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ABSTRACT. We express the real connective K theory groups 1504;@_1(BQ@) of
the quaternion group Qg of order £ = 27 > 8 in terms of the representation
theory of Q, by showing koui_1(BQg) = I~(5’p(5’4’“+3/7'Qg) where T is any
fixed point free representation of Q. in U(2k + 2).

Subject Classification: 58G25.

1. INTRODUCTION

A compact Riemannian manifold (M,g) is said to be a spherical space form
if (M, g) has constant sectional curvature +1. A finite group G is said to be a
spherical space form group if there exists a representation 7 : G — U(k) for k > 2
which is fixed point free - i.e. det(I —7(£)) #0V £ € G — {1}. Let

M*=Y@G,7) = 8% 1 (@)

be the associated spherical space form; G is then the fundamental group of the
manifold M?*~1(G, 7). Every odd dimensional spherical space form arises in this
manner; the only even dimensional spherical space forms are the sphere S?* and
real projective space RP?*. The spherical space form groups all have periodic
cohomology; conversely, any group with periodic cohomology acts without fixed
points on some sphere, although not necessarily orthogonally. We refer to [18] for
further details concerning spherical space form groups.

Any cyclic group is a spherical space form group since the group of £t roots of
unity acts without fixed points by complex multiplication on the unit sphere $2¢~1
in C*. Let H = spang{1,Z,J,K} be the quaternions, let £ = 2/ > 8 and let
¢ := e*2/t ¢ H be a primitive (%)th root, of unity. The quaternion group @), is the
subgroup of H of order ¢ generated by £ and J:

(1.1) Qi={1,§...6*71 7,¢7,...6/* 17},

Let BG be the classifying space of a finite group and let ko.(BG) be the as-
sociated real connective K theory groups; we refer to [2, 3, 7, 9, 14] for a further
discussion of connective K theory and related matters.

The p Sylow subgroup of a spherical space form group G is cyclic if p is odd
and either cyclic or a quaternion group Q, for £ = 27 > 8 if p = 2. This focuses
attention on these two groups. We showed previously in [4] that:

Theorem 1.1. Let Z; be the cyclic group of order £ = 27 > 1. Let k > 1. Let
7:Z¢ — U2k + 2) be a fized point free representation. Then

koyr_1(BZ) = KSp(M**+3(Zy, 1)).

In this paper, we generalize Theorem 1.1 to the quaternion group:

Key words and phrases. quaternion spherical space form, eta invariant, symplectic K theory,
real connective K theory.

1



2 EGIDIO BARRERA-YANEZ AND PETER B. GILKEY

Theorem 1.2. Let Q, be the quaternion group of order £ =29 > 3. Letk > 1. Let
7: Q¢ — U2k + 2) be a fixed point free representation. Then

kosx—1(BQ¢) = KSp(M*+3(Qy, 7).

The quaternion (symplectic) K theory groups K Sp(M**+3(Qy, 7)) are express-
ible in terms of the representation theory - see Theorem 4.1. Thus Theorem 1.2
expresses ]%O4k_1(BQg) in terms of representation theory. If / = 8, then these
groups were determined previously [3, 5].

Here is a brief outline to this paper. In Section 2, we review some facts concerning
the representation theory of (), which we shall need. In Section 3, we review some
results concerning the eta invariant. In Section 4, we use the eta invariant to study
KSp(M*+3(Qg,7)). In Section 5, we use the eta invariant to study ko(BQ,) and
complete the proof of Theorem 1.2.

The proof of Theorem 1.2 is quite a bit different from the proof of Theorem 1.1
given previously; the extension is not straightforward. This arises from the fact
that unlike the classifying space BZy, the 2 localization of BQ, is not irreducible.
Let SL2(F,) be the group of 2 x 2 matrices of determinant 1 over the field F, with
q elements where ¢ is odd. Then the 2-Sylow subgroup of SLy(F,) is Q, for £ = 27
where j is the power of 2 dividing g2 — 1. There is a stable 2-local splitting of the
classifying space BQ, in the form

(1.2) BQy = BSLy(F,) VY 'BS*/BN VX 'BS*/BN

where N is the normalizer of a maximal torus in §% [16, 15]. Tt is necessary to find
a corresponding splitting of K Sp(M***3(Q,,7)) that mirrors this decomposition;
see Remark 5.2.

