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ABSTRACT: Let P be an operator of Dirac type on a compact Riemannian manifold
with smooth boundary. We impose spectral boundary conditions and study the asymptotics
of the heat trace of the associated operator of Laplace type.

Subject Code: Primary 58G25; PACS numbers: 1100, 0230, 0462.

We recall the notational conventions established in [10]. Let M be a compact m-dimensional Riemannian manifold
with smooth boundary 0 M. We suppose given unitary vector bundles E; over M and an elliptic complex

We assume that (1) defines an elliptic complex of Dirac type. We impose spectral boundary conditions B; Atiyah,
Patodi, and Singer [2] showed that an elliptic complex of Dirac type need not admit local boundary conditions.
Apart from the mathematical interest, spectral boundary conditions are of relevance in one-loop quantum cosmology
and supergravity (see e.g. [13,14]). Furthermore, they are consistent with a non-zero index and have been intensively
discussed in the context of fermion number fractionization [15,23].
Let Pg and Dp := (Pg)*Ps be the associated realizations. Let F' € C*°(E}) be an auxiliary function used for
localization. Results of Grubb and Seeley [19-21] show that there is an asymptotic series as ¢ | 0 of the form:

Tr2{Fe P8}~ N ap(F, D, B2 4 0@™/5). (2)

0<k<m-—1

(There is in fact a complete asymptotic series with log terms, but we shall only be interested in the first few terms in
the series). The coefficients ay, in equation (2) are locally computable. We determined the coefficients ag, a1, and as
previously [10]; these results are summarized in Theorem 1 below. In this paper, we determine the coefficient az. We
shall assume henceforth that m > 4 so that the series in equation (2) gives this term.

We shall express the coefficients aj invariantly in terms of the following data. Let v be the leading symbol of the
operator P. Since the elliptic complex is of Dirac type, v+ ~* defines a unitary Clifford module structure on Fy & Es.
Let V = V1 & V4 be a compatible unitary connection; this means that

V(y+~")=0and (Vs,3) + (s, Vs) = d(s, 3). (3)
Such connections always exist [7] but are not unique. If y = (y*, ...,y™~!) are local coordinates on OM, let z = (y, z™)
be local coordinates on the collar where 2™ is the geodesic distance to the boundary; the curves y — (y,t) are unit
speed geodesics perpendicular to 9M. Let 0, := &%; Om 1s the inward geodesic normal vector field on the collar.
Let V,, be covariant differentiation with respect to d,,. Decompose

P = 'Yluv;t +1P

where we adopt the Einstein convention and sum over repeated indices. Here 9 is a 0% order operator; the structures

v, V, and 1 can depend on the normal variable. Since P is of Dirac type, we have the Clifford commutation relations:

(Y)Y "+ () = 29", (4)
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Near the boundary and relative to a local frame which is parallel along the normal geodesic rays, we have V,,, = Op,.
We freeze the coefficients and set 2™ = 0 to define a tangential operator

B(y) == 7" (4,0) "> ncm 7, 0)Va + 9(y,0)} on C=(E1|onr).

Let © be an auxiliary self-adjoint endomorphism of E1|ons. We take the adjoint of B with respect to the structures
on the boundary to define a self-adjoint tangential operator of Dirac type on C*°(E|an):

B+ B*
2

A=

+ 0.

The boundary operator B whose vanishing defines spectral boundary conditions is orthogonal projection on the span
of the eigenspaces for the non-negative spectrum of A. Replacing the words “non-negative” by “positive” would not
change the local invariants a,,.

We shall let Roman indices ¢ and j range from 1 to m and index a local orthonormal frame for the tangent bundle of
M; Greek indices will index a local coordinate frame. Near the boundary, we choose the frame so that e,, is the inward
unit geodesic normal vector; we let indices a and b range from 1 through m — 1 and index the corresponding frame
for the tangent bundle of the boundary. We adopt the Einstein convention and sum over repeated indices. We let ‘;’
denote multiple covariant differentiation of the tensors involved. Let I' be the Christoffel symbols of the Levi-Civita
connection on M. There is a canonical connection PV on the bundle E; and there is a canonical endomorphism E
of the bundle F; so that D = —(Tr {PV?2} + E); see [17] for details. Note that PV is not in general a compatible
connection. Let w be the connection 1 form of PV. We have the following equations of structure:

D = ~(g" 9,0, + a"9, + b) = —(Tr {PV2} + E),
ws 1= %gy(s(a” +¢"°T,,"), and (5)
E:=b—g"" (0w, +wywy —wel'y,7).

Decompose P = v;V; + 1. Let R;;i; be the Riemann curvature tensor. Let
l/; = %211/)7 7 = Rijji, pij = Rikkj, (6)
B(m) := ()0 (5) T2~ (7)

Let ¢’ and ‘> denote multiple covariant differentiation with respect to the background connection V and the Levi-
Civita connections on M and M respectively. Let Lgp := Tqpm be the second fundamental form. The following is
the main result of this paper.

Theorem 1 We have
1. ao(F,D,B) = (4m)~™/2 [, Tr{F}.
2. ai(F,D,B) = (4m)~(m=V/2L(3(m) = 1) [,,, Tr {F}.
3. az(F,D,B) = (4m)~™/2 [, ATe {F(r + 6E)} + (4m)"™/2 [, Tr {3[) + ¥*|F + 3(1 — 278(m)) Laa F

3L (1 - LnB(m)) Fo).

4. a3(F,D,B) = (4m)=(m=D/2 [ FTr{%(1 - fiimg)(www B*) 42 (5 — 2m + T=8mt2m? o))+

+ gy (2m — 3 — 28 3(m)) (4T Py Toh + AT T %) + oy (14 2522 B(m) )y T T
_ _ 2
—A(2=18(m) — 1)1 +L(1 — 22=298(m)) prm +48(,}1+1)(1”;15m+ B=2m—dm_ 3(n)) Loy Lap
+ oy (— LA A ‘13,71;5’”‘16( ))LaaLvs +55—278(m) (00 + 159707, 0)}

+8(m173)(5"§77 - Em?gﬁ( NLaaFimTr {1} + 16 (m— 3 (28(m) — 1) Fymm Tr {I}.

