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GLOBAL EXISTENCE OF CLASSICAL SOLUTIONS FOR A HYPERBOLIC
CHEMOTAXIS MODEL AND ITS PARABOLIC LIMIT

H.J. HWANG, K. KANG, AND A. STEVENS

ABSTRACT. We consider a one dimensional hyperbolic system for chemosensitive movement, especially
for chemotactic behavior. The model consists of two hyperbolic differential equations for the chemo-
tactic species and is coupled with either a parabolic or an elliptic equation for the dynamics of the
external chemical signal. The speed of the chemotactic species is allowed to depend on the external
signal and the turning rates may depend on the signal and its gradients in space and time, as observed
in experiments. Global classical solutions are established for regular initial data and a parabolic limit
is proved.

1. INTRODUCTION

Changes in the pattern of movement in dependence of external chemical signals is a common mecha-
nism for biological organisms to respond to their environment. The directed motion to higher concen-
trations of chemical signals is described by positive chemotaxis. Chemosensitivity describes the more
general changes of speed of motion and orientation of the individuals in dependence of the chemical
environment. This behavior can lead to different states of pattern formation and self-organization.
Well known examples are the bacteria Escherichia coli and the slime mold amoebae Dictyostelium
discoideum

The classical chemotaxis model discussed by Keller and Segel, [14] is a parabolic system. A related
one dimensional hyperbolic model for chemotaxis was introduced in [17]. It is based on the Goldstein-
Kac model [8, 13| for one-dimensional correlated random walks. In [9] the following hyperbolic model
for chemotaxis with suitable boundary conditions was analyzed

ul +yuf = —pt(s)ut 4+ p (so)u”,
up = yuy =t (sp)ut - (s
78t = Dsyp +ut +u” 720, t>0, z€(-1,1)

where ~ is the constant speed of the right and left moving cells v and v~, and p*, 4~ are the turning
rates, which in this case depend linearly on the spatial gradient of the given chemical signal s. In [9]
the gradient of s was expressed by a quasistationary approximation in the asymptotic limit 7 — 0 and
thus a quasilinear hyperbolic conservation law for U(z,t) = ffl u(&, t)d€ resulted.

Here we are concerned with the original and more general hyperbolic models for chemosensitive
movement. Again, the density for the right moving particles is denoted by u™, for the left moving
particles by u~ and the external signal is s:

(1.1) u;r + ('y(s)u+)z = —;ﬁ'(s, S¢, Sz, sm)u+ + 1 (8, Sty Sz, Spz)U

(12) ut_ - (7(8)u7)$ = :U'Jr(sv Sty Sz, Szz)qu - Mi(sv Sty Sz, Sma})uiv
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(1.3) 78t = Dsyy + f(s,u™ +u”), 7>0, t>0, r€R

(1.4) uF(0,2) = ui(z), s(0,2) = so(x)

where ua—L are assumed to have compact support, and sy and ug satisfy a compatibility condition.

Typically f is given as follows:
fs,um +u”) =au™ +u") - Bs.

The diffusion rate of the external signal s and its production, and degradation rate are denoted by
D >0, a >0, and 8 > 0, respectively. Here we study the fully parabolic equation (1.3) for the
external signal s, and the turning rates p* in (1.1 ,1.2) depend not only on the spatial derivatives
of s but also on its time derivative and s itself. This is reasonable to assume since in Soll’s studies
[18] it turned out that the turning behavior and the speed of the slime mold amoebae Dictyostelium
discoideum are dependent on both, the temporal and the spatial gradient of the cAMP concentration.
Chen et al. [4, 5] analyzed data of E.coli and found out that the bacterial speed is close to constant,
whereas the turning frequencies depend on the temporal gradient of the external signal. Their model
was set into context with a one-dimensional projection of a 3D model for chemosensitive movement
given by Alt, [1].

A general model of the kind described above, also with v = (s, s;, s¢) was already introduced in
[12] and a formal parabolic limit was derived. Local and global existence of solutions was proved for a
simplified version of this system, namely for constant speed v and turning rates u* = p* (s, s;). The
dynamics for the chemical s were discussed for both cases, 7 = 0 and 7 # 0.

In [11] the case v = v(s) and, as before u* = p*(s,s;) was discussed. For 7 = 0, which means
elliptic dynamics for the chemical signal, existence of weak solutions could be proved.

In this paper we extend this result further in several ways. We consider u* = u*(s, sz, 5¢, Sz2). S0
also the dependency of the turning rates on chemical gradients in time are taken into account. The
dynamics of the chemical can be considered to be parabolic (7 # 0) as well as elliptic (7 = 0), and
global existence of classical solutions is proved. The results in [11] are a special case of our discussion
here.

Our main result reads

Main Theorem Let uac >0, sp > 0 be smooth and bounded, and uac be compactly supported and
not identically zero. Let uoi and sg satisfy some compatibility condition. Then there exists a unique
smooth solution u* and s of (1.1,1.2,1.3) with (1.4).

This paper is arranged as follows. We start with assumptions and notations in Section 2. A
priori estimates on LP are derived in Section 3, followed by the estimates of higher derivatives W»
in Section 4. Finally, we attain global classical solutions for the hyperbolic chemotaxis model and
rigorously derive a parabolic limit for the system.

2. ASSUMPTIONS AND NOTATIONS

Here we introduce notations which will be used throughout this article and give assumptions on the
initial data, turning rates, and speed.

NOTATIONS:
(1) By I" we denote the fundamental solution of the differential operator 9y — 9, + 3 in R x R

1 z?
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(2) For 1 <p < oo, L? (R) denotes the Banach space of measurable functions with the finite norms

1/p
vy = ([ 1F@Pde) < o0 and [l o) = ess supl.
Let W*P (R) denote the usual Sobolev space with its norm 1 lwrr(my> i)

WEP(R) = {f|0°f € LP (R), 0 < |a| < k}.