2. THE REPRESENTATION THEORY OF Q¢

We say that f: Q, — C is a class function if f(xgz~') = f(g) for all x,g € Qy;
let Class (Q/) be the Hilbert space of all class functions with the L? inner product

(f1i, fo) = €1 e, F1(9) f2(9)-

Let Irr (Q¢) be a set of representatives for the equivalence classes of irreducible uni-
tary representations of Q. The orthogonality relations show that {Tr (0)}scnr (Q,)
is an orthonormal basis for Class (Q/), i.e. we may expand any class function:

f = Zaelrr (Qe) <f7 Tr (O’)>TI‘ (U)

The unitary group representation ring RU(Q,) and the augmentation ideal RUy(Q¢)
are defined by:

RU(Qe) = Spang{o}scnr(q,), and

RU()(Q@) = {J S RU(Qe) :dimo = 0}.
We shall identify a representation with the class function defined by its trace hence-
forth; a class function f has the form f = Tr(7) for some 7 € RU(Q,) if and only
if (f,0) € Z for all o € Irr (Qy).

Let RSp(Q¢) and RO(Q,) be the Z vector spaces generated by equivalence classes

of irreducible quaternion and real representations, respectively. Forgetting the sym-
plectic structure and complexification of a real structure define natural inclusions

RSp(Q¢) C RU(Q¢) and RO(Qg) C RU(Q¢). We have:

RO(Qr) - RO(Q¢) C RO(Qv),
(2.1) RSp(Qe) - RSp(Qe) C RO(Qy),
RO(Qr) - RSp(Qr) C RSp(Qy).
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The % + 3 conjugacy classes of @y have representatives:

{15 §7 (LS 52/4 = _17 \77 €j}

There are % + 3 irreducible inequivalent complex representations of @y. Four of
these representations are the 1 dimensional representations defined by:

P =1 m(6) =1 ra() =1  ra(&)=-1L,
po(T) =1, ki(T)=1, #ra(T)=-1, rK3(J)=—1.

We define representations v, : Q¢ — U(2) by setting:

we) = (5 V) men=(9 %)

The representations vy, vy, and 7, 4L are all equivalent. The representations ~,,

are irreducible and inequivalent for 1 < u < % — 1; 7o is equivalent to pg + ko and
Ve is equivalent to x1 + k3. We have:

Irr (Q@) = {PO,H1,H2,H3a7h "'7,)/%71}'
If §= (s1,..., Sx) is a k tuple of odd integers, then

V5= Vs; D oo D Vs,
is a fixed point free representation from @ to U(2k); conversely, every fixed point
free representation of @y is conjugate to such a representation. The associated
spherical space forms are the quaternion spherical space forms.
The representations {po, k1, K2, k3 } are real, the representations 7; are real, and
the representations 79,41 are quaternion. We have:

RO(Q@) :SpanZ{ pPo, K1, K2, K‘372,yla 72)"'7274/471}5
RSp(Qe) = spang{2po, 2K1, 2K2, 263, V1,272, s Ve/a—1]-
We define:

L ifg==T,
O1(g) =4 2 itg=¢€%7,
0 otherwise,
(2.2)
L ifg=4=T,
Oa(g) =4 2 ifg=erty,
0 otherwise.

The two class functions ©; will be used to mirror in RU(Q,) the splitting of BQ,
given in equation (1.2).
We identify virtual representations with the class functions they define hence-
forth. Let
A= 2po — 113 Tr (A) = det(L —m).

Lemma 2.1.