We refer to [10] for the proof of assertions (1)-(3); the remainder of this article is devoted to the proof of assertion
(4). We begin by giving a general recipe for the invariant as. The coefficients agx involve both interior and boundary
integrals. The coefficients agr+1 only involve boundary integrals. One can use dimensional analysis to see that the
boundary integrand for az can be expressed in terms of local invariants which are homogeneous of order 2 in the jets
of the total symbols. Since P = v”V, + 1, we must consider invariant expressions determined by the jets of v, V,



and 7. Instead of using the curvature €2;; of the background connection V as one of our basic invariants, we shall
instead use the tensor

Wij = Q5 — TRijuvin. (8)

Since the background connection V is assumed to be compatible, we have [y, W] = 0; see [7] for details. Since Vy = 0,
the covariant derivatives of v do not enter. We define:

A=Ay, for 1 <a<m— 1. 9)
Equation (4) implies that 47 is a unitary Clifford module structure, i.e. that we have the relations:
Yot Y ve = —20a and (v7)* = =71 . (10)

The Grubb-Seeley calculus controls the pure v terms and after a bit of work using the Weyl calculus, one can show
the following Lemma holds where we adopt the notation of equations (5-9)

Lemma 2 There exist universal constants d; = d;(m) for 0 < i < 20 and e; = e;(m) for 0 < i < 8 so that
az(F,D,B) = (4m)~0n=D/2 [\ Tr {as(F, D, B)(y)}dy where:

az(F, D, B,y) = F(do[t) + %] + di[theh — 0" 0] + dotp™p + da [yl hy I + T p v L]

+da [y IO — AT b D) + dsy I T + de [ + D, ]+d7[wm Pr]

+ds[Y V0 + V2 0%] + do[V2 i — VI 0%] + dioLaalt) + ¥ + di1 Laalth) — 7]
+d1oT + d13pmm + diaWapr VL Ve + disWame + dieLapLab + di7LaaLaa)

' (ds[th + 0] + dio[th — 9*] + d2oLaa) + do1 Fim
+F(€0@@ + e OvT0 + evT 0.4 + €3L00O + €O + U] + €50t — ]
+€6’7a @’Ya W + w ] + e, @’Ya [w w ]) + 68Em®-

We prove Theorem 1 by determining the unknown constants of Lemma 2. We first establish some technical results.

Lemma 3

1. We have that dy [,,, FTr {yT () —*)a} = —dy [5,, FaTr {37 (0 — 9*)}.

2. The dual boundary condition for the formal adjoint P* is projection on the non-negative spectrum of the operator
Ay = —yn A1yt Furthermore As is defined by O3 = —4,,©017,,8 + Laa-

Proof. We shall derive equation (2.18) of [16] showing v, = 0; assertion(1) then follows by integration by parts:

'Yg:a = Va%? - 'nga - Faab'ﬁ? = —Vao¥mYa T YmYaVa + LaaoYm b
_(va'Ym - 'Ymva)')/a — Tm (Va')/a - ’Yava) + TaatYm Yo
= —YmiaYa = YmYaa = Lamb1Va = LaaiVm¥i + Laabym e
= LapVoYa — Laa¥Ym¥Ym = 0.

We compute the Green’s formula to prove assertion (2). We have 4¥ : Ey — FE3. The operator v* : E; — FE; was
defined by (¢1,7"d2) = — (7" é1, ¢2). We compute:

(Pp1,¢2) 2 — (61, P ¢2) 2 = [,(7' Vi1, d2) — (61, Vv d2) = [1; 0u(v b1, 02) = =[50 (Vm1, d2). (11)
We introduce the following tangential partial differential operators:
By =7 % Va + 9 1, A= 1(B1 + B}) + 01, and Ay := —y, A1y
Let E(X\, A;) :={¢ € C°(E;|lom) : Aip = Ap} be the eigenspaces of A;. Let

L7 := Closed span{E(X, A1) : A > 0}, L= := Closed span{E(), 4;) : A < 0},
L5 := Closed span{E(\, A3) : A >0}, L5 := Closed span{E()\, A3) : A < 0}.



We then have orthogonal direct sum decompositions
L¥(Eilom) = L7 ® L5 and L*(Ba|om) = L5 & L5

Let B;¢; be orthogonal projection of ¢;|sar on £7 and £22 respectively. Asym A1 = —AaYm, ymE(\, A1) = E(=), A2).
Consequently we have that

'7m£1> = £2< and 'Ym‘clg = ‘C22

Let ¢; € C*°(E;). We have ¢1 € Domain(P) if and only if B1¢1 = 0 or equivalently if ¢1|on € Elg. We use equation
(11) to see that the following assertions are equivalent:

(1) ¢2 € Domain(P*).

(2) (Ym®1, ¢2)12(am) = 0 for every ¢1 € Domain(P).

(3) d2loms € {ym LTI = (L3) = L5 ie. ¢2 € ker Bo.
Thus By defines the adjoint boundary condition. As Vv =0,

Va¥m = ¥YmVa +LTamp¥ = YmVa — LapTs,

By: = =vmB17,' = = Ym¥m VaVatm' — 017"
= ’Y;l'yava — LavyYayp — %%}1 = ’Y;l'yava + Laa — 1&1%;17
Azt = —537m(Bi + By — 1mO17!

= 3(m"aVa + (1" Va)" — 017" = m¥t) + Laa — YmO17m"
On the other hand since v = 9} and 7%, = v,,} = =7, we have
A2 = (7 YaVa + (1 10 Va)* = i — ¢17") + Oz so
O2 = —mO17," + Laa-0
We use functorial properties of the invariants a,, to establish the following Lemma. Recall that we defined

Bm) =T (F)T(5)"'T(=) "

Lemma 4
1. We have 0=dy =dy=d; =ds =dy1 = dig = €3 = e5 = er.

2. We have 2a) 0 = e3 = eg,
2b) 0 =e9— (m —1)ey, and
2¢) 0=eq — (m — 1)eg.

3. We may take di4 = 0 and dy5 = 0.
4. We have 0=dg =dyo.

5. We have 5a) 0 = dss,
5b) 0= 2(m — 1)d12 + di3 — 2d1g + 2(1 — m)d17 + (3 — m)dgo, and
50) 0= 2(1 — m)d12 + (1 — m)d13 + (3 — m)dgl.

6. We have 6a) 0 = 2dy + dz + (m — 3)(2ds + ds),
6[)) 0= —2dy + do + (m — 1)(2d3 — d5),
6c) 0 =eq+ (m — 3)eg, and
6d) 0 = dy.
7. We have 0= —2dy+dy — (m —1)(2d3 — ds) — =2 (B(m) — 1).

T T2

8. We have 0 = % (B3(m) — 1) + 2do + d2 + 2(m — 1)ds + (m — 1)ds + eg + e1(m — 1) — 2e4 — 2e6(m — 1).



9. We have 9a) 2do + dy = 22 (2=1B(m) — 1)
9b) 2ds + d5 = %(m (m) —1),and
9c) diy = — 35 (2= 5(m) —1).
10. We have 10a) dig + (m — 1)dyr = 12m 4 Amdl g(m),

10b) dop = o (5’"8’7 S 96( ), and

8(m—3)
10c) doy = #__13)(71 + 2ﬂ(m)).
11. We have dig + di7 = 16(”112,1) (m2+88m_17 = (3m —4)B(m)).

