Q RJO(t)

So assuming the expression on the left hand side is small we are guaranteed the existence of many integral
curves with small bulk energy. However by the existence of an abundance of functions with arbitrarily small
bulk energy that are nothing like close to being affine, smallness of [, J (z) |[DO1 (z)| dL*z is obvious a non-
trivial issue. It is here that we finally have to use the information we have about the surface energy of
.

If f@(Q) J (2) |DO1 (z)| dL?z is large, then we must (by an application of the coarea formula with re-
spect to the lines v ((z + (¢1)) N Q) using |DV¥y| as the Jacobian) be able to find a point z € Q such that

fv((z+(¢1>)nﬂ) J (z) dH'z is very small but

/ J (z) | DO (x)| dL?z is big. (7)
v((z+(61))NQ)

So there must exist a set B C v ((z + (¢1)) N Q) of quite small H' measure such that [, |DO; (z)|dH'x is
big. Now considering the pull back of the integral curves into the reference configuration gives us Figure 5.

FIGURE 5

We arrive at this diagram in the following way: Firstly its an exercise to see that lines of the form v ({¢1) + z)
form integral curves to DO;. So we can find a collection of intervals [ax, bx] C ({(¢1) + z) such that

/ DO, (2)| dH'z = 3" 01 (be) — 1 (ax) is bie.
Us v([ak,bk]) keIN

On the other hand by definition of ©; this means the integral curves running from the endpoints of each
interval [ak, br] must be splayed out as is shown. We let ¢ denote the point in a + (¢1) reached from ay, by
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the pullback of the integral curve that goes through v (ay) and let dj, be the point in a + (¢1) reached from by,
by the pullback of the integral curve that goes through v (by), as shown on Fig. 5.
Recall by polar decomposition of the derivative; Dv () =: R (z) S (z) we have R (z) € SO (2), S(z) €
Ms™, Tts a calculation to see that if ¢ (x) denotes the tangent to pull back of the integral curve at x, then
t(x) =851 (2) S (x)ni. (8)
Now we know from the fundamental theorem of calculus that the integral of the difference of the tangents
to the pull backs of the integral curves starting at ag, by must be bigger than LQCI’“‘. From (8) the difference

in tangents from one curve to the next is a lower bound for the difference in Dv between these two curves, so
we have an inequality of the following form.

— 1
/ |D?v (z)| dLx > E M%—/ |DO, (x)|dHlac%co/ J(z)| DO (x)| dH" x.
Q 2 2 /s o(=+ (1))
k 1

So we have the “Coarea alternative” either
/ |D?v (2)| dL*z is not small
Q

or

/ J (z)| DO (x)| dL*z is small
v(2)

and we can find many integral curves with small bulk energy. The most basic form of the coarea alternative
is given by Lemma 10.

4.4. Finite element reduction. If we have region I such that fv(H) J (2) |DO; (x)| dL?z is small for i = 1,2,

by the pull back idea and the ODE method we know that we can find many integral curves of the form @fl (t)
and ©;' () (where ©; denotes the level set function for ¥;) which form approximate straight lines. We know
from our analysis of the laminate example in section 4.1, exactly what the pull back of straight lines look
like. Since Dwv stays close to the wells along our integral curves @;1 (t), by the same arguments we end up
being able to show that the pull back of @7 () and ©5" () have very much the same form. Informally; our
control of the integral curves {@1_1 (t): te R} says that our function v has to be something like a laminate
with strips parallel to ¢1. And our control of integral curves {@2_ Yt):te R} says that v has to be something
like a laminate with strips parallel to ¢2. The only way v can be both these things is if Dv|;p &~ Ry H for some
Ry € SO (2) or Dvj; = Ry for some Ry € SO (2).

So the natural idea is to cut © into triangular subregions (i.e. take a triangulation of Q) of roughly fixed
size. Denote these regions as {7;}. For each 7;, by the “coarea alternative” and what we have shown, either

/ |D?v (2)| dL?w is not small

or
Dvlﬂ'i ~ RS

for some R € SO (2) and some & € {Id, H}. So if we let ¥ be the function we obtain by interpolating v on
the corners of each 7; (i.e. for each 7; the affine function we obtain from interpolating v on the corners of 7;
is given by ¥|,), then we can expect I (9) to be quite small, assuming the bulk and surfaces energies of v are
small enough.

This is how we reduce the problem to the problem of lower bounds for the finite element approximation of
1.

In truth, the “coarea alternative” we apply to each 7; is considerably more subtle than the argument de-
scribed here, but the basic ideas are the same. When needed we will preface the proof of the more intricate
lemmas with a preproof to indicate how the argument goes.
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5. PRELIMINARY LEMMAS

5.1. The vector field DV,.

5.1.1. Traveling in Cones.

Here we set up one of the basic lemmas about integral curves to the vector field DV,;. Quite simply this lemma
says that when we pull back with v—' one such integral curve, the resulting curve will be a Lipschitz graph over
the line ¢i-. More informally, the pull back of the integral curve will always travel in cones. The proof is just
a calculation.

Lemma 1. Letv € Ap (Q). Let ¢1,d2 € S be the rank-1 directions of H, let n; € S' be the counterclockwise
normal to ¢; fori=1,2. Let
Xt (z,v,0) = {z e R*: }(zf:n)ml‘} <a(z—2z)-v, (z—x)-v>0}.
be the standard one sided cone. Fori € {1,2} given function v € Ap (Q) we can define a function ¥, : v () —
IR in the following way:
U, () =v 1 (z) - n,.
By smoothness of v the vector field
DU, : v (Q) — R?
is smooth. For any xo € R? if we solve the ODE

dX
© (1) = DU (X (1)

X(O) = Xo,
then the path X has the property
1
v (X (t) e XT (vl (x0), ni, F) VieRiN{t: X (t) €v(Q)}

and
v (X (1) e XT (’U_l (zo), —ni, %) VieR_N{t: X(t) ev(Q)}

Proof. Let i € {1,2} and let
U (z) = vt () - ny
Given zo € IR? and let X : R, — IR? be a solution of the ode; X (0) = x,

dX
— =DV, (X .
B (t0) = D4 (X (10))
Let zo = X (tg) for some tg > 0, so
2 (t0) = D
ap o) = i (20)
and note
DV, (z0) = D (v (20) - ns) = Dv™ " (v7" (20)) ms. 9)
Since det (Dv (x)) > o for every = € IR?, we have the following decomposition;
Dv(z) = R(x) S (z) (10)
for some R (z) € SO (2) and some positive definite symmetric matrix S (x). So
Do (v (20)) = R (v™" (20)) S7" (v (20)) - (11)
Hence
dx ~1 —1(, -1
o (o) =R (v (X (80))) S (7" (X (t0))) mi. (12)

Let Y : R, — IR? be the path defined by
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so for any to > 0 let vy, be the (non-normalised) tangent to path Y at point Y (¢g), so

o = S (t0) = Do (X (t0) - (1), (13)
and as Dv™! (X (to)) = (Dv (v (X (to))))_1 putting (10), (12) and (13) together
Do (Y (to)]vr, = [R(Y (1)) S (Y (t0))] vr,
@9 (1)
- ar M
Z R (00) S (t0)]
This gives;
v = [STH(Y (t0)) ST (Y (t0))] na. (14)

Now its easy to see that S~!(-) S~1 (-) is symmetric. If we let Ay > 0 and A2 > 0 denote the eigenvalues of
S~1 then the eigenvalues S~!(-) S71(-) will be A3 > 0 and A3 > 0 and in particular there exits a unitary
matrix U such that UTS~!(-) S~! (:\)U = D where D is a diagonal matrix with entries A3 and \3. So for any
m = (ms) € S, letting m = U"'m we have

m-S7H() ST ()m =m - Din = Alm} + A3m3 > o®

and so we have

dy
Now from (13) and (14) we have
awv . | _ _ 2 1
)| =15 (o)) S (Y (o)) il < (16)
Note from (15), (16) we have
1
Y () eXt (’Ul (z0) , 14, —6) (17)
o
for all ¢t > 0.
In exactly the same way, if we solve the ode X (0) = z¢ and
dXx
X (o) = D (X (1))
we can show that if Y (¢) = v~ (X (to)) then
1
Y(t)eXT (’U_l (o), —ni, —6) , (18)
o
and this completes the proof. O

5.1.2. The level set function.

As noted in the introduction (section 4.3), we will need to integrate up our integral curves with with the coarea
formula. To do this we require a function whose level sets form the integral curves. Here such a function is
defined and its basic properties are proved.

Lemma 2. Let v € Ap (Q) and let S = P (a,¢1,¢2,€) be such that N (S) C Q. Let i € {1,2} and let
U, (z) =071 () - ny.
Take g € S. We define Y := (¢ + (¢1)) N Q. We can define function
e, :v(S) - R
such that for any xo € v (S), the path defined by the ODE
X(0) =xo

dXx (19)
= )= DY (X (1))
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is such that there exists a unique to € IR for which
X (to) cv (T;) ,
{X(t):teR} =0, (0, (X (t))) .
and

sup |©¢ (z)] < =. 20
QJEU(S)| Q( )‘ o? ( )

Proof. To start, we note that for any ¢ € v (S) by smoothness of v on Q° we can uniquely solve the ode
X(O) = X0
dx (21)
i (t) =DV, (X (t)).

Let s (zp) be the first point of dv () to be hit by the path X going backwards in time from z,. And let
e (x0) be the first point of dv () to be hit by the path X going forwards in time from zg. Let m; € IR be the
unique number such that X (1) = s (z9) and let m2 € IR be the unique number such that X (m2) = e (zg). By
definition; for any t € [m, m2] we have v (t) € v (). Let T (to) :={X (¢) : t € [m1, m2]}. Let T (xg) := [m1, ma].
Now 7 (xg) is the continuous image of a connected interval, so is connected.
By Lemma 1 we know

1
fo'(X(#):teRyNT (z0)} C XT (v_l (x0), ni, F)
/ (22)
fo'(X@®):teR-_NT (m9)} C XT <v1 (o), —ni, F) .
So from (22) we have that for any = € P, (v (Z (x0))) we have P<;i> (x) N v~ (Z (x0)) consists of one
point. '
So since P, 1) (v (Z (20))) is a connected set, if v™! (Z (x0)) N T = @ it can only be because path X has
run out of region v () before crossing v (Tg) However since any point zg € S is at least distance -7 away
from 9 by (22) this can not happen. So the exists a unique point ¢y € IR such that X (¢y) € v (Tf]).

Now we define ©} : v (S) — IR as follows; For any ¢ € v (S) let X be the solution of
X(0) = v (z0)
dX
dt
Let t (zg) € IR be the unique real number such that v~ (X (¢ (z))) N T, # 0. We define
0y (wo) = v~ (X (t (w0))) - ¢,
by uniqueness of ¢ (20), ©} (20) is well defined and its clear that ©} ! (O} (z)) = {X (t) : t € R}. O

(t) = DV; (X (1)).
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5.1.3. Integrating along integral curves.

As mentioned in the introduction, section 4.2, one of the main observations in this proof is that for integral
curves for which the derivative Dv (v (-)) stays close the wells, we have that |DV; (-)| = 1. So for a subseg-
ment U of such an integral curve of DV, with end points s and e, the H' (U) is approzimately |¥; (e) — ¥, (s)].
This is the contents of the statement of Lemma 3, the proof is just a calculation.

Lemma 3. Letv € Ap (). Let S := P (a, ¢1,¢2,¢) CQ and let i € {1,2}. Suppose we have for some ty € R
we have a connected subset U C ©% 7! (to) Nv (S) such that

/ J(z)dH'zs < aH' (U). (23)
U
If we let s, e be the endpoints of U then we have
(1-5F) i@ - v () < B (U) < (1+57) 1 () = Wi (9)]
Proof. For each x € U since K is compact we can find P (z) € K such that
d(Dv(v™"(2)),K) =|Dv (v " (2)) — P(a)|.
Let E (z) = Dv (v™! (2)) — P ().
Let B={z €U :d(Dv(v'(z)),50(2)) =d(Dv (v (z)),SO(2) H)} this is a closed set and since we
have (23) we know
H"(B) < ciaH"(U). (24)
Let
R={ze€U:d(Dv(v " (2)),S0(2)) <d(Dv(v"(z)),SO(2)H)}.
And let
S={zeU:d(Dv(v"(2),80(2)H) <d(Dv(v " (z)),S0(2))}.
Now S and R are open in O, (¢) and so
R=U,K, and S=U,I,

where I, and K, are open connected sets in U.
Let s, be the starting point of segment I,, (the point coming from the right) and let e,, be the endpoint.
For each = € I, let t, € S' denote the tangent to the curve I,, at point z. We will show

/D\Il 3|E( SEE)] g, <H'(I /D\Il )ty +LE( Lar'. (25)
ot

To begin with note

Recall,
R(:)S5()=Duv() (26)
is the polar decomposition of of Dv (+).
We have already calculated that DV, (z) = R (v ()) S~ (v™! (z)) n;. Welet X : IR — IR® be a solution
of

X(0) = sp
dX (27)
— (1) = DU (X (2)).
Let Y (s) = v~ (X (s)). We also have calculated that
dy
) =57 () S ()i (28)
for s > 0. Let zg € I,, and let so > 0 be such that X (so) = x¢. So as v (Y (s9)) = X (s0) we have
dX dy

— (50) = Du (Y (50)) - (s0) (29)
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and as Dv (Y (so)) = R(Y (s0)) S (Y (s0)) so by (26), (28) and (29) we have

D‘I/,L' (IQ) = Cil_)t( (SO)

PN R (Y (50)) 8 (Y (50)) 871 (Y (50)) S7H(Y (s0)) 1

= R(Y (s0)) S~ (Y (s0)) ni. (30)
So to estimate the length of DW; (z) we need only know S~ (Y (s¢)) n; however as we know Dv (Y (s0)) =
P (Y (s0)) + E (Y (s9)) for some P (Y (sg)) € SO (2) H we have
S(Y(s0)® = Du(Y(s0))" Do (Y (s0))
= (P(Y (50)) + E(Y (50))" (P(Y (0)) + E(Y (s0)))
= PV (50)) P(Y (50)" + E (Y (50))" P (Y (s0)) + E(Y (50)) P (Y (50))"
+E (Y (s0)) E (Y (s0))", (31)

RH for some R € SO (2) and so P (Y (so))” P (Y (so)) = H'RTRH = HTH. So

and recall P( )) =
3lE@)| ( 2) and so

S (Y (50))" € Nue
St (Y (s0)) € Ng\i# (Hil). (32)

And we claim for i = 1,2;
|H*1m-| =1. (33)

First we have to calculate ¢1, ¢2 and subsequently ni, no. So we require

(3 8) ()]s ('

Q= O

for vector

To simplify expression we let A = %
So a2 =1 — b? and inserting this into the first equation we have

F(1=b) + X =562+ (N*—5°)b* = 1.

Hence
o L °
T2 — 527
e () X
22 — 52 )\2 _ 52'

Thus

A2—1 A2—1

N2_52 N2_52

$1 = 1-52 $2 = 1—52 (34)

N2 _52 - N2 _52

And hence

_ [1-52 1-52
\2_52 \2_52
ny = ng = . 35
! A2-1 2 A2—1 (35)
A2 —52 A2 —52
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Thus
[1-52
‘H_lnl‘ = A0 £y 35
’ 0 o [ x21
A2_52
A/ 3%

- 5\ =
L1-5?) (e
Yo e T e

A2 —52
T e _52
=1 (36)
So we have proved (33).
Thus from (32), (30) and (33) we have that
3|E(x 3|E(z
|D‘Ili(aco)|€(1— | £)|,1+ | i )|). (37)
o o
Let
dX
B a0) = [DW: (o)l = |55 (50 (39)
Now as X is a solution of (27) we have
P % (50) Dw ( ) (39)
T
C LR (s0)] B (o)
and so from (39)
DV (20) - ta, B (o) tag * ta
= f(=zo)

And so from (37) and (38)
1 1 BIE@)] o1 rp1 3|E( )N
/In DU, ()1, dH'z € <H (In)/ln 2SN iy, 1 (In)+/l BIE @] >

ot ot

which implies (25).
Now we argue a similar inequality for the {K,}. So let e,, s, be endpoints of segment K. From (31) we
see that S (v’l (:c)) € N3 (I) for any x € K, so again we have
o4

/ DV, ( 3|E( SIE@] < H' (K. / DV, ( 3|E( SE@] g, (40)
Now from (25) we have
/ DV, ( 3|E( SIE@ <ZH1 <Z/ DV, ( MdHl
(41)

and from (40) we have

Z/ DY, (z)t, 3|E( )|dH1 <ZH1 gZ/ DU, (z)t, + 3|E (x )|dH1
n YKn — JK, o4
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Since for any subsegment I C U where I has endpoint a and b we have

/ID\L- (2) todH' e = W; (b) — Wi (a) = Py (v (1)).

g

and (42) we have that
A (P@,)f> (v (K,) Uv~ (1) ) w < ZHl )+ H (1)
< Z L (P<¢f> (07 (Kn)Uv™? (In))) + w. (43)

Let w = f@—l(t)mv(s) SIE@I 12, note that by assumption we know w < 3a H' (U). Putting together (41)

Since we know from (24)

! <U\ <U (K, U In)>> < cyaH' (U)

n

oo o))

and thus we have from (43) and (44)

SO

H'(U) < (Z H'(K,)+ H! (In)> + ciaH (U)
< Z L (P<¢f> (v (Ky)uv! (In))> + w4+ craH (U)
nelN
< Lt (P<¢%> (v™! (U))) + (% + %) aH" (U). (45)
and similarly
L (Popy 07 @) - (5423 )o@ = X0 # ()4 B (1)
neIN
< H'(U)

and this establishes our claim.

5.2. The pullback idea.

This next lemma is a formalization of what has been described in section 4.1 of introduction as the pull back
idea. Essentially what it means is that for a function v of small bulk energy, lines of the form v ({¢1) + z1),
v ({¢1) + 22) are pushed over from one another. A better explanation can be obtained from section 4.1 of the
introduction.

Lemma 4. Given function v € Ap (). Let S = P (a,¢1,d2,€) be such that S C Q. Let i € {1,2}. For any
be € v (9), let n:=[b,e] if we have

/J(z)dH1z<a|bfe|
7

then

le— b > (1—202/a) |W; () — ¥, (b)].
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Proof. Now letting t, € S denote the tangent to the curve v=! () at point .
/J(z)dle = / |Dv (2) to| J (v (x))dH 'z
n v=1(n)

> 02/ J(v(x))dH x,
v=1(n)

so we have
o 2alb—e| > / J(v(z))dH .
v=1(n)

Now v~! (1) connects v~ (b) to v~ (e). Let
T—{oco ()i J(w) < Va},
so we know that
H' (0™ ()\T) < o~ 2Valb—e|. (46)

Now T is the countable union of connected segments I,, C v~! (). Now let a,, b, be the end points of the
segment I,,. For i € {1,2} we will show

[0 (an) = v (ba)| = L' (Pigsy (I)) = VaH' (1) (47)
Now recall we calculated n; at (35) (where A :=5"1)
- /= 7(1-57) s &
_ 52— _ | Va-a&a+e) | vV (1+52) _ (1+52)
ny = 11 = 132 = 1 ; M2 = 1
512_52 a=)(1159) V(1+52) V(1+62)

now as a first step to proving equation (47) we will prove the following;:
We firstly we define the shrink directions. Let Z5 be the subset of vectors of S between ¢, and ¢, and let Z; be
the subset of vectors of S between —¢; and —¢9. Its easy to see that for any v € S*, |[Hv| <1 & v € =3 US,
hence the name shrink directions.