(3) For 0 < § < 1, O (R) denotes the Banach space of functions that are Holder continuous with
exponent § and by C*? (R) we denote the space of all functions whose derivatives up to k-th
order are Holder continuous with exponent 0 < § < 1.

(4) Let ©; = R x (0,t) for t € [0,T]. For 1 < p < oo, LP () denotes the Banach space of all
measurable functions with the finite norms

t 1/p
11l oy = ( /0 /R If(w,t)lpdxdt> <00 and |[f]lpo,) = ess sup|7].
t

WHP (), C° (), and C*? (Q;) denote the usual Sobolev and Holder spaces in €.

(5) By Hf”Lp(R) for 1 < p < oo, we denote the LP norm of f with respect to = for fixed time ¢ and
suPo<r<¢ ||/l 1o (r) denotes the L norm of || f[|;» gy with respect to time in [0,].

(6) By C =C (o, f3,...) we denote a constant depending on the prescribed quantities «, 3, ... .

ASSUMPTIONS:

(A1): The initial values ua—L € C* (R) have compact support and uac > 0. We use the following
compatibility condition: sy € C*° (R) is the unique solution of

(2.1) 0= Dsozz — Bso +a (ug +uy), so(£oo)=0.

(A2): The turning rates are nonnegative and symmetric with respect to sy

:U’+’:U’_ 205 u+(855t)81553393) ::U’_(S’St’_sx’sll)'
(A3): The turning rates satisfy u= € C* (R*) and are bounded
| D) E || oo < Cls|, ,where k is a multi-index
0 < pE(s, 81, Sy Szz) < C(1+ |51 1.00 (m))-
(A4): The speed function satisfies v = v (s) € C*° (R) with
7 ®)]|gee < C, ,where k € N,

From (A4), it follows that ||v(s)|[r=®) < C(1 + [[s| oo (r))-

The existence of a unique solution of (2.1) is clear from standard arguments for elliptic equations.
The maximum principle for elliptic equations together with the positivity of uéc leads to so(x) > 0 for
all x € R. Using the method of vanishing viscosity, we consider the following model

(2.2) up " —eugy = —(y(sVuT)a — (s, 87, 85, 85, )uT T (57, 57, 85, 85, U
(2:3) i — €y = (Y(sVuT )o + (5 5, 85 85, )uTT — (56, 8185, S5, U

(2.4) 75§ = DsS, — Bs° 4+ a(u +u),
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(2.5) ut0,) =uf, u(0,)=uy, s90,)=so,

where ua—L and sg satisfy the compatibility condition (A1l). Introducing the total population density
u® = v 4+ v~ and the density flow v = u*T — u~, the system reads:

(2.6) up — eul, = —(y(s)v)g,

(2.7) vy — evs, = —(Y(s)u) g — &(5°, 5, 85, 85, )ut — n(s€, st, 85, 85,)0°,
(2.8) T8y = Ds;, — Bs€ + au,

where

u(0,-) =ug = uar +ug, v(0,:) =vg = uar —uy, s90,-) =sp
and § = pt —p=,n=pt +pm,
3. A PRIORI ESTIMATES ON LP
Lemma 1. Let a(t) and b(t) be positive functions. Let y(t) > 0 be differentiable in t and satisfy

v <a(t)ylny+b(t)y.

Then
exp(fot a(s)ds)

¢
v(0) < [y ([ o) ie0ras)]
0
Proof. Dividing both sides of the inequality by y, we get a typical Gronwall inequality for z = Ilny
2 <a(t)z+0b(t).
Therefore, we deduce the lemma. ]

Lemma 2. [Gronwall’s inequality] Let g and h be positive functions. Suppose that f is an integrable
function in t and satisfies

f(t)ég(t)Jrh(t)/O £ (s)ds.
Then we have

f(t)gg(t)—f—h(t)/otg(s)exp (/sth(T)dT) ds.

Proof. Computations are straightforward and hence we omit details (see e.g. [7]). O

Throughout this paper we consider only the case 8 > 0, for simplicity. We remark, however, our
main result can be easily extended to the case § = 0 (see Remark 3 for more details). For convenience,
we will use u® without e for u* from now on. Without loss of generality, we assume that 7 = 1 and
D =1. Let 1 < p < 0. For given u € LP(§;), we study the parabolic equation:

(3.1) St — Szx = — 08 + au.

Using potential estimates similar to the heat kernel, we have:
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Lemma 3. Let u € LP (§) and 1 < p < co. Then there ezists a constant C, = C («, 3,p) such that
the following estimate holds

Istll o) + 1522l Loy + I8l Lo < Cp lull o, -
Proof. Since the above estimate is standard (e.g. see [15] and [16]), we omit the details. O
Next we estimate ||s]|yy 1,00 (g)-
Lemma 4. If u € L ([0,00) : L' (R) N L*(R)) , then the solution s in (3.1) satisfies

Isllzey < C (@.8) sup [ull sy = C (e ol sy

In ( sup uurrL2<R>) m |
0<r<t

HSQUHLOO(]R) < C (avﬂ) |:1 + HU’OHLl(R) <1 + (lnt)Jr +

where (-), means the positive part and

lim s(x,t) =0 for allt.

|| —o0

Proof. The fundamental solution of the operator 9y — O,y + (3 is
1 z?
T(2,t) = — Lt
(z,1) \/zexp< m 6)

[ (&,t) =exp (—t (4{2 +9)).

and its Fourier transform is

By Duhamel’s principle, we obtain

s(x,t) :/0 (T'x au) (z,t — ) dr

/_:|§(§,t)|d§:/_z /OtfaﬂdT

00 t
< a sup HﬁHLoo(R)/ / e~ (=482 +8) g e
0<r<t —00 J0

o0 1
< S | . d
<o sl / B

< C(a,f) sup [|i] oo gy -
0<r<t

(z —y)?