Remark We use equations (2c) and (6¢) to see es = eg = 0. Equation (6a) is not independent from (9a) and (9b).
Using (9a) and (9b) in (8), an equation for ey and e; follows. Together with (2b) this determines ep and e;. We solve
equations (6b), (7), (9a), and (9b) to determine dy, da, d3, and ds. Thus we complete the proof of Theorem 1 (4) by
checking that the non-zero coefficients are given by:

do = 55(1— 5%3) = (5~ 2m + e )

ds = m@m 3 2m 76m+55( )| ds = 16(m—1) (1+ SmQZL (m))

diz = —35(=38(m) — 1) dis = (1 — 2= 3(m))

dig = 19127(nffl) + 45(3m2”§)(§ﬁ1>5(m) di7 = 38147(—|rm72m 1) + 425(;321—“1;(43?2_)16(”1)
dao = 8(m1—3)(5m8 T — 59 5(m)) da1 = #_13)( 1+ 28(m))

eo = mﬁ(m) €1 = mﬂ(m)

Proof of (1). We shall always choose a real localizing (or smearing) function F. If the bundles E; and the data
(v,%) are real, then ag is real. Thus the coefficients d; are all real. Furthermore, since Dj is a self-adjoint operator,
the invariant as is real in the general case. Thus anti-Hermitian invariants must appear with zero coefficient. By
equation (10), v1 is skew-Hermitian. We assumed © is Hermitian. Assertion (1) now follows as the following terms
are skew-Hermitian:

Flpp — 9],
dllFLaa[z/; -

FivIepg + T2,
erFyT oI [y — 47].

d7F[1/A};m - @fm]v

daFIy Iy Ip — v Ty Tap],
; es FO) — 9],

1/)*], dlgEmwA) - 1[)*]7 62F7§®:a7
Proof of (2). We consider the variation ©(e) := © +¢. For generic values of € the kernel of the associated operator
A(e) is trivial and the boundary condition remains unchanged and thus the invariants ag(e) are unchanged at these
values of e. The invariants ag(e) are locally computable. Thus a3 is independent of . Assertion (2) now follows from
the identity:
0 = Ozasle=0 = faM Tr{2F(eo + €174 Va )© + FegLaa + Flea + 66721721)(1/; + 1[)*) + esFin}
= [on Tr{2F (e0 — (m — 1)€1)© + FesLaq + s Fom + Fles — (m — 1)eg) () + 1)}

Proof of (3). We shall show that Tr {W,,vI v/} = 0 and Tr {W,,, 7]} = 0 so these invariants play no role. Note
that Wyp = —Wpe. Furthermore, [W, ] = 0 as noted above. We use equation (10) to compute:

Tr {Warve 7 + = Tr {vd Wapyi } = Tr {Wapy) 7 } so
Tr{WabVZ%T} = %Tr{Wab(Vg%T + %T%?)} = —Tr {Wapdap} = 0.

Since m # 2, we may show Tr {Wo,, 7L} = 0 by computing

—(m = D)Tr {Wama } = Tr {7 % Wam%a } = Tr {Wam ¥ 7a % }
= Tr {Wam(=26a7 —Ya % % )} = (=2+m — )Tr {Wamy, }-



Proof of (4). We apply the local index theorem. Let M be the unit ball in R™ and let E = Ey = Ey = Clif(M) be
a trivial complex vector bundle of dimension 2™ over M. Let (v, V) be the standard Clifford module structure and
flat connection on E. Let v, be an arbitrary endomorphism of E and set P; := v'V; + 11 : C>*(E,) — C°°(E3); the
formal adjoint is then given by P, := 7'V, + 9} so ¢y = 7. Let D1 := P, P, and Dy := P, P, with the appropriate
boundary conditions B;. It follows from general principles that

Tr {e"tP1E} — Ty {eHP2)52} — index(Py, By) so as(D1,B1) — asz(Da, By) = 0. (12)

We use Lemma 3 (2) to identify the adjoint boundary conditions and ©2 We use the equations of structure derived
above and study the terms which are linear in ¢ in equation (12). Since F = 1, Lemma 3 (1) shows the terms
involving dg play no role. Thus:

faM Tr {dﬁ(*’}/mwl;m + w;m’)’m) + (dIOLaa + 6491 + eG’Ym’ya@l’Ym’)’a)(*’ymwl + l/ff’)’m)}
= faM Tr {dﬁ(*’}/mwim + Y1;mYm) + (d10Laa + €47mO1Vm + €6YmYaYmO1Vm YmYa) (—¥m¥T + ¥17m)}
+Tr{es + (1 —m)eg) Laa(—ymt®7 + V1vm)}-

The terms which are bilinear in (©1,1) and (01, 97) agree. Since e4 = (m — 1)eg, the final term vanishes. We set
Y1 = f(Zm)¥m to conclude that dg = 0 and that dijp = 0. O

Proof of (5). We use the method of conformal variations described in [10]. Let P be the Dirac operator on the upper
hemisphere. Then A is the Dirac operator S”~!. Since S™~! has a metric of positive scalar curvature, ker(A) = {0}
by the Lichnerowicz formula [22]. We now perturb P slightly to define an operator of Dirac type Py on the ball which
is formally self-adjoint. Let A := 2(Bo 4+ Bj + Laa). Since A is close to A, ker A = {0} so the realization of P is
self-adjoint by Lemma 3. Let f be a smooth function on M. Let

ds*(e) := e**/ds?, dvol(g) = €™/ dvol,
Pe):=e" = 7

el Pre 3 Pr(e) 1= el T Pl

We fix the metric on the bundle E. The metric determined by the leading symbol of P(g) is ds?(e) and P(e) is
formally self-adjoint. We assume f = f(z,) and floas = 0. Since A(e) — Ag = Z5Le .y, we set:

O() = 1_Tmsf;m + %Laa(O)
to ensure that the boundary conditions are unchanged. We use Lemma 3 and compute:
Laa(g) = —20m9aa(€) = Laa(0) + (1 — m)ef,, and

O2(e) = *I_Tmsf;m - %Laa(o) + Laa(e) = O1(e) + 5(*21_Tm + (1 —=m))fim
= @1(5).

Let 6 := O.|c=0. We compute
OTr 2{e PO} = 1 Tr 12{5(D(e))e 0} = —24Tr 12{5(P(e)) Poe 10}

= 2Tr 12 {fDoe P} = —2t9,Tr p2{fe~*P}. Consequently
daz(1, D(e), B) = (m — 3)as(f, Do, B). (13)

We showed in [10] that there exists a compatible family of unitary connections €V so that

b(e) = e (o — eF fiimi).
Since 1o (€) = —ymtho + 1(1 = m) f;m, we have:

51[}0 = 17Tmf;m = 51[)37
8doTr {shotho + otho} = Lom g 2doTr {o + g1,
0dyTr {shot} = 15 Fanda Tr {tho + 9}
83 Tr {7a Yova bo + va 0574 05} = 52 fim2(1 — m)dsTr {bo + ¥},
8dsTr {7 Pova 5} = 152 fom(1 — m)dsTr {¢ho + 55 }.



