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1 Introduction

Using arguments from string theory, noncommutative Yang-Mills theory has been shown
[1] to be equivalent to a Yang-Mills type theory with standard gauge symmetries and an
effective action containing, besides the usual Yang-Mills term, higher dimensional gauge
invariant interactions. This equivalence is implemented through a so-called Seiberg-
Witten map (SW map), a redefinition of both the gauge potentials and the parameters
of the gauge transformations.

By considering an expansion in some parameter of noncommutativity 1, noncom-
mutative Yang-Mills theory can be understood as a consistent deformation of standard
Yang-Mills theory in the sense that the action and gauge transformations are deformed
simultaneoulsy in such a way that the deformed action is invariant under the deformed
gauge transformations. An appropriate framework for analyzing such consistent defor-
mations of gauge theories has been shown [2, 3] to be the antifield-antibracket formalism
(see [4, 5, 6, 7] in the Yang-Mills context, [8, 9, 10, 11, 12] for the generic case and [13, 14]
for reviews).

By reformulating the question of existence of SW maps in this context, the whole
power of the theory of “anti” canonical transformations is available. In the generic case,
this leads to an “open” version of the gauge equivalence condition, valid only up to terms
vanishing when the equations of motion hold [15]. These features have been shown to be
crucial for the construction of a SW map for the noncommutative Freedman-Townsend
model.

In the case of Yang-Mills and Chern-Simons theory, the relatively simple structure
of the gauge algebra allows one to analyze the SW map using antifield independent
BRST techniques [16, 17, 18, 19, 20]. Nevertheless, from the point of view of consistent
deformations of gauge theories, it is sometimes useful to lift these maps to anticanonical
transformations in the field-antifield space, as first discussed in [21, 22].

The first objective of this paper is to improve the explicit recursive construction of
the SW map by cohomological methods. The advantage of our solution is the use of
explicit expressions for the contracting homotopies adapted respectively to an expansion
in the deformation parameter and to an expansion in homogeneity of the fields. These
homotopies are based on previous works on the local BRST cohomology of Yang-Mills
theory [23, 24]. Our methods also allow us to derive the general recursive solution to the
SW gauge equivalence condition. In particular, this solution contains additional ambi-
guities besides those already discussed in [18]. We also point out that the ambiguities in
the SW map can be understood entirely in the context of the standard Yang-Mills gauge
field.

Another aim of this paper is to analyze the local, antifield dependent BRST coho-
mology groups of noncommutative Yang-Mills theory. These cohomology groups contain
the information about the (potential) anomalies, counterterms, and the global symme-
tries of the model (see e.g. [26] and references therein). In the space of formal power
series in the deformation parameter, the analysis can be done in terms of either the
noncommutative or the commutative formulation. It turns out to be more convenient to
work in the commutative formulation, because one can rely on known results in standard
Yang-Mills theory, adapted to the effective theory with higher dimensional interactions.



Representatives of the cohomology classes in the noncommutative formulation can then
be obtained by applying the inverse SW map.

In the next section, we first recall the central equations for the reformulation of SW
maps in the antifield formalism. Then we make some general observations on the relation
between the BRST cohomology groups of Yang-Mills theory and its noncommutative
deformation.

In the first part of section 3, we show in detail that existence of the SW maps
follows a priori from known results on the local BRST cohomology of standard Yang-
Mills theory [26, 27, 28]. Even though this kind of reasoning does of course not lead
to new results for noncommutative Yang-Mills theory, where the existence of SW maps
had been proved constructively in the original paper [1], it has been shown to be useful
for the existence proof of such maps in more complicated models [15]. In the next part
we construct the infinitesimal generating functional for the SW map understood as an
anticanonical transformation. The associated evolution equations in the deformation
parameter reproduce the original differential equations from [1]. We then give recursive
constructions of particular solutions for the SW equations and analyze in detail the
ambiguities in the general solution. Finally, we address the question of triviality of
the whole noncommutative deformation. In particular, we give the precise argument
why noncommutative Yang-Mills theory is a non trivial deformation. Then, we show
from cohomological arguments that noncommutative Chern-Simons theory is a trivial
deformation of its commutative version, as shown first in [29].

Section 4 is devoted to the local BRST cohomology of noncommutative Yang-Mills
theory. Using a Seiberg-Witten map the analysis is done in the commutative formulation.
We show that cohomology classes that do not involve the dynamics are unaffected by
the noncommutative deformation, while the others can be obstructed. In particular, the
breaking of the global Lorentz invariance is discussed in some detail.

Finally, the proofs of the various propositions and theorems are relegated to the
appendices.

2 Generalities

We assume the space-time manifold to be R” with coordinates z# , u = 1, ..., n. Through-
out the paper we use notations and conventions from [15]. In particular, the Weyl-Moyal
star-product is defined through

: v
(2'1) I g(ZL‘) = exp (2/\12) f(xl)g(x2)|z1:a:2:$’ Nz = §QMV(‘)§1852’

for a real, constant, antisymmetric matrix 6. The parameter ¥ has mass dimension
—2.

A natural space in deformation quantization is the space of formal power series in
¥ with coefficients in smooth functions. In the context of local field theories, smooth
functions are replaced by local functions, i.e., functions that depend on z*, the fields,
and a finite number of their derivatives. More precisely, even though the whole series can
depend on an infinite number of derivatives of the fields, each monomial in ¥ involves
only a finite number of them.



A noncommutative gauge theory is a consistent deformation of its commutative coun-
terpart, in the sense that the action and the gauge transformations are simultaneously
deformed in a compatible way. An approriate framework to describe such consistent
deformations is the Batalin-Vilkovisky formalism: the deformations can be described
entirely in terms of the master action since it encodes both the gauge invariant action
and the gauge transformations. Furthermore, the associated (antifield dependent) BRST
cohomology of the undeformed theory controls the deformation [2, 3].

Consider then a noncommutative gauge theory described by the minimal proper
solution S[¢, ¢*; ] of the master equation,

~

(2.2) S[o, ¢ Zﬂss@ (6,07
In particular, the undeformed (commutative) theory is determined by the master action

(23) 16,6 = 816, " )|

9=0

2.1 Reformulation of SW maps in the BV formalism

A SW map is by definition a simultaneous field and gauge parameter redefinition such
that the gauge structure of the deformed theory is mapped to that of the undeformed one.
In the context of the antifield formalism, the existence of a SW map can be expressed in
four equivalent ways.

~

1. There exists an anticanonical field-antifield transformation! ¢[¢, ¢*; 9], o [0, ¢*; V]
such that

(2.4) S[0lo, 75 9], &°[, "3 91; 9] = S5 0] + ) SV, ¢"]

r>1

where S¢7[¢; 0] = 552[$;0] and the subscript denotes the antifield number.

2. There exists a generating functional of “second type” F[o, QAS*; Y] with

: SLF SLF
2.5 M) = o =
such that
(2.6) SIOF g0 = sl + 3 500, O F,
0" i1 0¢

with initial condition F = [ d"x Phot + O().

1Only anticanonical transformation that reduce to the identity to order 0 in the deformation param-
eter are considered here. Invertibility of these transformations in the space of formal power series is
then guaranteed.



3. There exists a functional é[(fﬁ, Do Y] such that

28 - A
%—BO"F(S?)

holds with B, [QAS ;¥]. The field-antifield redefinition of formulation 1 can then be
constructed as the solution to the differential equations

(11>

(2.7)

Y
(2.8) o9 (=, ¢%).
o4 .
(29 a2 BN

and By[¢ ;9] = (ST /90)[¢[¢; ¥]; 9]. Formally, this solution can be written as

9
H(x) = [Pexp / 49 (2(9), )¢ (x),
(2.10) 0

$3(x) = [Pexp / 49 (2(W), ()

where Z[¢, ¢*; 9] is the same function of ¢, ¢*; ¥ as Z[¢, ¢*; 9] is of ¢, ¢*; V.