(1) We have ©1 € ROy(Q¢) and ©2 € ROy(Qy).
(2) Let ¢; =01 2 0eQu—{1} A(g)'. We have co = £2. If i > 0, then cy; € Z
and co;_1 € 27.

Proof: We use equation (2.2) to compute:

for any ¢ (©1, po) = 0 (O1,7%i+1) =0, (O1,72:) = (— 1)1:7
(B2, po) = (©2,72i41) =0, (O2,72:) = (—1)",

for /=8 <@1, 1> (@1, Iig) = 1, <@1,/€3> = 0,
<®27 1> 0 <@2;K/2> = 17 <®27K‘3> = _17

for £ >8 (01,k1)=0, (O1,ky) =1, (B©1,k3) =1,
<®27K’1> ]- <®2; Ii2> = ]-7 <®27K’3> =0
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We use equation (2.1) to complete the proof of assertion (1):

0, — TI‘{KQ—Kl} ) ifﬂz&
7 Tr{ka+ k3 + Di<icess(—1) 2} if £ > 16,
0, — Tr{ke — K3} 4 if =8,
2= Tr{ro + w1+ 21 ciepys(—1) 2} if £>16.

The first identity of assertion (2) is immediate. Let » > 0. As Tr (A")(1) =0,
cp =071 > gcqi—{1y T (A")(g) = (A", po) € Z.

If r is odd, then 7] is quaternion so (y], po) € 2Z. Since A" = ~] mod 2RU(Q,),
(A", po) € 2Z if r is odd. O

3. THE ETA INVARIANT, K THEORY, AND BORDISM

Let V be a smooth complex vector bundle over a compact Riemannian manifold
M. Let V be equipped with a unitary (Hermitian) inner product. Let

P:C®(V)— C™(V)

be a self-adjoint elliptic first order partial differential operator. Let {\;} denote the
eigenvalues of P repeated according to multiplicity. Let

n(s, P) =3, sign (Ai)[Ai]7*.
The series defining 7 converges absolutely for $(s) >> 0 to define a holomorphic
function of s. This function has a meromorphic extension to the entire complex
plane with isolated simple poles. The value s = 0 is regular and one defines
n(P) := 3{n(s, P) + dim(ker P)}|s—o

as a measure of the spectral asymmetry of P; we refer to [11] for further details
concerning this invariant which was first introduced by [1] and which plays an
important role in the index theorem for manifolds with boundary.

We say that P is quaternion if V' has a quaternion structure and if the action of
P commutes with this structure. We say that P is real if V is the complexification
of an underlying real vector bundle and if P is the complexification of an underlying
real operator.

Lemma 3.1. Let M be a spin manifold of dimension m.

(1) If m = 3,4 mod 8, then the Dirac operator is quaternion.
(2) If m = 17,8 mod 8, then the Dirac operator is real.

Proof: Let Clif (m) be the real Clifford algebra on R™. We have:
Clif (3) =H @ H,

Clif (4) = Mo(H )

Clif (7) = My(R) & My(R),

Clif (8) = M34(R), and

Clif (m + 8) = Clif (m) ®r Mi6(R).

Therefore, the fundamental spinor representation of Clif (m) is quaternion if we
have m = 3,4 mod 8 and real if we have m = 7,8 mod 8. The Lemma now follows.
O

The following deformation result will be crucial to our investigations:

Lemma 3.2. Let P, be a smooth 1 parameter family of self-adjoint first order
elliptic partial differential operators on a compact manifold M .

(1) The reduction mod Z of n(P,) is a smooth R/Z valued function.

(2) The variation 0yn(Py) is locally computable.