We use Lemma 3 to see § [, Tr (VT (.0 — ¥iiy)} = 0. We use computations from [6] to see

ddi2T = d12( 2( - ]-)fmm + 2( )Laaf;m)a
5d13pmm = dlS( aafm ( - )f;mm)v

0di6LapLap = lefm aa™ and

(m

5d17LaaLbb =-2 - 1)d17fm aa-
We use equation (13) to see daz(1, D(g), B) + (3 — m)as(f, Do, B) = 0. We have 60 = %(1 — m) f,,. Thus
0eoTr {67} = (1 = m)eo f,n Tr {6},
derTr {7, O7, O} = (1 —m)(1 —m)e1 fn Tr {O},
SeaTr {O (o +45)} = 5(1 = m)ea fim Tr {dho + 5} + (1 = m)eafyn Tr {O}, and
11

dee fnTr {74 ©74 (o +95)} = $(1 = m)(1 = m)eg fim Tr {0 + 95} + (1 = m)(1 — m)es f, T {O}.

Since eg + (1 —m)e; = eq+ (1 — )66 = 0, these terms play no role. Furthermore we have assumed P = v;V; + 1 is
self-adjoint. Thus ¢ = ¢ and wo +w0 = —Ym¥%o+Yoym and Tr {wo +w0) = 0. Thus this term yields no information.

We complete the proof of assertion (5) by computing:
O = faM(S - m)d18f;mTr {wo}
+{2(m — 1)d12 + d13 - 2d16 — 2(m — 1)d17 + (3 — m)dgo}f;mTr {Laa}
+{72(m — 1)d12 + (]. — m)dm + (3 — m)dgl}TI‘ {f;mm}-
Proof of (6). We now exploit the fact that the connection V is not canonically defined. We let M be the ball and
let £ = F; = Ey = Clif(R™) ® V where V is an auxiliary trivial vector bundle. Let o; := I ® &; be skew-adjoint
endomorphisms of £ commuting with the Clifford module structure . Let

Vl({:‘) = Vz + €05

be a smooth 1 parameter family of unitary connections on E. Since [o;,7;] = 0 for all 4, j, we have V;(¢)y = 0 so this
is an admissible family of connections. We define

P(e) = Yo — €750,
to ensure that P(g) = v;V;(e) + ¢ () = P is unchanged during the perturbation. We have

B(E) = _’Ym(’yava + o + €Va0a — 5%'01') = By — oy, SO
A(e) = $(B(e) + B(e)*) + O(e) = $(Bo + Bj) + 0 = Ao.

Thus the boundary conditions are unchanged by the perturbation if we set ©(¢) := 0. Counsequently, as(F, D, B) is
independent of the parameter e. We compute

5)(e) = =L o — O,

()" = =7 0b + om,

8doTr {h(e)(e) +1b(e)"(e)*} = 2doTr { = ob(tho + 95) — o (o — ¥},

8o Tr {p(e)ib(e)*} = daTr { = o (o + 5) + om (o — 5)},

8dsTr {2 (e)va (e) +va vh(e) va ¥(e)*} = 2dsTr {—vL v ovva (o + P5) — v omva (Yo — ¥5)}
= 2d3Tr {(m — 3)(—v; 0v)(tho + ) + (m — Dom (Vo — 95) 1},

8dsTr {2 (e) v p(e)} = dsTr {—vE v oyl (o + 03) + vt o e (o — ¥5)}
=dsTr{— ( = 3)v ow(tho + ¥5) + (1 — m)om(tho — ¥5)}

Oy Fa Tr {7 ($(2) = (e)")} = do FraTr { =275 0} = 0,

Ses FTr{O(h(e) + ¥(e)*)} = —2e4Tr {O o3}, and

See FTr {07 ((2) + ¥(e)")7e } = —2e6Tr {©(m — 3)7 0}



This yields the relation:

0= [ynr {2do + da + (m — 3)(2d3 + ds) } Tr {— 0w (tho + )}
+{=2do + dy + (m — 1)(2ds — d5)}Tr {om (o — U3}
+{—2e4 — 2(m — 3)eg} Tr {O~] o }.

To determine dg we extend the setting to an endomorphism valued smearing function. We study those terms which
involve the tangential covariant derivatives of F'. After taking into account the lack of commutativity, we see that
these terms take the form:

{nTr (Fayg (b=9%)), ueTr (Fayg (9+47)), usTr (Fa (=070 ), uaTr (Fa (49707 ), usTr (Favg 0), ugTr (Faby }-

If F' is then taken to be scalar, we see that dg = —us — uyg, dg = —u1 — us, and es = —us —ug. We set 9 =0, 6 = 0,
and o, = 0. Then §(x) —¢*) = —20,, and 6(x) + ¥*) = 0. Since o, commutes with v, we get

0= —2(u1 + ug) Tr (Fuyl o)

since these are the only terms in the variation involving the covariant derivatives of F. (As Tr(ylo,,) = 0, it is
necessary to take F., endomorphism valued for this argument to work). We can now conclude that u; +ug = 0. This
shows dy = 0 and completes the proof of assertion 6d). O

Proof of (7). As in the proof of (5), let Py be a small perturbation of the Dirac operator on the upper hemisphere
so that ker(Ag) = {0} where Ay := $(Bo + B + Laa); the realization of P is self-adjoint. We consider a variation of
the form P(e) := P +e. We then have B(e) = By — Ve and thus A(e) = 1(B(e) + B*(€) + Laa) = Ao is independent
of the parameter e. Thus P(e) is self-adjoint. If {¢r, Ax} is a spectral resolution of P, then {¢g, A + €} will be a
spectral resolution of P(g). We compute:

> 02{an(L, P(e)?, B) Moot " m/2 ~ 92T {em! P}
= 0. Tr {—2t(P + e)e PO Yy = Tr {(—2t + 42P)e 17"}
= —2ATr {(1+2t0)e "} ~ =2t 3 {1 + (n — m)}an(1, P2, B)tn=—m)/2,
We take (k,n) = (3,1) and equate the coefficient of t(®*~)/2 in the two expansions to see:
852@3(17P(5)276) = 72(277”)&1(1;]32;8) (14)
We use Theorem 1 to see

al(laP27B) = (4ﬂ)_(m_1)/2i(ﬁ(m) - 1) faM Tr {I} (15)

We have 9(e) = 0o — Yme and 9(e)* = Yo + Yme. Assertion (7) now follows from equations (14), (15), and the
following identity:

02as(1,P(e)*, B) = (4m)~(m=V/2 [ {—Addy + 2dp — 4(m — 1)d3 + 2(m — 1)d5}Tr {I}. O

Proof of (8). As in the proof of (5), let Py be a small perturbation of the Dirac operator on the upper hemisphere
so that Py is formally self-adjoint and so that ker(Ag) = {0} where Ag := $(Bo + Bj + ©g + Lqa). We assume that

the realization of Fy is self-adjoint. We consider a variation of the form P(e) := Py ++/—1e. Then

D(e) = o — V—1Ym, 1 (€) = b — V—1eYm, s0 we set O(e) = Og + vV —1Vm.