4. The deformed and undeformed theories are weakly gauge equivalent in the follow-
ing sense. Let Lo[@; 1] be a Lagrangian of the deformed theory and Lgf[p; 9] =
Lo[f[p; ] be the respective effective Lagrangian. In the case of an irreducible
gauge theory, there exists a simultaneous redefinition of the original gauge fields
@' = flg; U] and the parameters® ¢ = g5[p; 9](¢”) of the irreducible generating
set of nontrivial gauge transformations R [¢; 9](¢*) such that

(2.11) (0e0") | ppomg = Oef

where ~ means terms that vanish when the equations of motions associated to
Set = [d"z LE[p; 9] hold. The operators d¢, . are given by

. . 0
2.12 6: =N 0, ... 0, (R [p;0)(e
(2.12) >0 O (Reles)(E) g
’ 0
2.13 6= 0, ...0, (R.[]( _
(2.13) >0 (B 55—

with R [](e*) being the associated irreducible generating set of nontrivial gauge
transformations of the undeformed theory.

In what follows, by effective theory we mean the commutative theory described by
the Lagrangian L [p; 9] or, equivalently, by the solution of the master equation given
by the right hand side of (2.4).

2A square bracket means a local dependence on the fields and their derivatives, while the round
bracket means that this dependence is linear and homogeneous.
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2.2 Local BRST cohomology and SW maps

~

Let § = (5,) be the BRST differential of a noncommutative theory admitting a SW
map. In the space of formal power series in the deformation parameter with coefficients
in local functions or local functionals, the BRST cohomology groups H($) are isomorphic
to the local BRST cohomology groups of the associated effective theory because these two
theories are related by an anticanonical field-antifield redefinition. Furthermore, these
cohomology groups are included in the associated cohomology groups of the undeformed
commutative theory, evaluated in the spaces of formal power series in 9.

The BRST differential s of the effective theory can be expanded according to the
antifield number as s = 6 +~v + s, +.... The Koszul-Tate differential 6°F lowers the
antifield number by 1 and is associated to the equations of motion of Sf[p; 4], while
v, 81, ... of antifield number 0,1, ... are identical to the corresponding operators of the
undeformed theory.

In the Yang-Mills case that we are interested in here, v is a differential and the
operators sy, ... all vanish. Hence, the difference between the local BRST cohomology
groups of noncommutative Yang-Mills theory and its commutative counterpart is due
only to the dynamics encoded in 6° respectively §.

3 SW maps in noncommutative Yang-Mills theory

In the first subsection, we give the master action for noncommutative Yang-Mills theory
and the associated BRST differential involving the antifields. We assume that fields take
values in u(V) or in some associative matrix algebra ¢. For simplicity we limit ourselves
to pure gauge theories. The inclusion of matter fields is straightforward along the lines

of [30].

3.1 Master action and BRST differential

The minimal (not necessarily proper) solution of the master equation for noncommutative
Yang-Mills theory is given by

N 1 ~ ~ o A A A N A
31)  §= / "z ( = 3T (P 5 ) + A s (DO + i (C O)A) ,

where Au = AﬁTA and C' = CAT, are either u(N) or U-valued gauge fields and ghost
fields, AZ‘ and C’Z are the antifields conjugate to Af and C4, and

Fy=0,A, - 0,A, + 4,1 A), D,C=09,C+[A,:C),
with [ * ] the graded star-commutator,
(3.2) [A*B]=AxB— (-1)AIFIBx A.

The BRST differential § for the noncommutative model is defined in the standard
way as canonically generated by the associated master action:

(3.3) §-=(9, ).



It is useful to represent $ as the sum s = 4 + 5, where 4 is the part of the BRST
differential with antifield number 0 and § is the Koszul-Tate part (see e.g. [13]). The
differentials 4 and ¢ act on the gauge fields, ghost fields, and antifields as follows:

~ ~

44, =D,C, AC=-CxC,

0A, =0, 5C =0,

FAY = —(TuC)P % A — A % (CTw)",
(3.4) 4C% = —(TuC)P Oy + O % (OT)P,

* 1 - A]/
DAY = Tr (TAD, ™),

A A

0CH = =0, A — (TaA,)P « A + A+ (A, Ty)P,

where TWC = (TAC)BTB. The BRST differential § can be expanded in ¥,
In the next subsection, we show that existence of the SW map follows directly from
standard results on the BRST cohomology of the commutative Yang-Mills theory.

3.2 Existence of SW map from BRST cohomology

As discussed in [15], existence would be direct if there were no antifield dependent
cohomology, but even in the u(/N) case there is in fact antifield dependent cohomology
because of the U(1) factor. We show that the noncommutative deformation does not
involve this cohomology, which completes the previous arguments.

Assume we have constructed a SW map ¢F [0, o*; V], @*k[@ ¢*; 9] to order k in . This
means that (2.4) holds up to terms of order k£ + 1 and higher:

(3.5) S[F[e, ¢ 0], 6™ [, &% 0] 9] =

k

SIS OIA] + 3 8O, 67 + 0" SEV 6, ¢ + Ok + 2),
=0

r>1

with (S ©) Selcf ® [A]) =0 and ggk, gg*k related to ¢, ¢* through an anticanonical transfor-
mation.

Indeed, for k¥ = 0 and the identity map ¢° = ¢, $** = ¢*, this equation obviously
holds with Sg" ©[4] given by the standard commutative Yang-Mills action (extended
straightforwardly to /). If (3.5) holds, the master equation (S S) = 0 implies

(3.6) (SO, Sk =,

Suppose that the cocycle S(k+1) belongs to a subspace &, where the representatives of
the cohomology of s(¥) can be chosen to be antifield independent, so that

(3.7) (SO©, §E) = = G+ = et 4] 4 (9O Zk+1)y



Then, the SW map can be constructed as a succession of anticanonical transformations.
Indeed, if we define

11g,6" 9] = exp (PH1(EED, 1)) F,
G g, 0% 0] = exp (9 (2R, 1)) 4,

the action S[¢FF!, ¢*F+1; ] satisfies (3.5) with k& + 1 in place of k.

In our case, the subspace G can be taken to be the space of local functionals depending
at most linearly on antifields and depending on the ghosts only via their derivatives when
written in terms of undifferentiated antifields. We show in appendix A that (i) equation
(3.7) indeed holds if S**V) € & and (ii) that Z**+1 can be chosen in &. In this case
S*+2) can also be chosen in & (through integrations by parts) since all terms of S of
first and higher order belong to &, and terms in ¢*+1[¢p, ¢*; 9], ¢*FF1[p, ¢*; 9] of first and
higher order are at most linear in antifields and depend only on differentiated ghosts if
E0, 1 =1...,k+1 belong to &, which completes the proof.

(3.8)

3.3 Explicit construction of generating functional

In this subsection, we give a constructive approach to the differential equations of Seiberg
and Witten, whose integration provides the map that establishes the equivalence of the
gauge structure of the noncommutative and the commutative theories. The differen-
tial equations appear here as those for an anticanonical transformation, more precisely
a Hamiltonian evolution equation with time replaced by ¢, the parameter of noncom-
mutativity. Because this generating functional contains the evolution parameter ¢, the
formal solution is obtained by the standard path-ordered exponential associated to time
dependent anticanonical transformation.
The generating functional = defined by (2.7)
oS

(3.9) a—ﬁzéﬁgé,

can be constructed by using an appropriate contracting homotopy. In order to do so,
one decomposes the functionals according to the antifield number and expands in homo-
geneity in the fields. In this case the relevant differential controling the construction is
41 which acts on the fields and antifields simply according to

(3.10) AOA, =0,C, FUC =40A4% =300 =0.
The decomposition of 4 then reads
(3.11) 5 = A0 40,

where 41 contains the quadratic terms of the A-transformations. Details are given in
appendix B and we present here only the final results:

. ifs o S . .
(3.12) 2= 00 [ (A {Fu 00Au s A} 4 G5 a1 0,0)7),
L . | T
(3.13) By = - d"x Tr(gFaﬁ Fl, * F* — QFW x g, F1).



The associated differential equations (2.8) and (2.9) for A, and C' are the ones from [1]:

DA - eaﬂ
Son (5, A4,) =~ {Ay t Fgy+ 054,Y,
(3.14) v
' aC . . eaﬁ
o5 = (5:0) = =~ {0.C1 Ag}.

Notice also that equation (3.13) provides directly the effective action to first order in

U

(3.15) S°fT[A; 9] =
998

1
= [dam (FWF’“’ + (—FogF,, F" +4FauFﬁ,,F‘“’)) +O(9%).