Next we estimate

dg

and we have
1

3.2 5(¢,1)| < 7] ————
(32 301 < s e e

Therefore, using the inverse Fourier-transform for 3, we have lim|,_o, s (¥) = 0 and

sl ooy < 18l L1y < C (e, B) sup il poo gy < C (e, B) sup |[ul p1gy -
0<r<t 0<r<t
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Next, we estimate [|sg | oo () :

(o] t
Isellime < il = [ [ il [Fo

t 0o
= a/o /OO €l exp (=7 (462 + B3)) | (&, 7)| dédr.

(&t — 1) drdg

The integration is done by splitting the time integration into two:

t 00 r t
_ 2 -~ — R
/O/OO €lexp (= (4€2 + 8)) [ (6, 7)| dedr /0 +[ Ll

where r > 0 will be chosen later.

(1) For 0 < 7 < r, we use Holder’s inequality with p =¢ =2

[ telesw (-r 4+ ) la e mlas < ( |

—00 —00

o0

1/2
2exp (=27 (482 + ) df) lall oy

- 1/2
_ <2 [ e (21 +5) ds) ol ey

where we used the Plancherel’s equality for L?. By integration by parts, we have

oo 1 &
| e (2r (a6 +9) de = g [ exp (<2 (462 + )
ﬁ 7_73/2672[37.

T 64v2
Hence, we obtain
1/4 r 1/4
T T
I < —— sup ||u / T3 BT < —__p1/4 sup ||lu .

(2) For r <7 <t, we use Holder’s inequality with p =1, ¢ = o0 :

/ " lelexp (=7 (462 + 8)) [ (6,7 de

<lillymiey [ lelexp (—7 (467 + ) de

UHLOO(]R)'

So, we have
1 t1 1
I, < = sup |||, eo / “ePdr < = sup |u Int—1In7r|.
2>y OSTIS)t lall (R) T 1 OSTI; | ||L1(]R) | |
Therefore, we get

I5all poe ) < C (/ sup [[ull ey + sup ull ey |1nt—1nr|>.
0<r<t 0<r<t
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We optimize the upper bound for the above inequality by choosing

—4
r = min {( sup HUHLQ(R)> ,t} :
0<r<t

—4
If r =t and for t < 1 we have t < (SUPogrgt ||uHL2(R)> and [|sg || foo(g) < Cev.

—4
If7‘::<sup0§7§tHUHL2@©> ’then—4‘h1<sup0§TStHuHL2@©)‘ > Hnt|and

i sup Julage )|
0<r<t

For ¢t > 1, we have |Int —Inr| < C (|lnt| + ‘ln (SUPogrgt ||u||L2(R)) D .

Isolliwgey < Ca [14 sup ullsy
0<r<t

Finally supg<,<¢ [[u]| 1 (R) = [Jugl|;1 (R) since the total population size is preserved, namely

/u(m,t)d:c = / ug(z)dr = /(ué‘ + ugy ) (z)dx for all ¢.
R R R
because J
& [t = [ -Gt @) + (e (@)l =0
R R
This completes the proof. ]
Lemma 5. Let Uy = [pu(x,t)dr < oo and Sy = [; so (x) dx, then s € LP () for 2 < p < co and
sp € L2 () in (3.1) with
5]l Loy < C (@, B) ¢

(33 [ s@nae =204 (5= 2 ) e,

14

2p 1
* Un, |Isallp2g0,) < C(a,B) 200

lim s, (x,t) =0 for all t.

|| —o0

Proof. From (3.2), we easily see that ||s[|;2q,) = I8l 12(q,) < C (o, B) t3U, and

. . 1
szl 20y = 182l 2 () = 1165l 120y < C (@, B) £2U0
with lim|g o 82 (2,1) = 0.
Since ||s[| oo (q,) < C (v, B) Uy by Corollary 4, we have [|s||p(q,) < C(a,ﬂ)t%Uo for 2 < p < oo by
interpolation. From (1.3), we have,

/Rs(x,T)dx—i-ﬁ/Ot/Rs(x,T)dwdT:/Rso(x)dx—i-ta/uo(x)dx:So+taU0.

R
For convenience, we set S (t) = [ s (x,1) dz. Then we have

(3.4) S’ (t) = —BS (t) + al.

Solving the ordinary differential equation (3.4), we obtain

t
/ s(x,t) dx = Spe Pt + an/ S 4r,
R 0
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By integrating the last term, we have (3.3). The proof is complete. g

We have the invariance of positivity of u* and s.

Lemma 6. Assume u™ >0 in Q. Then s > 0 in €.
Proof. This is an easy consequence of the parabolic maximum principle (e.g. see [7] or [16]). O

Lemma 7. Ifuf > 0, then the solution (u™,u™,s) of (2.3)-(2.5) satisfies u™ > 0 as long as (u™,u™, s)
exists.

Proof. Assumption (A2) on the non-negativity of the turning rates ensures our lemma from the
concept of invariant regions for parabolic systems (e.g. see [6] ). O

Remark 1. For the conserved total population density Uy, we have s € L' (Q;) . Indeed, since s > 0,

we have by (3.3)
t t U, U
Isll L1 = / /S(x,T) dzxdr = / o (,5'0 — ﬂ) e BT dr
0 o B 6,

_OéU()t 1 OéUQ -8
=3 +E(SO—7><1—6 t><oo.

So, combining the results of Lemma 5, we have s € LP () for all 1 < p < cc. O
Now let K = L?(R) N C3(R), where

Co={uecL®R): lim u(z)=0}, Ch={u:DjucCy, j=0,..k}

|z|—o0
We state the local existence result for u™:

Lemma 8. For initial values uZ € K there exists a unique solution of (2.2), (2.3) with
(u+,u_) e C ([0, Tv],K)

for some time Ty > 0.