Then A(g) = Ap so the boundary condition is unchanged. Thus P*(¢) = Py — /—1¢ and D = P? 4 2. Consequently
we have

Tr{e P} = e Ty {e7"°} 50 a3(1, D(¢), B) = a3(1, Do, B) — €%a1(1, Dy, B). (16)

We compute:



doTr {0 + P*p*}(e) = doTr {shotbo + Pgabs} — 2dov/—1Tr {ym (o + 05)} + 2doe®Tr {1}
doTr {0 }(e) = doTr {1y } — dov/—TeTr {ym (tho + ¥§)} + doc®Tr {1}
dsTr {y2y 2 + /Ty D" }e) = dsTr {yIhov o + 0y E s} — 2ds(m — 1)v/=TeTr {ym (dho +95)}
+2(m — 1)d3e*Tr {1}
dsTr {yIy " () = ds T {2 hor g} — ds(m — 1)V/=1eTr {ym (o + U}
+(m — 1)dse®Tr {1}

eoTr {001} (g) = egTr {000} + 2e0v/—1Tr {7, 00} + eoe®Tr {1}
e1Tr {7 ©74 ©}(e) = exTr {73 O Oo} + 2e1(m — 1)V =1eTr {7 B0} + e1(m — 1)e*Tr {1}
eaTr{O(Y) + 1) }(e) = eaTr {O(ho + 95)} + eaV/—1eTr {ym (o + 15 — 200)} — 24> Tr {1}
esTr {72 ©71 (b + ")} (e) = esTr {7 Oova (Vo + 1) + es(m — D)V=TeTr {7 (b0 + 1 — 200)}

—2eg(m — 1)e*Tr {I}.
Thus we have

0= [y {—2do —ds — 2ds(m — 1) — ds(m — 1) + eq + (m — L)eg}v/—1Tr {ym (b0 + ¥}
{ 2e0 + (m —1)e; — 2e4 — 2(m — 1)eg }vV—1Tr {7,600}

To ensure that Py is self-adjoint, we must have v, ©¢ym = Oo+ Laq. Thus, in particular Tr {v,,00} = 0. Furthermore

Yo = 5. Thus Tr {ym(qﬁo + 1&6)} = Tr {vm(—¥m%o + Yoym)} = 0. Consequently the coefficient of € produces no
information. We use equation (16) to identify the coefficient of €2 and see

(4m)~(m=D/2 [ Te {1} - {2do + d2 + 2(m — 1)dz + (m — 1)ds
+eg+e1(m —1) —2eq4 —2e(m — 1)}
= —(4m)~(m=D72 [ L(3(m) - 1)Tx {I}. O

Proof of (9). Grubb and Seeley [21] gave a complete description of the singularities of T'(s)Tr {FD;°} in the
cylindrical case - i.e. when the structures are product near the boundary (see Theorem 2.1 [21] for details). We use
the inward geodesic flow to identify a neighborhood of the boundary M in M with the collar C = OM x (—e¢, 0]. Let
(y, xm) be coordinates on C. We suppose that P = ~,,(0, + A) on C where A is a tangential self-adjoint operator of
Dirac type whose coefficients are independent of the normal variable x,,,. Thus A =V, + 1[) where 1[) is self-adjoint.
Since dg vanishes we may take F' = 1. We use Equation (13) [10] to see that:

1 -1
0(F.D.B) =1 (%6(%@) - 1) as(F, A2). (17)
We use Theorem 4.1 [7] to see that:
as(F, A?) = —5(4m)=(m=0/2 [ FTr{Roppa + (12 — 6(m — 1)) + 677 hy T4} (18)

Assertion (9) now follows from equations (17), (18) and the computation:

a3(F,D,B) = (4m)~"=D/2 [\ F((2do + do) Ty {h} + (2d3 + do) Tr {72 97 4} + di2Tr {1}]. O

Proof of (10). This follows from computations on the ball. We follow the description in [10] and extend the results
to the ones needed for as. If r € [0, 1] is the radial normal coordinate and if d¥? is the usual metric on the unit sphere
S™m=1 then ds? = dr? + r?d%?. The inward unit normal on the boundary is —d,. The only nonvanishing components
of the Christoffel symbols are

1
Fabc = _Fabc and Fabm = _5ab;
T r

the second fundamental form is given by Ly, = dq45- We denote by Tupe the Christoffel symbols associated with the
metric d¥? on the sphere S™~! and tilde will always refer to this metric.



We will consider the Dirac operator P = v”3d, on the ball; we take the flat connection V and set 1) = 0. We suppose
m even (there is a corresponding decomposition for m odd) and use the following representation of the y-matrices:

_ 0 v-1- Ya(m—1)
Ya(m) = ( /1. Ya(m—1) 0 and

B 0 VT 1y
TYm(m) = /1. L1 0 .

We stress that ;) are the y-matrices projected along some vielbein system e;. Decompose V; = e; + w; where
wj = irjkl%(m)’)’l(m) is the connection 1 form of the spin connection. Note that

1/(V, 0 1 7
va:;(( 0 @a)+§7a(m))'
Let P the Dirac operator on the sphere. We have:
0 m—1 1 0 V—1P
P=(—- - - .
<6xm 2r > V() 7 ( —V/=-1P 0 >
(n)

Let dg be the dimension of the spin bundle on the disk; dy = 2™/2 if m is even. The spinor modes z"
are discussed in [8]. We have

on the sphere

H n -1 n
Pz(i )(Q) ==+ (n—|— mT) Z(i )(Q) forn=0,1,..;

1 _
du(m) := dim 207(0) = 74, ( men 2 > .

Let J,(z) be the Bessel functions. These satisfy the differential equation [18]:

d?J,(z)  1dJ,(z) v? B
dz2 PR (1 a z_2> Tu(z) =0.

Let Pp+ = +up4 be an eigen function of P. Modulo a suitable radial normalizing constant C, we may express:

. (n)
SDEJ) _ % inrmy2(pr) 23 (g&)}), , and (19)
r(m=2)/ FJngmy2—1(pr) Z17 ()
(n)
r(m=2)/ iSpgmy2(pr) Z27 ()

Let VI :=V, — %Lab'be(m). Then V7 is a compatible unitary connection for the induced Clifford modules structure

7T see [16] for details. The tangential operator B takes the form:

1 —p-—m-1 0
B = "}/sz) <Vz + iLab’ygzm)) = < 0 2 p m—1 ) .