3.4 Recursive construction of SW map

In this subsection we construct recursive solutions for the SW map. We use the stan-
dard technique of homological perturbation theory based either on an expansion in the
deformation parameter or an expansion in homogeneity in the fields. In the former case
the appropriate coboundary operator is 7 = « + [C, -] while in the latter it is .

3.4.1 Defining equations

~
—_
—

Linearity in antifields of the generating functional = implies that the generating func-
tional F' of second type can also be chosen linear in antifields,

(3.16) F = / d"x (A’;{‘ £ +éj,hA) :

where f7! = f[A; 9] and h* = h*'[A;9](C). Then the defining equation (2.6) reduces to

(3.17) 422 A"z Tr F,, FFY[ ;0] = /d”:p LT[ A; 9],
(3.18) (Ouh + [fu s B =12
(3.19) %[h s Rt 4t =0,

where f, = flf‘[A;ﬁ]TA and h = hA[A,C;9|Ty and 7 is the gauge part of the BRST

differential of the commutative theory:

OFfIA, C]

2 A, .9, (D
e Za”l KC)” a(a .0, AB)

0" f[A C]
(0, ...9,CP)’

- Z aﬂl - Pk fDEBCDCE>



where fpp? are the structure constants of the Lie algebra associated to the underlying
matrix algebra,

(3.21) (T4, Tp) = fas“Tc .

Notice that for a general generating functional F that is not linear in the antifields,
equations (3.18) and (3.19) may contain equation of motion terms [15].
Equation (3.18) is the SW equation (3.3) of [1] under the form

(3.22) 05 A = 0,4,

with the identifications Au = fu, A hand A & C. We are going to solve the
BRST version (3.19) of the integrability condition before solving the SW equation (3.18),
because it contains as unknown functions only the noncommutative gauge parameter h

as a function of O*, C4, Aﬁ, and their derivatives.

3.4.2 Expansion in 9

Assume first that h* = Zf:o ?'h® solves (3.19) up to order k + 1 in the deformation
parameter 9. This means that

1
(3.23) i[h’“ * WM 4 yhk = 9FH D L Ok + 2)

where in the right hand side we have explicitly written the term of order £+ 1. Applying
v + [h* %] to this equation the left hand side vanishes identically. The consistency
condition

(3.24) (v + [BF = D@ * D) L O(k42)) =0
implies to lowest order
(3.25) (y+1C, ) = 0.

Thus the operator 5 = v+ [C, -] is the natural operator for recursively solving (3.19) and
also (3.18)3. In particular it is nilpotent, 42 = 0, when acting on matrix algebra-valued
local functions. Note that unlike the ordinary BRST differential v, 4 doesn’t commute
with 0,. Instead, 7 commutes with the covariant derivative: [y, D,] = 0.

To proceed to the next order one has to show that the cocycle r**1 is a coboundary
of 4. This can be achieved by using p given explicitly by (A.9) which is a contracting
homotopy for 4. Indeed, one can check that

(3.26) edfy,z,x, C) = fly,2,x,C) — f(0,0,x,C),

where f is an algebra-valued local function and the following independent coordinates
are introduced in the space of fields and their derivatives (see appendix A for details):

{v*} ={0w, - .8VIA3)}, {z*} ={0uw, .. .8WDM)C'A},
{Xg} = {D(V1 ~~~DV1F;3)\}7 {CA}'

3In this context the relevance of this operator was first observed in [17] (see also [19]).

(3.27)

10



Proposition 1. A particular recursive solution h =Y, _,9*h*) to equation (3.19) with
RO = C is given by

(3.28)

1. .
p(k+1) :—,0< Z 5[h(z)»;h(J)](l)) , 0<4,j <k 0<I<Ek+1, k>0,
i+jH=k+1

where we have expanded the x-commutator with respect to powers in ¥:

1908
2

(3.29) [a ¥ b] = iﬁl [a b = [a,b] + {0na, 0b} + - - - .

Proof. At zeroth order in ¥ Eq. (3.19) is satisfied by h° = C. Assume that we have
constructed h* = Zf:o ?'h") such that h* solves (3.19) up to order k + 1 with h()
independent on undifferentiated ghosts for 1 < 1 < k. At order k£ + 1 in ¥ Eq. (3.19)
requires

1 o
(3.30) A =237 @Y 0<ii<k 0<I<k+1.
it jrl=h41

The right hand side of (3.30) is just r**1 from (3.23) and therefore it is J-closed.
One can check that r**Y does not depend on undifferentiated ghosts. Indeed, among
R, 0 <1<k, only h® depends on undifferentiated ghosts but it appears only inside
the *-commutator. One then finds that h**1) = —pr*+1 gsolves (3.30) because r*+1)
vanishes when y = z = 0. Furthermore, h**1) is also independent on the undifferentiated
ghosts so that the construction can be iterated. O

In the case of u(N)-valued fields it follows from the recursive construction that h also
takes values in u(/N) because only commutators or anticommutators multiplied by imag-
inary unit are involved.

Proposition 2. Forh =73, |, %) as in proposition 1 a particular recursive solution
=72 k0 ﬁkf,sk) to equation (3.18) with fu(o) = A, is given by

(3.31) Ji(/””:p<DMh<’“+”+ 2. [fu(i)fh(j)](l)>, k>0,

i+jHl=k+1
with 0 <i,j <k, 0<1<k+1.

Proof. At zeroth order in ¥ Eq. (3.18) is satisfied by f = ,50) = A,. Assume that we
have constructed fF = Zf:o Vs ,(Ll) that solves (3.18) to order k, i.e.,

(3.32) VIR = Ouh = [fF s h) = 9" L Ok +2).

11



Applying v + [h ¥ -] to both sides and using (3.19) one gets at order k + 1 in ¢ that

vt(kﬂ) = 0. Explicitly, t& ) i given by
(3.33)
() = —D ) - SO Y 0 <<k 0<I<k+L
ibjH=k+1

At order k£ + 1 in ¥ Eq. (3.18) requires:

,—YfISk-H) _ Duh(k;—l—l) 4 Z [fu(i) : h(j)](l) _ t&k-ﬁ-l)’
(3.34) itj+l=k+1
0<453<k, 0<I<k+1.
Thus f(kJrl = pt(kJr )is a particular solution to equation (3.34) because t&kﬂ) does

not depend on undifferentiated ghosts for reasons analogous to those as in the previous
proof. O

The same arguments as above show that in the case of u(N)-valued fields f, is also
u(N)-valued.

3.4.3 Expansion in homogeneity in the fields

We now discuss a recursive solution for the SW map based on an expansion according
to the homogeneity in the fields. As in the construction of the generating functional the
relevant differential is 4% corresponding to the Abelian theory but now written in terms
of unhatted variables. The associated contracting homotopy pl is defined by (B.27) and
satisfies (B.28) in terms of unhatted fields.

Proposition 3. A particular recursive solution h = ,_, hl¥! to equation (3.19) with
Y = C is given by

W
;_.

1
(3.35) ) = Ol 4 3
=1

Proof. At order 1, equation (3.19) is indeed satisfied since v"C' = 0. Furthermore,
the expression rl@ = ~1C + %[C ¥ ('] depends only on differentiated ghosts and hence
vanishes when the appropriate variables y, z defined analogously to (B.26) are zero.
Suppose that we have constructed h¥~! = Z;:ll R satisfying (3.19) up to order k, i.e.,

1
(3.36) yhFL 4 §[hk_1 s pF] = Z g1l

m>0

with r* and hl¥, &k > 2 in homogeneity k and depending only on differentiated ghosts.
Applying v + [R*~1 * -], the left hand side vanishes identically, which implies for the
lowest order on the right hand side that %7k = 0.