(3) If the operators P, are quaternion, then the reduction mod 27 of n(Py) is
a smooth R/2Z valued function.
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Proof: We sketch the proof briefly and refer to [11] Theorem 1.13.2 for further
details. Since %sign (u) has an integer jump when u = 0, n(P,) can have integer
valued jumps at values of u where dim(ker(P,)) > 0. However, in R/Z, the jump
disapears so the mod Z reduction of n(P,) is a smooth R/Z valued function of u; one
uses the pseudo-differential calculus to construct an approximate resolvant and to
show that the variation 9,n(P,) is locally computable. Assertions (1) and (2) then
follow. If P, is quaternion, then the eigenspaces of P, inherit quaternion structures.
Thus dim(ker P,) is even so n(P,) has twice integer jumps as eigenvalues cross the
origin. Consequently the reduction mod 2Z of n(P,) is smooth and assertion (3)
follows. O

Let M be the universal cover of a connected manifold M and let o be a repre-
sentation of w1 (M) in U(k). The associated vector bundle is defined by:

V7 := M x C¥/ ~ where we identify
(Z,2) ~ (g-%,0(g) - ) for g € m (M), & € M, and z € C.

The trivial connection on M x C* descends to define a flat connection on V7. The
transition functions of V7 are locally constant; they are given by the representation
o. Thus the bundle V7 is said to be locally flat. Let P : C°(V) — C*°(V) be a
self-adjoint elliptic first order operator on M;

PT C®(V RV — VeV

is a well defined operator which is locally isomorphic to k£ copies of P. Define
n° (P) := n(P7); we extend by linearity to o € RU (w1 (M)).

This invariant is a homotopy invariant.

Lemma 3.3. Let P, be a smooth 1 parameter family of elliptic first order self-
adjoint partial differential operators over M.

(1) If 0 € RUy(m1(M)), then the mod Z reduction of n° (P,) is independent of
the parameter u.

(2) If all the operators P, are quaternion and o € ROy (m(M)) or if all the
operators P, are real and o € RSpo(m1(M)), then the mod 2Z reduction of
n(Py, o) is independent of the parameter u.

Proof: If o is a representation of 71 (M), then the mod Z reduction of n?(FP,) is
smooth a smooth function of v by Lemma 3.2. Since P is locally isomorphic to
dim o copies of P, and since the variation is locally computable,

0un® (P,) = dimo - O,n(P,).

This formula continues to hold for virtual representations. In particular, if we have
that o € RUy(m1(M)), then dimo = 0 so 9,1 (P,) = 0; (1) follows.

If P, is quaternion and o is real or if P, is real and if ¢ is quaternion, then P7 is
quaternion and n?(P,) is a smooth R/2Z valued function of u. The same argument
shows that 9,n7(P,) =0. O

We can use the eta invariant to construct invariants of K theory. Let P :
C>(V) — C(V) be a first order self-adjoint elliptic partial differential operator
with leading symbol p. Let W be a unitary vector bundle over M. We use a
partition of unity to construct a self-adjoint elliptic first order operator P" on
C>(V®W) with leading symbol p®id ; this operator is not, of course, cannonically
defined.

We can extend the invariant n? to the the reduced unitary unitary and quaternion
(symplectic) K theory groups KU and K Sp:

Theorem 3.4. Let P be an elliptic self-adjoint first order partial differential oper-
ator. Let o0 € RUy(m1(M)).
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(1) The map W — 17 (P"Y) extends to a map n% : KU(M) — R/Z.
(2) Suppose that P and o are both real or that P and o are both quaternion.
The map W — n°(PW) extends to a map

n% : KSp(M) — R/2Z.

Proof: Let P and PV be two first order self-adjoint partial differential operators
on C*°(V @ W) with leading symbol p ® id. Set:

P, :=uP" + (1 —u)P".