Proof. Theorem can be proved by following a similar procedure as in Corollary 3.1 and Theorem 3.1
in [11, see page 180-182]. Therefore, details are omitted. O

Next we give growth rates for the L2-norms of u* which ensure global existence. For simplicity, we
denote u°* and s€ in (2.2-2.4) by uT and s, respectively, in case no confusion is to be expected.

Lemma 9. Let uf € L' N L? with [ ud +ug = Up. Assume (A1)-(A4). Then the solution (u™,u~)
of (2.2,2.3) exists globally in C ([0,00), L' N L?) and there exist constants K = K («,3,Up) and
C = C (o, B,Up) which are independent of € > 0 such that for all t > 0,

Kt

(3.5) ) gy < [C N 40 oy |
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Proof. Using (2.2), (2.3) and applying Holder’s inequality, we have
d _ o
G (1 gy + I [gey) =2 [ (it +ump) do
= —25/ “qu‘? n |u*|2] dr + 2/ [— (rqur)qur —ut |u+‘2 +H*u7u+} dx
R R
N,

R
< 2/ [— (’yu+)z ut + u_u_u+] dx + 2/ [('yu_)z u- + ,u+u+u_] dx

R R
o A [ A P N P B P e T

<C (1 + sl R)) <||U+HL2 + Hu_HiQ(R)) :
Therefore, by Lemma 4, we have

d _
pn (H“JrHi?(R) +[|u Hi?(R)) S

i (s [ gy + o ] )|) (1 ey + )

0<r<

C (o, 8,Uy) (1 + (Int)

. 2 2 .
Setting y (t) = supg<,<; (Hu+\|L2(R) + [Ju ||L2(R)) , we obtain
Y <K (a,8,Up) y|Iny|+ K (a, B,Up) y (1 + (Int), ) .
Hence, applying Lemma 1 with a (t) = K, b(t) = K (1 + (Int)_ ), we complete the proof. O

An easy consequence of the above result is the following.
Corollary 1. Let s be the solution of (2.8). Then s satisfies

HSZ‘HL‘X’(R) S C (CM, /87 UO) eKt7
where K = K (o, 3,U)) .

Proof. This is a combination of the a priori estimate for |[s;||ze®) in Lemma 4 and the estimate (3.5)
in Lemma 9. O

Next we prove LP estimates. For convenience, we denote (ui)p by utP

Lemma 10. Let uo € LY(R) N L>®(R) with [pu + ug = Up. Assume (A1)-(A4). Then there exist
constants C1 = Cy (uo) Cy = Cy (uo ,a, 0, UO) and K = K (o, 3,Uy) such that

t
[ e+ [ e < Creso (2 [ ¥0s) < Crosp (Caemp ).
0

forall2 <p< oo and 0 <t < .
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Proof. Multiplying p (u+)p_1 and p(u‘)p_1 to (2.2) and (2.3), we have

d

EH’U’—FHLP(R +/ (’qu”p)mdx—i-/ (p — 1) ypuTPdz
R R

= p/ (—H+u+’p + ,ufu*uJ“(p*l)) der —ep(p—1) / ut P2 (u;r)2 dz,
R R
Gy = [ u) e = [ o= 1)y
R R
- p/ (hrutu™ ™ — pmu™P) de —ep (p— 1) / w2 (uy)” da,
R R

where 4P denotes (u*)” and we have used

uFPTE = (yu )+ (p = 1) e

Therefore, applying the Holder’s inequality we deduce

d ~ _
T 1 gy < 0 (14 sl ) (1 ey + 1l oy ) e 1

SCWMOAwnmwa%meM)wwmﬂm+wwm®>wwmm

A similar estimate holds for ||u~[|r»). Therefore, we have

%(wwm®+wwumgsc@+@4mgwamm00&%wwm®+wwm®)

Then the standard Gronwall inequality, Lemma 2, implies

P L P e P ([ [ s [ R

Since the initial data ug are estimated as follows

p (yu®),

p=1 1 p=1 1

e 12wy + 1 2y < ol 2oy < ltol 2 oyl ol gy < Il ey UG
we have
t
HuJFHLT, + Hu HLF < Ciexp (Cg/ eKSds) < Chrexp (Coexp Kt),
0
where C1 = (|[uol|pe®) +1)(Uo + 1) and C3 = C(1 + [InCy|). This completes the proof. O

We also have L™ estimates.

Lemma 11. Let uf € LY (R)NL>®(R) with Jgug +ug = Uy. Assume (A1)-(A4). There exist constants
Ci=0C (uo) Cy =y (u(j)[,a,ﬁ, Uo) and K = K («, 8,Uy) such that for all t > 0,

(3.6) HquHOO + HufHoo < Crexp (Carexp Kt).

Proof. In the LP-estimate of the previous lemma, the constants C, Co and K are uniformly bounded
and independent of p. Thus, (3.6) is obvious. O
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4. WHkP_ESTIMATES

In this section, we study LP-estimates for all higher derivatives of u*. We first present standard
regularity estimates for parabolic equations without proof. For conveninence, we denote u;’ = v and
Uy, =V .