12



In homogeneity degree k equation (3.19) implies:

=l

k—1
(3.37) ARk = AR ple=1] Z%
=1

Applying pl% to this equation, it follows from (B.28) and the induction hypothesis that r[*!
does not depend on undifferentiated ghosts that A"l = —pl%lrl is a solution to Eq. (3.37).
It remains to be checked that ¥ does not depend on undifferentiated ghosts. Indeed, the
only possible dependence on undifferentiated ghosts can come from y!MAF=1 4 [C) plE=1],

This dependence cancels between the two terms because: (i) ! = —[C, V)4 a7 P
M
to terms that involve only differentiated ghosts, with
Alo
(338) {VJ\Z‘} = {a(ul ' aul 1A,ul) 78(#1 ' aﬂz) CA a aﬂz 1Ful£ }}

(ii) by construction h**1 is a polynomial in matrix-valued fields and their derivatives
so that [C, -] satisfies Leibnitz rule. O

Explicitly, the quadratic contribution is given by
(339) hm = —p[O] <(COS A12 - ].)CACB[TA, TB] + 7 8in AmC’AC’B{TA, TB}> =

9" sin A

L (199“” cos Aig —

A B
5 A12 A 8 C [TA,TB] ‘f‘l

A;‘E)V(JB{TA,TB}> .

Proposition 4 For h =5, _ 1 Rl as in proposition 3, a particular recursive solution
=> of (3.18) with fu = A, is given by

k—1
(340) T =-p" (”f’“ v %h[k]—Z[f}f]Th[k_l]]), k2.

=1

Proof. At order 1, equation (3.18) is indeed satisfied since [’ A, = 0,C. Furthermore,
—y ”A +0,h 24 [A,, % C] only depends on differentiated ghosts Suppose that we have

constructed ffj‘l = ;:11 f,[f] such that (3.18) is satisfied up to order k,

(3.41) VI = Qb — [ b =l 4 gl

with t,[f ] depending only on differentiated ghosts. Applying v + [ * -] implies to lowest
order that V[O]t,[f; I=o. Applying p%, it follows that t,[f I = [0 p[O]t,[f ! Which implies that

fl[ﬁ] = —,O[O}t,[f; Vs a particular solution to equation (3.18) at homogeneity order k:
k—1
(3.42) 7[o}flgk;] _ _vmflgk_u + auh[k] _ Z[flgl} « plk=l) = —tﬂﬂ i

=1

It remains to be shown that t%ﬂ ] depends only on differentiated ghosts. Indeed, the only
dependence on undifferentiated ghosts can come from the terms M f, (=] — [fu [kfu C]

and as before, this dependence cancels between the two terms. Finally, f7 = k— f’“ 1y f k]
satisfies Eq. (3 18) up to order k + 1 and the construction can be 1terated O
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3.5 Universal SW map

The particular SW maps constructed in the previous two sections depend very little on
the associative algebra Y. Indeed, if as in (3.39), one does not use the multiplication
table in U to simplify the expressions, one can construct a ”universal” SW map valid for
any U. A SW map for a particular ¢ is then obtained by using the multiplication table
in the final expression. More precisely, this means that one should first construct the
SW map for Yang-Mills fields taking values in the free tensor algebra of some sufficiently
large vector space. Because each associative algebra U can be represented as a quotient
of such a free tensor algebra modulo some relations, the SW map for ¢/ can be obtained
by using these relations in the SW map for the free tensor algebra.

3.6 Ambiguities in the SW map

Some part of the arbitrariness in the SW map was discussed originally in [18]. In this
section, we are going to derive the most general solution to the SW gauge equivalence
condition (3.22). As before indices in parentheses refer to the expansion in the deforma-
tion parameter.

Proposition 5. The general solution f),,g" to equations (3.18)-(3.19) with boundary

conditions fp’b(o) =A,, ¢'Y = C is given by the composition
(3.43) fo= LFTAOL 0], B = h[f[A; 9], h°[A, C;9]; 9]

where f,, h is any particular solution with the same boundary conditions (e.g. the one
constructed recursively in the previous section), while fS, h is the general solution to the
"commutative” equations

1
(3.44) vhe + 5[116, Ll =0,
(3.45) V= 0.0+ [,
subject to the boundary condition
(3.46) f0 = 4,, he® =,

Proof. Let F' = [dx (Aff‘*f/'f +CiRA) and F = [dx (Aff‘*flfl + C%h™) be the generat-
ing functionals for the anticanonical transformation associated with the two SW maps.
Denoting by F* the anticanonical transformation corresponding to F' (acting on func-
tionals), one has by definition (see eq. (2.4))

(3.47) F(S) =S +> 8,

k>1

and similarly for F”* with ST replaced by some SEf. It then follows that

(3.48) F” <F’1>k ( Z S,go))) = Z S 4 antifield-independent terms .

k>1 k>1
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The antifield dependent part of this equation means that the anticanonical transforma-
tion F"* o F~!" preserves the gauge structure of the commutative theory. With

(3.49) FU(F~V(A) = filA0),  FU(F7V(0)) = h4;9](0)
the same argument as in 3.4.1 shows that equations (3.44) and (3.45) hold. O

Proposition 6. The general solution to equations (3.44) and (3.45) with boundary con-
ditions (3.46) is given by

(3.50) he = (A'CA + A 1yA)

CACALCBrA, AA AALWAL(AB4WB)rd |

(3.51) fi=ATAAN+ATOA)

Ap— A WAH(AF+W B)r g '
Here A = exp(ATy) with M[A; 9] an arbitrary formal power series in ¥ with coefficients

in local functions; v has the form r = CAr5(9) Ty and satisfies

1
(3.52) A1+ 5[7", r]=0,

while W, = W A;9) Ty satisfies
(3.53) W, =0.

The proof is given in appendix C. Notice that equation (3.52) is the Maurer-Cartan
equation for r considered as a 1-cochain of the Lie algebra U with coefficients in the
adjoint representation. Notice also that equation (3.53) is equivalent to W, = W, (x; ¥),
where the variables y4 are defined in appendix A, and the Lie algebra condition

aw,
XA

(354 e 2y (e =0,
Theorem 1. The general solution f,, h' to equations (3.18) and (3.19) with boundary
conditions fp’b(o) =A,, WO = C is given by

! A—1 A A1 A
= * Nk *
h (A hxd + A 7A) }CA—>CA+CBr§,A;:‘—>A;j+W;}+(AE+Wf)r§’

(3.55) ) - ]
fl = (A” s fox A + A s a“A)

| .
Ad— ASH WAL (AB+WE)r g

Here, f,,h is a particular solution with the same boundary conditions, A= exp*(j\A Ty)
with M [A, 9] an arbitrary formal power series in ¥ with coefficients in local functions;

r=CA%E(0) Tg and W, = W A; 9] Ta satisfy

1
(3.56) Ar + 5[7", r]=0, AW, =0.
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The proof is given in appendix D. The general SW map f, for the gauge fields
can thus be obtained from a particular map f,, by applying a noncommutative gauge
transformation, followed by the substitution At — A% + A%rj related to a Lie algebra
automorphism (see below), and then by the gauge covariant redefinition Aﬁ — Af} + W/f‘
of the gauge fields.

The constants r§ which enter here define an automorphism of the Lie algebra (3.21).
This is seen by rewriting equation (3.52) in the equivalent form

(3.57) vC=-CC, C=C+C%ETy.

Using that yC4 = —% fcACPCC, one readily verifies that equation (3.57) is equivalent
to

(3.58) chDeg = eg eg o, ef = (55 + rf.

This establishes indeed a Lie algebra automorphism T4y — e5Tx. This automorphism
is relevant only if it is an outer automorphism because inner automorphisms can be
absorbed by redefinitions of A. In the u(N) case the only outer automorphisms that
occur here are rescalings of the U(1) generator (since only automorphisms connected to
the identity occur owing to the boundary condition (3.46)).