Claim Let i € {1,2}. We will show that there exists vector {; € Z; such that for any ¢ € Z;

¢z (ang (¥, 0:))* .

|Hap| > b -n; + 1 (48)
First we consider the inequality
2
¢ (ang (¢,
|H¢|2¢.n2+w. (49)
Let
cosa
¥= ( sina )’ (50)
so equation (49) is equivalent to
) ~ . 2
\/&2 cos? a4 sn~12a > Gcose | _sing | ¢ (ang (v, 02)) . (51)
o VeZ+1 Ve +1 4

and we will prove (51) in due course. Firstly we will show why inequality (48) for i = 1 follows from inequality
(49). Give ¢ € St of the form (50) we define

sina

5o ( _cosa ) 62)

When we calculate ¢1 and s it will turn out that ; = Oa, see (247) in the Appendix.
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Hence (see fig 6) if we have (49) then
o] = |

> ¢_)'TL2 i €2 (ang Ef;, 02))2

¢2 (ang (¢, 01))”
4 K
so all that remains is to establish (49) which as we noted is equivalent to (51).
The proof of inequality (51) is quite involved, partly due to the fact its sharp. Let

= ¢n1+

f(a) =52 cos?a+ sina  62cos’a  sin®a 25 cosasina
a):=0"cos“a - - -
a2 a2+1 o2 +1 a2+1
SO
1 1 1 20 cosasina
2.2 -2
f(a) = &*cos a(1_62—+1)+sma(§_62+1)_ =1
(62 +1) f(a) = 5% cos® a4 sin’a (U :;— — 1) — 26 cosasina
o
52 (6*+1) f(a) = 6&%cos®a+sin®a—25°cosasina,
now using standard trigonometric identities we have
1 2 1—cos2 -
5 (62+1) f(a) = & < +‘32°S “) +—— —5"sin2a
26% (62 4+1) f(a) = (6°—1)cos2a—25sin2a+6° + 1.
Now
26% (62 4+ 1) f'(a) = —2 (6° — 1) sin2a — 46° cos 2a
So
f@=0 < —2sin2a(6°—1)—45°cos2a=0
& —2sin2a (6% — 1) = 46° cos2a
- 253
& tan2a = m (53)
Now as @ is chosen from an interval of length less than 7, there is only one & for which (53) is true. Let
02:= (§12)- (54)
= =62 ~6 on _ 25 - (=59
Let p = (406 +(1-259) ) = (1+359), so sin2a = 22— and cos2d = ~——. Now
25 (62 +1) f(a) = (6°—1)cos2a—25°sin2a+5°+1
56 _1)2 456
= _u _ 20 + ol 41
D D
(46° + (3° - 1)*)
— ~6
= - +o +1
p
= —(6°+1)+6°+1
= 0.
Now note
267 (6% + 1) f" (a) = —4 (6° — 1) cos 2a + 857 sin 2a. (55)

Before continuing we need to estimate the lenght of Z;. Observe fig 6.
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< <2

FIGURE 6

We let pg = (¢1 + ¢17) N{z : - ez = 0}. Its clear from fig 6 that H' (Z3) < 2|¢1 — po|. So we have to find
point pg. From (34) we see that pg is given by the following formula

Do = d1+ Ao

where \g > 0 is some number such that

So

|1 — pol = [ Ao =0.

Thus we have the estimate we want;
H' (Z,) = H' () < 25.
Now we will use this together with (55) to get a lower bound on f” for those a > such that ($se) € Za:
Since a € [0,6] C [0,1) so from (55)

26% (6% +1) f"(a) > min{4(1—5°),85%} (cos2a + sin2a)
> min{4(1-5%),85%} (cos2+sin2)
min {4 (1 — %) ,85%}
> 1 .
And so
) > min {4 (1 — %) ,852}. (57)

852 (62 + 1)
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Now note that for a < 0 such that (g;’;g) € Hp, since |a| < ¢ < 1 we know that cosa > 0 and sina < 0 so
we have that

(&20052a+8in2a)— Gcosa  sina > 5eosa— Gcosa  sina
G2 VaZ+1 a2+l VEZ+1 Va2 41

~( 1 ) |sin a|
= 6|l————]cosa+ ———
o2 +1 o2 +1

1 1
> min<qo | 1— , cosal + |sina
{ ( \/62+1) \/62+1}(| [ lsinal

g imm{&<1\/&21+1>’¢&21+1} (58)
From (57) and (58) we let
(1

_ 56 5
cQ:min{ (1 U) 1 g

3262 (62 +1) 16(62+ 1) 64

1 1
- \/1+&2>’64\/1+&2}
and we define ¢ (z) := 8¢z (v — a). We have
o f'(a)=t(a)=0.
e By (57), for all a € [0,5] we have f” (a) — ¢’ (a) > 0 and hence for any a € [max{a,&},0] we have
f'(a) —t(a) > 0 and for any a € [0,max {a,0}] we have f'(a) —t(a) <0.
So for any a € [0, 5] we have

[af’(ac)—t(x)dLlac:f(a)—ScQ(a—d)220.

which is equivalent to

P2 ~2 2 s 2 ~ .
2
&2cosga+5122a_o cos a+51§2iﬁ o cosasina 82(af&)2 (59)
Now in order to understand (59) note that
2
ocosa+sina 2 1 ~2
———— | +8cx(a—a —— +0° <2
( G ) N AN

if we let g (z) := /7, we note that ¢’ is greater than % on the interval [0, 2] and so by considering the integral

2 2
of ¢’ between <4& CO/—?;;TEG> and <4& Co%;;r_flf;a) + 8ca (a — 6)2.
We get

ocosa+ sina 2 ocosa + sina 8co
geosat AN, g (a— a)? (7)2_(”;2.
<( 52 +1 ) 2 )> 52 +1 \/5( )

So putting this together with (59)

.. 92 ~ .
8
(62 cos? a4 su~12a) > ocosiz;r sina n ) (afd)Q
o (62 +1) V2

and this establishes the claim for a € [0, 5].
Now we need to deal with the case a € [—&,0]. Since ¢ € (0,1) from (58) we have

.. 9 ~ .
. sin® a g cosa sina 8¢ 2
02cos?2a+ — ) — >—(a—a),
\/< G V62 +1 \/&2+1‘\/§( )
as (ang (1, 02))” < 10 (a — a)” this completes the proof of (51).
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So for each x € I, we know that for some G (z) € SO (2) U SO (2)H and some E (z) € M**? with
IE (z) || < v/ we have

Dv(z) =G (x)+ E(z).
Now from (48)

|[Dv (2)] 9| (G (2) + E () ¢
G (2) ¥| = |E (2) ¢

Y -n; — o

vV IV Vv

So

Hew) = [
=,
(an —by) -1y — VaH (I,).

Now (a, — by)-n; = L <P<¢;> (In)) and as v (I,) is a straight line, so H! (v (I,)) = |v (a,) — v (b,)| and thus
we have established inequality (47). Now by the fact that the line segments connecting v (a,,) and v (by,) are
subsets of i and by using (47) we have,

le—bl = H'(n)

|
t

Dv (z) - t,|dH'x
2N —VodH 'z

> Z [v(an) — v (bn)|
> (Z L' (P (%))) - Va (Z H' <In>> . (60)
k=1 k=1

Now from (46)
L Py (7 )\ (Uala) ) < 7*Valb —el,
and thus
L (PW> (UnIn)> > Lt (PW> (v (n))) &2 Valb—e|.
So inserting this into equation (60) we have
e=bl = L' (Psy (v () —&*Valb—el - VaH' (v (n))
> | (e) = Wi (s)| — 267 Vab—el.

V

O

5.2.1. Forcing integral curves into straight lines.

This coming lemma is elementary. If we have the conditions to invoke both Lemma 3 and Lemma 4 then (as
indicated in section 4.2 of the introduction) we get sufficiently strict bounds from above on the length of the
curves and bounds from below on the distance between the end points that we are able to force the integral
curves to run in straight lines.

Lemma 5. Let v € A (Q).
Given skew rectangular region R = § (a, w2, rd1) where % < o
Define ©f : R — IR as in Lemma 2.
Suppose for some t € (a + (¢i)) N R we have

/ J(z)dH'z < aw (61)
e~ (1)

2. We assume Nuw gy C .

o
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then let s be the first point of ©F ~'(t) (going backwards in time) to hit OR and e be the first point (going
forwards) to hit OR. Let U denote the connected component of ©F L (t) between s and e, then firstly by Lemma
3
(SR’ (¥’
(1= SF) 1w (e) = Wi (o)) < H' (U) < (14 55) 19 (e) = Wi (5)].
If in addition we have

/ T (z) dL*z < oPw? (62)
Ny (R)

then
0! ' (t)NRE N, /zw (lb)
forly:=t+1,1€G(1,2).

Proof. So U is the connected component of ©) =1 (t5) Nv (S) between s and e. We will show U has to lie very
close to [s, €].
Let wp := sup {‘P(e_s)L (e — z)‘ 1z € U} and let @ € U be the point such that

‘P(eis)L (6 - w)‘ = WwWo.

From figure 7, it should be clear that H* (U) > <|e —s*+ w%).

576 (t)(S)

FIGURE 7

Now from (61), by Lemma 3 we have

H' (U) < Wi (e) = Wi ()] (1+ 25 (63)

By Fubini we know that for some p € (s + ((e— s)J‘>) N Baw () we have

/ J (x) dH'z < 67 20%w.
(p+(s—e))Nv(S)

Solet ¢ € (p+ (s —€)) N Baw (€). By Lemma 4 we have
lp—dql > |¥i(p) — ¥i(q)| (120 a).
and by bilipshitness and the fact that |e — s| > c;w this gives
|s —e| > [T (s) — U; (e)] (1 — 4o %a). (64)
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So by (63) and (64) we have
wg + (|95 (s) = ¥ (e)| (1 — 40_6a))2

< le —s” +wj

< (5 ©))°
[Wye4 2
SCACERACHIEE=S)
o Lo 2
< Wi () = Wi (@ + 255 € Wi (5) = Wi () + (27 1% () = Wi (0)]) -
So g
qa
S (0) W (5) >
Thus
wo < e3v/aw. (65)
So let Ty :=tg + (s — e), (65) implies
U C N, /aw (To) (66)

and this concludes the proof of the Lemma.
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6. FUNDAMENTAL LEMMAS

6.1. Precise control on the pullbacks of integral curves that form straight lines.

This coming Lemma is fundamental. We know from Lemma 5 that when we have the conditions to invoke
Lemma 38 and Lemma 4 the integral curves are forced into something like straight lines. In this lemma we
obtain very precise information about the pull back of such integral curves, we show that they are in effect,
very much like the pullback of straight lines in the image of laminates. The proof is heuristically quite similar
to the way we analyzed the the pullback of the straightline in the laminate in section 4.1 of the introduction.

Lemma 6. Let v € Ap (). Let i € {1,2}.

Given skew rectangular region R := § (a,woz2,r¢1) where % < o?. We assume Nuw gy C Q. Let a be the
central point of R and define ©f : R — IR as in Lemma 2. Let a« > 0 be a suﬁicientlyasmall number.

Suppose for some t € (a+ (¢;)) N B (a) we have

/ J(z)dH'z < aw. (67)
e "'(HNR
And we have the bulk energy estimate
/ d(Dv(z),80 (2)U SO (2) H)dL*x < o®w? (68)
P(a,¢1,62,2%)

then let s be the first point of ©F 1 (t) (going backwards in time) to hit OR and e be the first point (going
forwards) to hit OR. Let U denote the connected component of ©F L (t) between s and e, then the following
statement holds true.

Firstly recall by Lemma 5 and Lemma 3 we have

(5§’ (¥’
(1-SF) 1w (5) = Wi (o) < H' (U) < (14 55 19 (5) = Wi (o) (69)
o For somely :=1+v(t),l € G(1,2) we have
Ue Ny aw (). (70)
We define the clockwise normal wy, to l; as follows. If we let 9 € Iy N B /5, (e) and £ € [y N B /5, (s) then

we define wy to be the clockwise normal to vector ‘g:g‘.

We will prove that.
Given Ay := N /g, (It) N R. There exists a set By C A, with the following properties; L? (A¢\B;) < cqasw?
and for any x € By we have

|Dv (v (@) ¢1 — we| < eav/ex (71)

Proof. So to begin with, as noted in the statement, the first part is just from Lemma 5 and Lemma 3. Now
by Fubini, the area formula and assumption (68) we can find the existence of a set

C C (Im+v(t) NB g, (t) with L' (C) > (1 - 07 %Va) 2v/aw (72)
and the property that for any s € C' we have
/ J(z)dH'z < aw. (73)
(I+s)Nv(R)

Now as ©¢ ~! (s) v (R) is connected (by Lemma 1) if we let 7 denote the connected component of (I +5)N
v (R) containing s, we will show that the endpoints of 7 must be within czo~*\/aw of the endpoints of
CH -1 (s) N R. Formally; let § denote the endpoint of 7 closest to s, and let é denote the endpoint closest to
e. We will show
€€ NC30*4\/&w (6) and § € Nc3074\/a,w (S) . (74)
To see this firstly note by bilipschitzness from (70) and by the fact that €, 5 € v (OR) we have

v (3) € N% (v (©f 7' (s))) NOR and v~ (¢) € N% (v™'(©f 7 (s))) NOR. (75)
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v®)

20)

FIGURE 8

By Lemma 1 we know v~} (@f -1 (5)) only passes through each side of R once, so as is shown on fig 8, the end
points of v (¢ 7! (s)) N R are given by v~ (e), v™! (s). Formally v (8¢ 7! (s)) NOR = {v™ () ,v™1 (s)}
and so by (75) and the fact that s, § are the (say) rightmost endpoints of OF ~1(s), n respectively, e, é are
the (say) leftmost endpoints; by bilipschitzness we have (74).

Note that from (74) and (69) we have that

|6 -5 < H'(U)+ 4o *Voaw
< (L4 8o tVa) [, (6) — W, (3)]. (76)
And in the same way
6 =53 > (1 —8eso™Va) [V, (&) — U, (3)]. (77)
It is also not hard to see that
L' ((Is +v (s)) N (R)\n) < c1v/aw. (78)

ve O

FIGURE 9

This essentially follows from fig 9. The reader who is already convinced is invited to skip the next paragraph.

By Lemma 1 we know that v~! (©f -1 (s)) must go through v (R) at a definite angle. And so the line
I+ v (s) must cut through the boundary of v (R) quite cleanly. Formally, if we let L denote the right hand
side boundary of R then diam (v (L) N (I +v(t))) < c1v/aw since otherwise by (70) we would be able to
find points y1,y2 € ©F "' (s) with |y1 — y2| > Lvaw and d (y1,v (L)) < yaw, d(y2,v (L)) < y/aw and by
bilipschitzness, assuming constant c; is chosen big enough this contradicts Lemma 1.

Let

K:={zen:d(Dv(v"(2)),50(2)) <d(Dv(v " (z)),50(2)H)}



28 LOWER BOUNDS FOR THE TWO WELL PROBLEM

let

L:={zen:d(Dv(v " (2),50(2)H) <d(Dv(v "' (z)),S0(2)}
and let

E:= {x en:d (DU (v_l (ac)) , S0 (2) H) =d (D’U (v_l (ac)) , SO (2))} .

Now for some constant cg := ¢ (o) we have

oI'(E) < / d(Dv (z), S0 (2) U SO (2) H)dL'z
Vouw.

IN

(79)

Which implies L' (E) < ¢; *v/aw.
Now K is the countable union of connected subintervals {K,}, ie. K = (J,cn Kn and similarly L =

Une]N L"'
Let

Ag = {n eEIN: /K d(Dv (v7'(z)),50(2))dL'z < /aH' (Kn)}
and let

By = {n eN :/L d(Dv(v™!(x)),50(2)H)dL'z < \/aH' (Ln)}

As v is C? on the compact set Q we know Ag and By are finite. We also know

> VaL'(Kn)+ Y VaL'(L,) < Y /K d(Dv (v (2)),S0(2)) dL'z

neA§ neB§ neA§
+ ) / d (Dv (v™*(2)),80 (2) H) dL'z
neB§ Ln
< / J(x)dH'x
(Is+s)Nv(R)
< ow.
So
S LMK+ > LN (L) < Vaow. (80)
ncAg neB§

We point out that from Lemma 3 we have
(1 -0~ /a) L} (Pq% (Ik)) < L'(o(I) < (140 4 v/a) Lt (Pd); (Ik)) . (81)

Let ny = Card (Ap) and m; = Card (By). Let {Ix : k =1,...n1 + m1} be areordering of the set {K; : j € Ag}U
{Ly : k € By} so that I is the rightmost interval. I the second rightmost interval, ectra.
Note from from the fact that n = KUL UE, (80), (79) and bilipschitzness we have

ni+msi
H! (’U_l (m\ U Ik> < 2¢; to 2V aw. (82)
k=1
Let mg := m1 +n1. Now we consider point v~! (5) to be the start of the path v=! () and point v=! (&) to
be the end. So going from right to left in this way; we denote the first point of segment I, by aj and the last
point B. Let dy = B — ag for k =1,2...ms9. See figure 10.
Let eg = a; — v (3) and €y, = v (€) — Bpn,. Also let ex = agy1 — Bk for k € {1,2,...mz — 1}. So we
have

@) v (@) =D de+ > e (83)
k=1 =0
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&2
1
o2

g1

FIGURE 10

Let Ej, be the subsegment of v~! (n) between By and a1 for k =1,2...mo — 1. Let Ey be the subsegment
between v~! (3) and oy and let E,,, be the subsegment between [3,,,, and v~! (€). So we know

mao mao
UnulUE =o' (34)
j=1 7=0

and thus from (82) and (84) we have

mo ma2
dolel < Y H'(E)
=0 =0

2¢; o2/ aw. (85)

IN

Nowlet K1 ={k € {1,...ma} :d(Dv(x),SO(2)H) <d(Dv(z),S0(2)) Vz e l}andlet Ky = {1,...ma}\K;.
For subsegment I, for k € K1 we have that

Do (2)- .| dH's > /(1—zd(Dv(x),SO(z)H))|th|dle

Iy Iy,
> |Hdy| — 20 2/aH" (I},)
> (1-207%/a) |Hdy|. (86)
And for subsegment I, with k € Ko we have
/ Do (2) - t.|dH'z > (1 — 20 /a) |du] . (87)
Iy

So let d = > ke, @k and @ = ), o dy, so since {1,2,...ma2} = K1 UKy and from (85) and (83) we have

‘(v‘l (&)~ v () - (d+ a)‘ < 2¢5l0~2Vaw. (88)
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So from (86) and (87) we also have

le—3s = / |Dv (2)t.|dH" 2
v~ (n)
ma
> Z |Dv (2)t.|dH 2
k=1 1Tk

> > (1=207"a)ld|+ Y (1-20""Va) |Hdyl

keKs ke,
> (1-207*a) (‘d‘ + |Ha|> . (89)

Letting e = Z?Zo ej from (83) we have v~ (&) —v~! () = d++¢ and so by (88) we know |&| < 2¢; 'o—2\/aw.

Step 1

The first thing we will show is that vector @ points in direction ¢{; and vector d points in direction n;.
Strictly speaking this is not necessary for the proof however as it will be of great physiological comfort to
know that where @ and d point and as it will serve as an introduction to the ideas we will use repeatedly we
give the details.

Formally; we will show

ang <%, <>Z> < C4O¢§ (90)
and
d 1
ang ‘—~,ni < ey, (91)
q

Now from (49) Lemma 4 we have that

[HY| > - ni + 2 (ang (4,0:))°
for all ¢ € ;.