This is a smooth 1 parameter family of first order self-adjoint partial differential
operators. As the leading symbol of P, is p ® id , the operators P, are elliptic. By
Lemma 3.3, n° (P,) € R/Z is independent of u. Consequently n% (W) :=n?(P") €
R/Z only depends on the isomorphism class of the bundle W. As the eta invariant is
additive with respect to direct sums, we may extend 1% to KU (M) as an R/Z valued
invariant. Let W be quaternion. By Lemma 3.3, n°(P,) € R/2Z is independent of
u if both P and o are real or if both P and ¢ are quaternion and thus 77 extends
to K Sp as an R/27Z valued invariant in this instance. 0O

We can use the Atyiah-Patodi-Singer index theorem [1] to see that the eta invari-
ant also defines bordism invariants. Let G be a finite group. A G structure f on a
connected manifold M is a representation f from m (M) to G. Equivalently, f can
also be regarded as a map from M to the classifying space BG. We consider tuples
(M,g,s, f) where (M, g) is a compact Riemannian manifold with a spin structure
s and a G structure f. We introduce the bordism relation [(M, g, s, f)] = 0 if there
exists a compact manifold N with boundary M so that the structures (g, s, f)
extend over N; this induces an equivalence relation and the equivariant bordism
groups MSpin ,,(BG) consists of bordism classes of these triples. Disjoint union
defines the group structure.

Let MSpin , := MSpin ,(B{1}) be defined by the trivial group. Cartesian prod-
uct makes MSpin ,(BG) into an MSpin, module. Let F be the forgetful homo-
morphism which forgets the G structure f. The reduced bordism groups are then
defined by:

M Spin,(BG) := ker(F) : MSpin ,(BG) — MSpin ,.
Since the eta invariant vanishes on MSpin ,, we restrict henceforth to the reduced
groups.

If s is a spin structure on (M, g), let P(pr,4,5) be the associated Dirac operator.
If 0 € RUy(G), then f*o € RUy(m1(M)) and we may define:

nU(Maga S, f) = nf*o-(P(Mig’S)).
Theorem 3.5. Let G be a finite group. Assume either that m = 3 mod 8 and
that o € ROy(G) or that m = 7 mod 8 and that o € RSpo(G). Then the map
(M,g,s,f) —=n°(M,s, f) extends to a map
n° : MSpin,,(BG) — R/2Z.

Proof: We sketch the proof and refer to [6] for further details. Suppose that m = 3
mod 4 and that [(M,g,s, f)] =0 in MSpin ,,(BG). Then M = dN where the spin
and G structures on M extend over N. We may also extend the given Riemannian
metric on M to a Riemannian metric on N which is product near the boundary.

Let 0 € RUy(G). The Dirac operator P45 on M is the tangential operator
of the spin complex Q(n 4,5y on N. We twist these operators by taking coefficients
in the locally flat virtual bundle V7.

Let A(N, g, s) be the A-roof genus and let ch(V/ 7) be the Chern character. By
the Atiyah-Patodi-Singer index theorem [1]:

index ( Q(Ngs = [y A( (N, g,s /\Ch(Vf*U)‘f'U(P(UM,g,s))-
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Since V77 is a virtual bundle of virtual dimension 0 which admits a flat connection,
the Chern character of V' vanishes. Consequently:

" (M,g,s, f) = n(Pf, ) = index (QL 7 ).
The dimension of N is m + 1. We apply Lemma 3.1 to see that if m = 3 mod 8
and if ¢ is real or if m = 7 mod 8 and if ¢ is quaternion, then Q{ N”S P is quaternion.

Thus index (Q{;,JS f)) € 2Z so n°(M, g, s) vanishes as an R/2Z valued invariant if

[(M,g,s,f)] =0 in MSpin,,(BG). O

There is a geometric description of the real connective K theory groups l%om(BG)
in terms of the spin bordism groups. Let HP? be the quaternionic projective
plane. Let T},(BG) be the subgroup of M Spin,,(BG) consisting of bordism classes
[(E,g,s, f)] where E is the total space of a geometrical HP? spin fibration and where
the G structure on E is induced from a corresponding G structure on the base. The
following theorem is a special case of a more general result [17]:

Theorem 3.6. Let G be a finite group. There is a 2 local isomorphism between
kom (BG) and M Spin,,(BG)/Tm(BG).
We use Theorem 3.6 to draw the following consequence:

Corollary 3.7. Assume either that m =3 mod 8 and o € R~OO(Q4) orthat m=17
mod 8 and o € RSpo(Qe). Then n° extends to a map from kopm(BQy) to Q/2Z.