3.7 Nontriviality of the deformed action. Chern-Simons theory

One remaining question is whether the noncommutative U(N) theory as a whole is
equivalent to the commutative one, i.e., whether the starting point noncommutative and
commutative actions are related through field redefinitions. A necessary condition for
triviality is that, at first order, the integrand in (3.15) be on-shell (for the equations of
motion of the commutative theory) equal to a total divergence,

(3.59) LTV 9,50
This condition can be equivalently rewritten as Lgﬂ(l) = djo+ 0k, which in turn implies
that
eff(1) gn . _ (0)
(3.60) Ly d'x=dJ+s"K

(see e.g. [26]). Indeed, it follows from the fact that ”ngﬁ(l) = dly that one can find K
and J such that 6@k, = sK + dJ. Namely, using the fact that 6© f + dg = 0 implies
f = 6O f + dg, for any f of positive pure ghost number and antifield number, one
can find ky such that 6@ky + @k, = dj;. Proceeding further by induction in antifield
number one can construct K = ki + ko + ... satisfying 0Ok, = sK + dJ for some .J.
In order to prove non-triviality of the noncommutative deformation of U(N) Yang-
Mills theory, it is enough to consider the U(1) case. Indeed, by putting to zero all the
components of the gauge field except for the one associated to the u(1) factor, triviality
of the U(N) theory would imply triviality of the U(1) theory. By applying s to the
equation (3.60), we get the descent equation s(°).J+dm = 0 for the n—1 form .J. This last
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equation then implies, in space-time dimensions strictly greater than 2, (see eq. (13.6)
of [26]) that

(3.61) J = A*A*C +*FA) + AP(F) + I""Y(x) + s(:) + d(-)

where F' = F),, dztdx”, A = A, dz", x denotes hodge conjugation, and P(F') is a polyno-
mial in the two-form F'.
It then follows from (3.61) that

(3.62) LW gy o M=) x FF + FP(F) +dI" () .
Since Lgﬂ(l) is cubic in A, only terms of homogeneity degree 3 can contribute:
(3.63) LD gy o aF® 4+ dI 1 (x).

In the case where there is no explicit x dependence, this equation implies, by putting to
zero the derivatives of the field strength, that

(3.64) LW gy = aF?,

Because this is not the case, we conclude that the noncommutative deformation of the
action is non trivial, at least in the x independent case and in space-time dimension
strictly greater than 2.

This is to be contrasted with noncommutative U(N) Chern-Simons theory described
by the action

(3.65) 3005:/ Tr (A*dAJr%A*A*A).

The antifield structure of the solution of the master equation is the same as in the Yang-
Mills case. In [29], it has been shown that the SW map transforms the noncommutative
U(N) Chern-Simons theory into its commutative counterpart, so that the noncommuta-
tive deformation is trivial.

From the point of view of the local BRST cohomology of the commutative theory,
this follows directly from the following arguments: for Chern-Simons theory with gauge
group U(N), there exists exactly one cohomology class in form degree n and ghost
number 0 in the case where N > 2, and none in the U(1) case (see e.g. [26].) If we
denote by gcs the gauge coupling constant that goes with the structure constants of
the su(IV) subalgebra, this representative can be chosen to be %2. It follows that any
consistent deformation of commutative U(/N) Chern-Simons theory can be absorbed by
a field-antifield redefinition and a redefinition of the gauge coupling. In particular, it

follows that there exists a field-antifield redefinition such that

(366) gCS [&[Qﬁa ¢*7 197 gCS]a (g* [(ba (b*a 197 gCS]; 197 gCS] = S(O)CS [(b’ ¢*7 gCS(ﬂ)]a

with gos(¥) = gos + 9 f(ges) + - - .. In the case where there is no explicit 2 dependence,
dimensional arguments imply that gos(d¥) = gos.
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4 Local BRST cohomology of noncommutative U(N)
Yang-Mills theory

In this section, we discuss the local BRST cohomology groups of noncommutative U(N)
Yang-Mills theory since these groups contain information about anomalies, counterterms,
observables, symmetries and conservation laws of the theory (for details see [26] and
references therein). By using a SW map, these groups can be most conveniently analyzed
in terms of the effective Yang-Mills theory because only the part of the BRST cohomology
groups that pertains to the dynamics differs from that of standard Yang-Mills theory.
The BRST cohomology groups for effective Yang-Mills theories have been discussed in
26].

4.1 Basic considerations

Let € be the space of local forms and Q[[J]] = Q®[[V]] be the space of formal power series
in the deformation parameter with values in Q. We want to analyze H"?(3|d, Q[[J]]),
the local BRST cohomology group in ghost number k£ and form degree p. An element of
H*P(8]d, Q[[J]]) is an equivalence class of a local p-form a*? of ghost number k satisfying
the cocycle condition

(4.1) saP* 4+ daPttH 1 =0
modulo the equivalence relation
(4.2) kP~ aF P G gyt

Standard arguments using an expansion in the deformation parameter allow one
to show that H®?(3|d, Q[[J]]) ¢ H*?(50|d,Q) @ [[¢]]. In order to describe H"?(3|d)
it is thus sufficient to check which elements from H*?(5|d, Q) can be completed to
elements in H*?(8|d, Q[[9]]). The same considerations apply to the groups H (¥|d, Q[[9]])
and H(6|d, Q[[9]]).

Let 24 denote collectively all the fields, ghosts, and antifields of the theory. Consider
the invertible change of variables 24 = 24[z; 9], with 24[z; 4] formal power series in
¥ with values in local functions depending on the new variables zZ. This change of

variables is extended to the derivatives 27‘21”.% in such a way that the expression of the
total derivative 0, = 8% + 2$(92% + ... is the same in the new variables 2P as it was

in the old variables. In terms of the new variables, the expression for the differential §
becomes

(4.3) 2" =% [(am y .a“kng‘)(a;%)}

k=0 L.l

2=3[2]

4.2 Local BRST cohomology in the effective theory

Let us now apply the considerations of the previous subsection to the case of noncom-
mutative U(N) Yang-Mills theory and use as a change of variables a particular SW map.
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We will denote the BRST differential in terms of the new unhatted variables by s°f. By
definition of a SW map, s = ¢°f + ~. The differentials v and §°% coincide with 4
respectively 50 in terms of unhatted fields and antifields, except for the action of 5°% on
the antifields A”’, which contains correction terms due to the higher dimensional gauge
invariant interactions,

3SsTIA]  aSyV1A]

4.4 oA = =
(4.4) A SAL SAL

+0(9).

As a consequence, local BRST cohomology groups like H(%|d,Q][g]]) that do not
involve the dynamics, are completely determined by the local BRST cohomology groups
of standard U(N) Yang-Mills theory,

(4.5) H(H|d, Qlg]]) ~ H(v|d, ) @ [[J]].

In particular, in ghost number 1 and form degree n, this means that the potential chiral
anomalies of noncommutative U(N) Yang-Mills theory (treated as an effective theory)
are directly related to the commutative ones.

How the dynamics of effective Yang-Mills theories enters the local BRST cohomology
groups has been analyzed in some detail in [26]. In particular, this analysis also applies
to the effective field theory formulation of noncommutative U(N) Yang-Mills theories.

In the following subsection, we will only briefly discuss some BRST cohomology
classes of the standard U(N) Yang-Mills theory that involve the dynamics and get ob-
structed under the noncommutative deformation.

4.3 Breaking of Poincaré invariance in noncommutative defor-
mation

Local BRST cohomology classes that involve the dynamics are for instance those in
ghost number —1 and form degree n. They contain the information about the global
symmetries and the associated conserved currents. In particular, we concentrate on the
Poincaré invariance, or, in 4 space-time dimensions, the conformal invariance of standard
Yang-Mills theory.

Standard homological arguments (see e.g. [26]) show that

(4.6) H™1"(3]d, Q[0]]) ~ Hi (6]d, Q[[0]]).-

In turn, by the same reasoning that relates the § to the s°® cohomology, this group is
given by HM|d, Q[[0]]) ~ HP6F|d, Q[[9]]). For representatives w} = Qi AY'd"x, the
cocycle condition of this last group determines the global symmetries and the associated
Noether currents:

5 Leff

eff /1 g A m .

QY +9," = 0.

By taking the coboundary condition into account, H?(5%|d, Q[[9]]) can be shown to
correspond to the non trivial global symmetries (respectively the non trivial conserved
currents) associated to LET.
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In space-time dimensions n strictly greater than 2, the general solution to the con-
formal Killing equation

2
(48) nupaufp + nupaufp = E”uuapfp )
reads as
1
(4.9) & =a" + MoV + cat + b palt — ib”nypx”:cp.
Here, the constants a* correspond to translations, A, with A\, = n,,\, = =\, to

Lorentz transformations, ¢ to dilatations and b* to special conformal transformations.
The conformal transformations act on the potentials and the associated curvatures as
Lie derivatives,

5§Au = ‘CEAM = gpapAu + Apaugp )

4.10
( ) 0eFy = LeFy = §P0,F 0 + F, 0,8 + F,,0,8" .