Lemma 12. There exists a constant C = C (p) such that for all 1 < p < oo,
Istall Loy + Iszaell oy + 52l o,y < CURT e + 107 1| @0)-

Lemma 13. Let u*, s be solutions of (2.2)-(2.5) and let the initial data fulfill qu € L? Then (uf,uy)
exists globally in C ([0,00), L? (R)) and (u},uy) satisfies

| (ugh,uy) HLQ(R < [ (udy ugy) HLQ(R + Cexp (Cexp (Cexp Kt)),
where C:C(Oé’ﬁ7 U0)7 = (Oé,ﬁ, UO)
Proof. From (2.2) and (2.3), we obtain
(4.1) v —evfy + () = —(reu ) + (U + e,
(4.2) vy — vy — (W ) = (eu e+ (WTut —pmuT),

Multiplying v* and v~ to (4.1) and (4.2) respectively, we have

/]v t)2de = = /]v )]2dx+/ /vﬁﬁdm
:—/\v+(-,0)\2dx+/ /’yv vl dr — //% )ev T dx
2 Jr 0
t
—i—/o /R(—,ququ—i-,uu)xv*dxds—e/ /‘v;(-,s)‘deds
1
:—/‘UJF \de—i—// fym dacds—// [Yeoutvt + 40T 2] duds
t
/ / o2+ pm oot — ptutt e ]dxds—&?/ /‘vi(-,s)ﬁdwds
0 JR
<5 [ WO+ OO sl [ [ 10 P

O+ ) [ D107 1o 2 s

(HU’JFHLOO + Hu HLOO(]R) / / ‘Uﬂz + Yo ® [ 2+ g | ] dzds.

Note that

Mozl < 1V || oo 150zl + [|17']] oo 5217,
‘Nz | < HDJ:U'HLOO |82 | + [Szz| + [Szax] + |5t -

Here, as in Lemma 12, we use the following L?-estimate for s.

Istellz2() + 1z2zllz2(,) + Isallp2@n < C (0 M2 + 107 lz20y)) -
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For s,,, we have from Lemma 3 and Lemma 10,
IsaallL2(0,) < Cllull2(q,) < Cexp (Cexp K1)
By Corollary 1 and Lemma 11, we have

[s2l Loo ) < ce™t, |u < Cexp(Cexp Kt).

@)
Therefore

/\v \de</\v 0)|?dx + Cexp (C exp Kt)

¢
+ Cexp (Cexp Kt)/ / (o™ 2 + [v7|?] dads.
0o JR
In a similar manner, we deduce

/\v S < /\v 0)[2 + Cexp (Cexp Kt)
R

t
—i—CeXp(CeXpKt)/ / [0 [* + v |*] dads.
0 Jr

Gronwall’s inequality, Lemma 2, implies that

1) gy < 110 5,) | + Cxp (Coxp (Cooxp ).
This completes the proof. ]

Next we show WP estimates.

Lemma 14. Let 2 < p < oo. Let u*, s be solutions of (2.2)-(2.5) and uZ, € LP. Then (u},uy) from
(2.2,2.3 ,2.4) exist globally in C ([0,00), LP (R)) and satisfy

H( Ug x)HLp ®R) = < H(%Za%ﬁ”m + Cpexp (Cpexp (Cexp Kt)),
where K = K (o, 8,Up), C = C (o, 3,Up) and C, = C(a,ﬁ, Uo,p) .

p—1

Proof. We multiply pvt? ! and pv T to (4.1) and (4.2) respectively. Then we have

18 gy = Il ( / / (1™ )e — (p— Dev™"] dads
t
= / / (Yezut + 7o )pr P~ dads + / / (g ut + pgu )pot P~ dads
0 JR 0 JR
¢
+/ /(,u+v++u_v_)pv+’p_1d:cds.
0 JR

Using the following estimates
1wl o) + i ey + 11Kz ey < Cpe™ (10T oy + 1107 ||zo(n) + lull 1ogq,)) -
el ey < C™ [0 ey < Cexp (Cexp K1),

we have
0112,y < 1 (0) 12, ) + Cpexp (Cexp KCt)

+ Cpexp (Cexp Kt) /0 111 gy + 110712, gy s
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Similarly, we get the same estimate for v~, and thus

1o 1 a ey + 10 oy < 0™ () [0y + 107 (0) 17,y + Cpexp (Cexp Kt)

t
= Cpexp (Cexp K1) [ 107 ey + 10 e

S

Gronwall’s inequality, Lemma 2, implies v is LP. Thus the proof is complete. O

For simplicity, we denote by wy, the k-th spatial derivative of w. We present W*P—estimates of u™*
where k£ > 2 is an integer and 2 < p < .

Lemma 15. Let 2 < p < oo. Let u™,s be solutions of (2.2)-(2.5) and initial data u(j)[k € LP(R). Then
(u;f,uy,) exists globally in C ([0,00), LP (R)) and (u} ,uy ) satisfies

H(UZ’UI;)HLP(R) = H(U&’U&)HLP(R) + Cpexp QCGXPKt 5
k

where K = K (o, 3,Up) and C = C (o, 5,Up, k) and C, = C (o, 5, Uy, p, k) .
Proof. We take the k-th derivative repeatedly of equations (1.1) -(1.2) and obtain

(4.3) ul, = - (’yu+)k+1 + (—ptut + ),
k+1
k+1
:_Z< I > Ny 1— l:FZ( )Nl Uiy,
1=0

Upy = (VU g + (et = pmum),

k+1 k
k+1
:_Z< I >'71“k+11i2()ﬂzukl

1=0 1=0
We note that

el ey < € (14 Islhyrmqe) ) < Cexp KL,

H:U'HLOO(R) <C (1 + HSHWI,OO(R)) < CexpKt.