<>¢

FiGure 11
Its easy to see from fig 3 that \_ZI € = since otherwise either @ is very small or

\J

4 Ha| > \d\ +a] >> [v= (@) — vt (3)]
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however by (89) this implies |€ — §| >> |v™! (€) — v~ (5)| and this contradicts (76).

) o (5242 (o(£0)) )

As can be easily seen from figure 11 we have

4= (7 @~ (0 () + @) i - 2050w, (92)

|Hal = |al

So

~ ~ 2
|H€L|+ ‘J‘ = ﬁnz+ CQiU| (ang <%’<>Z>) + (,Ufl (é)—1)71 (§)) 'ni*ﬁ'ni*2051072\/aw
u

V

= (v i@ —v1(8) n; c2 || an i i 2— ey to 2/ aw
= (v (0 (3)) - mi + 1 ( g(|ﬂ|,<>z)) 2¢; "o aw. (93)
Hence by (76), (89), (93) we have

8o tesv/aw + (v (€) —v Tt (3) ny > H'(n)
> (1-20"va) (|d + 1)
> [(vTH(E) — v () mi| + CQJLM (ang (%’01)) —dey to W aw.
Thus .

|

- 2
(e (1.0 <
a
So either |i| < aiw or we have

. 2 - 2
c3vow > aiw (ang <%,OZ>) —  4ezat > (ang (% 01))

— 2\/_048 >ang<

and so we have established (90).
Now we establish (91). To start, we know

|Hal > |- n (94)
from (48), Lemma 4. Now by (88)

d-ni+a-n; > (v E) — vt (3) ni — 2 0 AV aw (95)
- _ 2
and ‘d‘ = ‘d - n;

+‘d‘-¢i2

as we have seen before, since ‘d‘ < 1 we have

- 2 - - 2 |‘7z'”7'|2""|d~'¢7'|2 r 2
R e e IR VA VAR / dL'e
|dna]? 2
2
d- ¢
>
> (96)
so putting (94), (95), (96) we get
-2
- (94),(96) | .. ‘d oy
’d‘ +|Ha > ‘d-ni 1@ nil + -
2
(95) ‘d - s
> (v (&) — v (8) i + —2¢; o2 aw. (97)
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So putting (97) together with (76) (recall 5,6 are the endpoints of 1), (89) and (88) we get

(14 8cs0™ Vo) [(vH(&) =07 (5) -mi| = H' ()
> (1-207*va) (|a] + 1mal)
4.
> (1=20"*Va) (v (&) —v™ " (8)) - niy — 2¢y aw
(1= 2070@) (7 )~ v (9) - s — 25 o2 w) + 1
So )
d-o,
2¢; "o Vow + 10cs0 ™ Va | (v (€) — v (3)) - | > YR
thus ‘ ) ‘ ‘2 ,
) dooif|d | g
Gaw 2 = ERs
So }
_ ]
Veatyw > | — . g,
>l
assuming ‘CZ‘ > o% \/w we have
cio s > ﬁ-(ﬁi
d

which establishes (91).

Step 2

Now we use similar arguments to establish that most of the subsegments {Ij : k € K5} lie roughly parallel
to n; and most of the subsegments {I} : k € K1} lie roughly parallel to ¢;.

Let Py := {k: € Iy : ang (‘d Wm) > ozls} and P; := {k € Ky : ang (Id ‘,Oz) > a1 } Firstly we will show
that for any k € P; U P> we have

LY (0 (I) > <1+ ci‘?) Lt (PW> (Ik)). (98)

Look at case k € P, see fig 12. Firstly, we know from Lemma 1 that ang (Ig_:\’ ni> <. So

FIGURE 12
|dk|2 > (Ll (P¢# (Ik)>>2+ (smang(|§ K )L (Pcbi (Ik)))Q
> (Ll (PW (Ik)))2 < (sma%) > (99)
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. 1\2
(sma 16 )

1+ _1
Now as we have seen before, by considering the integral [} %dle

L (P¢$qu (Ik)> \/(1 + (sinalla>2) > L (Pd)# (Ik)> 1+ @ (100)

And since [sinz — x| < (Z?:s %) 23, assuming o > 0 is small enough (in the applications of this lemma,

2 1
a will be some power of k or € and so will indeed be small enough) we have (sinaTIfS) > %
So putting this together with (99) and (100) we have

|dy| > L* (Pﬁ (Ik)) <1 + %) . (101)

Now as
/ d(Dv (v"(2)),50(2))dL'z < VaL' (v(Iy)),
v(Iy)
we have that

/d(Dv(z),SO(2))dH1z < o 3Vall (v(Iy))

Iy,
< o WaH! (Iy). (102)

For each z € I let R(z) € SO (2) be such that |Dv (z) — R(2)| = d(Dv(z),S0O(2)). So by (101) and
(102) we have

L'(v(Iy) = ’ |Dv (2)t(2)|dH" 2
> |R(z)t(z)|dlef/ d(Dv(2),80(2))dH"z
Iy Iy
> H (1) (1- o Va)
Z |dk| (]. 70'_4\/5)
> L (P¢f (Ik)) <1 + %) (1-0""Va)

> L (P%L (Ik)) (1 + %)

for a small enough. This establishes the claim in the case k € P;.

Let k € P>. Observe the fig 13.

FIGURE 13
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As before letting T (z) € SO (2) H be such that |Dv (z) — T (2)| = d (Dv (z), SO (2) H) we have from (102)

L' (v(Ily) = . |Dv (2)t (2)|dH' 2
> |T(z)t(z)|dH1zf/ d(Dv(z),SO (2)H)dH"~
I Iy,
> ’ T (2)t(2)|dH 2 — o~*/aH" (I},). (103)
And we know
Ile()( )| dH" 2z /|Ht ) dH" z
> |di| |H L (104)

Now by (48) Lemma 4 we know

dy, dy, C2< <dk >)2
H—| > —ni+—(ang|—,0:
' ] ] 2\ \Ja]
dk CQ(J&%
> By . 105
|d| 4 (105)

Putting together (103),(104) and (105) gives

d
L' (v (1) > dy, - ni + %a% — o VaH" (Iy)

Now dj-n; = Lt (Pd); (Ik)> and so |dx| > L! (Pd); (Ik)) and by Lemma 1 we have H! (I}) < o~ 4L! (P¢L (Ik)>.
So

1

LY (v (1)) Lt (P(# (Ik)) <1 + CQZ”) —o~4/aH (Ii)

Y

V
h
~
U
r
=
N
N
—
+
Ny
o
N~

for small enough «, hence we have established (98).
Step 3 In this step we bound the cardinality of P; and P;.
Recall by (76) and (77)

|§—é|e( (Pw( L ([, e]))) (1-8cso /), L* (Pw( L[5, e]))) (1+8c3a—4\/a)) (106)

and from (82)

L' ([57 U ’U(Ik)> <20 Wals e (107)

kekK1UK2
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Now using (106), (81) and (98) we have

(1+8c0~va) L (P (07 (5.8)) > 13-4
> Y L' (v()
kEK LUK,
> 3 L)+ > L' (v (I))
kePyUPy k‘e(’clU’CQ)\(PlLJPQ)
1
Cos
> <1+ v ) > (P (1)
ke PLUP,
) Z I (Pd# (Ik))
ke(K1UK2)\(P1UP)
1
Co(x8
> > (P(ﬁ (Ik)) + 0y 16 Lt (Pw (Ik))
keK1UKo keP1UPy
—o e vali—él. (108)

Now from (82) we have

L' <P¢; (wl (5.ep\ Y Ik)) <dc;lo Va5 —é|. (109)

kelC1UK,
Putting this together with (108) we get

(1 + 8cso*v/a) L' (P# (v (I3, é]))) > L (Pw (v~ (15, é]))) —deylo2 Va5 — ¢
+ Y c2§§

ke PLUP,

L (Pd% (Ik)) o 4Vali-é.

Which implies
> afL! (P (I) < csvali—dl.

ke PLUP,
So by bilipschitzness and Lemma 1 we have

o 2csaf L1 (Pdﬁ (v ([5, é]))) > czaf |5 ¢

> > (P )
kePiUP;
> o® ) H'(Iy). (110)
ke PLUP,

By Lemma 1 this gives us a bound on the cardinality of P, U P, of the following form
o Scsaf HY (vTH([5 ) > > H'(I). (111)
ke PLUP,

As a consequence by (82) we have

H (v (Ee) U n) o< oH (v*([szé])\ U Ik>+H1< U Ik>

ke’CIU’CQ\(PIUPQ) keK1UK, kePUP;
< 2e50 % H (v ([5,8))) . (112)
Step 4
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Now let
k€ Ko\Py: 3Jp C I with H' (Jp,) > (1 - a%) H' (1))
Oy = ) (113)
and for each z € J,ang (¢ (z),n;) > a3z
and let
ke \Py: 3JpC I with H' (J,) > (1 - a%) H' (I,)
0, = ) (114)
and for each z € Ji,ang (¢t (2),0:) > a32
We will show that for k € O1 U Oy
It (v (I)) > (1 n C2§16> ! (P(# (Ik)> . (115)

First we consider the case k € O because its more intricate.
As before letting ¢ (z) be the tangent to Iy, at z and letting U (z) € SO (2) H be such that d (Dv (z), SO (2) H) =
|Dv (2) — U (z)| we have by definition of the set {I; : k =1,...mo} that

/ d(Dv(z),S0 (2)H)dH"z < VaH" (I).

Iy

Now using again (48) from Lemma 4 and for the final inequality using Lemma 1 we have

() = /|Dv(z)t(z)|dle

Iy

= |Ht (2)| dH'z — /aH'" (I1,)
> |Ht(z)|dle+/ |Ht (2)|dH'z — JaH" (I})
Tk T\ Jx
1 ‘20‘1716 1
> L (P () <1+ ) )—\/&H (Ix)
> L' (P () (” wf) —da H' (Iy)
> L' Py (1) <1 + CQZE> . (116)

The case where k € O; can be argued with a simple Pythagoras type argument. We do not go into the
details.

Step 5

Now in the same way as we showed the cardinality of P, and P, are bounded, we will show the cardinality
of O; and Os are bounded. The reader who is already convinced is invited to skip to Step 6.
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Using (81), (112), (106) and (115) we have
(106)

(1+SC3074\/_)L1<P¢L( L([3, e]))) > |5—¢
> Z L' (v (Iy)) + Z L' (v (Iy))
ke (K1UK2\(P1UP,UO1UO2)) k€O1UO2
(81),(115)
2 (1o ta va) ) L (s (1)
kE(KluKQ\(PlLJPQUOlUOQ))
1
Co(x 16
+<1+ < ) > Ll(quj(Ik))
k€eO1UO2
_ 3 1 (P (1) + 255 3 1M (B ()
ke(K1UK2)\(PLUP) ' k€O1UO, '
—o~4ev/aLl (P(ﬁ (v ([g,é])))
(112) =

> I (P(ﬁ (v_l([é,é]))>+c2216 A (P@L (Ik))

keO1UO2
- (cl\/aa*4 - 205076043) Lt <P¢L (v ([5, e])))
Putting things together we have

We S 2 (P (1) < oat I (Pys (07 (15.8)))

k€eO1UO2

so by Lemma 1

> H'(I) < o Y It (Pw (Ik)>
keO1UO, k€0O1UO2 '
< 8072 'cgat L (P(ﬁ (fl([g,é]))). (117)

Step 6
Claim 1. We will show the existence of a set Y C [3, €] with L' ([3,¢]\Y) < (1 - 07a§) |5 — é| for which if we
let R* be the clockwise rotation by 5 and let w; := R* (h) for any z € Y we have

Dv (v (z)) ¢ € Ny ya (we) . (118)

Proof of Claim:
Let D := (K1\ (PL UO1)) U (K2\ (P2 UOz2)). For any k € DN Ky (by definition (114)) we have

H! ({xe[k ang (t (z 3%}> 048H1 (I)
so Wy, := {x €I :ang (t(2),0:) < aﬁ%} is such that H! (W) > (1 - a§> H (I).
Similarly, for any & € D N Ky (by definition (113)), Wy, := {x €I :ang (t(2),n;) < ai} is such that
H (W) > (1 - a8> H ().
So from (111) and (117) we have

H' (I) < 90~ 5¢; *ecgat L (Pw (v ([g,é])))
ke PLUP,UO1UO2
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so from the definition of D and by (82) and Lemma 1 we have

H* (u‘l (5.en\ U Ik> < 1o Sc;ley tegat HY (v1 ((3,2))) - (119)

keD
Note from (73) we have

/ d(Dv(2),S0O(2)USO(2) H)dH"r < 020 w.
v (n)

Take z € (Upep Wk)ﬂ{z cvl(n):d(Dv(z),SO(2)USO(2)H) < %} We have that either z € (J,cpax, Wi
or 2 € Uprepni, Wk Supposing the later, then
ang (t (z),n;) < s (120)

Now as we have already calculated (Lemma 1, (14)) t (2) := [S™! (2) S (2)] ns where Dv (2) := R (2) S (z)
is the polar decomposition of the matrix Dv (z). So S (2) € N 5 ({H, Id}).

Its a lengthy calculation to see that

H'H 'n; = ¢; (121)

for i = 1,2. The proof is relegated to the Appendix 1.

So we know that Dv (z) € N ;5 (SO (2)) or Dv(z) € N /7 (SO (2) H) and we can not have the latter case
because that would imply ¢ (z) := [S™! (2) S™' ()] ni € N, /a (0s) which contradicts (120) and so we must
have S () € B 7 (Id).

Let Ry € SO (2) be the rotation such that

€e—5
Rin; = . 122
11y |é . §| ( )
Let ¢ (z) denote the (non-normalised) tangent to the curve v (n); formally ¢ (z) := [Dv (z)] " é:;, as
already noted, since Dv (2) € N /5 (SO (2)) we know
S(r) € B /5 (Id) (123)

as this (by the fact that ¢ (2) := [S™! (2
|Dv (2) n; — Ring]

) S~ (2)] n;) implies |t (z) — n;| < cry/a and using (122) we have
< [Du(2)t(2) = Dv(2)ni| +[Dv (2)t () — Rin]
< o7t (z) = il
< o %erv/a
So letting R* be the clockwise rotation by 7 we have by (123) and (122)
o %crv/a > |Dv(2)n; — Ringl

= ‘R()R* Y — E=3

- ‘Dv(z)qbi—R*<é )‘ (124)

5
5
€ B /5 (H). Let Ry € SO (2) be the rotation

g3

e —

Now in the case 2z € Uy pric, Wr, from (121) we can see S (z) €

such that RoH 1n; = g
Observe figure 14.

As can be seen from figure 14 letting R* again denote the clockwise rotation by 5, R* “l¢; = n; and

R* 71H(725i = Hilm. Now
Dv(2)t(z)=R(2)S(2) [ST'(2) S7" (2)] ni = R(2) S™" (2) my,

ke

s
E

SO

|Dv(2)t(2) = R(z) H 'ng| < |S7" (2) — H Y| < es/on.
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ni
Ho1
—01 O1
()
=05 02
Ho2
H}‘ll
FIGURE 14

"3

Again as Dv (2)t(z) = <=

le—

so (as R*H'n; = H¢;) by multiplying through on the right by R* this gives

n

R* <ﬁ) “R(2)Hé:| < csv/a
soas S(z) € B g (H)
‘R* <|2 : ;) — Duv(z) ¢i| < 2csV/a. (125)
And as é:gl = ﬁ this gives
* 19 75
‘R <M) — Dv (Z) (7251 < 268\/5.

Solet Y = v (Upep Wi) N{z € It : d(Dv(2),50 (2) USO (2) H) < y/a}. Now as H' (Uyep In\Wi) <
as Y,cp H' (I) < a% |5 —¢| so by bilipschitzness H' (Uyep v (Ix) \v (Wr)) < 0~ 2a5 |5 —¢|. So by (119)
and (73) we have

HY (5,8 \Y) < o 5 ¢ (126)
and for any x € Y, by (124), (125), letting w; := R* (%) we have
‘D’U (v_l (x)) b; — wt| < 2cgV/a. (127)

and this establishes claim 1.

Now recall we chose 7 as a subset of (Is + v (s)) Nv (R) when s was an arbitrary point in the set C' (see 72).
So 1 and hence Y depend implicitly on s, now it will be convenient to make the dependence explicit. So let
ns:=nand Yy =Y.

Let By := U,co Y- And recall A := N /5, (It) Nv (R). Now from (78) and (126) we have for every s € C

L' (I nw (R)\Ys) < 2co0® |5 — ¢

and from (72) we have

L? (A\By)

IN

/ L' (I;nv(R)\Ys)dL's
I+ 4+)NB /5., (1)

2c9ars e — 5| L' (C) + |e — s| L! (I +1¢) N B /aw (1) \O)

IN

5
< degasw?.

And by (127) and point « € B, satisfies (71) and the proof is complete.
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7. THE COAREA ALTERNATIVE: PART I

In section 4.3 we described the “coarea alternative”, roughly speaking, this was that for a function v on a
region S (diameter € say) with small bulk energy and small “coarea integral” with respect to the level set
functions O and ©2, function v on S must behave very much like an affine map whose linear part is in
SO (2)U SO (2)H. And for a function v with small bulk energy and not small “coarea integral”, v must
oscillate by a not small amount in S. If we argue in the simplest way, for a function with small bulk energy
(say [¢d(Dv(x),S0(2)USO (2) H)dL*x < k™, for some large integer mg) then [ |D*v (Jc)|2 dL%z < ke
implies fv(s) J () |DO" ()| dL*x < ke? fori € {1,2} and from this we can show that the linear part (denoted
by L) of the affine map obtained form interpolating v on the corners of a triangle inside S is such that.

d(L,50(2)USO (2) H) < k* (128)
So we take a triangulation {7;} of Q (with triangulation size €), by the “alternative”, for all triangles 7; with
small bulk energy, either: (1); the linear part L; of the interpolation of v on T; is such that L; is less than kS
away from the wells. Or, (2); fn ‘DQ’U (I)| dL?x > ke. If we want to apply this to finite element approximations
we end up having to argue as follows: We can for simplicity assume all triangles m; have very low bulk
energy. Let k = €* for some a > 0 we decide on later. Let By := {7; : d(L;,SO (2)USO (2)H) > €5 }. If
Jo ‘DQ’U (:c)| dL?x < ¢ P then Card (B;) < e P71, So if & denotes the function obtained by taking the affine
interpolation of v on the triangulation {T;} then we have.

/ 4(Di(2),50 Q) USO () HydL%: < 3 o2 4t
Q T;€B1
e (129)

Now matter how small § is or how we chose o as we expect [, d(Dv(x),SO(2)U SO (2) H)dL*z ~ €3 we
do not get any kind of contradiction from this!

b1

FIGURE 15

Hence we need a much more subtle invocation of the coarea alternative. What we failed to do, is to exploit the
extremely good control we have on bulk energy. Recall, we bounded the coarea integral fv(s) J () ‘D@i (x)| dL?z
for i =1,2 from above by the surface energy. We did this by considering the pullbacks of the integral curves
and we obtained a picture like fig 5. The point being somehow that if the bulk energy is sufficiently small
we can chose the line (z+ {(¢1)) for which fv(z+(¢1)) J (x)dH'x is small but fv(z+(¢1)) J () | DO (2)|dH &
is not small, to be very close to the line (a+ ($1)). So all the oscillation we pick up from the argument is
concentrated in a thin strip around (a + (¢1)). This leads us naturally to the idea of considering the coarea
integral in a thin strips parallel to ¢; running though S. As shown in fig 15.
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Let {C}g} denote the set of strips, width k™€ going through S in direction ¢; and let ©% denote the level set

function defined in each strip, then we have ), (ke) ™" fu(ci) J () |DO}, (x)|dL?*x < ke. So “on average”

k

we can except to have (re) " f'u(Ci) J () | DO}, (z)| dL?x < k™0 ke. Thus we can find many integral curves in
k

v (C,,) with.
/ , J(z)dH's < k73" k™. (130)
CH Olati (e

This gives us very good control over the short length of our little integral curves. Note we get better and better
control by taking more and columns and the only thing we need to take more columns is lower bulk energy.
This is how we exploit our control on bulk energy. So for any subskewcube Sy, C C} N Cl2 we have many
integral curves with respect to both O} and ©% for which (130) is true.