Because the Poincaré, respectively the conformal transformations in 4 dimensions, are
symmetries of commutative Yang-Mills theory, taking Q,(LO)A = 5§Aﬁ with the appropriate
¢ allows one to satisfy equation (4.7) to order zero in ¥ for some ;¥

In order for these symmetries to survive the noncommutative deformation to first
order in 9, one needs to find QS)A,j(l)“ such that

sLT §LeTO)

(4.11) e+ =
w p

QA 19,0 =

Explicitly, the first term reduces to

sLTD
JAA

yMHP VT
5514“ — e (eadagfﬁ + eﬂ,ﬁaoé‘a)

4.12

1 1
T (=3Pl o Fae} + g Faa{ s F} )

where we used that £ is a conformal Killing vector. This expression coincides with Lgﬁ(l)
with 0% replaced by 6°°9,£° 4 0°°0,£%. In its turn, Lgﬁ(l) was proved in subsection 3.7
to be non trivial, i.e., not proportional to equations of motion modulo a total derivative?.
Thus we conclude that Eq. (4.11) admits solutions Q,(})A,j(l)” iff

(4.13) 0°70,£° +6°°0,6* =0,

i.e., if € preserves 6.

Let us assume that 6 is nondegenerate (symplectic). It then follows that 9,£" = 0.
This means in particular in 4 dimensions that the dilatations and the special conformal
symmetries are obstructed. Thus we can assume that

(4.14) ' =a"+ \a”.

4The arguments given in subsection 3.7 have to be extended to local forms depending explicitly on
x since 0,£” depends linearly on x.
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The Killing condition together with (4.13) then require
AL+ AL =0,

(4.15)
OVENOVE}

Conversely, any £ of the form £* = a* + M satisfying the previous equations defines a
symmetry of L. Indeed, since ¢ is at most linear in z, we have [L¢,d,] = 0. For any
function f(n, 0, [A]) with all space-time indices of Aﬁ and their derivatives contracted by
either 60*” or n*, we then get

0
(4.16) Sl = 3 Oy O (LAD) 5 — = Lef = 0,(€°),
5—0 UsP1 Pk

where the second equality holds because L6 = 0 = L¢n on account of (4.15) and the
last equality follows from 9,£” = 0. Thus L is invariant up to a total derivative to all

orders in v, which means that (4.7) can be satisfied with Qf} = ,(LO)A = 5§Al‘:‘. Hence,
only the Poincaré transformations that satisfy in addition £:0 = 0 are unobstructed and
define global symmetries of Lgf.

In fact, the argument leading to (4.16) can be used to show directly without using
the SW map that, in the case where € is non degenerate, the Poincaré transformations
satisfying L¢0 = 0 define global symmetries of Ly.

Let us now discuss in more detail the Lie subalgebra of Lorentz transformations that
satisfy L0 = 0 for a non degenerate 6. This Lie subalgebra crucially depends on the
respective position of the metric n*¥ and the matrix 6*”. It is useful to introduce the
tensors

(4.17) J,=0.,m", K =Jrje,

with 6,07 = 61 and K, = 0, Kl = Ky,

Proposition 7. If the operator K can be diagonalized over R, with ti,...,ty denot-
ing its distinct eigenvalues, then the eigenspaces of K with eigenvalues t, are even-

dimensional of dimension 2n, and the subalgebra g of Lorentz transformations satisfying
L0 =0 decomposes as

(4.18) g~ B_10as
where for negative to, go is u(nt,n,) with nt + n, = n,, while for positive to, go is
gl(na, R).

The proof of the proposition is given in the appendix E. In particular, if n is Euclidean,
K can be diagonalized and

n
4.19 ~ @Y u(ng,), ==,
(119 oo, Pn =]
where n denotes the dimension of the Euclidean space (which is even because 6 is non
degenerate). If all the eigenvalues of K coincide, the symmetry algebra is u(n/2) of

maximal dimension n?/4.
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In the 4-dimensional Minkowski case with canonical 6,

100 0 0 0 10
0 100 0 0 0 1
(4.20) =1 9 o010l Tl -1 0 00|
0 00 1 0 -1 0 0

K is diagonalizable and g ~ gl(1,R) @ u(1) is a 2-dimensional Abelian algebra.

To complete the discussion let us briefly consider the case where 6 is degenerate. This
case is more difficult because there is no longer a suitable tensor J as in (4.17). Let V be
the space of space-time vectors and W be the subspace spanned by 0, i.e., the subspace
of vectors of the form X* = §*”a, for some covector a, and assume that the restriction
of 1 to this subspace is non-degenerate. This assumption always holds in particular in
the Euclidean case and also holds in Minkowski space-time where the time coordinate is
“commuting”, i.e., for n = diag(—1,1,...,1) and §° = 0.

One then can decompose V' into the direct sum of W and its orthogonal complement
W with respect to . Choosing a basis e;, e, in V such that e; € W and e, € W, one
finds that the matrices n* and 6" take the following form:

y nv 0 v 0 O
2L — g
(421) n - ( 0 77ab ) ’ 9 - ( 0 Qab .

In the basis e;, e,, the condition (4.13) takes the form
(4.22) 0%0.L" + 0?0, =0, 0:.£"=0.

The first equation can be solved by &% = 0°0.H for some function H. At the same time
conformal Killing condition (4.8) implies that

, 2
(4.23) (D€' + 0:L5™ = ﬁ(ﬁacacfb +070.£%), 05 =0.
Multiplying the first equation by 7,, and substituting £* = 0%°0.H one gets
(4.24) Out = 96" + 0.6 =0,

which again implies that dilatations and special conformal symmetries are obstructed
in 4 dimensions. The problem can now be reduced to the non-degenerate case already
solved in proposition 7: the algebra g is the direct sum g = g, ® go, where g, are the
Lorentz transformations associated to the metric 7 on W and g, is the subalgebra of
Lorentz transformations preserving both 7% and the non-degenerate % defined on W.
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Appendices
Appendix A: Proof of (3.7)

Using explicitly the decomposition according to the antifield number, defined by assign-
ing degree 1 and 2 to A’} and C% respectively, with Aﬁ and C4 carrying zero degree,
the commutative BRST differential s decomposes as

(Al) 3(0) = 5(0) + 7(0)’

where 6 and v are of antifield numbers —1 and 0, respectively. Explicitly,

(A.2) 794, =D,C, SO0 = _cC,
R o S ST
(A 4) 5(0)14“ — 0’ 5(0 C—
1
(A5)  8OAY = ST (TaD,F™),  0O0CH = =0, A% + foa AJAY

where fABC are lzhe structure constants defined by [T, Tg] = f A°Te .
An element S*t1) € & contains parts with antifield numbers 0, 1 and 2:

(A.6) Glk+1) gék+1)+g£k+1)+§z()k+1).
Eq. (3.6) decomposes thus into terms with antifields 2, 1 and 0:
(A7) AOSED =0, 4O G 450 GED = g, 4O G 4 50 5 — g,

Along the lines of [24, 25], we introduce the following variables y<, 2%, w" as new coordi-
nates in the space of fields, antifields and their derivatives:

{y*} = {04, - .. aVlAA b, {2*}={0u,...0,DyC"},

(A.8) ; 1 » §
{’LU } = {C ,D(,,l . D,,lFM))\,D(,,l "'DVZ)AA 7D(1/1 "'Dw)CA}a
where [ = 0,1,.... These variables are independent and complete in the sense that every

local function of the fields, antifields and their derivatives can be uniquely expressed in
terms of them.? We define a homotopy operator p on functions of these variables by

Ydt , Of(ty,tz,w)
A9 = — gyt L
(A.9) pf(y, z,w) Y oy
It satisfies
(A.10) {10}y, 2,0) = f(y, z,w) = £(0,0,w).
When f(y, z,w) is 7¥-closed this relation yields in particular:

(A1) A%y, z,w)=0 = f(y,z,w)=f(0,0,w)+vVpf(y, z,w).

°It is the independence of these variables which avoids constraints as encountered in [17, 18].

23



It states that the cohomology of 7{%) can be constructed solely in terms of the w’s — the
dependence of ¥(?-cocycles on the y’s and 2’s is trivial. We stress that this holds for local
functions — in general it does not hold for local functionals whose integrands are ~(©)-
closed only up to total derivatives, the reason being that p does not commute with 0,,.