By induction we deduce for [ > 2,

l
||7lHLq(Qt) < CZ HSWH_]-,M <Cexp | - CexpKt
J=1 1-2

Similarly, we get for [ > 1,

(4.4) H“l HLQ @) < C | lwll Loy +exp | oo - Cexp Kt

-1
The estimate in (4.4) is obtained from the dependence of p on derivatives of s up to s,, and from
(3.1). Multiplying puz.c’p_l to (4.3), integrating with respect to z and ¢ and using induction on k, the

left-hand-side reads [, |uj (+,)|?dz — [5 |uji (-,0)[*dz. We now estimate the right-hand-side term by
term:



14 H.J. HWANG, K. KANG, AND A. STEVENS

[ ]
t
p/ /’YukHUk P dpds = / /’yﬂuﬂpd:cds < Cexp (Kt) HquLP(R
0

/’

,uiuk Uy P lrds < Cexp (Kt) H(uk,

Uy HLP(]R
=

t 1

p/ /fyluk P ldeds < Cexp (Kt) H“ HLP(R
0

t

(4.5) P /M uf T 1dde<CHM1iHL2P(R) il 2 u;ﬁpil‘m/@—n
< Cexp | .- Cexp Kt HukHLP(R

k-1

where we used the induction on k£ — 1 with 2p.
e 2 <] <k—1:the same method as in (4.5) applies
e | = k : For the term with ~;, the same method applies. For the term with uf, we have

t
p/o /ujuiu;p "dads < O [|u]| e gy 155 | ey Hu;pﬂ‘

Lp/(p—1)

< Cexp -\-/-/CeXPKt H(“LUD‘Z(IR)
k-1

+0H(uk’uk)HLP(R

e [ =k+1: We can deal with this case in a similar way.

The terms with u~ can be estimated similarly. Therefore, by applying Gronwall’s inequality, we
complete the proof. O

Taking a similar procedure as given in [11, see page 188-190] we can also obtain W!! estimates. The
difference is that we use boundedness of ||u*||;» and the L2 norms of the derivatives of the chemical
signal s, which are bounded by |[u™||;;1.2 . Similarly, we can have W*! estimates. To sum up, we have

Lemma 16. Let u™, s be solutions of (2.2)-(2.5) and the initial data uatk € LP(R). Let 1 < p < oo.
There exists a constant C = C (o, B, Uy, k,p,T) such that for all t € [0,T]

e | oy + etk | oy < €

By standard embedding arguments, we finally have
Theorem 1. Let 0 < T < oo and Qp = R x (0,T). Suppose that ui € WP (R) for all k > 0 and
all 1 < p < co. Then we have for (2.2)-(2.5) a solution (u**,u*",s) € [C ([0,T), Wk» (R))}g for all
k>0 and 1 < p < oo, where the bound is independent of € in [C ([O,T),Wk’p (R))]3 for each k and
p.
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5. THE VANISHING VISCOSITY LIMIT, ¢ — 0

Now we are back to the notation u™,u®™, s°.

Lemma 17. Let 0 < T < oo and Qr = R x (0,T) then there ezists a s(z,t) € C* (Qr) with
sy (x,t) € CF20 (QT) for any small § > 0 and all k > 2 such that

$*m (x,t) — s (x,t) in CFO (Qr),
Sim ('7 t) — St ('7 t) in Ckilé (QT)

for some sequence €, — 0 with s(x,t) € WktLp (QT) N Wk (QT) and s; (z,t) € WhH1p (QT) N
Wh—2,00 (QT)for all1 <p<ooandall k> 2.

Proof. By Theorem 1, {s (z,t)} is bounded in W*T1? (Qr) and {s§ (z,t)} in W*=1P (Qr), 1 < p < o0,
and 0 < £ < 1. Since the embeddings W*T1P — Ck9 and Wk=1P — C*=29 are compact, there is a
convergent subsequence. Moreover, all the previous estimates, which are independent of € imply the
spaces which s and s; belong to. O

Now we are ready to prove our main result:

Proof of Main Theorem By Theorem 1, we have for all 0 < ¢ < 1 and all T > 0 a classical
solution (uf*,uf~, s%) of the parabolic-parabolic Cauchy problem (2.2)-(2.4). We consider for m € N
a sequence &, as in the previous Lemma . Similar arguments apply to {u"*} which are bounded
in WkP for all k > 0 and 1 < p < oo. Since for any small § > 0 the embedding W*? ¢ Ck~19 ig
compact, we further extract a subsequence ¢,,, with e, — oo from {e,,} such that ufrme® — uF in
Ck—1.9 (QT) For convenience, we denote {uf™" ufm~ s} as the convergent subsequence. We now
show that the limit {u™,u™, s} of {uf™T, utm~ s°m} is the desired classical solution of the original
hyperbolic-parabolic Cauchy problem (1.1)- (1.4). By the smoothness of v, u* and the convergence of
ufE and s to u® and s respectively in the Holder spaces C*? (Qr), (u™,u™, s) clearly satisfies (1.1)-
(1.3). Since u™* and s°™ converge in C° to u™ and s, u* and s satisfy the initial conditions (1.4) and
(2.1). A priori estimates imply that (u™,u™,s) € [WHP (QT)}g forall k> 0and alll1 <p<oo. 0O
Remark 2. Fvery estimate works in a similar way for the stationary case with dependence of the
turning rates ,ui = ui (S, St, Sz, Sza) also on the highest derivative s, and the temporal gradient s; of
s. Thus we also have global classical solutions in the case, which covers and is even a stronger result
than in [11]. O
Remark 3. So far we have considered the system (1.1)-(1.4) for > 0. As mentioned at the beginning,
the case B = 0 can be proved by slight modification of our arguments. One minor change, in case 3 = 0,
will be the L*°-estimate of s in Lemma 4, which should be replaced by

1
(5.1) 18/l oo (ry < € () €2 JJuoll 1 gy -
Indeed, using the Fourier transform of the heat kernel, we have
00 t o] 1e2 1
/ 5 (¢,1)]d§ < a sup HﬁHLoo(R)/ / e dgdr < C (o) t2 sup ||| gy »
—0 0<r<t 0 J-oo 0<r<t

where we used the change of variables in the last inequality. The above calculation automatically
implies (5.1). To prove our main result for the case § = 0 needs simple modifications, like the one
above. But since these are obuvious, we omit the details. ]
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6. THE PARABOLIC LIMIT