Now we argue as indicated in the introduction. Lemma 6 says that the pullback of the integral curves with
respect to ©% must look very much like laminates whose interfaces (in the reference configuration) are parallel
to ¢; for i =1,2. So v g must look very much like a laminate with respect to both ¢1 and ¢2 and the only
way this can happen is if v s = R1H for some Ry € SO (2) or v g = Ry for some Ry € SO (2). So we have
very good control on a large number of subskewcubes inside our subcube S, by using this in combination with
smallness of bulk and surface energy, we will in Lemma 9 show that for a triangle T contained in S, the linear
part of the affine interpolation of v on T (denoted by L) will be such that d (L, SO (2)U SO (2) H) < k1031¢
where myq is some large integer depending on bulk energy. By inserting this “strengthened” “coarea alternative”
into the calculation (129) we see that we obtain unrealistic upper bounds on the scaling of the finite element
approximation. This is how the coarea alternative works.

Proposition 1. Given skewcube S := P (a, ¢1, ¢2, ce) C Q.
Assume we have;

/ d(Dv(z), K)dL%x < k582, (131)
S

o Let {C,gp) cke{l,... [k™] + 1}} denote the set of columns width k™ e going through S, parallel to
bp

Let afgp) denote the center point in C,gp). Let G),(f) denote the level set function defined with respect
to the line {a;p) + <¢k>}. Let El(f) = Nejwmoe (C,gp)> NS fork=1,2,...,[k7™] + 1.

From (131), for each p € {1,2} we can find a distinct set of numbers {k:f, . k;gp} c{1,...[x~™]}
0
with QF > (1 - n%) [x=™0] and

L2 < 3mo+7_2
/U(E(p)>J(x)d z <K €

for each j € {1,...Q8}.
We assume we have the following inequalities

Q
ZO:/( ( >> J (z) ‘D@fﬁ)‘ dL2x < motle2 )
j=17"v Ekg’, g

forp=1andp=2.

L]
/ ‘D2’u (z)] dL?z < ek.
s
then we following statement holds true:

Let
{&;:=Plaij,é1,02, ™€) 10,5 € {1,2,...[ck7™] +1}}
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be a set of pairwise disjoint skewcubes such that S C U; jcq1,. [x-mol4+1}Li - Let
Sij = P(aij, ¢1, b2, cs™€)
for some constant ¢g > 1 we will decide on later.
There exists a set Go C {Si; 14,5 € {1,...[k™°] +1}} such that
[}
L? ({m € 8,5 :d(Dv(z), R ;Ti;) > H%}) < 2007854@&% (ek™0)?
for some R; ; € SO (2), T; ; € {Id,H}

mq

1— 16072k
KQ'!TL()

Card (Go) >
Before proving this we need to prove a number of elementary Lemmas first.

7.1. Integral curves in a controlled subskewcube must run parallel.
This lemma is the essential step in showing that a controlled subskewcube (ie. a subskewcube Sk, k., C C’,%1 00,32

for columns CL., C?. such that N\ J (2)| DO ()| dL?x is small for i = 1,2) is such that v| g s very
k17 ko v(c ) k [Sky ko
k; ’

much like a laminate with respect to both rank-1 directions. FEssentially what we show is that integral curves
giwen by level sets of the form @};1 (t1) and @};1 (t2) are roughly parallel. The proof is more or less a
calculation. We know that if we consider the pullbdck of an integral curve then (by Lemma 6) for most points
zev (0} (t), Dv(x)d; points in the clockwise normal direction to O}, (t) (recall ©}, (t) is very much close
to being a line). Let a denote the center of the skewcube. We chose t1,ta € {a+ (¢1)} and ts5 € {a+ (¢2)}
such that ©3, (ts) crosses O (t1), O}, (t2). If it happens that the intersection points v=" (OF, (t3) N O}, (1))
and v (OF, (t3) N Oy, (t2)) are such that Dv () at these points lie close to different components of the wells
(ie. Dv (v (©7, (ts) N O} (t1))) = SO (2) and Dv (v (07, (ts) N O} (t2))) = SO (2) H or vice versa) by
the fact that the angle between the normals to the lines @iQ (t3) and @}cl (t1) is roughly the same as the angle
between Dv () ¢1 and Duv () o at this intersection point, and this is in turn prescribed by which component
of the wells Dv (+) is in, so the intersection points belonging to different components means that the angle of
the lines @iz (t3) and @}cl (t3) at their intersection point will be radically different from the angle of the lines
03, (t3) and O} (t2) at their intersection point. Hence the lines O (t1) and ©}_ (t2) will be so radically
non-parallel that (assuming we chose ty, ty close enough to a) O} (t1) N O}, (t2) # 0. This is a contradiction
and so the intersection points must be near the same component of the wells. Given this fact, almost exactly
the same argument implies that the angle between the lines @%2 (t3), @,lf1 (t1) is very close to the angle between
the lines ©3, (t3) and O} (t2) and this means O} (t1) is almost parallel to ©} (t2).

Lemma 7. Let v € Ap (). Given skew cube S := P (a, ¢1, d2, cw) with the following properties:
e S is contain in a skew rectangles Ry := § (a, crweo, r1¢92) C Q and Ry := F (a,r2do, crwde) C Q with

=< o? fori=1,2 and ¢y is some constant bigger than cg.
o We have a level set function ©F : R; — IR for i = 1,2 such that if we let

G; = {te (a+<¢i>)ﬂB(Tw2 (a):/@ J(:c)dngggaw}

¢ Y HNR;
we have
L ((a—|— (¢:)) N Bz (a) \Gi> <oaw forie{1,2}. (133)
/ d(Dv(x),S0(2)USO (2) H)dL*x < o’w?. (134)
N;wZ(S)

The following holds true:
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o Firstly recall by Lemma 5 we have that for each t € G;, let e; be the first point (going forward in time)
to hit OR and sy be the first point (going backward in time) to hit OR. Let Uy be the connected subset
subset of ©F ~1 (1) between e; and s; then we have for some l; € G (1,2)

Ut C NC3\/aw (lt +v (t)) .
o LetDy :=N 1 (lt+wv(t)NR. As before, we define the clockwise normal to l; by wy := R* Se st

5 [er—si]

4
where é; € (Iy +v (t)) N B /gy, (et), §t € (It +v (1)) N B /5y, (s¢) and R* is a clockwise rotation by 5.
There exists a set Cy C ID; such that

L? (D \Cy) < o Seaiow?
and for any x € C; we have
|Dv (vil (:c)) o; — wt‘ < 128¢40~ S5T6 .
Secondly for any two points t1,t2 € G1NB (a,2) and ts € GoNB (a, ) if we let 6, € OF L (t)Nes ! (t;)
and 02 € O 71 (t2) NO% ~* (t3) then we can find & € {H, I} such that

L? ({:c €B .. (0:) : Dv(2) € N /7 (SO (2) 6)}) < 4o S8 ,aT6 w2,
4
fori=1,2.
e For any two points t1,to € G; N B (a, ﬂ) we have
lwe, — wy,| < 2048¢40 0TS

Proof. To begin with we assume ¢ > 0~ so we have B,—s,, (v (a)) C v (S). This gives us some room to work
in.

Step 1.

For k € {1,2}, let

1
al6 w
4

Cr = {y eN (v (te) + 1) N B_xy (v(a)) : [Dv (v7 (y)) di — we, | < 12805C4Oél_16}a

we will show that
o (N"%l_lsw (v (t) +1o,) \(Ck) <o Scatsuw?,

4

First by (133) we can pick a chain of points

{zﬁ:n:1,2,...No}CGlﬁB (a)

w

;\~

q
)

such that
No
B 4 (a)n{a+(d1)} C | Bosyaw (25) N{a+ (81)}.
o2 n=1
Note Ny < aTow w — 56476, By Lipschitzness for v, in particular the fact that Lip (v) < 0~2 we have

06a2w

B 4 w@)nv{atio)}) c U<B

HlH

e

2

(@nfat <<z>1>}>

q

c U (B /gotw (21) N {a+ (61)})

No

¢ U Byaorw (v (5)) N (fa+ (1))

n=1

Now as B (v(a)) Cv (P (a, o1, d2, %)) C v (S) we consider the integral curves given by
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FIGURE 16

{@‘f -1 (zfl) NBw (v(a)):n= 1,2,...N0} )
We know that this set is disjoint by uniqueness of solutions of ODE and of course by Lemma 5 we have

Of ' (£) N B (v(a)) € Neyyaw (v (25) + Lk - (135)

oD

Now as can be seen from fig 17.

FIGURE 17

({v (k) + zN} NB_u (v (a))) N ({v (%) + zzf} NBw (v (a))) =0, (136)

since otherwise by (135) and the fact that }v (zf) —v (zfvo)| > g2a 16w we have

(65 71 () N Buy (v(@)) N (O 7 (k) N By (v(a))) = (137)

and this is a contradiction.
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405

Now since we have (136), as can be seen from fig 17, for any point y € {’U (zf) + lzlf} N B_u_(v(a)) we

have

Qs w [0 (21) = v (=)

2 2
< d(nfo () +g, } 0 B (@)
< 2 (a) —v (2K,)]

1
4oTsw
-

<

- (138)

Now in the same way as (136), since ‘v (zfn) —v (z,’?,1+1)| < Vaoc?w, for m € {1,2,... Ny — 1} and for any
Y€ {v (2 1) + lszl} NB u (v (a)) we have

d (y, {v (zfn) + lZi“n} N B# (v (a))) < o2 |v (sz@) —v (2514-1)}

< Jaw, (139)
since otherwise we will have that

(OF 7 (25) N By (v(@)) 1 (857 (2h40) N Bay (v(a)) #0.

And again in the same way as (136) for any y € {v (z£,) + 1.x } U {’U (zjli,o) + Lk } N B_w_(v(a)) we have
m No 105
i 1
« iw < Emin{‘v (zF) —v(a)], v (z) —v(a)|}| <d (y, fv®)+lLNBe (v (a))) .

Thus the set N 1 (v (t)+1;) N B (a) is contained in the region of B_u_(a) between the two lines

albw
4

(v (2F) + lzf) NB u (a) and (v (zk,) + ZZI;CVO) NB x (a).
Now (139) implies that for any m € {1,2,... Ny — 1} we have

(v (25 1)+ lZfﬂ&»l) NB._x (v(a)) C N gy (v (2F) + li )N B (v(a)). (140)

405

As any point z € N 1 (v(t) + 1) N B (v(a)) is either on line (v(zk) + l%’%) N B (v(a)) for k =

al6 w

4
1,...Np or lies between two such lines. So from (140) we have

N

o

=S

w

N

(v(t) + 1) N B (v(a)) C Lj N aw (v (zF) + szn) NB (a, %) . (141)

For each m € {1,2,... No} let wy, := w (2f,) be the clockwise normal to Lk . Let Ap =N /g, (v(2h) + lzfn)ﬁ
R. By Lemma 6 we know that there exists a set B,, C A,, such that L?(A,,\B,,) < tsa8w? and for any
r € B,, we have ‘Dv (’U_l (ac)) b; — wm| < e/

Now we can see from the fig 18.

| 1/16
o 4 Y

WG S
FIGURE 18

The difference in angle between w,,,, and w,,, for any m1,ms € {1,2,... No} is less than 2 tan—! (160*5041*16)

1
so we must have |[wy,, — W, | < 640 2aTs.
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So by (141) if we let Cy, := {y EN 1 (v(te) +1)N B (v(a)): |Dv (v (y)) ¢; — wi| < 128C40’5a116}

albw
4
we see
No
N o (v(tk) +1)\Ck € | An\Bp.
1 m=1
Thus
L? <N 2 (’U (tk) + ltk) \(Ck) < NOE4a§w2
4
< o Sqattuw?. (142)
Step 2.

Firstly we note that from the fact we established in Lemma 6, namely that path v—? (@f -1 (t)) N R has
its tangents mostly in directions n; and {;. We can see from the figure 19, for ¢1,t, € G1 N B« (a) and point

t3 € G2 N B (a) the points given by
01 € O 71 (1) NOF ' (t3) and B, € O "1 (t) N O T (t3)
are such that v=' (01),v=! (61) € B (a).

FIGURE 19

So by Lipschitzness we have
91, 0y € Bl_% (U (a)) . (143)
Observe the figure 20.

FIGURE 20
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Now as 61 € N /g, (It, +v (t1)) VN /zy, (It + v (t3)) and as the angle between lines /s, and l;, can not be
too sharp (by 143) if we let 61 := (v (t1) + ;) N (v (t3) + ;) then we have ‘91 — 01| < e1v/aw.

Similarly if we let 6 := (v (t3) 4 ly,) N (v (t2) + 1y,) We have ‘92 - ég‘ < c1y/aw. So

B 4 (é‘l) c (Nal_lsw (e, + (t2)) N B (a)) N (N s (I, +0(t3)) N By (a))

albw
4 4

and

albw
4

B, (9‘2) c (NQIIM (s +v (2)) N B, (a)) N (N o (I +v(t3)) N By (a)) .
So by (142

£
@
g
=
@

<20 %t w

12 <Baiw (B)\(€rucy)

16

and

12 (Ba%w (672) \ (C2 U C3)

Now by assumption (134) we can find sets; F; C B 1. (61) N Cy N C3 such that

4
1o\ 2
L? (FI)ZE acw 1— 640 GC4a%)
2 4
and for any z € F; we have Dv(v"'(z)) € N 5(SO(2)USO(2)H). In the same way we can find

16 w

2
F, ¢ B 1 (01) N Cy N Cs such that L? (Fy) > % <a1:w) (1764076E4a1*16) and for any z € Fy we

4

have Dv (v™' (2)) € N /5 (SO (2) U SO (2) H).

We will show if we have a point z; € F; such that Dv (v (21)) € N 7 (SO (2)) and 2z € F, such that
Dv (v (22)) € N sz (SO (2) H) we get a contradiction from the fact that wy, and wy, (the orientations of Iy,
and l;, respectively) must point in the same direction.

Formally; we will show that for some & € {H, Id} we have

{Dv(v ™" (2)) :2€ FLUF,} C N 45 (50(2)&). (144)

Before we do so we will have to establish some things about wy, (the clockwise normal of line I;,) and wy,
(the clockwise normal to line I,).
Step 3 We will show wy, - wy, € [%, 1].
Firstly we note that since we can run the ODE all the way to the boundary of S, as [t; —t2| < % and
(Ot t)Nv(S)) N (e F(t) Nv(S)) =0

assuming the constant ¢ has been chosen big enough, the lines I, and l;, must be roughly parallel, see fig 21.

FIGURE 21

Now we consider the pullback of lines l;,, I+, in the reference. See figure 22. By bilipschitzness we know
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v(t2)

v(tt)

FIGURE 22

N, & (07" (v (k) + 1)) N By (a) C v (C) N By (a) for k=1,2.

4

And by Step 1 or (142)

L? <{z EN, 1 (v™" (v (t) + i) N B (a) : [Dv (y) ¢1 — wy, | > 128C40504116}> < o 8atow?,
So we can find a point yg € {a + qﬁf} N Bal_%w (a) such that

L ({z EN, x. (vil (v (k) +1ly,) N By (a)) N (Yo + (1)) : [Dv (y) p1 — we, | > 128¢40 St }) <o 805w

4

for k=1,2.
Let

for k =1,2 and let
Yk = {y € Yy : |Dv(y) di —we, | < 128C4O’75041716}

for k = 1,2. In words; for any z; € T1 we know that wy, is (approximately) equal to Dv (z1) ¢; and for any
23 € To we have that wy, is (approximately) equal to Dv (22) ¢1. And L* (Tk\'fk> < o 8asw.

So as l;; and [;, are roughly parallel we have (for big enough constant ¢1) we have wy, - wy, € [%, 1] or
Wy, - W, € [71, f%}. Recall we want to show wy, - wy, € [%, 1]. Suppose not; so wy, - wy, € [71, f%}.

As Dv (z) ¢ is the tangent to the line v ({yo + (¢1)} NS) at point v (z) we have that v (Tx) (which is a
connected segment of v ({yo + (¢1)} N.S)) has for most of its points, a tangent pointing roughly in direction
Wty -

Formally, we can prove (just by considering the integral v (z) — v (yo) = fyzo Dv (x) ¢;dL ) that if we let

k=" (It,) N {yo + (¢1)} then

H (U (Tx),

o2aiew o2aisw 1
v (&) — Wiy, v (k) + wy, | | < c2atsw. (145)

4
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More important however is that for z; € Tl and 29 € Tg we have that Dv (z1) ¢1 and Dv (z2) ¢1 point
in roughly opposite directions. The only way this can happen is if v ((a + (¢;)) N'S) “turns around” by 7 as
shown on fig 23.

FIGURE 23

(2)

Now let e;™ and eg

) be the endpoints of T as shown, from (145) we have that N /g, (It,) passes in between
v (e?)) and v (652)). Let X :=w ([e@,tl}). Its easy to see that

Py ([0 (7)o (47)]) < Py

and so its clear that N /5, (It,) must pass through both v (Yj) and ¥ which implies
o w
o 1(t2)0B<a,;)ﬁv(Tk)7€®

and
g1 (tQ)DB(a,%) N £0.

By Lemma 1 ©% ~! (¢3) can only pass through v ({yo + (¢1)}) once so this is a contradiction. Thus we have
finally established that wy, - wy, € [%, 1}.

Before continuing on our mission to establish (144) we note the following. If #; denotes the angle between
¢1 and ¢o then the angle between H¢; and H¢o is given by m — #1. This can be seen either by direction
calculation or by noting that since detH = 1 and |H¢1| = |H@2| = 1 a parallelogram with sides parallel to
¢1, ¢ must be sent to parallelogram with the same volume and same side length and hence the same pair of
internal angles.

Now we can proceed with the proof of (144). See fig 24.

We start with point z;. Now we know Dv (vfl (21)) ~ Ry for some Ry € SO (2). Since z; € C; we
know Dw (U’l (z)) ¢1 ~ Ro¢1 points (roughly) in the direction to wy, as shown. Similarly since z € Cs,
Dv (v (2)) ¢2 & Ro¢2 points (roughly) in the direction wy,. So the angle between lines ;, and l;, at the
intersection point is approximately the angle between ¢; and ¢s.