Nevertheless we can use (A.11) to analyze Egs. (A.7) thanks to the fact that S —
[d"x wékﬂ) and gfkﬂ) are linear in antifields. Indeed, consider the first equation of
(A.7). Since the integrand wékﬂ) is linear in the undifferentiated antifields C}, so is

~ O (owing to YO C% = fra®CBCE). Hence vOw{™ cannot be a (nonvanishing)

)S«ék—l—l) (O)wék+1)

total derivative and ~(© = (0 implies thus that it vanishes, ~ = 0. Because

wékﬂ) depends on the ghosts only via their derivatives, it vanishes at y* = z* = 0 when

expressed in terms of the variables y®, 2%, w* because 0,C = D,C —[A,, C| itself vanishes

(k+1) (k+1)

at y* = z* = 0. Using (A.11) we conclude wy ' =~ pwy ", which yields

(A.12) SUHD _ OF(H)  Eke)) / Iz ol € )

Using this in the second equation (A.7), the latter yields
(A.13) AO(SE — sO=IHY = 0,

owing to {6@,4©} = 0. The functional S — sO=+1 = [d"z ﬁ§k+1) depends lin-
early on the antifields A’{" and their derivatives (derlvatlves of A%{" occur because 5(0)521)

contains §(0C% = —9,A%' +...). Using integration by parts that remove all derivatives

of A%, this functional can be seen to belong to & and takes the form [ d"x n(k“) with

77§k+ ) not involving any derivatives of A%}

(k+1) (k+1) _

= 0 because it is linear
(k+1)

As before, from ~! f d"zmn = 0 we conclude that 7,

in antifields but does not contain any derivatives of them. One then deduces that 7,
vanishes at y* = 2% = 0 when expressed in terms of the variables y“, z*, w* because it
depends on the ghosts only via their derivatives. Hence we can use (A.11) again, and
(k+1) _ L (0) ), (k+1)
=77PMm

conclude that 7, which yields

(A14)  SEY —sOZHY = yOZFD S /dn:c pitY € &.

Using egs. (A.12) and (A.14) in (A.6), we obtain
(A.15) S — el AT 4 OZh+1)
with

Z(k+1) :&ngrl) = ~(k+1 €5,

(A16) Seﬁ(k+1)[A] _ SOkJrl 5(0 k+1)
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Appendix B: Explicit construction of = and B,

The decomposition of 95 /0¥ according to the antifield number reads:
oS 95, 95, N 055

B.]. —_— pu—
(B-1) 0~ o0 "o T aw
; O s A A A
(B.2) % - 221{2 / d"z Tr (F™ 9,A, * 054,),
DS T . .
(B.3) 3_191 = = /d x AP {0.A, % 05CH,
. o A A A
(BA) % _ 202 / "z G (9, % 05C)A,
while s% = (0 decomposes according to:
85, 851 « 85, aso . 95,
B. =22 = =22 = R —)
(B-5) T T0 T o T Ty oy T

In order to analyze these equations, we use a decomposition according to the homogeneity
in all (hatted) fields and antifields.

We start from the first equation of (B.5). To remove the integral, we take the
variational derivative with respect to C%. This yields

5 .08, . W
B. - = - | = *
(B.6) 502[7 819} (4 +[C 5 m])7,
where
eaﬂ
(B.7) n=— 0,0 05C.

At lowest order in the fields, Eq. (B.6) yields:
(B.8) A0y = 0.

For 7 of the form (B.7), we will show below that 1% can be “inverted”, i.e. that there
exists & such that

(B.9) n=A4Y%k.

This equation defines ¢ only up to a 4%-cocycle. A convenient choice, to be discussed
in more detail below, turns out to be

(B.10) £ = 190‘

{Aat95C}.

That this £ actually satisfies (B.9) can be directly checked. We thus obtain
(B.11) 9S5/00 = /d% it = 3l /d”x Chet,
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where we can replace 4% with 4 because of 411 [ d"z C%4 €4 = 0 (the latter holds because

g = —[C &)

05, -
Er

168

(1>

(B.12) / " O { Ay t 9,0,

Using (B.12) in the second equation (B.5), we obtain:

(B.13) [% - 5;2} ~0.

We now proceed as before and apply the variational derivative with respect to AZ" . This
yields:

[1]>

(B.14) 0=

C ([ 52)) = G+ C s

where

108

(B15) 1y = (2{0aAu 1 050} = 0, Aa 3 050} — [A 1 {Aa 1 0,CY]).

The decomposition of 7, reads thus

(B.16) e =+,
eaﬁ
(B.17) nLQ] (2{0aA, 1 05C} — 0,{A4 1 05CY),
(B.18) ) — W (A, * {A, ¥ 93C)]
. ny, 4 s a y U .

At second and third order in the fields Eq. (B.14) yields:

(B.19) AR =0, AT 412 4 (6 ) = 0.

Again, there exists sz] such that 77,[12} = 40l §L2], and a convenient choice turns out to be

2] _ 0" [0
(B.20) & = —{0aAu+ Fil 1 Agh.
Inserting this result in the second equation, the latter reads 41 ( (1) ¢! —[Cx¢ ,[f]]) =

0. Again, one concludes that there exists SM such that
(B.21) n =AM — [0 s g =4,
a convenient choice being

(B.22) e = P (At At Ay
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The resultant SE] satisfies &mf,[f} = —[C* f,[f}] which implies 41 [ d"x AZ‘ SE]A =0. All
in all this yields

with =, = — [dx At ( ,[3} + f,[f })A. Explicitly one obtains

. T i .
(B.24) S / &w ATy + 024, Ag)H.
Using (B.12) and (B.23) in (B.1), we obtain
(B.25) =By + 5=

with = = :1 + 5 = and BO 850 5u1
We now turn to the questlon on how to “invert” 4. In the space of fields and their
derivatives, we introduce the following new coordinates §%, 2%, w':

{57} = {00, .- 0, ALY, {2} = {0u, ... 01,0, C"},

(B.26) ~i ~[0]Ay  ~[0]A 0]A
{0} ={C* 50", 18 =00, awF,E )
where [ = 0,1,... and F,L(L}A = @/1;1 — &,Af}. These variables are independent and

complete in the sense that every local function of fields and their derivatives can again
be uniquely expressed in terms of them.
We now define the contracting homotopy

(B.27) 913 20) = |
which satisfies

(B.28) (31, 5} (9, 2,0) = f(9,2,%) — £(0,0,d).

It follows that any “{O] closed functlon that Vanlshes when § = 2 = 0, is 4%-exact. This
is the case for 7, nu , and 77 — 4 § [C fu ] because all of them depend explicitly
on 2. In particular, 4% = 0 implies = ’y[o ¢ with ¢ = ploly.

However, the expression for & = pl%% is rather complicated because of higher deriva-
tives of C'in 7. Because the general solution to n = AOIE is € = ¢ + v with 4% = 0, one
can use this freedom to arrive at the particular solution £ given above. A way to get the
expressions for &, §L2], and Q[? I used in the text is to consider ﬁLO] which coincides with

% on the Variables U, Z,w but satisfies Leibnitz rule on the star polynomials 7, 775 ], and

77[3} ’Ymﬁ [C £ 2]] in these variables.
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Appendix C: Proof of proposition 6

Given arbitrary A and r, together with W, satisfying (3.52) and (3.53), it can be directly
checked that f and h¢ defined by (3.50) and (3.51) satisfy (3.44) and (3.45).
Conversely, given f; and h¢ satisfying (3.44) and (3.45) and the boundary condi-

tions (3.46), A, r, and W, can be constructed order by order. Taking P= h¢ly — C and

0
A= 1, the equations (3.50) and (3.51) are satisfied at order zero in ¥. Here h¢|;; denotes
the function obtained by putting to zero all variables except for the undifferentiated
ghosts C4. Because v commutes with putting to zero these variables, equation (3.44)

implies that P satisfies (3.52). Notice also that (A, + W) + (A} + WA)
equation (3.45) for any 7-closed W, provided I satisfies (3.52).

5ca satisfies

k k
Assume that we have found A, 713, and W, satisfying (3.52) and (3.53) such that

R Bk RTD R k1) k42
(C1) A=A (C+1)A+A A+ L OW2)
gL 2 o f’ 1

k k k k
(C2) fo=A (At W)+ AW D7) A+ A A+ oFD L OWH2).