Proof: If [(E, s, f)] € Tn(BQy), then °(Pg,q4,)) = 0; see [6] Lemma 4.3 or [13]
Lemma 2.7.10 for details. Thus by Theorems 3.5 and Theorem 3.6, the eta invariant
extends to ko(BQy). By [6] Theorem 2.4, kos_1(BQy) is a finite 2 group. Thus
it is not necessary to localize at the prime 2 and the eta invariant takes values in
Q/2z. O

The eta invariant is combinatorially computable for spherical space forms. The
following theorem follows from [8].

Theorem 3.8. Let 7 : G — SU(2k) be fized point free, let P be the Dirac operator
on M*=Y(G 1), and let o € RUy(G). Then

17 (P) =01 e g1y Tr(o(g)) det(I — 7(g)) "
4. THE GROUPS KSp(M*~1(Qu,v-7))

Let A = det(I — 1) € RSpo(Q¢). By equation (2.1):

AYRSp(Q¢) C RSpo(Qe) 1if v is even,
AYRO(Q¢) C RSpo(Qe) if v is odd.

The following Theorem is well known - see, for example [10, 12]:
Theorem 4.1. Let 7 : Q; — U(2v) be fized point free. Then

- Y _ | RSpo(Qe)/A"RSp(Qe) if v is even,
KSp(M* Qe 7)) = { RSpg(Qe)/A”RO(Qe) if v is odd.

By Theorem 4.1, the particular representation 7 plays no role and we therefore
set 7 = v - y1;. We use the eta invariant to study these groups. Let ng (W) be the
invariant described in Theorem 3.4 for the Dirac operator P on M*~1(Q,v - v1).
We define:

g (W) P (771(?1 7771(?2 77712/Aa"71/A2 7"'777§U7277712/AV71)(W) lf v iS even,
PATTZN (20 20 g A AT AT (W) v s odd.

Lemma 4.2. Let M := M*~1(Qq,v-v). Then
7 RSp(M) — (@/22)"*.
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Proof: We apply Lemma 3.1 and Theorem 3.4. We distinguish two cases:

(1) If v is even, then P is real. Thus 17 : KSp(M) — Q/2Z for real o and the
Lemma follows as we have used the real representations
{01,09,2A, A2 ..., A¥2 2A¥~1} to define 7j,.

(2) If v is is odd, then P is quaternion. Thus g : KSp(M) — Q/2Z if
o is quaternion and the Lemma follows as we have used the quaternion
representations {201,205, A, 2A2, ..., A¥2 2A¥~ 1} to define 7j,. O

Let e9; = 2 and €9;,_1 = 1; {201,205, A,2A% ... e, A"~ !} are quaternion. In
Lemma 2.1, we defined constants

ci =01 deQé_g} det(I —1(g))"

Since A(g) = det(I — v1(g)), we use Theorem 3.8 to compute:
(41) nfr (As) =0t deQé—{l} A(Q)T+SA(Q)7V = Crys—v-

Since ©1 and O3 are supported on the elements of order 4 in Q¢ and since A(g) = 2
for such an element, we may use Theorem 3.8 and equation (2.2) to see:

my (8:) =nd (A7) =L o, 1y 27 Tr (Oi(g))27"
=012 Y co—y Tr (©i(9)) = 0,

) (O1) = 12(02) = €127V 30 1y Tr(©1(9))”
=027 (2 5 440 4,

My (O2) = 12(01) = 071277 Y .1y Tr(©1(9))Tr (©2(9))
= (122 £

(4.2)

We have £ = 27. We use equation (4.1), equation (4.2), and Lemma 2.1 to see:

20,
2032

. A (A, 0
M 2A2 “\o B

E,/_lAV_l

174

) € M,1(Q/27Z)

where A is the 2 x 2 matrix given by

4 _21_V( 2341 273

93 9i3 4 1 ) if v is even

L, 2341 2073 .