Now we go to point zo. We have Dv (v’l (22)) ~ R1H for some Ry € SO(2). As zo € Cs we have

Dv (v’l (22)) ¢2 = RoH¢s points in the direction wy, as shown. And as z; € Cy we should have that
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A
4

Dv(¥ (2))p2 2
ST TTTtreeeo - ‘A
//' Z1 ;\\\\\\e /"‘ 777777 T e }/—(";—Q--”""L" B 1‘1
DV(¥ ()01 -
o
w3
V(e 4
we ’
----- 1” :A ‘*x]\)\v(\fl(ﬂ))q’z"z
V)T iy
~~~~~ —z—znﬁe”;‘
Dv(¥ (2)01 ./
2
FIGURE 24

Dv (’U_l (22)) ¢1 =~ H¢; should point in the direction wy, however as the action of H on ¢ and ¢2 is to
stretch them apart so that H¢, and H¢s meet at angle of m — 61, as we can see from the diagram H¢; points
in the opposite direction to wy, so this is a contradiction.

In an identical way we get a contradiction from the possibility that z; € Fy with Dv (v™" (21)) € N 4 (SO (2) H)
and zy € Fy with Dv (v™! (22)) € N 5 (SO (2)). So there exists & € {Id, H} such that

Dv (v (z)) € SO (2) & for each 2 € F} U F.

This completes the proof of the first part of the lemma.
Now we establish the second part of the lemma. See fig 25.

4
4

DV @ p
,'/\:j ---- EERRE . -- i
T (L N N
pvw@mpr<. -
\ Jts
s
v(t3) /4
we !
,,,,,,,,, I ! o
e o Dv(¥ (2))02
------- 72
02
FIGURE 25

By the first part of the lemma Dv (v™! (21)) € B g (Ro) for some Ry € SO(2) and Dv (v (22)) €
B /5 (R1) for some R; € SO (2).
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1

Similarly to as before. As z; € C; N C3 we have
|DU ( (21)) 1 — wt1| < 128¢40 %=

and
‘DU( (21)) @2 _wt3| < 128¢40™ 5015

And so the angle between wy, and wy, is within 512¢40~ 576 of the angle between ¢ and ¢s.
Formally; let 61 be the angle between w;, and wy, and let f; be the angle between wy, and wy,. So we have

|we, - Wy — ¢1 - P2| < fwyy - (wig — R0¢2)| + |Ro¢2 - (we, — Rogr)]

< |w,53 Dv( (1 )¢2‘ + |Dv( (21)) ¢2—R0¢2| +‘wt1 Dv (U_l (21)) ¢1‘
+|Dv (v (21)) ¢1 — Rogn |
< 512c40 Sats. (146)

In exactly the same way we can see
Wiy Wi, — b1 - P2| < 512¢0 0T
and so putting things together we get
|(we, — wy,) - we,| < 1024c40 0TS (147)
Let R* be a rotation by 7 in the clockwise direction, we have
lwi, - RMwey — @1 - Rl < fwyy - (RMwyy — R*Ro¢2)| + |R*Ro¢2 - (wi, — Rogn)|
< Jwiy — Do (v (21)) @2| + | Do (v (21)) ¢2 — Rodha| + |wi, — Do (v (21)) ¢4
+[Dv (v (21)) 1 — Rogn|
< 512¢0 CaTs. (148)

And in the same way we can see |wy, - R*wy, — ¢1 - R*¢o| < 512c40 Sais so |(wy, — we,) - R*we,| <
1024¢40Sa16. Together with (147) this implies |wy, — wy,| < 2048c40 16
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7.2. Controlled subskewcubes have derivative mostly in one well.

This next lemma essentially follows from Lemma 6, as most of the integral curves given by {@};1 (t):te IR}
are straight parallel lines for i = 1,2. Given that from Lemma 6 we know that Dv () ¢; is clockwise the normal
to these classes of “lines” for i = 1,2, we only have to show that significant subskewcube of our skewcube is
contained within a neighborhood of these lines to conclude that for most points x within this subskewcube, the
directions of Dv () ¢1 and Dv (x) g2 are roughly fized. So (as a weak conclusion) we have that most points
in our subskewcube are such that Dv (-) remain close to one component of the wells.

Lemma 8. Given skew cube S := P (a, ¢1, 2, cew) with the following properties:

e S is contained in skew rectangles Ry = § (a, crwea,m1¢1), Ro = § (a,r2¢2, crwoy) with 2+ < o? for
1 = 1,2 where ¢7 is some constant bigger than cg.
o We have level set functions ©F : Ry — IR such that if we let

G; = {te (a+<¢i>)ﬂB% (a):/@ J(:c)dHlscgaw}

¢ Y HNR;
we have

L' ((a+ (6:)) N B (a)\Gi) < aw (149)
fori=1,2.

/ d(Dv(x),S0(2)USO (2) H)dL*z < o*w?
N (S)

2

then if we take skewcube S:=r (a, @1, da2, cgw) (for some constant cg strictly less than c7) there exists
rotation Rg € SO (2) and & € {Id, H} such that

L? ({:E €S :|Dv(x) — RS| > \/a}) < 200 S esas w2

Proof. This lemma follows from Lemma 6 in a relatively straightforward way. Let

2 2
{1 = QP <a,¢1,¢2,0—12”> N{a+Ap1: A >0}, to =3P <a,¢)1,¢2,0—1§) N{a+ A1 : A <O}.

2 2
ts := 0P (a,qﬁl,d)g,a—?ﬁ) N{a+ Ap2 : A >0}, ty :=0P <a,¢)1,¢2,0—g}) N{a+ Ap2 : A < 0}.
Observe fig 26.

FIGURE 26

Take point ¢, € G1 N [t1,t2]. By Lemma 1 and bilipschitzness we have that line [v (¢1),v (t2)] is some
distinct angle away from line Iy := ly, . Specifically there exists a constant c; := c (o) € (0,1) such that

L (Py (o (1) v (t2))) = e fo (t1) = v (t2)]
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Similarly if we chose point ¥¢, € G2 N [ts,t4] let Iy := ly,, we have

L' (P ([v(ts) v (t)])) = e [o (t5) = v ()]
So for some ¢y := ¢ (o) we have

By (v(a)) € Bt (P ([ (0) 0 (12)) (150)
and

By (v(a) € P (Pig (o (ts) v (1))

Let Q1 := Py ([v(t1),v (t2)]) and Q2 := Pyzy ([v (t3) v (t4)]). We cut @1 into intervals of width e

sk

Formally, we can find a set {B
Q27

l (G):k=1,2,.. .MO} that are pairwise disjoint, with {¢} : k=1,2,... Mo} C
8

o

My
Q2 C U B L. (<)
k=1

4

and Mo = [“LT(Q“} +1<5 [arle]
al6 w

|~

1

ol

w

1
Similarly we cut @ into intervals of width 2. So we find {B (¢B):k=1,2,. ..Ml} that are

o

pairwise disjoint, with {C,f k=1,2,. ..Ml} C Qo,

My
Q2 C U B L (<)

k=1 4

and M, := [%} +1<5 {a_%ﬁ}.
aléw

Now as v ([t1,?2]) is connected, for each k € {1,2,... My} we have Plil (¢t) N ([t1,t2]) # 0. So we can
pick g} € P1'(¢) Nw ([ta,t2]) for k € {1,2,... Mo} and q} € P2 (¢7) Nw ([ts, ta]) for k € {1,2,...M;}.
1 2
Now observe fig 27 below.

FIGURE 27

By (149) for each k € {1,2,... Mo} we must be able to chose 7} € Naw (v7! (gi)) N Gy and for each
k€ {1,2,... My} we can chose 72 € Naw (v (gi)) N G2 so we have

QqcUB . (B (0() (151)
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and
2
(£ (). (152)

Now by Lemma 6 we know w1 (the clockwise normal to lr;) and w; is the clockwise normal to /1 are such
that

6 w
4

My
QB g
k=1

‘wTé - wl‘ < 20480 %™ for any k € {1,2,...No} (153)
Observe fig 28.

€0850000 0"

FIGURE 28

As the angle between we and w is less than 50000*6041*16, if we let l;i be the line centered on v (T]i) parallel
to l1 as can be seen from fig 28

1
N &, (lk) C N, 00050t w (lﬂi) . (154)

4
So by Lemma 7, (153) and (154)

L? ({x S NU‘TIGw (l%) NR;y: ‘D’U (v_l (ac)) b1 — w1| > Gooog—ﬁarles}>

> 30000 616 })

<L? ({x eN (l;}i) NR;: ’DU (,U—l (x)) b1 — W

albw
7

< 0_654oz1% w2,
However from (150) and (151) we have

By (v(@) C |JN 4 (l}) N R.

If we let ii be the line centered on v (T,f) parallel to I3 for each k € {1,2,... N1}. In exactly the same we
have

Beyw (w(a) C |JN 4 (zi) O R..

So
12 ({;p € Beyw (v(a)) : [ Dv (071 (&) ¢1 — wi| > 60000 Sats })

= ?_O:ILQ ({zen o, (0) N R [Du (07! (@) 61 = wn] > 30000 %ats })

< U_6M054a1%w2
< 50 08,08 w? (155)
In exactly the same way we have

L? ({x € Beyw (v(a)) : [Dv (v (2)) ¢ — wa| > 60000 % Ts }) < 50 5 aF w?. (156)
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Let J:={zx €S :d(Dv(x),SO(2)USO(2)H) < y/a} and
Z = {:c € Beyw (v(a)) : [Dv (v (2)) d2 — w2| < 60000 %16 and |Dv (v (2)) ¢1 — wi| < 600007604%}
so by assumption (134) and (155), (156) we have
L? (Beyw (v(a))\ (Z U v (J))) < 200 e w2, (157)

Now for any z € Be,qy (v(a)) N (ZUwv(J)) since for z € Z we have |Dv (v! (z)) — RS| < /a for some
R € SO (2) and some & € {Id, H} and as the angle between RG¢; and RS¢y changes radically depending
on whether & = Id or G = H whilst w; and ws are independent of x, so we either have

{Dv(v™"(2)) : 2 € Beyw (v(2)) N (ZUw (J))} C N7 (50(2)) (158)

{Dv(v7"(2)) : 2 € Beyw (v (2)) N (Z U (J))} C N5 (SO(2)H). (159)
Now assuming co is big enough we have that

g =P (a” ¢1; ¢)27 CgUJ) c v_l (BC2“’ (1} (a)))
and hence from (157)

L? ({x €S:d(Dv(z),50(2)A) > \/a}) < 200 8¢5 w?

and hence we have established the lemma.
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7.3. Proof of Proposition 1 continued.

Lemma 6 and Lemma 8 have essentially done most of the proof of Proposition 1 for us. The only “work” to
be done in the coming proof is to set up all the conditions to apply Lemmas 6, 8 and simply to count up the

consequences in terms our exponents k and €.

Proof. So recall, we have

/ d(Dv(2),50 (2)USO (2) H) dLPw < 5" +5¢
S

(160)

and for the set {C’lip) cke{l,... [I{_mo]}} of pairwise disjoint columns width x™0¢ going through S parallel

to ¢, centered on a,(f). We let El(f) i= N(c;—1)rmoe (C’lgp)> for k € {1,...[k~"°] + 1}. From (160) we can find

a set {sz . k;gp} of distinct numbers satisfying the following inequalities
0

/ J(z) dL?x < K307
W(Ew))

for each j € {1,...Qb} and
mg
2

Qb > (1 - K
And by assumption (132) we have

) [n*m"} forp=1,2.

dL%x < gmotle?

Q5
J (z)| DO
2 oy P8

forp=1,2.
We also have [ |D2’U (m)‘ dL?z < er. Let

Bf = kﬁ-’:/( <>)J<m>\D% ()] dLe > w5 w0 TIE, e {1,
o E® J
kP

J

So Card (BF) k2" kmot1e2 < gmot1le2 implies Card (B2) < k2. Let
G = {k;’ cje{l,...Q0}\BY
thus

Card (G) > {n—mo (1 — ok )} .

Q)

(161)

(162)

Let a;; be the centerpoint of EZ-(l) N Ej(-Q). Note that S;; := P (a;j, ¢1,d2, cck™°€) C EZ-(l) N E](.Q). Let

ll(cp) = (aép) + ((]5;,)) NS. Let

Ur.=te1®. J(:c)dHI:cZnWZO K™0€ 5.
k k . ®
or (t)ﬂv(Ekp )

Let k € GE, by the coarea formula, for any k € G§

/ / J (z) dH 'zd L't
teU? eifl(t)mv(E,(f’))

IN

/ / J(z) dH 'zdL't
teR JO? ~1(t)nv (E,(f’))

_ (p) 2
_ [J(E,QM)J@)‘D@’“ ‘dLm

mq

< gz Mot

(163)
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So L' (UP) k™3 k™€ < k72" k™ot 1e2 which implies L' (U?) < k"% re. Now let us temporarily fix p = 1. Let

AL, =1 0 Nmoe (S for k€ {1,2,. . [57™] + 1}, 7 € {1,2,... [x"™] + 1}. For k € G} let
Dl .= {r e{1,2,...[k7™]}: L' (AL, NU}) > w%woG}. (164)
So since {Allw“ cre{l,2,...[k7™] 4+ 1}} do not overlap by more than [0_6] + 1 we have

(

1
mo

6
%Card (Dy) A UL

IN

L' (U})

< K1 Ke

and thus
Card (D,i) < 200k 8 Mo,

For p = 2 we can define Aim =1¥n N“(,Lé’ (Sk.r) for kyr € {1,...[sk7™] + 1}. And for r € G3 we let
D2i={ke{1,2,... [c ™)} L' (A], NUR) > w1+ ¥ o)
We can see in exactly the some way thatgard (D%) < 206k gm0,
Now we define the “bad” skew cubes By of the set {Si,j i€GE, j€ G(Q)} as follows
S;.; € By iff Nomo. (Si5) N M e (AL, :reD}!} or Nomoc (Si7) N 1V e (A2, ke D?}. (165)

So
[x=mo]+1 [x=mo]+1

Card(§0> < ; Di + ; D?

< 8070 [kT™] KIS T
80 k5"
" (166)
Let Gy := {Si;:i€ G jeGE} \By. So from (162) and (166) we have
. 1
Card (G0> = Card ({1,...[s7™] +1} \Gg) k™
~Card ({1,... [#7"] +1}\G3) k™™ — Card (Bo)
> ,{21% (1 — 4k — SU_GH%>
(1 — 160‘6/@%)
> T : (167)

Obviously we want to apply Lemma 8 to the skewcubes {Si,j € CAJB} First we have to make a further

selection. Let w := ¢yxk™%¢ and let o := kS
Now let

Go={Si;€Gy: / d(Dv (z), S0 (2) U SO (2) H)dL2x < 2x™0(2+1)¢2
NaTpe i)
assuming (160) we have that Card (a;)\Go) c%nm"(“%)eQ < Kg3moe? 5o
Go\Go = 0. (168)
Given Siyj € Go let Ry := {S’(ai,j, w¢2, €¢1) and Ry := 7§ (ai,ja 6¢2; w¢1)-
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As a > k% and w > k™€ we know from definitions (163), (164) and (165) and the fact that S;; € Go
that

§ T ONR,

Gp = {t € (ai; + (dp)) N B (ai;) : /@ J(z)dH's < aw}

is such that
L ((as; + (90)) 0 B (a)\Gy) < an™e < aw

for p=1,2. So we apply Lemma 8 to S; ; to conclude that for E/j = P (a;,j, ¢1, 2, csw) there exists rotation
R;; € SO (2) and 6, ; € {Id, H} such that

12 ({2 €85+ Do (@) = Riy®isl > n¥ }) < 200 522 (n70e)’
so by (167) and (168) we have established the proof of Proposition 1.
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8. THE COAREA ALTERNATIVE: PART II

In the first part of the “coarea alternative” we established that for a skewcube S of diameter ¢ with very small
bulk energy and surface energy bounded by ek, there must exist very many “controlled” subskewcubes of size
roughly £™°¢; by this we mean that Dv (-) is these subskewcubes remains (mostly) close to one component of
the wells. Recall that the goal of the “coarea alternative” was to show that for a function v and skewcube S
under our hypotheses and with little surface energy over S, given triangle 7, C S, if we let L denote the linear
part of the affine interpolation of v on the corners of L, then L will be very close to these wells. In the coming
Lemma we will establish this for skewcube S under our hypotheses and additionally having the property of
having many “controlled” subskewcubes.

The proof is based on two observations. Firstly we know from a calculation in the proof of Lemma 1 (specifically,
equation (14)) that the tangent vy, at point xo of the pull back of an integral curve given by a level set of ©;
is of the form vy, = [S™1(Y (t0)) S~ (Y (t0))] ni where Dv(:) = R(-)S(:) is the polar decomposition of
Dv (). So the tangent doesn’t depend of the rotational part of the derivative. Secondly, from our constraint
on surface energy, fs |D21) (:c)‘ dL?x < ke, if we take any choice of direction vy € S* then considering lines in
direction 1y going through S spaced out from one another by k™€, all but [R,’ZO} of these lines must be such
that they only pass through controlled subskewcubes that have derivative close the same component of the wells.
So suppose at least half our controlled subskewcubes are such that Dv (-) is close to SO (2) H, then we must be
able to find many lines parallel to H2n, and H 2ny running through S only touching controlled subskewcubes
with derivative close to SO (2) H.

FIGURE 29

Recall from the introduction, in trying to control our function v on skewcube S our first step was to show
that the integral curves run in straight lines, we did this by using the “pull back idea” (which only required
information about the bulk energy) and the “ODE method” in which we needed somehow to find integral curves
along which Duv (-) stays close the wells. In our situation now, we have that for many pulled back integral
curves through S, Dv (-) along the pulled back curve does indeed stay close to the wells (in fact stays close to
SO (2) H) and as such by using bulk energy as we have done before, its easy to show that these integral curves
form something very much like straight lines.

Observe fig 29. Its not hard to see we can find lines parallel to H ?n, and H2ny which enclose a large subset
of S and have the property that they intersect only controlled skewcubes for which Dv (-) is close to SO (2) H.
Let © denote the region enclosed. Let By, By, Bs, By denote the sides of ©, ie. 0D = U?zl B;. By using
the “pull back idea” and the “ODE method” carefully its not hard to show that v\, ~ (R;H + Ci)I.Bi for some

R; € SO (2) and some ¢; € R And then by using Lemma 6 and the fact that det (Dv (-)) =~ 1 for most

points, we can (with some care) show that v pn =~ (EH + C) oo’ From this, by considering the action of v
D

on rank — 1 lines parallel to ¢1 and ¢a running through ©, its easy to see that any triangle 7, C 2 is such

that if L denotes the linear part of the affine interpolation of v on the corners of T;, then L is very close to a
matriz in SO (2) H.