It then follows from equations (3.44) and (3.45) that ¢**1) and U,(fﬂ) satisfy
(C.3) okt = 0, ya(kH) Dua(kﬂ) )

The general solution ¢**+1 is given by

(C4) O_(k+1) — ,—y)\(kJrl) + ,r(kJrl) :

where r*+1) = CA(rF+D) BTy satisfies

(C.5) Fr#D =0,

This follows from the covariant Poincaré lemma for generic Lie algebras proved in [31]
(see also [23, 24] for the reductive case). Indeed, o**+1) = j¢++U(y O) + u*+V | where
the x variables have been defined in (3.27). By considering the terms which depend only
on x and C, the second equation of (C.3) reduces to

aj(k-i-l) aj(k+1) (k1)
Gy + DuXA A + ”yl (X, ) =0.

(C.6)

In this equation, consider a decomposition according to the homogeneity in the original
fields and assume (without loss of generality) that j*1) starts at order M, with y
replaced by the abelian y[?’s defined in appendix B. To lowest order, (C.6) coincides
with the left hand side of eq. (4.57) of [31] (in the particular case of form degree 0 and
k=1; the fact that the index is upper instead of lower and that 7 differs from v{ by a
sign in the first term plays no role in the following argument.) According to the first

paragraph after (4.57), we can deduce that j(kH 51,k 4 ’yn(kﬂ)(x[o}, C), where
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r*+1) depends only on the undifferentiated ghosts, r*+1 = OB (rt+NAT, with (rk+1))4
constants. Applying 7, we get yr*+t1) = 0. Now the abelian y[?V’s can be completed to

non abelian ones to deduce that j#+1 = pk+h) 1 3+ (y C) with r*+) = 0,

For ¢*+1) given by (C.4), the general solution for ot s

0
(07) O‘fﬁ+l D A k+1 + w(kJrl + AﬁaCA (k+1)’

(k1) _ (k+1) _ .

with wy, fﬁ“ [A, V] satisfying yw,,

Taklng then

k k k k4171
A= exp(9FFIAFTD) A kil < e

k+1

W WM NICTES k;+1

(C.8) _C> ’u ’

one finds that equations (3.44) and (3.45) hold up to order k + 2, provided that -

starts at order ¥**!1. This is indeed the case as one can see by putting to zero all variables
k
except for the undifferentiated ghosts in equation (C.1) and expressing 7 through h€|y,.
k+1
It remains to be shown that '+ satisfies (3.52). Indeed, by putting to zero all

variables except for the undifferentiated ghosts in equation (3.44), one concludes that

k1 k17
h¢|y satisfies (3.44) and then that = ( K h¢ K )|oe — C satisfies (3.52).

Appendix D: Proof of theorem 1

Combining proposition 5 with proposition 6, the ambiguity in the SW map is expressed
as a composition of the “commutative” gauge ambiguity described by A and the substi-
tutions C* — C4 4+ CPr, Al — AL+ W + (AZ + WP2)rg. The only nontrivial point
in the proof is to show that the commutatlve gauge ambiguity is described as a noncom-
mutative gauge ambiguity with some A.

Given a particular solution f,, h to (3.18) and (3.19) and given

(D.1) A(t):PeXp*(/O drA(7)) | jA() A@)+A(t), A(O)=1,

~

with arbitrary A(t) = AM[A; 0, ] Ty, let us introduce the one parameter family of solutions

(D2) W(t) = ANt) « hox A(t) + AL (t) * yaA(t) :

Fi(t) = A7H0) * fux At) + A7 (1) * 9,A() -
It is the unique solution to the differential equations

/ R . a ! . .
o3 2O _smrwmm 22D om0 o,

subject to the boundary conditions A'(0) = h and f,(0) = f,. Similar equations hold for
o, h¢ and fﬁ'(t), h¢(t) with star multiplication replaced by standard multiplication.
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Using (3.43) with f£, k¢ replaced by f£'(t), h¢(t), one gets

O (t) Oh
D4 = ad a )\ c/ t ,A
D) 5= = o ot ey 2 QAT U0 A) +
Oh
Oy (YN + [RY (1), \]) =
" aC,(a) Ay — f5'(t), C— he'(1) ( )(7 +[ () ])
Oh ; ; oh . -
- o) (O + A A Aoy (YA + [C, A
(aA%(J) ()( o + [ " ])"‘807(0) ()('7 + [ ])) Ay = fI(t), C— he' (2)

and

of(t) _ af,
ot A

(D.5) Oo) (B + [ (1), A]) =

Ap—f5' (1)

_ (Ot 5 5
- (8Ay,(a) YAt A AD)

Ap— 15 (1) ’

where A[f¢[A;9,1],9] = M[A; 9] and the repeated multi-index () denotes a summation
to (3.18) and (3.19)

N 0
over the derivatives of the fields as in (3.20). Applying A () 50
(o)

and using the result in the right hand sides of the equations (D.4) and (D.5) one arrives
at (D.3) with

ohe’
A
oC" )

D.6 NA; 9, 1] = M\ '
(D.6) [A; 9, ] ,(0)< Auafﬁ’[A;ﬁaﬂ>

Appendix E: Proof of proposition 7
For J} = 0,,n", equations (4.15) imply
(E.1) JEN, = JON = 0.

We first solve this condition and then describe those A that also preserve 1 (and hence 0).
Let n,, and 6, be the components of the symmetric, respectively antisymmetric, non-
degenerate bilinear forms n and 6 on V', the space of space-time vectors. The defining
relation for J then reads

(E.2) 0(a,b) =n(Ja,b).

Since J cannot in general be diagonalized over R, it is useful to consider first K = J2,
which is a symmetric operator with respect to 77. Because we have assumed K to be
diagonalizable over R, we have

K, 0 0
(E.3) g=| 0 B 0 . Ky =ty
0 0 Ky



where ¢, are different eigenvalues of K, t, # ts for a # (3, no summation over « is
implied, and 1, is the m, x m, unit matrix. We denote by N the number of different
eigenvalues of K so that m; + ...+ muy =n.

It follows from [J, K] = 0 that J has also a block diagonal structure in this basis:

J0 ... 0
(E.4) g=| 0 L0 . K,=J.
0 0 ... Jy

Similarly, the bilinear form 7 is also block diagonal, with blocks denoted by 7,.
The condition [\, J] = [\, K] = 0 now implies that A is also block diagonal, with
blocks A,. The problem then decomposes into

(E.5) Ao, Ja] =0, Na(Aaa, b) + no(a, A\b) =0,

for any a,b belonging to the eigenspace V,, of K with eigenvalue t,. If g, is the Lie
algebra of A\, satisfying (E.5), the Lie algebra g of solutions to (4.15) is isomorphic to
the direct sum

(E.6) g>2g1D...PgnN-

When analyzing equations (E.5) for a given a, one can always assume that J2 = +1,,.

J? = —1,:

In this case, the eigenspace has even dimension 2n, and J, can be interpreted
as a complex structure. The condition that 7, (J.a,b) = —n4(a, J4b) Va,b € V,
implies that 7,(Jya, Job) = n4(a,b) Ya,b € V, which in turn means that 7, is
(pseudo)hermitian. Equations (E.5) are then respectively the conditions that A,
is complex linear and that it preserves the hermitian form 7,. Thus A, belongs to
the unitary algebra u(nt,n;), nt + n, = n,, where (nl,n;) is the signature of
the hermitian form 7,.

: In this case, it is useful to interpret J, as a so-called “polarization structure”. For

such a J, = 1,, one can always introduce a basis of eigenvectors e;, €; corresponding
to the eigenvalues +1 and —1, respectively. It then follows from 7,(Jye;,€;) +
Na(€i, Ja€j) = 0 that n4(e;, e;) = 0. The same arguments show that 7,(é;,&;) = 0.
Finally, non-degeneracy of 7, implies that the number of e; and é&; coincides. In
the basis e, € it is easy to solve the equations (E.5). Indeed, a general solution to
[Aa, Jo] = 0 is given by a block diagonal matrix A, with two arbitrary blocks of
dimension n, X n,. At the same time the second equation in (E.5) says that only
one of them is independent. Thus the Lie algebra of solutions A, is ¢l(n4, R).
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