2

We have in particular B = B*. We take © = mT_l 1,,. The operator A used to define spectral boundary conditions

then reads
—-P 0
A= -
(% %)

The eigenstates and eigenvalues of A then are easily determined:

EARIO R m—1\ [ 2™ Q)
A ( ZJ(:")(Q) ) - (n T ) ( ZJ(:")(Q) and
zM@Q)\ m—1\ [ 2"(Q) B
A(ZS:”(Q)) = (n—i— 5 ) <ZJ(F")(Q) forn=0,1,



The boundary condition suppresses the non-negative spectrum of A. Applying the boundary conditions on the
solutions (19) and (20), we see that the non-negative modes of A are associated with the radial factor Jy,m _1(ur).
Hence the implicit eigenvalue equation is

Jp(1) = 0 where p =n + % -1 (21)
In [4,5,9,12] a method has been developed for calculating the associated heat-kernel coefficients for smearing (or
localizing) function F' = 1; in [11] this has been generalized to F' = F(r). We summarize the essential results from
these papers briefly; in principal one could calculate any number of coefficients. We first suppose that F' = 1. Instead
of looking directly at the heat-kernel we will consider the zeta-function ((s) of the operator P? and use the relationship
between the pole structure of the zeta function and the asymptotics of the heat equation:

ar, = Res SZWT%F(S)(:(S). (22)

Thus to compute a3, we must determine the residues of the zeta-function ((s) at the value s = (m — 3)/2. We use
the eigenvalue equation (21) to express

() =43 dlm) [ S5k, (b, (23)

0 I 211

where the contour C runs counterclockwise and encloses all the solutions of (21) which lie on the positive real axis.
The factor of four comes from the four types of solutions in (19) and (20). The representation equation (23) is well
defined only for fs > m/2, so the first task is to construct the analytical continuation to the left. In order to do that,
it is convenient to define a modified zeta function

dk o
M(s)= | —k~ 2= Ink PJ,(k);
¢ (s) /c2m' 55 kTP Ip(k);

the additional factor kP has been introduced to avoid contributions coming from the origin. Since no additional pole
is enclosed, the integral is unchanged.

It is the behaviour of (™ (s) as n — oo which controls the convergence of the sum over n. The different orders
in n can be studied by shifting the contour to the imaginary axis and by using the uniform asymptotic expansion
of the resulting Bessel function I,,(k). To ensure that the resulting expression converges for some range of s when
shifting the contour to the imaginary axis, we add a small positive constant to the eigenvalues. For s in the strip
1/2 < Rs < 1, we have:

. . 5
¢M(s) = @/ dik(k? — 62)*5% In k=PI, (k).

We introduce some additional notation dealing with the uniform asymptotic expansion of the Bessel function. For
p — oo with z = k/p fixed, we use results of [1] to see that:
1 ePn

o~ wit)
)~ e |
t=1/V1+z22and n=+v1+22+1n[z/(1+ 1+ 22)].

Let uo(t) = 1. We use the recursion relationship given in [1] to determine the polynomials u;(t) which appear in
equation (24):

] where (24)

wisn (t) = %#(1 — 2)u(t) + %/O dr(1 — 572w (7).

We also need the coefficients D, () defined by the cumulant expansion:

1+muz_@]Nme_m, (25)
; P! Z pe

q=1

In
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The eigenvalue multiplicities d,,(m) are O(n™~2) as n — oo. Consequently, the leading behaviour of every term is of
the order of p=25=4+™=2; thus on the half plane Rs > (m — 4)/2, only the values ¢ = 1 and ¢ = 2 contribute to the
residues of the zeta-function. We have

1 3

5 1 5
Di(t) = 5t = ﬂﬁ, and Ds(t) = 1—6t2 -5ttt 1_6t6'

We use equation (24) to decompose

¢ (s) = A(_nl)(s) + Aén)(s) + Agn) (s) + R™(s), where
i e 0
A (g) = ST d 2 _ 21-s 9 (s PeP
Y7 (s) " z[(zp)* — €] 5, B (z7PePT),

sinms —1/4

- /E/p dz[(zp)? — 62]75% In (1+ 2%) ,

AP = [ dsfep? - e (P42,

™ /p Pl

AY(s) =

The remainder R(™(s) is such that > 07, d,, (m)R(™(s) is analytic on the half plane Rs > (m — 4)/2.
Let 2 F} be the hypergeometric function. We have

o _ F(C) ! b—1 c—b—1 —a
oF1(a,b;¢2) = IO =) /0 dtt”" (1 —¢t) (1—-t2)"% and
o ) IT(s+ I —s) o

2_ 2q1-s Y 0 7 2 Ir .2 21—s—1/2
[ e = gt = g s e

We use the first identity to study A(_nl) (s) and Aén)(s); we use the second identity to study Agn)(s) and Aén)(s). This
shows that

“2HIT(s — 3) 1 11

ny,N_ € 2 Lo L Py Poas

A" (s) = ROEO 211 ( 35 T3y (e)) 5

n 1 s

A5 (s) = =3 + )7,
11 I(s+ 1)

A(n) s) = = _ 2 p2+62 ‘5_2}

W5t [T O

—25—“(8) [—2F1f(;%)p2(p2 +e)7s 2] 7
AL (0) = gy [T+ D67+ )7

*g% [—T(s +2)p*(p* + ) >7?]

+15—6% [—%F(s +3)p*(p° + €))7 3}

In the limit ¢ — 0, the resulting zeta-function which appears is connected to the spectrum on the sphere. Let
d :=m — 1. We define the base zeta-function (g« and the Barnes zeta-function [3] (g,

Csa(s) = 42 dn(m)p~2* and (5(s,a) = Z dp(m)(n+a)~°.
n=0

n=0

We then have the relation (ga(s) = 2ds(s (23,% - 1). Fori = —1,¢=0,¢ =1 and ¢« = 2, we shall define
Ai(s) =450, dn(m)AZ(-n)(s). We take the limit as e — 0 to see that

12



1( ):411(%) F(S—I—i)CSd(Sii)’ (26)
Ag(s) =~ G (5), 1)
1 1 1 1 5 3
Al(S):—mCSd(S+§) |:8F—(§1)F(S+§)—W(%)F(S+§):| 5 (28)
As(s) = fﬁgsd (s+1) [%r(s 1) gf(s o)+ %I‘(s + 3)} . (29)

We used the Mellin-Barnes integral representation of the hypergeometric functions [18] to calculate A_1(s):

. Io 1 T(a+ )b+ t)['(—t) '

oFi(a,b;c;2) = (@)L (0) 271 /c dt Tt D) (—=2)".

The contour of integration is such that the poles of I'(a 4+ ¢t)T'(b + t)/T'(c 4 t) lie to the left of the contour and so that

the poles of I'(—t) lie to the right of the contour. We stress that before interchanging the sum and the integral, we

must shift the contour C over the pole at t = 1/2 to the left; this cancels the term —%e‘QS appearing in the expression

for A_; above.

This reduces the analysis of the zeta function on the ball to analysis of a zeta function on the boundary. We

compute the residues of ((s) from the residues of (g(s,a). To compute these residues, we first express (g(s,a) as a
contour integral. Let C be the Hankel contour.