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This does the case where at least half the controlled subskewcubes are such that Dv (+) are close to SO (2) H. In
the case where half the controlled subskewcubes are close to SO (2) we can argue in an entirely analogous way.
In this case we will consider lines going through S in directions ni and ns, these form pullbacks of integral
curves for which Dv (+) stays close to SO (2). We can then arque the same way to get control of a region
contained by four such lines, specifically we can conclude that any triangle T; contained in this region is such
that the linear part of the affine interpolation of v on 7; is close to a matriz in SO (2). This is how the proof
works.

Lemma 9. Let v € Ap (Q) and let S := P (a, ¢1, P2, coe) C Q where ¢y is some large constant we will decide
on later.
Let

{Ei,j = P (a;j, ¢1,¢2,™%€) 1 i,j € {1,2, ... [m_m‘)] + 1}}
be a set of pairwise disjoint skewcubes such that S C U, jeqq,. [x—moj413Li5- Let
Sij =P (a;;, ¢1, P2, g™ €) .
Suppose we have a set Go C {S; ;4,5 € {1,...[k~™°] + 1}} such that for any S, ; € Go
L]
L? ({x €5S;;:d(Dv(zx),R;;S;;) > Iil_f?}) < 20¢2840 8K (er™0)?
for some R; ; € SO (2), 6,; € {Id,H}

[ ]
1—1602k"s"

Card (Go) > o
And we suppose also that
/ |D?v (2)| dL?x < ke (169)
s
and
/ d(Dv, K)dL*x < k2" ¢ (170)
s

then if T; is the triangle in A, that contains a, let L; be the linear part of the affine map we get from the
interpolation of v on the corners of 7;, we have the following inequality;

d(L;, SO (2) U SO (2) H) < k0%,

oy ma
Proof. Let By := {S;j: Si; NS #0 and S; ; & Go}. So Card (By) < 162 n %
We start by having to consider two cases,
Let

Gél) = {Si,j € Go: Dvs, , = R; j for some R; ; € SO (2)}
and let
G(()Q) = {Sm- € Go : Duig, , = R; jT; ; for some R; ; € SO (2) and T} ; € {Id,H}} .
Case 1: Card (Gég)) > Card (Gél)).

Case 2: Card (Gél)) > Card (GéQ)).
We will have to argue the two cases in analogues, but different ways. As Case 1 is a little more intricate

we chose to argue it in detail.
Step 1 Take vector ¢;. Recall definition (54).

Lt (P<>1L (S))

K™MO e

We can find a chain of points {Zy : k = 1,2,... My} C P<>f (S), My = such that |Zx_1 — Zx| =
|Z — Ty1| = ex™ for k=2,3,... My — 1. Now for k € {2,3,... Mp} let

ZNk = {S@j €S L mPO_fl (Zg) # @}
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Note {S;; € S} C UQ/I:‘JI Zr. Let
ke {1,2,...Mp}: There exists Si(}j) € 2; N Gp with D’uLSm ~ SO (2) and

Si(,2j) c ZNk N Gy with D’ULS@) ~SO(2)H

By 5r Covering Theorem ([16] Theorem 2.1) can take some subset Fy C Ep which has the following
properties

e For any k1, ko € E; that are not equal, Z:l N Z; = 0.

U Baymoe (Tk) U Biowmoe (T) - (171)
k€Eo kEE;
Now we clearly have that for each k € F; we have

/ ‘DQ’U (z)] dL*z >
Pgi (B1oxmo e (Tr))

&£& which implies that
Card (Ey) < < gl=mo (172)

KM€

So from (170) Card (El)

and from (171) we have

Card (Ep) 26™%e¢ = <P<>L < U Baymoe (T ))

ke Eyp

< Lt (POf ( U Biokmoe (fk)>>
ke E,

< 10k™°eCard (Fy) .
So Card (E4) > Ca%(EO) and thus from (172) we have
Card (Ey) < 5k'™o, (173)

Let Qo :={1,2,... My} \Ep. So for any k € Qo, 2; N Gy consists only of skewcubes S; ; for which Dv|g, ; ~
SO (2) or consists only of skewcubes S; ; for which Dv|g, . ~ SO (2) H. Let

Qi = {k: € Qo : Card (Zk N Bo) < k3B ,i—mo}

Now by a similar application of the 5r covering theorem

I ™ _me 20k
ard (Qo\Q1) KT Kk < oo
SO mo
16
Card (@0\@1) < oo
Thus
Card (Q1) = (1 — 5K — 20T ) KO (174)

Finally for some constant we let
Qs = {ke (1,2,... Mo} : L* (P (& )ms) > 10/@6}

so its easy to see from the diagram Ql\@; ~ 10c1x~™0 T for some ¢; := c(0) > 0. Let Qg := Ql\@. So
from (174) we have
Card ({1,2,... Mo} \Q2) < 20c k1m0, (175)

Step 2.
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1

4

Q3

FiGURE 30

Now we will show that either

e Forany S; ; € Uk€Q2 2;, Dus, , = A; j for A; j € SO (2)

e Forany S; ; € Uk€Q2 Zy, Dy, , = B; j for B; ; € SO (2) H.
Suppose this was not true, so we can find k1, ks € ()2 such that:

e For all S; ; € Z:l

Dvs, , = A; j with A; ; € SO (2)
e For all S; ; € Z;,
Duvs, ; = By j with B; ; € SO (2) H.

Now by considering the change in derivative of Dv in direction 1 from the set (Jg ez, Si,j to the set
V)

Us, ,e7, Sij we see that
/ ‘DQ’U (z)] dL?z > 10ke
s

which contradicts assumption (169). So we have established the claim.

Now if we start the argument again from the beginning and instead of taking a chain of points in POIL (S)
we take a chain of points in P (S), we can then run through the whole argument again to establish the

following.

) £ (Poy ) o
Let {7 : k=1,2... My} C Py1 (5), (M1 = | — 75— |) be a chain of points such that

K0 €

|2k — 2k+1| = ex™0

fork=1,2,...M;—1. Let P, :={ke{l,...M}: L* P L(£)NS) > 10ke}. For k € 1,2,... M} we let
o
2

57; = {Si,j LN ng (k) # (Z]}. We can find a subset P, C P; with the following properties.
2

There exists & € {Id, H} such that
e For any S;j € U,ep, Y we have
Dus, , (-) = Aij
with 4;; € SO (2) &.
[

Card ({1,2,... M1} \P,) < 20¢, k10

Step 3. Now we refine the set up. Now for any k; € Q)2 we have situation shown on fig 31.

(176)

(177)
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FIGURE 31

Since every point in Pg s (k) NS is covered by skewcubes £; ; which are in turn covered by S; ;. We have
1

No2cgermo (P&lf ($k1)> nsc U Si ;-
Si,jezk

Now by definition of @2, for some & € {Id, H} we have that for any S; ; € Uycq, Z,
L? ({x €5S;;:d(Dv(zx),SO(2)6) > kTS }) < 20¢2640 3K (er™0)? .
So
12 ({& € Nozeyewmo (Py ! (@1,)) 181 d (D (2),50 (2)8) > w3 })

< ¥ LQ({xESm:d( v(x),S0 (2 })

SWEZ

< 2028405 Card (Z) k6L (ermo)?,

Now as {S;; 14,5 € {1,2,...[k~™] + 1}} do not overlap by more than cg times, formally
> Xsule <o
i,j€{L,..[s7m0]+1}
We have

IN

Card (ka)

csCard (ﬂi’j cLi N Po}l (@k) # Q])

N

2cgk M0,

L2 ({;p € Negozenmo (Po—lj (ikl)) NS :d(Dv(z),S0(2)&) > —g}) < epe2mo(1tdi)

and so by Fubini we must be able to find some zj, € Bnmo(1+4)e (Zg, ) so
128

L ({z € Pyl (k)N S d(Dv (), 80 (2)©) > nl}) < coen Tt (178)
So by doing this for every k € Q2, we can find a set {zy : k € Q2} such that
e For every k € Q2
re P | (xp)NS: v(x), 2 >/@T_6 SCQGK;’;S 179
Lt p} S:d(D S0 (2)6& ] s 7

o |z — Tk < k™o (1+158) ¢ for each k € Q.
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Let Zi i= {85+ £i5 N Pyl (h) #0}.
Now in exactly the same way we can find a set {zj : k € P»} such that for some & € {Id, H}
e For every k € P,

1 ({zep}(=)nS:d(Do(2),50(2)8) > xH }) < coenth

o |z — 2k < xmo(1+135) ¢ for each k e b,

Let Yy := {Si,j L0 PQ_; (21) # Q]}-
Step 4
Observe fig 32.

<1

XMo

zr
™M X1

FIGURE 32

Let
Ari={Si;€8: ;N Pyl (w) #0 for k € Qa}

and let
Ag = {Si,j GS:EMHP&} (zk);«é(l)forkEPg}.

Now as can be seen from the diagram, assuming we chose cg big enough, then for some c3 > o~ we will decide
on later, I := P (a, ¢1, ¢2,0c3e) C S is such that

1 Pyl (1 2a)) 0 Py (o)

Now let II := {S;; : Si; NI # 0}. So if we have that II N A; N Ay # () then we have that there exists
S € {Id, H} such that for any S; ; € IIN (A1 U Az) we have:
There exists R; ; € SO (2) such that L? ({l‘ €5;;:d(Dv(z),R;;6)> kTS }) < 202840 8K (en™)?
(180)
We will estimate Card (IT\ (A1 U Ay)). Since for any ki € {1,2,... M1}, k2 € {1,2,... M2}
Card (Zk1 n Ykz) < cy

for some constant ¢4 = ¢ (o). So for any k; € {1,2,... M;} we have

Card | Zg, N U Y, = Card U Ziy, N Yy,
k‘gE{l,...Ml}\PQ k‘QE{l,...Ml}\PQ
< Card({1,... M1} \P2) cq. (181)
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So by (177), (175)

Card U Zi, | N U Yk, < Z Card | Zx, N U Yi,
ki1e{l,...Mo}\Q2 ko€{1,..M1}\ P> kre{l,...Mo}\Q2 koe{l,..M1}\ P>
S Card({l,MO}\Qg) Card({l,...Ml}\P2)04
2 04112
S 10001%
Now
M\ (A UAy) = (VAN (T\A)
c U Zr, | N U Vi,
kie{l,..Mo}\Q2 kae{l,...M1}\ P
So
9 C4I€2

Card (IT\ (A1 U Ay)) < 400¢

and thus ITN Ag N Ay # 0 and so (180) is true.

Now the arguments are completely analogous no matter what & is, however as the details are slightly more
intricate when & = H we will deal with this case.

See fig 33.

1 /iQmO

FIGURE 33

Let 1 ...74 > 1 be some numbers we will decide on later. Let 01 := a+7y1¢1, 02 := a—"2¢1, 03 := a+y3¢2
and 04 := a — Y402.

We assume 71 ... y4 have been chosen so that 67 € P}l (g, ) for some k1 € Q2 and 05 € P}l (zk,) for some
ko € Q2. And 05 € P_; (zk4) for some k3 € Py and 6, € P<>_f1 (2k,) for some ky € P,. We also assume (using
(175),(177) that)

|vi — v < 20c1k for any 4,5 € {1,...4}. (182)

As shown on fig 33. Let © denote the region enclosed by the lines {61 + (01)}, {02+ (O1)}, {03+ (O2)}
and {04 + (O2)} as shown.

Now we assume c3 has been chosen such that {v;} can be chosen so that I := P (a, ¢1, ¢2,c11™%€) C D
(for some c¢11 > 0 we will decide on later) and ® C I.

We assume c¢11 > 0 is sufficiently smaller than 47 so that we can find k1 € Q2 such that x, € P<<>li> (D\I2)

with P&;H (zky) N{a+ agr : a > 0} # 0. In the same way we can find k3 € Q2 such that zx, € Pio1y (D\I2)

and P<>_j (zk,) N{a—a¢y:a >0} We also can find ka, ks with 2k, 2k, € Prory (D\I2) and P<>_*1 (zky) N
1 2
{a+ags:a>0}#0, Pg;(zm)ﬂ{a—i—a(gﬁl ca <0} #0.
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Step 5 We will show for j € {1, 3}
e For any y1,y2 € DN Pll (:ckj) where k1 € Q2 and |y; — y2| > +/ke we have

o () = v )l € [|Pos (1 = w2)| (1= esnB) [Py (1 — )| (1 conit) ] (183)
And specifically we have
H' ([y1,92]) < (1Jrc5l1256)‘P¢L Y1 — y2)‘ (184)

e For j € {2,4} and for any y3,ys € D N P_L (2,) where kg € P2 and |y — y4| > \/ke we have

mq

o (ys) v (wa)l € [|Pog (s —w0)| (1= eor®) | Py (s — )| (1 + o). (185)
And specifically we have
H ([ys,ya)) < (14 5w ) [Py (35— )| (186)

We will argue only the case where yq,72 € © N P! (:L'kj), k; € Q2. The case where y3,y4 € DN Pl (zkj)
1 2
for k; € P, follows in exactly the same way.
We start by establishing (184). Let L = {x € [y1,y2] : d(Dv (z),SO (2) H) <
let W (z) € SO (2) H be such that
d(Dv(z),S50 (2
So by (178) we have L' ([y1,y2]\L) < ¢

KTo } For each = € [y1, yo]

JUSO (2)H) = |Dv(z) — W ()|
ek and so

[H (v ([ y2D) = ly2 — g2l [HOA]] (1Dv () 01| = [HO1|) dH

—

[
/ Do (z) — W(x)|dL1x+/ Do (2)] + |[HO1 | dL e
L

[y1,y2]\L
o _ mo
< KT |y1 — Yol + 200 Cen T2
mg 1
S 40’ Co |y1 — y2| K128 2,

y11y2]

IN

Now as we know from (48), |y1 — ya| |[HO1| = ‘Pcﬁf (y1 — yg)‘ and thus

H (0 ([yn, 1)) — | Pay (11— 92)|| < 4022 lyn — ol T3 (187)

So this establishes (184).
Now we will show

lv(y1) — v (y2)| > ‘P¢1L (y1 — yQ)‘ (1 — [Q;LT?S) ]

We appeal to Lemma 4 where it was shown that for any two points ¢1, 12 € v (S) such that [t1,e2] C v (S) and
/ d(Dv(v7'(2)),K)dL'z < K128 |t1 — t2]
[e1,e2]
we have

|L1 —L2| > (1—20’72I€2°6) |‘I/1 L1 ‘111 (Lg)l.

l
2

By the area formula we have fy( $) J(z)dL?z < 072 €2 so by Fubini we must be able to find interval

[t1, 2] parallel to [v (y1),v (y2)] with

/ d(Dv (v ! (2)),K) dL'z < k6t e < k128 |1y —la]|.
[e1,¢2]
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And 1 € N mo (v(y1)) and ¢z € N ma (v (y2)). So by Lemma 4 we have

o1 — 1a] > (1 - 20—%%‘%) 0y (11) — W (12)] -
Now by Bilipschitzness we have
o) = v @)l = (1-507268 ) [0 (0 (1)) = U1 (v (1))
= (1 — 50725%) Lt (Pd)f ([yl,yg])) .

So this together with (187) establishes Step 5

Step 6
Take ¢ € {2,4}. Consider the line (6, + (02)) N D. We will show that there exists R, € SO (2) such that
for any z € (0 + (02)) N D with |z — 0, > \/ke we have
v(z)€B mo (v(0q)+ ReH (2 —0y)). (188)

cer 1024 ¢

And similarly for ¢ € {1, 3}. For the line (6, + (1)) ND we will show that there exists R, € SO (2) such that
for any z € (0 + (01)) N D with |z — 0, > \/ke we have

v(z)€B  ma (v(0q)+ ReH (2 —0y)). (189)

cek 1024 €

We argue only the case ¢ = 1. All other cases follow in exactly the same way. Observe fig 34 below.
02

—<>1

yi
/
v(01) V(@)

v(or)

FIGURE 34

Firstly by the Pythagoras type arguments coming from Lemma 5 (see in particular fig 7) (183) implies that
v([o1,02]) CN mq (v(61)+1) (190)

K512 €
for some | € G (1,2).
Let 1, € ST be such that (1) = [ and )y - ( uloz)—vlor) ) > 0. Let Ry € SO (2) be the rotation such that

\0(02) v(o1)]

Ry <|Z§721|) = 1. Now for any z € (61 + (01)) ND with |z — 61| > ke and z - (=01) > 61 - (—01). Let R
o~ v
01)] L

be a rotation such that R (‘Z 91‘) \UEZS
So

v(z)v(91)+|v(z)0(91)|]§<|i_21|>. (191)
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Now (190) we know |(v (2) — v (61)) - ¥1| < k512 ¢ and so

(0 (2) =v(6)-a] > [v(z) =0 (@) = [(v(2) = v (61)) - ¥ ]
> |v(z)—v(91)|—/@;ge. (192)
So as we know by Bilipschitzness that
v (z)=v(6) > o %[z
> o0 %\/ke. (193)
And as ﬁg:gil = % = —{; we have
= _ v(z) —v(b1)
(m—R)-0a = - |v(z)—v(91)|‘
(W) —v0) Y] | | () —v () Wi
= P @ o || @ @)
< Jo(z) =0 @) (Ilv(2) = v (01)] = (v (2) = v (61) - 1| + (v (2) — v (61)) - 1)
Q1% €
= 02\/Ke
< kTR

mq

which implies ‘Rl R‘ < 5K T0%T
Now putting this together with (191) we have from (190), (192) and (193)

v(z)€B_ m#ﬁ< (61) + |v (2) —v(91)|Rl<|221|)>

which completes the proof of (189) for the case z - (=01) > 61 - (=01).
Now if z - (—01) < 01 - (—01) we let R be the rotation such that

_ [ 2—6 v(z) —v(61)
(F=ar) = = = (194
but since Z:‘gl = {1 we can see as before (since Ry (01) = —1) that R— Ry < 05/@% so again by using
‘Z 91‘

this with an unscrambling of (194) we have complete the proof of (189).

Step 7. We will show v (D) is (roughly) mapped onto a parallelogram congruent to H (D).

First we find the corners of the shape ®. Let 01 := (61 + (01)) N (04 + (O2)), 02 := (61 + (O1)) N (03 + (O2)),
03 := (02 + (01)) N (03 + (02)), 04 := (B2 + (O1)) N (04 + (O2))-

Let X denote the shape contained by the lines

{[v(01),v(02)],[v(01), v (0a)],[v(03) v (0a)], [V (03) v (02)]}-

Note‘(01—04 <Z)1‘—| 09 — 03) q§1|—aand‘01—02) | |(3—04 Qﬁé“—ﬁbyStepE)(seeﬁg
33) we have

¢y
[v(04) —v(01)] € Kl — 05/@%) a, (1 +C5,@;'16> }
and
v (02) — [(1 - cm%’s) «Q, (1 + c5m206) } .

And also by Step 5 we have

[v(01) — v (02)| € Kl - c5n;':%) 8, (1 + cw;'lo) g}
and

|v(04) — v (03)| € [(1 — C5I€;nT%) 3, (1 + cyﬂio) ﬁ}
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So X must be roughly a parallelogram. Formally, there exists a parallelogram X such that

m

H (}f,i) < cmfge.
Now by Step 6 we have that H (v (D), %) < cgx131¢ and so
H (%,U (@)) < deqkT0%e, (195)

By the fact that [j J (z)dL?z < 022" L2 (D) we have

L (v (D)) € ((1 - ﬁ—) L2 (@), (1 + /@_> L2 (33))
and so
2 (36) e ((1 - 4(;7,{10—2%) L2 (@), (1 + 407n10_204) L2 (@)) .
Now given that the size lengths of X are prescribed and are (upto error 2¢71 512 €) the same side lengths
as H (D), there can only be two possible parallelogram with volume equal to L? (D). So (see fig 35) v (D) is
mapped (roughly) onto one of two possible parallelograms, as shown.

v(ol) v(02) v(ol) v(02)

v(03) v(03) v(03) v(03)
Case 1 Case 2

FIGURE 35
We know of course that H maps D onto a parallelogram and L? (H (D)) = L? (D). So H (D) is one of the