In [12] a formal parabolic limit was derived from the general hyperbolic model for chemotaxis.
Similar to considerations done for higher dimensional analoga of this model, compare [2, 3, 10], in this
section we rigorously derive a parabolic Keller-Segel type system in one dimension from the kinetic
model where v is assumed to be constant.

u;r + ’Yu;_ = _,U/+(5a Sty Sz, Sx:v)u+ + H_(Sa Sty Sz Szz)u_
ut_ - fyux_ = /J,+(8, Sty Sz Smm)u+ - /J,_ (87 Sty Sz Sxx)u_

coupled with the equation for the chemotactic signal (1.3). Using a diffusive scaling of time and space,
the kinetic equations in non-dimensional form become

(6.1) uST + eIyt = —e 2t (56, s, 88, 56, ) uSt e 2 (s, 86, 56, 55, Juc T
(6.2) ugT — ety = € Pt (s, g, 85, 85, JutT — € P (s, 8, 55, 85, JutT
(6.3) s — As® = —f3s° + au’.

(6.4) u(+,0) = ug, s(+,0) = so,

where € is a non-dimensional small parameter. Here we note that u¢ is regular for each fixed ¢ > 0
under the assumptions (A2) and (A3). Let £ = u™ — =~ and n = p* + p~. Then by adding and
subtracting (6.1) and (6.2), we obtain

(6.5) uf + € 1y =0, v 4+ e Tyul = —e2uc — e 2,
where u¢ = u¢T +u~ and v¢ = u¢T —u¢". The following analysis is based on an asymptotic expansion
of the turning rates p= = pOF 4 euM* + 243 4+ O(e?). Our goal is, to derive equations for
the leading order terms of u¢ = u(® + eu(M 4+ 2u + O(e3), v¢ = v + ev® + 0@ + O(e?), and
5¢ =50 £ esM) 4 €25 + O(e3). Due to our definition, we have & = £ + M + €262 + O(€3), where
5(0) — O’ 5(1) — 2#(1)"" 5(2) — M(2)+ — M(Q)_’ and 77 — 77(0) + 677(1) + 6277(2) + 0(63), Where 77(0) — 2#(0)""
nM =0, n® = @+ 4 A= Before proceeding further, we give some structure conditions on the
turning rates p*.
Assumption 1. The leading order terms ,u(o)i are balanced and strictly positive, and the first order
term ,u(l)i have opposite sign
H(O)"‘ — :U’(O)_ > C’ > 0’ ,U/(l)—i_ — _:U’(l)_’

where C' is a positive constant. Moreover, there exist constants Cp,Cy > 0 such that
(6.6) 0 < C1 < (s, 5y Sa, 5t) < Co(1 4 s(z,t) + s(x + ey, t) + s(z — ey,t) + |sz(z, 1))
for any (z,t) € R x RY and s € LS (WH2(R)). O

We first derive the Keller-Segel type system formally from (6.1) and (6.2) for € — 0. For convenience

we define po = pOF and p; = pM*. Comparing the coefficients of ¢ 2 in the second equation of
(6.5), we have
@O _ (0400 = g

Therefore, since £ = 0 and 7(®) = 24 > 0, we have v(®) = 0. Comparing the coefficients of e~ in
the second equation of (6.5), we get

1)
W__ 5 ,0_ 2,0
(6.7) v 77(O)u n(o)um .
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Now we consider the zero order terms in both equations of (6.5). After simple computations, we have
(6.8) 0= ugo) + 4o, n Oy = —¢@y O _ ¢y () _ g (D)

Due to (6.7) and the first equation in (6.8), the diffusion limit reads
(1
— 0@ 4 O S0 T oy 0 B0 T o)
0 U + ’Y/U ut ’Y(T/(O) U + (0) uz‘ )I ut ’Y(HOU + 2,UfOu )CE
For the second equation in (6.8) we use ug )+ 'yv@) = 0 from (6.5). By taking the derivative with
respect to x of the second equation of (6.8), we have

Using w,ﬁf’ = —ugl), we obtain

) 1) (1)
(1) &7 0 &M 2 [ Ve
U _7<n<o>“ ) +'V< o) o)

Note that this equation is non-degenerate second order parabolic equation with smooth coefficients,
because we proved that u¢ and s¢ are regular for each € > 0 in the previous sections and 77(0) > 0, see
Assumption 1. Therefore, u(!) can be solved, which implies that v(2) can be automatically recovered
from (6.8). Equation (6) compares exactly to (6) in case £2) = 0.

To sum up, the formal parabolic limit leads to

(6.9) W% = (Du®), + (Hu®),,
where the diffusion coefficient D and the drift coeflicient ‘H are

2 2
(6.10) D = J = J

(0 (5(0), 0) .(0) (0)) 2410(5(©), 5! 0) _(0) (0))

St "y Sz "y Sz ,Sx Sz
€0, 5" s ) (s, s, s8”, 50)
v =7
7O (50, 50 5O Oy 750 5O 50 O

Sz "y Szx t Sz, Sxx

(6.11) H =

which compares to the formulations given in [12], for v = const. . How H relates to the chemotactic
sensitivity x times s;, which is the classical parabolic formulation used for chemotaxis, we will see
later in an example. The formal limit of (6.1) and (6.2) is (6.9), coupled to chemo-attractant equation
for s(©)
8§0> — A5 = 4@ — 35©
Now we rigorously prove the convergence. First, under Assumption 1, we show uniform estimates,
independently of e.