A, =22 ( 0i3 9i-3 | 1 if v is odd

and where B is the v — 1 X v — 1 matrix given by:
200, C3_, 2C4_, ... 2¢_9 c_1 2cy
4es_y, 24—y 4es_, ... dce1 2c9 0
24—, C5_, 2C6—p ... 2co 0 0
B, = if v is even

26_2 C_1 200 0 0 0
46_1 200 0 .. 0 0 0

2¢cy 0 0 .. 0 0

o
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Co_y 203—u Ca—p ... 26_2 C_1q 260
263_1, 404_,/ 205_,/ 46_1 260 0
Ca_yp 205—u C—p .- 200 0 0
B, = if v is odd.
2c_5 4c_q 2co ... 0 0 0
c_1 2co 0 .. 0 0 0
2¢o 0 0 .. 0 0 0

Theorem 4.3. Let B, be the subgroup of (Q/2Z)*~1 spanned by the rows of the
matriz B, defined above. Let M = M**~Y(Qy,v-v1). Then

~ | Zyp ®Zy & B, if v is even,
KSp(M) = { Zovs ® Lyws ® B, if v is odd.

Proof: Let K, be the subspace of K Sp(M) spanned by the virtual vector bun-
dles defined by {201,202, A, 2A% .. g, 1A¥"1}. Tt is then immediate from the
definition and from the form of the matrix A, that

R | Zy & Zoy BB, if v is even,
(4.3) v (Ky) = { Dogvs ® Togor & B, if v is odd.

We use Lemma 2.1 to see ¢y = 4771. Thus 2¢ is an element of order ¢ in Q/2Z. We
use the diagonal nature of matrix B, to see that:

4rev—1 if v is even,

(4.4) |7, (Ky)| = { 4v=1v=1 if y is odd.

_ The E5 term in the Atiyah-Hirezbruch spectral sequence for the K theory groups
KSp*(M) is

Butv=wH"(M; KSp®(pt)).
We take w = 0 and study the reduced groups to obtain the estimate:

(4.5) |KSp(M)| < | ©utv=0 H"(M;KSp"(pt))].
We have that:
KSp“(pt) = Z if v=0,4 mod 8,
KSp“(pt) = Zy if v=—5,—6 mod 8,
(4.6) KSp Y(pt) = 0 otherwise,
H“(M;7) = Z¢ ifu=0,4mod 38, u<4v—1,
HY(M;Zo) = Zo®Zy ifu=1,2,56mod8, u<dy—1.

Equations (4.5) and (4.6) then imply:

qrpv—1 if v is even

(4.7) [KSp(M)| < { 4v=lev=1 if v is odd.

Thus equations (4.4) and (4.7) show |KSp(M)| < |7,(K,)|. As the opposite in-
equality is immediate, we have
i (Ky) = K, = KSp(M).

The Theorem now follows from equation (4.3). O

5. THE GROUPS kog,_1(BQ¢)

Let « = (M,g,s, f) where s is a spin structure and f is a G structure on a
compact Riemannian manifold (M, g) of dimension 4k — 1. Let n”(x) be the eta
invariant of the associated Dirac operator with coefficients in f*o. We reverse the
parities of the invariant defined in the previous section to define:

() :{ (nzgl(m),7,292@),nA(x),nzAz(x)...,nzAZ(x)) (k even)
(n ©1(x),n ©2(x), n*2 (@), 7™ (x).... n*2"(x))  (k odd).
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We have used real representations if k is odd and quaternion representations if k is
even. Therefore, by Corollary 3.7, 7, extends to:

e : koar—1(BG) — (Q/2Z)*+2.

The group @, has 3 non-conjugate elements of order 4: {Z, J,£J} which gener-
ate the 3 non-conjugate subgroups {(Z), (), (¢J)} of order 4. The representation
v1 restricts to a fixed point free representation of any subgroup of @)y. We define
the following spherical space forms:

M%’H = M= Qp, k), M= M*((T), k)
MPF = M=), k), MY = MAR=1((ET), k).