parallelograms shown in fig 35, in fact its parallelogram show is Case 2.
We will show that v () is mapped onto the parallelogram given by H (D). The fig 36 below shows H (D).

/it Ho2

Ho

Ho: HO>

”’;‘()4
FIGURE 36

Now by Step 5 and (49) we see
[0(62) = v (01)| < (1 + 5 ) |H (62— 1)

and
[v(61) = v (01)] < (1+ es ) |H (61— o)].
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So if we had Case 2 and v (01) was mapped to one of the sharp corners of the parallelograms, then v (6;) would
be within (1 + C5I€%> |H (61 — o01)| of the sharp corner and v (64) would also be within (1 + C5I€;HT%) |H (64 — 01)|
of the sharp corner.

mq

In the same way v (63) and v (f;) would be (respectively) within distance (1 +C5H256) |H (61 — o3)],

1 +C5K%) |H (65 — 03)| of the opposite sharp corner. Now as can be seen from the (36), in this case

|v (1) — v (65)] would have to be > (1 + cg) |H (01 — 63)] for some not so small constant cg = ¢ (o) > 0. How-
ever as 01,03 € (a+ (¢1)) we have that v (61) — v (03)] < (1 + &%) |61 — 03] = (1 + &%) |H (61 — 63)| and this
gives as a contradiction.

So we must have Case 1, which is to say v (D) is (roughly) mapped onto a parallelogram congruent H (D).
Formally, (195) implies that for some ¢ € IR? we have

H(v(D),H (D) +() < 42crrT0% €. (196)

Step 8. We will use this to prove that for some R € SO (2) such that for any z € 9D\ U?Zl B /r (0;) we
have

v(z) € B mo (v (601) + RH (x —61)). (197)

42c7Kk 1024 €
We start by noting that since v (D) is an almost parallelogram (see (196)) we know that Ry and R3 from
(189) are such that

IRy — Rs| < 42c7K70% (198)
and Rz, R4 from (188) are such that
|Ry — Ry| < 2cgr10% . (199)
So it suffices to show N
|Rs — Ry| < 8crr 103, (200)
Now by (188) and (189) we have for any z € (64 + (02)) N D\B /. (04) that
v(z) € BCGK%E (v(04) + R4H (2 — 04)) (201)
and for any z € (03 + (01)) N D\ B /. (01) we have
v (Z) € Bcﬁn%oze (’U (04) + RsH (Z — 04)) . (202)

Now from (201), (202) we have
(v(o1) —v(04)) - (v(03) —v(0s)) € B, ma (RsH (01— 04)- R3H (03— 04))

2ck 1024 €
However by Step 7 we know v (D) is mapped onto a rectangle congruent to H (D) and so the arrangement
of corners is as shown on Case 2, fig 36. And so, as can be seen from these diagrams, (196) implies that

(v(o1) —v(o4)) - (v(03) —v(04)) € B (H (01— 04) - H (03 — 04))

mo
4c7k 1024 €

So
R4sH (01 — 04) -RsH (03 — 04) c B4C7n1ﬂ02)1 (H (01 — 04) -H (03 — 04))
and thus

R§1R4H (01 — 04) . H(03 — 04) cB _mg_ (H (01 — 04) -H (03 — 04)).

8c7k 1024
So there are two possibilities. Either Rg 'Ry is close to the identity or R5 ‘R4 flips H (01 — 04) onto the
other side of H (03 — 04) as shown on fig 37. We will gain a contradiction from the possibility that Ry 'R, is
not close to the identity in the following way. Observe figure 38.
Now we can assume we have chosen {61, 02,605,604} such that

/ d(Dv(x),S0(2)USO (2) H)dL'x < ko4 — 01]
[04,01]

and
/ d(Dv(x),S0(2)USO (2) H)dL'x < k|os — 03]
[04,03]
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R'R4 H(o1—04)
I)'.

H(o3-04)

H(oi—o+)

FIGURE 37

ol

o3 <1

v(03)

o
o4

FIGURE 38

and so (as shown) we must be able to find a1 € [04, 03] and ag € [04,01] such that as — ay is parallel to ¢q,
d(Dv(a1),SO(2)USO(2)H) <k
and
/[ AD0(2), 50.(2) U SO () H) L' < o — o] (203)
a1,az
Now since v ((«1, @2)) can not pass through v ([04, 03]) or v ([o4,01]) by Bilipschitzness. And more impor-
tantly since at point a; (as the Dv («q) is orientation preserving) the “triple junction” formed by the lines

[04,03] and [, 2] must be mapped to a “similar” “triple junction” of v ([o4, 03]) and v ([ay, as]). See figure
39.

FIGURE 39
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So v ([a1, a2]) is forced to take a journey around the outside of v ([03,04]) U v ([01,04]) as shown in fig 38.
But this means

H' (v([ar,az2])) > (1+ co) jar — az] (204)

for some not small constant ¢i19 = ¢ (o) > 0.
However (203) since ¢ is a rank-1 direction for H we have

H (v ([on, 02])) = / [Dv (2) ¢1|dL'z < (1 + 1) o — az
[o,as]

which contradicts (204). So finally we have a contradiction from the assumption that Ry 'Ry flips H (01 — 04)

onto the other side of H (03 — 04). So we must have the only other possibility which is

R§1R4 € N8C7n1ﬂ0ﬁ (Id), (205)
and this establishes (200).

Now we will use this prove (197). We will argue for z € [o04,03] \B sz (02). See fig 33, by (189) and
(198),(199), (205) we have

v(z) —v(og) € BQOCM%E (R1H (z — 04)) (206)
and by (188), (198), (199), (205)
v (04) —v(01) € B mo  (R1H (04 — 01)) (207)

0
20c7Kk 1024 €

and finally by (189)
1)(01) 71)(91) €EB mg (RlH(Ol *91)). (208)

cor 1024 ¢
Now by adding together (206), (207) and (208) we have
'U(Z) €B _mq_ (RlH(2791)+U(91)) (209)

42¢7Kk 1024 €

and this establishes (197).

The cases, z € [01,04]\B /5 (04), 2 € [02,04] \B /e (62), 2 € [02,03] \B sz (03) and can be argued in the
same way

Step 8

Now we assume 71, Y2, ¥3, 74 have been chosen big enough so that if 7; € A, is the element of the triangu-
lation that contains a, then 7; C ©. Let {w1, w2, w3} denote the corners of 7;. Now by assumption, none of
the edges of 7; are close to being parallel to the axis ¢1, ¢2. So we have that

Card ({w17w27w3} N (N\/EE (a’ + <¢1>) U N\/Ee (a + <¢)2>))) <L

If {wi, w2, w3} N (N /ze (a+ (¢1)) UN sz (a+ (¢2))) = 0 then the situation is even simpler, so we will argue
the case where the interaction is non-empty.
So without loss of generality assume

{w1} ={wi,w2,w3} NN e (@ + (¢1)) - (210)

I:et Y1, Y2, Y3, 74 > 0 be numbers we decide on later and let 9~1 =a+Y1¢1, 9~2 =a— Y ¢1, 9~3 = a+ 3¢ and
04 := a+ J1¢2. By (175) and (177) we can assume 71, Y2, 73, 74 have been chosen so that

o 0, e P} (2, ) for some k5 € Qa, 0y € P} (2 ) for some kg € Qa, 03 € P} (zk,) for some k7 € Py
1 1 2

and 04 € P} (zkg) for some kg € Ps.

o 1 € N (P (Por (82))): 2 € Nave (P51 (Poy (60))) amd oy € Nanee (P52 (Pos (01))).

Note that this last condition together with (210) implies w; € Nz ( ) Let © denote the region enclosed

by
{(51 + <<>1>) ) (92 + <<>1>) ; (53 + (<>2>> ) (54 + <<>2>) } .
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Either by arguments entirely analogues to those we used to establish (197) or by using (197) directly to
show that v (35) isn’t mapped onto the “wrong parallelogram” (the one that isn’t H (35)) we can establish
the following:

There exits R € SO (2) such that for any

4
j=1
that R }
v(z) € B42cm1%)ze (v (91) +RH (:c - 91)) C B44C7KI%JZ€ (v(w1) + RH (x —wy)) .
This of course implies that
v(wa) € B44 me (v(w1) + RH (we — w1)) (211)
crk1 €
v(ws) € B,  m (v(w1)+ RH (w3 —w1)) . (212)
7K 1024 €

Now let A be the affine map we get by interpolating v on the corners {wy,ws,ws}. So A = L + ¢ where
L € M?**? and ¢ € IR®. Thus we have v (ws) — v (w;1) = L (wg —wi) and v (w3) — v (w1) = L (w3 —wy). As
from (211) and (212) we have

L(wy—w1)=v(wy) —v(w)€B mo (RH (we — w1))

44c7Kk 1024 €
L (wg — wl) =0 (wg) — v (wl) S B44C7K%%E (RH (w3 — wl)).

This implies

w2 — W1
L{——— — B mo  (RH —
<|w2 - w1|) © { |wa — w1 PED T e (RH (w2 wl))}
c B (RH (u)) (213)
c1ok 1024 |w2 _ w1|

and

w3 — W1
L<7|w3_w1|) € {|w3—w1| €B44C7K%%E(RH(w3w1))}
B

my (RH [ 2L (214)
c12k 512 |w3 — W1|

So ‘(L — RH) ( wa—w; )‘ < 1ok 108 and ‘(L — RH) ( wa—wy )‘ < om0,

Jws —w1] Jwo —wi |

N

From this it follows easily that |L — RH| < c¢13k 7551, And so for Case 1, where Card (G ) > Card (Gél))
we have established the lemma.
Case 2 where Card Gg”) > Card (G82)> follows via entirely analogous arguments, in fact its is even easier.

In this case we take a chain of points {z, } € P, (S) and {aw, } € P,1 (5) so we gain control of v on the lines

{Pn_j (zkj) ns } and {Pnl1 (:ckj) ns } Exactly analogous to what we have done in Case 1, we will show a
1 2

parallelogram with sides parallel to n; and ns is mapped (roughly) to a rotated version of some parallelogram.
From this we harvest the approximate control on the corners of 7; and we are done.
|
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9. COUNTING THE OSCILLATION

This last lemma is one of the most crucial in the whole proof. The basic idea has been explained in section 4.3
of the introduction. As noted in the introduction, the “coarea alternative” we actually need is more subtle than
the one sketched there. The basic idea behind the improved “coarea alternative” is explained in the introduction
to section 7; as described we must arque the “coarea alternative” in the thin columns running up through S in
directions ¢1 and ¢s.

Given a thin rectangular region C' of width w parallel to ¢;, inside S the basic rule of thumb for the relationship
between the “coarea integral” of v over v (C) and the surface energy of v over C is (assuming the bulk energy
of v over C is small enough).

fv(c) J () |DO; (x)

|dL2z
< c/ |D%v (z)] dL?x
c

And the proof of this is basically as described in section 4.3 of the introduction. The rest of the proof is just
arithmetic to show that the quantities add up to be what we expect.

Lemma 10. Let v € Ap (). Given skew cube S := P (a, ¢1, P2, c9€) C Q. Let mg € IN be a big integer whose
value we will decide on later.
Suppose for some p € {1,2} we have;

o Let {C¥ : ke{1,2,...[k7™]}} denote the set of columns of width K™ e going through S, parallel to
¢p. Let afgp) denote the center point in C’,(f). Let ©F denote the level set function defined with respect
to line {a;p) + <¢k>}. Let El(f) = Negrmo (C,gp)) ns

Let {ki,ka,... kg, } C{1,2,...[k7™°]} be a subset of distinct numbers such that

/ J (x) dL?x < g3motTe2 (215)
()

for each j € {1,2,...Qo0} and Qo > (1 - HW;O) [xT™0]

Qo
> / J (z) |DOP ()| dL?x > k™o+ie?
=170 (E)

then
/ |D2’U (m)‘ dL%x > coke.
s

Proof. Firstly we note that we have

Qo
D et / J (z) | DO (z)| dL?x > re.
o(2)

j=1
Let
Go = {j €{1,2,...Qo}: e—ln—mO/( ) J (z) | DO} (z)|dL?x > nm°+26}
v Ek]j’
and let Bo = {1,2, .. Qo} \Go

As

J (z)|DOY ()| dL2x + > K™0T2e > ke
j€Bo

we have

> et /(E(p)) J ()| DO (z)|dL?*x > (1 — k) ke.
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Let
e / J ()| DO? (z)| dL%x (216)
v(E](Cp,))
J
for j € Go. So
> 0> (1— k) ke (217)
j€Go
and
0; > k™o 2e (218)

for each j € Gy.

Claim 2. We will show we can find zy € P¢; (E,(f; )) such that

/U<E,§;)mp¢£(z0)>
And
J(z)dH'z < /@m"+4a_4/

/ (P) A p—1 (P) A p—1
E;'NnP E.'NnP
U( ki ¢ (Z0)> U( Fi "%(zo))

Proof of Claim

J () |DOX (z)|dH 'z

Let
Py (B : }D P }D\IJ Jig
o e "’?( ’%') fU(E,ij)nP;j(z)>J(I) Ok, @] DYy (2)| dH =
a >[N T (@)D, (2)| dH
U(Eklj_ ﬁP{té(z))
and let

Gs: =< zeP;. E(?) : J(z) |DO? (2)||DV, (z)|dH 'z > o0;
) k k p = J
P / v(Eé?ﬂPJj(z)) /

Suppose the claim is not true and so Go N G5 = (. Thus qu; (E,(f;)) C G5 UG5, By the Coarea formula

J ‘D@P, ‘dLQ :/ / J(z) | DO? ‘D\p dH zdI!
Ly @Rl = [ e (siorpio)” @ [P @] 1P @ il

J (z) | DO} (z)|dHz > o*0;. (219)

< / / 7 (@)| Dy, )| 1D, (@) dH* sz
€, (E,(f]f))\GQ v<E,(g;>mP¢j£(z)> J
+/ / J (z) ‘Deg_ (x)‘ DV, (z)| dH zdL'
2€P,1 (E,g§>)\c3 v(E,(f;)ﬂP(;j(z)> ’
< / n—mo—‘*/ J (x)| DV, (z)|dH'x + 0*0; | dL'z
ZePd)é (E,(CIJ’)) 'L;(E,(Clj_)ﬂpgj(z))
(220)

< ot /v (o) J (z) dL?z + %0, L} (P% (E,‘jj”)) .
;

Recall definition of ;, (216), rearranging (220) we have by (215) and (218) that

k™00 — gt0cor™e < gTMoT4 J (x) dL?z
J J )
U(E’Cj )
< I€2m0+362
S Iim0+19]’€
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and as 0% << ¢g we have a contradiction. So we have established the claim. <
So we can find zg € G5 N G3 such that

J (x) ‘D@ii (I)‘ dH'z > 0*6;

/ (p) -1
’U(Ek? nPﬂ%‘ (Z()))

and (by the fact that o2 < |DV¥,, (z)| < 072)

/ J(z)dH'z < nm0+4a*4/ J (z) ‘D@ﬁ (x)‘ dH'z. (221)
v(E,(CZ;)mP;;(ZO)) U(E](Cs)mpd)}l(zoo 3
Claim 3. We can find subset Uy C v (E,(f;) N P(;f (zo)) such that
H' (Up) < k™oH3¢ (222)
and
4
/U J () ‘D@gj (z)‘ dH'z > %oj (223)
0

Proof of Claim.
Note, most of the points of v (E,(é’ N def (zo)) are much less than average: Formally, let

J

(p) -1
U(E,f; OP%% (20)

H! (v (E,Sj) nF,! (zo)>)

) J (z) ‘D@zj (x)‘ dH'z

Up:=<Szev (E,(é’) N Pq;l (zo)) J(x) > kot

so using (221) for the first inequality

/@m"+4a_4/ J (x) }D@g (ac)} dH'z > / J(z)dH'z
U<E7(CZ)HP<;;}(ZO)> ! Uo
p 1
I (1) J () ‘D@kj (x)‘ dH'z
> ko4 L H (Uy).

H! (v (E,(f;) N Pd)}l (zo)))

So we have
Ko+ L (u (E,g? nF,; (zo))> > H (U).
Let
Do = (E}j;’ np;! (zo)) \Ue.
So

J ‘D@P dH!
U(E,ii)mpgg(zo)) () ks (m)‘ v

H (u (E,if) np;! (ZO))> /Do

As by Lemma 1 [, ‘D@gj (ac)‘ dH'z < 07 %€. So

/ J (x) ‘D@Z (x)‘ dH'z < ko™*
Do /

Do’ (x)‘ dH'z.

_6 €

H! (’U (E,(fj’) N Pq;l (Zo)>> /U<E;CZ;)F‘IP¢£(ZO)>

IN

RO

/ J (x) ‘D@ii (I)‘ dH'z J (x) ‘D@gj (ac)‘ dH'z
Do

IN

J (z) ‘D@ij (x)‘ dH 'z

nafg/
(p) -1
v(EkI; de); (z0)>
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and so as k << 0% we have

/UO J () ‘D@ij (:c)‘ dH 'z > %/

(p) -1
U(E,f; ﬂPd);(zo))

4
9.
J (z) ‘D@ij (x)‘ di's > 225

and this establishes the claim. <>
Note in particular

69 .
70 (224)

J.

Now for any point & € v (I;), let t(x) be the tangent to the curve v (I;) at x, as ©F is increasing up the curve
v (I;), we have that

Do’ (x)‘ dH'z >

t(z)- DOY (z) > 0.
On the other hand if we let v, € t (z) we claim
Vg D@ij () =0 (225)

to prove (225) we argue as follows.
Take function X : [0, 00) — IR? solving the ODE

dxX
X(0)=z —-(t) =DV, (X (%))
then by definition of we know OF is constant on {X (¢) : ¢ > 0}. So
dX
Doy, (2) - o (0) = 0. (226)
From what we have previously calculated (see (9)), we know
ax
— (0)=Dv " (v (x)) ny.
dt
So
dX s -
v (0)-t(x) = Dv " (v'(z))n, Dv(v " (2))
= ny-Dv ' (v (z)) Dv (v (2)) &y
= np-dp
= 0,

so &£ (0) € t(z)*". Now as we are in IR? so v, € t () will be of the form v, = AEX (0) for some A € R and

so by (226) we have that for any v, € t (x)", (225) is true.
So in fact v (I,) is an integral curve for vector field D@ij. Formally; for any x € v (I;) we have

t(z) HD@ij (x), t(x)- D@gj (z) > 0. (227)
For convenience, at this point we fixed p = 1. Now Uj is an open set in v (Eg) N def (zo)> so v~ (Up) is an

open set in l;, NS. So v~! (Up) is a countable union of intervals in Eg) N Pd;l (20), i.e. v 1 (Up) =U,, (an,bn)

where a,,, b,, € Eg) N Pq;l (z0). We have from (222)

Z lan —b,| < H* (v_l (Uo))
nelN
< o2H! (Uo)
< _2I$m0+3€
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Take n € IN, firstly we solve the ODEs

M
XD (0) = v (an) d)ét (to) = DU, (X<1> (to))
X (0) = v (by) di‘f (to) = DU, (X<2> (to))

By Lemma 1 there exists unique numbers t;,t, € IR such that XM (¢;) € {af + (¢1)} and X@ (1) €
{a¥ + (¢1)} then by definition of @}cj we have that

O, (W(an) = XW(t1)
Ok, (W) = XU (t2) o1

Now let M := {n eNN: ‘@,lfj (v(an)) = Oy, (v (bn))‘ > 2|a, — bn|} So by (227) letting ¢ (z) denote the tan-

gent to curve v (I;,) at point x, we have

/ ‘D@}cj (x)‘ di'e = Y / DO} (x)-t(z)dH's
]I\I\M v((an,bn)) ]I\I\M v((an,bn))
= Y 6k, (W (b)) = O}, (v(an))
IN\M
nelN
< 207 2mot3e, (228)

So from (224), (228) the fact that Uy = J,,cpy v ((an, bn)) and the fact that by definition of Gy, 6; > k™0 2¢