Cg(s,a):z (dJer)(nJra)s Z (a+mp+...4+mg)"°

n= melNG

=0
_ F(l - 5) _4\s—1 e—at
o7 /Cdt( 2 (1—et)d

The residues of (5(s,a) are intimately connected with the generalized Bernoulli polynomials [24],

(30)

e—at - ) 4 > (_t)n—dB(d) )
(1—et)d (-1) T;) O (@) oy

We use the residue theorem to see that
(=142 @

Res s—.Cs(s, a) = de,z(a% (32)
for z =1,...,d. The needed leading poles are
1
Res s:dCB(57a/) = m’
d—2a
Res s—a-1(5(s,a) = 2(d —2)V
1242 — d — 12ad + 3d2
Res s—a-2(5(s,a) = 24(d — 3)! ’
Res Ca(s,a) = —8a® + 12a2d 4 2a — 6ad® — d* + d*
s=d=35B% @) = 48(d — 4)! '
We may now determine the residues of ((s). At s = 22 = 922 we find
d, m—2
R m-3 A_ =-——=
es ,_m—s 1(s) 6 27T((m — 1)/2)T((m — 3)/2)’
ds
m— A = .
Res e Aols) = Gert — 2y
dy (5m —13)

Res mnge ) =5 S (G~ /2T ((m —3)/2)°

~ds (m—3)*(5m—9)
T 256 D(m—-1)

13



To get these representations, the ‘doubling formula’ 1F((22Z)) = \/1?77;2_;5;)2; for the I' function and its functional relation

I'(z 4+ 1) = 2I'(2) has been used. Summing up, using again the given properties of the I'-functions and (22) for the
heat-kernel coefficient ag, we find

8(4m — 11)I(m/2) + (17 — Tm)D(1/2)T((m + 1)/2)
30(m/2)T((m + 1)/2)

e (4m — 11)(m — 1)T(m/2) (17 — Tm)(m — 1)
= (4m)~ Y/ /Sm,l T { A8T(1/2)T((m + 1)/2) 384

az = 277" (m — 1)d,

= (47r)*<m*1>/2/ Tr [dig(m — 1) + di7(m — 1)?] .
Sgm—1

Form here, equation (10a) is immediate.

To get equations (10b) and (10c) we need to introduce a smearing function. For our purposes a smearing function of
the form F(r) = fo+ fir?+ for* is suitable. We note that the radial normalization constant is given by C' = 1/Jp41 ().
We denote the normalized Bessel function by

jp(/““) = Jp(ur)/ Jp1(p)-
Instead of the zeta function we consider now the smeared analogue:

(=Y [ Fa) @) g (33)
A

Since F' depends only on the normal variable, the integral in equation (33) over the sphere S™! behaves as in the
case ' =1 so that

((Fys) =4 dn(m) /C ks (34)
n=0

2mi
! . 0
. / drF(r)r(J2 . (kr) + Jg(kr))% In J, (k). (35)
0
The radial integrals may be computed using Schafheitlin’s reduction formula [25]:

(j+2)/zdx:vj+2J3(x):(j+1){u2—@}/zdxxjﬁ(x)

!
2

2t {zJL(z) - %(j + 1)Jy<z>}2 + 29 {z2 v+ i“ + 1>2} Jf(z)] :

For the case at hand, using J, (1) = 0, we find the radial integrals

L 2
B ~ 2p° +3p+1 1
/o dr r3 [Jz(/”) + Jzﬂ(/”ﬂ = T + 3’
1 4 3 ?
_ - 8p* +20p° —20p—8 4p° +10p+4 1
dr 5 [J2 2 — -
/0 o [T () + 2y ()] 154 T 1542 * 5

Substituting these into (35) the contour integral representations for ¢(r?; s) and ((r?; s) are easily given. The resulting
expressions are evaluated using equation (23); simple substitutions suffice to evaluate all relevant terms analogous to
(26)—(29). The factors of 1/u? and 1/u* are absorbed by using s + 1 and s + 2 instead of s in equations (26)—(29).
The powers of p lower the argument of the base zeta function by 2, by 3/2, by 1, by 1/2 and by 0. It is now a
straightforward matter to compute:

Afl(T’ ,S) 4F(%)mggd(57§) {§+§S+1}
R L N T
+41“(%) T(s+2) [Csd(s) +30se(s+ 5)} :

14



1 1 1 1

Ao(r;5) = —7Csa(s) = 7Csuls + 5) = T5Csa(s + 1),

M(%58) = =gy ) | S 3~ e+ 5
5t 3 [T 3 - e )
fﬁgsd(ﬁ 1) [ﬁr(sm/z) - mf(erf)/Q)} +on

Ay(r? ) = fﬁ@d(s +1) L%r(s +2)— gI‘(s +3)+ %F(s + 4)]

+3FL(S)CSd(S +1) [11—6F(s +1) — %I’(s +2)+ 35—2F(s + 3)} + ...

This exemplifies very well the rules of substitution and we spare to write down the associated terms for ((r?;s)
explicitly.

Although lengthy, it is again easy to add up all contributions to find as(F, D, B) for the smearing function given by
F(r) = fo+ fir? + for*. We derive equations (10b) and (10c) by identifying the boundary invariants:

F()=Flom = fo+ f1+ [,
F'(1) = =F.n lom = 2f1 + 4/,
FU(]-) - Emm |8M = 2f1 + 12f2 O

Proof of (11). We give the ball B2 the usual metric ds% = dr? + r2df?. Let N be a compact Riemannian manifold
without boundary and let M = B? x N with the product metric. The extrinsic curvature is Lgg = 1, Lgy = 0
otherwise. Let P be the Dirac operator on N. The Dirac operator P on M reads

o 1 1 0 V=TYp(m-1) 0 =1P
P=(+—-— ~ — " 3 :
(&cm 27’) Tm(em) r ( —V=19(m-1) 0 % + —/=1P 0 (36)

Write the eigenfunction ¢ of P, Py = uyp, in the form ¢ = (ﬁ;) Let Z,, be an eigenfunction of P. An ansatz of the
form vy = f (T)ei(erl/ 2)0 z_ is not possible because Yo(m—1) and P anticommute. A simultaneous set of eigenfunctions

of 99 and P thus does not exist. However, Yo(m—1) Plays the role of 'v®" for the y-matrices on N. Therefore, define
Zf to be the upper and lower chirality parts of Z,,

1
ZT:L‘: = ﬁ (1 + V _179(777471)) ZTL
Consequently

PZE =)\,ZT and P?zF = \2z*

n<=mn>

and 1 = f(r)e!m*T1/2)0 Z+ might be chosen. A full set of eigenfunctions is then found to read

(£) _ i(m+1/2)0 < Tmi1 (V2 = Ner)ZF ) (37)

1 T2 = N T (Vi = W) 2 F B T (Vi = M) 2y

sD(i) — ilm+1/2)0 _ Jm(\/mr) " | )
’ i%meH(MT)Z; F “l\tn Jm(mr)zi{

We need to impose spectral boundary conditions. We choose § = 1/2. the boundary operator reads

_ ([ —Vem-1) 0 —-P 0
A= 15) ~
( 0 +Yo(m—1) ) ot ( 0 P

and we need the projection on its non-negative spectrum. Obviously one chooses the ansatz o = (
of A and gets the equations

a1

a2) as eigenspinor

15



—Yo(m—1)0s1 — Pay = Eioq,
Yo(m—-1)002 + Pay = Eas, (39)

Define b — m+1/2i,/A§L+(m+1/2)2

. Expand a7 and as in terms of fo. Then eigenfunctions are given by:
afF) =m0, 2+ 4 Z-) and ozé:F) = ! mHY20(p_z+ 4 Z-) where (40)
AaT = F/A2 + (m+1/2)2a™.