Give the lens spaces M. ;k_l the @ structure induced by the natural inclusion

(g) C Q¢. We project into the reduced group MSpin4k_1(Qg); this does not affect
the eta invariant as n° (MSpin ,(pt)) = 0. Let ¢ > 0. By Theorem 3.8:

‘ _ _ 27k(2, 1, 0) ifr=8

01 02 LA dk—1 _ pr4k—1y  _ T ’

(=, n=2, 0™ ) (M7 Mz™7) { 27k(1, 0, 0) ifl>8,
—k s

01 , 0, A dk—1 g rdk—1y _ (1, 2, 0) if£=8,

(=1, n°2,m= ) (Mz Mgz) = { -k, 1, 0) ifl>8,

(nelangzanA%)(Mékil) = (0, 0, ci-x) any £.

Let K* be a spin manifold with A(K‘l) = 2 and let B® be a spin manifold with
A(B®) = 1. Let Z8 % := K* x B%=8 and Z% = (B®)*. Standard product
formulas [10] then show
_ ; IRy 2n° (M**=1) if j is odd
o rdk—1 45\ _ o agak—1 45y _ n J )
n (M X Z ) =0 (M )A(Z ) - { na(M4k71) 1f] is ever.
Let B, and B, be as defined in Section 4. There is a dimension shift involved as
we must set v = k+ 1. We use the same arguments as those given previously to see

4k—1 4k—1
My Mg
MI — ng

M4k71 Ck 0
) = € M, 27
77k M%k75 % Z4 0 Bk;Jrl k+2(@/ )
i 7tk
where C}, is the 2 X 2 matrix given by
21—k ? ; if £ = 8 and k is even,
21—k (1) (1) if £ > 8 and k is even,
Ck=9 __ (21 . .
2 1 9 if /=28 and k is odd,
(10 . .
2 0 1 if £ > 8 and k is odd,

Theorem 1.2 will follow from Theorem 4.3 and from the following:
Theorem 5.1. We have

12304;9,1(BQ4) = { Ly ® Lok @ By if k is even,

Z2k+1 (&) Z2k+1 b Bk+1 if k£ is odd.
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Proof: We use the same argument used to prove Theorem 4.3. Let
Ly := Span g { M7* " — M MM — M MG
M5 % 7%, M x Z* 4} C koar—1(BQy).
We then have that

(L) = Loy @ Ligie ® By if k is even,
k) = L1 @B Lgr1 @ Biy1  if k is odd.
By Lemma 2.1 we have ¢y = Z*Tl and thus 2¢g is an element of order ¢ in Q/2Z.
We use the diagonal nature of the matrix By41 to see that:
. 4k gk if k is even,
17k (Lx)| = { ARFLR i | is odd.
We use [6] Theorem 2.4 see:
~ 4k gk if k is even.
[kosk—1 (BQe)| = { 4bF1gk if kis odd. O

Remark 5.2. Let n > 0. One has [3] that:

) Zs ife=1,2
k08n+e (2_1353/3]\7) = Lig2n+2 ife =3,7,
0 ife =4,5,6,8,
We may use equation (1.2) to decompose:
ko.(BQ;) = ko, (X 'BS?/BN)@® ko.(X"'BS®/BN)

@©  ko.(BSLy(F,)).
This is the decomposition given in Theorems 4.3 and 5.1:
Ap = kosy_1(X"'BS?/BN) @ koyr_1 (X 1BS?/BN)
= Span {[V®1],[V®:]} € KSp(M**(Qy, 7))
= Span {[M7""" = MZF 1, M = M} C koar—1(BQu),
Br = ko 1(BSLa(F,))
= Span{[V/A']} € KSp(M*3(Qr, 7))
= Spang{[Mgy"~ """ x Z*]} C koar—1(BQy).
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