we have

o%6;
Z/ ‘D@}w (:c)‘dHlsc > T 9572motie
cM v((an,bL)) 2
6p.
> UTGJ (229)

Recall we know from Lemma 1, Y () := v=1 (X (¢)) and Y® (¢) := v~ (X2 (1)) travel in cones. Let
i€ M, ke {l,2} and let Xi(k) be the solution of

ax™®
dt

ax®
dt

(to) = DV, (X§1> (to))

(to) = D, (X§2> (to))

Let Yi(k) (t) =01 (Xi(k) (t)) and let t¥ € IR be the unique number such that Yi(k) (tf) € {a+(¢1)}
Denoted by Qz(-k) — {Yi(k) t):te [O,tf]} and define function V% : Py1y (ng)> — IR by

Ok (@) = (PR, @ Q) - or.

So by Lemma 1, 9} and 97 are well defined Lipschitz functions. See figure 40.

At this point the indices have been changed and fixed so often we chose to take a moment to recall where
we are. We are in column E,ij, Uy is a subset of a line running parallel to ¢; up through E,iJ Up is the
countable union of intervals {(a,,b,) : n € IN}, 9} is the function from ¢;- to IR? whose graph is the pullback
of part of an integral curve that runs from v (a;) to v (a + (¢1)) and ¥? is the function from ¢ to IR* whose
graph is the pullback of part of an integral curve that runs from v (b;) to v (a + {(¢1)).
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o1

FIGURE 40

From this point on to simplify notation we will take i to be fixed. So let py := 9¥. Now let functions
q P<¢f> (Ql(-l)) — IR and ¢ : P<¢L> (Q§2)) — IR be defined as follows. Let cg, dg be the end points
of interval P<¢f> (QEI)) (which also, as can be seen from fig 40, are the endpoints of P¢L (Q( ))) For
x € [ep, dp] let

x
qr (z) = / P (2)dL'z for k =1,2. (230)
o

So

do
lg1 (do) — g2 (do)| = / Py (2) — phy(2)dL 2

do
< / 1D, (=) — 1 (2)] dLL2. (231)

So from (230) and since by definition of ©} , ©} (v (a;)) = 9} (do) = p1(do) and O (v (b;)) = ¥ (do) =

p2 (do) and as p1 (co) = a;, p2 (co) = b; we have

g1 (do) — g2 (do)| = |(p1 (do) — p2 (do = (p1 (co) = p2 (co))|
> H@,lfj (v(a:)) = O}, (v bz))‘ [p1 (co) — p2 (co)
> |6}, (v(@) - O}, (v ()] ~ la

ok, (v (@) - 61@ (v (b m\

- 2

So by (231)

ol (v(@) - 0}, w®)|  u
‘ — P JRCICRACIS (232)

Let ¢1 € (0,tp). Now if we let ’utl) denote the tangent to the path {Y(k) (t) : t € [co, do]} at point Yi(k) (t1)

then as we have already calculated

o = [5—1 (Yf’“ (tl)) 51 (y;““) (tl)ﬂ n. (233)
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(k)

As vector pj, (t1) ¢1 + ny is parallel to and pointing in the same direction as v;,” we have
t
—pk( 1) 91 +n1l :vt(f) for k =1,2.
(MC (t1)? + 1) ’
Claim 4. We will show
M _, @ 205 Ip3 (t1) — pi (t2)]
vtl vtl = \/OT—H (234)
for some small constant ¢; > 0.
Unfortunately we will have to consider three cases.
Firstly the trivial case.
Case 0. If p/ (t1) and p} (¢1) has the opposite sign, then
‘ Y VR NN Y I A ()
2 2 2 2
VoL e)?? +1 (1) +1 VL) +1 (1)) +1
2/(c72+1)
and we are done.
Case 1 If max {|p1 (t1)|,|p2 (t1)|} < ¢1 where ¢; > 0 is a small constant we will decide on later.
Now
R R
_ Pilt)  ph(ta)
VoL e)? +1 ) +1
h(t) — ph (t 1 1
> (Pl ARG g, — - : (236)
(v (1) + 1 VL) +1 0 (12)* +1
So as
1 1 \/p1 (t2)) +1—\/(p/1(t1))2+1
/ 2 / 2 o
\/(p1 (t1))"+1 \/(p1 (t2))" +1 p1 (t1)) +1\/p1 (t2))* +1
_ ~1
< 204 ok ) - et 1] e

Now observe fig 41.

(]
[pre]

[XG]]

FIGURE 41
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Now as can be seen from fig 41, assuming constant ¢; has been chosen small enough we have that
V10 0 =1+
And for some enough ¢; we also know 67 < 2|p] (¢1)|. This gives
VU 00 = 1+ 04 2 < 415 0] = ok e 5k )

Putting this together with (237) and recalling the assumption the assumption that max {|p1 (t1)|, ||p2 (t1)|} <
¢y for some small constant ¢; we have

(140t @)®) = (14 0k )

Applying this to (236) gives

< 2||p} (t1)] — |p} (t2)]| sin 6.

1 1
2 2

< 8ei (07t + 1) [Ipy (t)| — [P} (22)1]

1 2 Ipi (t1) — p5 (1) _ -1
of — ] > ﬁ—&%(ﬂﬂ) 164 (#2)] = i (22)]
1 (11) — b (1)
T 2(0241)

which is what we want.
Case 2 max {|p} (t1)|,|ph (t1)|} > 1.

‘vtl - vtl > ‘(vt(ll) - vt(12)> -nl‘

ph(t)*+1)" = (ph(t)* + 1)

Z 1 1

(p’1 (t1)? + 1) ’ (pg (t1)? + 1) ’
(rh (0> +1)" = (pL (1) +1)°

- CacEa) |
Now we need to use the following identity
(a—0b)(a+0b)

a?+1)— /(b2 +1)= )

V@D - VI =

So we have

W (o0 +1) =/ (ph (0 +1)

I (t1) — P (t)] P (t1) +py (1)
2¢/(c72+1)
21 |py (1) —py (0]

2Vo 2 41

Y

Thus we have established the claim. <
More notation, for a point z € ng) let ¢4 (2) € S! denote the tangent to graph ng) for k € {1,2}, then

inequality (234) in our notation becomes; for any zo € P<¢1L> (ng))

201

m Ip5 (20) — i (20)] -

|1 (p1 (20)) = 2 (p2 (20))] =
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So inequality (232) becomes

O}, (v(a) = O}, (0 (B))| (524 1)}
2 S 201

[ e -t plants (238)

Now as we have already calculated t; (p1 (2)) = [S™! (p1(2)) S~* (p1 (2))] ns, (vecall the notation, Dv (-) =:
R(-)S(-) where R(-) € SO(2) and S (-) is a positive symmetric matrix). Since the map Dv (-) — S (-) is a
projection and |S (-)| > o we have

Du(pi (2)) = Dolpa (D] > 1S (1 () = S (02 ()
> LIS ()~ S (2 (2) |

0'2 —1
2 SIS Pp1(2)) =S (p2(2))) (S (p1(2)) S (p2(2))) |

o? -1 -1
= ?HS(pl (2)) " = S(p2(2) |
Now

|Dv (p1 (2)) = Do (pa (2))]

Y

IS 2 ()7 IS (1 () = S (2 ()7 |
TS (b2 ()72 =S (b1 (=)' S (p2 ()|

Y

and similarly

|Dv (p1 (2)) = Do (pa (2))]

2
o _ _ -
2 5[5 (pr(2)) =S () S e ()7
Putting these things together we have
[Dv (p2 (2)) — Do (p1 (2))|

SIS w2 (2) 7" =S (o1 (2)) 2|

>
> 2 (50207 - 5 )

> Tl @2 (2) ~ ()]

Inserting this into equation (238) gives us

O}, (v(a) ~ 6L ()|  4(o-241)}

2 ci103

1

4(c72+1)2 p1(2)

= (77;)/ / 9Dy (a)dL'a| L'z
ao co |/p2(2) 9¢1

1

o2+ 1 2 pdo ppi(2)
— / / |D?v (z)| dL'zd L' z. (239)
€10 p2(2)

/ Dv (pr (2)) — Do (p2 (2))] dL 12

IN

Now let V; denote the region enclosed by the two graphs le), Q§2) and the lines l;,, lpr)(a). Formally
1

Vi i=U.eleo.a0) [P1 (2) 2 (2)]. The set {E; : i € M} is pairwise disjoint and the equation (239) in this notation
is by Fubini

ml»a

oL (v(a) -0 wb)| (o2
kj . k; ‘S 0104;1 / D ( )‘dL2x.
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So from (229) and from the fact that v (I;,) is an integral curve for @}cj we have by summing over M

Z / D@,lcj (z) t,dH x
v((ai,bq))

€M

> [0k, (w(a) — 6}, (v (b0)

i€ M
Z/ |D?v ( )|dL2x>.

1
4(072+1)2
o’ by’
99,
/ |D21) (:c)‘ dL?z > 2275
E® 16
kj

9
/ | D2 (z)| dL2z > 22—4;.
B® 16
J

0'66

4

IN

Now ;e Vi C E,(f;) so finally we have

So for each j € Gy we have that

Thus recall (217)
9

9
Z /E(P) |D*v (z)| dL?x % Z 9 ] > cllo (1 —K)ke.

JjE€Go e

However {E,(é’) 1j € Go} are overlapping, recall E,ip) = Nesrmoe (C,ip)) NS, where {Cg) 1J € GO} are

disjoint columns of width k%€ going through S. So {E,(f;) 1€ Go} can not overlap by more than 2 [c5] times.
Thus must be able to find a subset G; C G such that
* Cieay Jop [D?0 (@) dLe 2 e,
° {E(p) 1J € Gl} are disjoint.
{E(”) je Gl} cS.

So this implies
9
/ ‘D2v (z)] dL’z > ©20 Fe,
s 64
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10. PROOF OF THEOREM 2

The proof of Theorem 2 is just a matter of collecting everything together.

Proof. Recall, we have triangulation A, of ©, with triangulation size e. Let v € Ap (2) and we have skewcube
S := P (a, ¢1, ¢2,ce) such that N < (S5) C Q. In addition we have following inequalities

/ d(Dv(z), K)dL%x < k3" 8¢ (240)
S

and
/ |D?v (2)] dL*x < ¢qke. (241)
s

Let {C,gp) cke{l,...[k™] + 1}} denote the set of columns width x™°¢ going through S, parallel to ¢,
for p=1,2. Let El(cp) = Neormoe (C,(f)) NS for k=1,2,...[k7™] 4+ 1. Let

L,:= {k e{l,...[k7™] +1}: /U(E(")) J(z)dL*z > Ii3m0+762} .

So as the set {E,(f) cke{l,...[k™] + 1}} does not overlap more than 2c55~"™° times

1 . _
2—ﬁm0n3m0+7620ard(Lp) < (20567™) ! Z/ J (z) dL?x
¢ rer, Jv(ED)
< / J (z)dL*z
v(S)
> U_QKMT'O+862

Which implies
Card (L) < ek 0k T

So we must be able to find distinct numbers {kl,kg, . ..ng} C {1,2,...[k7™0] + 1} such that Qf >
(1 - HTO) k™™ and
/ J(x) dL?x < g3motTe?
'U(E,(f))

for j € {1,2,...Q8}. Now if we have that for p € {1,2}

Q4
Z/ J (x) ‘D@,(f) (x)‘ dL?x > k™o le?
=1 70(E)
we can apply Lemma 10 to conclude
/ |D?v (:L')‘ dL*z > core
s

and this contradicts (241).
So we must have

Q5
3 J (z) ‘D@,(f) (z)‘ dL2z < k™M0F1e2, (242)
j=1 ”(Ex(cp))

So now, by (240), (241) and (242) can invoke Proposition 1 which gives the following conclusion;
Let

{&;:=Plaij,é1,02, ™€) 10,5 € {1,2,...[ck7™] +1}}
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be a set of pairwise disjoint skewcubes such that S C U; je1,.. [x-mo)411 L0, Let
Sz‘,j =P (aiyj, (;51, gf)g, Cgﬂmoé)

for some constant ¢y > 1 we will decide on later.
There exists a set Go C {S;; :4,j € {1,...[s~™°] + 1}} such that

L ({$ € S5 d(Dv(z), R ;Ti;) > lil_g}) < 20¢28,0 8K (er™0)?
for some R; ; € SO (2), T;; € {Id,H}

[}
_ -2, 70
Card (Go) > 11’€62+DH
Now this, together with (240) and (241) gives us all we need to invoke Lemma 9. So if 7; is a triangle in
A\, that contains a and L is the linear part of the affine map we get from interpolating v on the corners of 7;,
we have the following inequality .

d(L,SO(2)U SO (2)H) < k1024
and this complete the proof of Theorem 2. O
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11. THE PROOF OF THEOREM 1

First note that we have the following trivial lower bound for for the finite element approximation of I.
Now consider a triangulation of 2 with triangles size of a. Let
A v Q —TR?: v satisfies the affine boundary condition and piecewise affine on
@ {T,LZ:].Ml}

Note that its trivial that for any u € A, we must have as least 955 trlangles Ti,; with

d(Dr;;,80(2) USO (2) H) > o*.

So .
o
inf [ > —a.
nf T(w) = 550
We can use Theorem 2 in the following way:
Suppose
/ d(Dv(x),S0 (2)USO (2) H)dL*z < ¢
Q
and
/ |D21) (:c)‘ dL?z < P,
Let {Ti 1=1,... [ } + 2} be a triangulation of with triangle size e. Let x := €' =P, Let & := — ko

Let By := {Ti : fn T (z)dL?x > 62+7}. So Card (B;) €2t < €¢ which implies Card (B;) < ¢5~772.
Let
By = {Ti : The linear part of the affine interpolation of S on 7; is distance > x from }
SO (2)USO(2)H
So by Theorem 1 we have

1024(1—38)
Card (By) ke = Card(By)e't™ mo
< ¢’
which implies
1024 6

Card (By) <€ ' mo
Now let v be the triangulation of v on {Ti i=1,... 6_2}. We have the following estimate

I(3) = /d(D@E( ), K)dL*x
— Z/ (Do, (z), K)dL?x + Z/ (D, (z), K)dL?z + d (Db, (x),K)dL?x
T,€By T7,€B> mz(BluB?) Ti
< 07 2%¢%(Card (By) + Card (By)) + d (Do, (v), K)dL*z

Tze(BlLJB?) i

< o0 % 2(C T2 4 1*(:”14_6)—#6176[/2(9)

So by letting ¢ := 7% +8,v:=5, B:= %204 we have

__ 2048

I(.) < ce' ™ mo .

Now letting m1 = 4mg completes the proof of Theorem 1.
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12. PROOF OF COROLLARY 1
2048 m? —2048

So if we have a function v such that I‘iv) < € ™ . Recallh:=e¢ ™

m? —2048
/ d(Dv(z),SO(2)USO(2)H)dL?xz < e ™
Q
= p™.
And
I
‘DQ’U (z)] dL’z < )
O €
771.3
< h_('rrL%f;OélS) 27?:%8
- —2048m1
_ hm%—mzxs
As we know mj > 2048 so we have m% — 2048 = m (m1 — %) > mT? SO % < % and so
1
—2048m
/ |D2U (l‘)‘ dL2l‘ S h]‘m%72048
Q
_ 4096
< h m1i. (243)

So by Theorem 1 if 05, denotes the F.E. approximation on the triangulation A\; we have
8192

I(op) <ch'™m.
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13. APPENDIX

13.1. H'H 'n; = {; for i = 1,2. We begin by calculating ¢; and Q5. Firstly we know ¢{; € =, for i = 1,2.
Recall from section 4.1 in the introduction (in particular see fig 2), that ¢; is the optimal direction for the
path W that joins two lines [y, [y (that are parallel to ¢;), but that minimizes the integral [i, [Ht ()| dH"x
(where t () is the tangent to the path W at point z). Now let 19 € S be the vector “in between” —¢; and
— ¢y (formally g := ﬁ), o is the vector that is most shrunk under the action of H (see for example fig
14). However as we will see, 1y is not the optimal angle for W because it is at too flat an angle to —¢; (see
fig 2) so any path joining /; and l5 that is parallel to 1y will have to be so long it cancels the shrinking effects
of 1pg. For the same reason it is clear that the optimal vector ¢; must be in the “half” of the shrink directions
that lie between —@9 and 1), i.e. paths that are parallel to vectors in the other “half” will be too long.

Hence ¢; (as is shown on fig 42) points above the z-axis. By absolutely identical considerations we see that
Q9 also points above the z-axis.

<1 P

[l
[1]
8]

-1
Hni

-1
Hn2

FIGURE 42

Using this initial (crude) information about {1, ¢2 we will now calculate the coordinate of {s.
Firstly recall from (54) that for the unique a € [0, 7) such that tan2a = % we have Qg 1= (039).
Note that

\/((2&3)2 +(1- 56)2) _ \/(45.6 +1-25%1512)
= /(14255 +512)
= (1 +&6)

So

o 25 . (1-059
Sln2a: m and COSQG/: m
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Hence
2 1 (1-69
()" = 5= 16
1 ((+6% (1-69
2\ (14459 1+ 59)
1 25°
2 \(1+459)
 (1+4459)
And thus
5.3
sing = +——. (244)
(1+59%)
o1 (1-5°
(cosa)” = + 20 +5%)
- 1
(14469
Hence 1
cosa = t—m— (245)
(1+3%)

Now from (244) and (245) and what we have established about {2 pointing above the z-axis and the fact
that it belongs to Z5, we must have that

&3 5 1
—— C0sSd = ——.
V(1 +389%) V(14 89)
Now we need to calculate (1. We have to start from scratch. So for v := (gfg;), let
gla) = [HY[* = (¢ -n)?

2
2 o sina ocosa sina
= o°cos"at+ —— — | — +
a2 5 )

sin?a  62cos?a sina 20 sinacosa

2 J— J—
oSt T T ¥ (1169 (1489

sina =

2

= 0
So
5% (6% 4+ 1) g (a) := 6% cos® a + sin” a + 25 cos asin a.

And as in the calculation of a, by standard trigonometric identities this reduces to

1 2 1 — cos?2
52 (52 +1) g(a) = 6° ( +C2°S a) +—— +5%sin2a.
SO
26% (6% 4+ 1) g (a) = (6° — 1) cos2a + 26° sin2a + % + 1.
Thus

26% (62 4+ 1) ¢’ (a) = =2 (6° — 1) sin 2a + 46° cos 2a.
So
g () =0 & 2(®~1)sin2b = 45 cos2b
—253

%=
& tan2b o)
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Hence R
tan 2b = — tan 2a. (246)

Now as we know (9 = (gfsg) points upwards and to the right (as shown in fig 42) so a € (O )
(COSZ’) is not
sin b

So (246) implies either b= —aorb=m—a Now as the former possibility implies that ¢ =

in =; so we must have that b=m—a.

Thus i i L
Or=(mre) = (Ci2?) =02 (247)

We claim
H'H 'ny = ¢o. (248)

From fig 42 it should seem reasonable that H~'H 'n, is sent into the shrink directions, specifically into

Now from (35) we have ny := ] for

Z1. And from what we have calculated {9 := .
A2—1
( = N5
N5
A =61, So by writing this out more carefully we have ny := (11+62) Now
(1+62)
_ _ 72 0 A/ 1& 52
H 1H 1n2 — ( 0 &2 ( f‘ )
(1+62)
1 52
(&\/(1+&2) V(1+52)
1
= <f’v;j&2> : (249)
Vi+62
Now we normalize the vector; so
1 n ot B a8 +1
52(1+462)  (1+62)) 52 (1+52)
B ( +1)
(1+42)
And hence
H'H 'n, _ay/(1+6?) 11,
H—TH Tng] NCGED) ’
51452 1
(6641) 6V1+52
5V/1x5% &

(6°+1)
(60+1)
Q2
which establishes the claim.

From the fact that {5 = 1 and Ty = ng, using (248) we get
H'H 'ny=H 'H 'ny=H TH ng =03 =01

and this completes the calculation.
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