Lemma 18. Let U € L{X ([0,00)) be a measurable function satisfying the linear growth condition at
infinity, e.g. |W(x)| < C(1+ |z|). Suppose Assumption 1 holds and ug € L*(R) N L?*(R). Assume
further that there exists C, independent of €, such that

(6.12) prapm =2 C—e(llsllwie)), (0T —uT P = 1€ < OSU(||s|lpre)-
Then the solution (u€,s€) in (6.1)-(6.4) satisfies, uniformly in e,

ut € Lig((0,00); L*(R)), 5% € Lig((0,00); L"(R) N C*(R)),
where 1 <p < oo and 0 < a < 1/2.
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Proof. First we note that mass is conserved

u D)l w) = luoll L1 w)-

Multiply u€ and v to the first and second equation in (6.5), respectively, then we have
Jucl?

(2 \6!

Adding together and integrating in space and time, we obtain

/(|u6|2+|ve| d:c+/ / ZnlvPdadt = /(|u0| + |wo? d:c—/ / “2¢uvdadt.

Since |¢] <271+ 271127, we have

t 2
/R(]uﬁlz—i-]ve\Q)dxg/R(\uo\Q—Hvo\Q)dx—l—/o /Rez%]uﬂzdxdt.

Due to (6.12), we have

t
/yu ydx<4/\uoy dz + CU (|| [pyine) / /yuﬁy%xdt.
0 JR

Finally, according to Lemma 4, we have

t
/\u D) dx<4/ o da + C(1 + log(|[u]12)) / /\ue\dedt,
0 JR

where we used the linear growth condition of ¥. Since the above estimate is independent of €, we have
an L?-estimate of u¢ independently of ¢ by Gronwall’s inequality. For the chemo-attractant we also
have, uniformly in €

e+ e yviut =0, (=) + e yubet = —e 2euvt — e 2nlu |t

(6.13) Is¢ll 2wy + [I5lw22@) < Clluf||r2(w)
Therefore, combining potential estimate and embedding argument, we obtain
1
(6.14) sl o) + [I5%[lcra@m) < C sup [[u[2mw), l1<p<oo, O<asxy.
0<7<t
This completes the proof. O

Theorem 2. Let the assumption of Lemma 18 hold. Assume that

i(s St7 Sajv Sxx) - :U':t(S(O)v S£0)7 8;0)7 S(mom)) as € — 0.

1
Then the solution (u€,s) (6.1)-(6.4) satisfies, after choosing appropriate subsequences

u¢ — u(® in L2.([0,00), LY (R) N L%(R)) weakly,

57— 50 in L}, ([0,00) x R) 1< p < oo weakly,
5 5T sg ), s{9) in L5.([0,00); L2(R)) weakly.
In addition,
s¢ — s in L, ([0,00) x R) 1 <p<oo,
1
s¢ — 5O in L52.([0, 00); C1*(R)) 0<a<=.

2
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Proof. Mass conservation and uniform boundedness of the L?—mnorm of u¢ confirm the weak con-
vergence of u¢ to u(®). Moreover, the estimate (6.13) immediately implies the third statement. In
addition, due to the potential estimate, one can see that s, € L!(R), again independently of ¢, and
therefore s, € LP(R) for all 1 < p < oo, uniformly in e. Here we used (6.14) and an interpolation
argument. The last two assertions can be achieved by compactness results due to standard embedding
arguments. This completes the proof. O

Example:
We consider the following class of turning rates which is similar to those suggested in [2] and [3].

(6.15) uei = ¢(s(z,t), s(x L ey, t), s(x F ey, t), se(x,t), sz (x,t)S20(x,1)).

Note, that ¢ is an even function with respect to the the variable s,. Additionally ¢ is strictly
positive, decreasing in the second and increasing in the third argument, and we assume the structure
condition (6.6) for ,uzc. Biological experiments for positive chemotaxis reveal that individuals moving
up gradients of the chemical signal do turn less often than individuals moving down gradients. This
fits exactly to our growth conditions assumptions on the growth of ¢ with respect to its second and
third argument. We can easily see that the turning rates u* have the asymptotic expansion

ch _ M(O)i + Elu,(l)i + 62M(2)i + 0(63)
where
M(O)i = ¢(37 S,8, S5ty Sz, Sma})a :U'(l)i = :t62¢(37 S,8,5t, Sz, Smm)’ysx + 83¢(37 5,8, St, Sz, Sm)’Y%

@+ _ 1

2
Here 0, and 03 indicate differentiation with respect to the second and third argument. As before, we
set o = O and g = pM*. One can easily see that the turning rates (6.15) satisfy Assumption 1.
Substituting the expansions uF = u(0% 4 euV* 4 202+ £ O(e?) and s = 50 +es(V) +e25P)F L O(e3)
into (6.1) and (6.2) and comparing coefficients of €' and ¢ 2, we have u(9* = 40~ and obtain as
before

1% (8282¢(5) S,S8, 8¢, Sz, 5:13:13) + 28283¢(8, 5,8, S8t, Sz, 5:13:13) + 8383¢(85 S5,8,S8t, Sz, S:E:E)) ’YQS:E:E-

0=+ y(uf —up)e = + (=22 — —uy)y = up — (Dug)e + (xSowa,
1o 2410

where the diffusion coefficient D and the chemotactic sensitivity x are

’Y2

B 2¢(Sa 5,8,5t, S, 5:13:13)’

D

X = —2[020(s, S, 8, Sty Sz, Suz) — O3D(8, 8,8, St, Suy Sza)| D.

So ‘H = xs, in this case. In particular, if we take as a specific ¢

gb(S(x,t), S(x + E’Y’t)’ S(x + E’Y,t), St(x’t)a Sx(x’t)’ Szz(x’t)) = @(S(x + G’Yat) - S(x + E’Y’t))

where
x

V1422

then we obtain both constant diffusion coefficient D = 42/2C5 and chemotactic sensitivity y = 4C1 D,
which is the classical version of the Keller-Segel model in one space dimension.

p(z) =-Cy +Cy,  Cy>Cp >0,
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