Imposing spectral boundary conditions so means that the projection on all eigenfunctions o™ has to vanish. Boundary

conditions can not be imposed on gogi) and @éi), but instead on suitable linear combinations. Define

4 — AnFH
FT TS0
Vi = A
and impose boundary conditions on ¢1 + ax . This gives the conditions, using b_b; = —1,

b_
IV =R) + =i (VP = X2) = 0,
b_
TP = R2) 4 = Ta (Vi = 2) =
Jr

With a_a4 = —1 this can be combined to read

26—
Tn(Vi? = X)) = =T (V1 = X)) 1 (V2 = A2) = b2 T 1 (V2 = A7) =

So the starting point for the zeta function with smearing function F' =1 is

0 2\ b_
2 n
ZE:/2ml‘7+A2 ngm{@®%— i’ LA@%HMw—ﬁﬁhgm}

m=—0o0 n

Using for [ € IN, J_;(k) = (—1)!J;(k) and shifting the contour to the imaginary axis we find

) = 2L 575 [ a2 -2

m=0 n
0 —2m 2

The role of the base zeta function will here be played by the zeta function associated with A%. We thus define (actually,
this is only 1/2 the zeta function because the sum over m runs from m = 0 only instead of m = —o0)

26—

%@%Hw+ﬁﬁﬂwﬂ.

phg

> o [m+1/22+ 2] (41)

0

3
I

and will need furthermore

> (m+1/2)!
ZOZT; (m £ 1/2)2 + 2] (42)

This suggests, that a suitable expansion parameter is v = m + 1/2. We define

v

and have the following relations,

16



— ==y
v

1= -1 N oo 1-90 5 2
1+ 6

= 14 =—"
- 144 oo 140

In addition, the zeta function associated with the spectrum A, of the manifold N will naturally appear in the
calculations,

(n(s) =D (A2)°

n

After a lengthy calculation using the expansion (24) we find for the relevant expression the following asymptotic
expansion for v — oo:

2XAnb_

1n{ —2vt+l [12 1/2(,21/) + b2 IV+1/2(21/) V_l/Q(ZV)IV+1/2(ZV):| } ~

In {2_2” e (1+0%) <1 + tiv;”j } + %Ml(t) + %Mz(t) +0O(1/v%)

2my

The polynomials are

162 . 194 1 43 11 52 1
My(t) = syl 0 10 11 s 50 45 5 1
26+t 86+t 86+t 26+t 80+t | 8+t

In analogy to the treatment in the proof of (10), this suggests the definitions

A i(s) = 2sin(rs) ZZ/ (2202 — X2)~ %ln(z_2”62”"),
nl/v

7.

m=0 n
2sin(rs 5 y2y-s 0 VAZ + 2
Aol = mzozn:/ 2z RO (Ht v ’
2sin(ms 2 y2v-s 0 My(t)
)= mzozn:/nw T
We use (30) to see
2 dt T(s—1/24+)['(—t
A—l(S)Z—m/C% ( t/i 1/2) ( )CH(—2t;1/2)§N(s+t—1/2), (43)

where the contour lies to the left of Rt = —1/2. If we denote the heat-kernel coefficients of P? on N as a§N)

the relations [7]:

, we have

T((m —2)/2) Res o (m_2)/2(n(s) = af) = (47r)_(m_2)/2/ Tr 1,
I'((m —4/2) Res s:(m74)/2CN(5) = agN) = (47)~ (m—2)/2 ( ) / Tr R(N

1
For later use, in the same way we define a§-S *N) associated with AZ2. Using Ca(s) instead of (n(s) in the above

equations, the results with obvious replacements remain valid.
Shifting the contour in (43) to the left we pick up the poles of A_1(s). To provide checks of the calculation, we also

present the residues to the right of s = (m — 3)/2. E.g. we find that

1
['(m/2) Res s—p,/2A-1(s) = 2 N),
F((m - 1)/2) Res Sz(m,l)/gA 1(8) 0,
1
I((m = 2)/2) Res —(m-22A-1(s) = 5a;" 12agN>,
L((m —3)/2) Res ,— (m— 3)/2A 1(s) = 0.
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We continue with Ag(s). It may be casted into the form

1

A()(S) = ——

Ca(s) <F(s) _ M) .

/s

At the values of s needed the k-sum can be given in closed form and one finds

T((m = 1)/2) Res sononyjados) = =a” {1 B r(1/2)1;((ﬂ(1n/121)t 1)/2) } ’
P((m — 2)/2) Res +— a2 A0(s) =0,

P{(m = )/2) Res sen-aa(s) = =of” {1 - o =

Similarly, A;(s) and A (s) can be represented in terms of ¢! (s), equation (42). The relevant residues of ¢4 (s) can be
determined from (4(s) by a suitable scaling of the circle S1. One has

00 ( 2)1

I'(s+1)
! 2 23y—s—1
Z (A2 +12) s+l+1:(_1) T(s+i+1) ( ) ZZ)‘ +v°b) lo=1.

m=0 m=0 n

The residues of the right hand side can be obtained from aESlXN). E.g.

(S1><N)

00 ) o1 1 )
Res s—(m-3)/2 ) D (A +°b) T T(m-1/2) Vb

m=0 n

It follows

(?)! _ ((+1/2) (S1%N)
ReS o=(m-3)/2 Z 2. (2 +02)+4 .~ T(1/2)T(m/2+1—-1/2)°

m=0 n

This, and a similar equation for s = (m — 2)/2, allows one to find the remaining contributions to the leading pole:

DC52) s a4 = (1~ FEREERL) 4m) 7 [ T,
F((m - 3)/2) Res s=(m—3)/2A2(8) =

B 3m —4 I'(m/2) m?+8m — 17 = (m=1)/2 .
< 160(1/2)(m? — D) T((m + 1)/2) T 128(m2 = 1) >(4 ) /aMT L

Putting things together, we can use ag, a1 and ay as a check of the calculation. The value we compute for di, agrees
with our previous calculation. Finally, we complete the proof of assertion (11) of Lemma 4. a
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