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CONFORMALLY INVARIANT EQUATIONS

PENGFEI GUAN, CHANG-SHOU LIN, AND GUOFANG WANG

1. INTRODUCTION

The main theme of this paper is the application of the method of moving planes to
conformally invariant fully nonlinear elliptic equations. Throughout this paper, we as-
sume that (M, g) is a smooth, compact locally conformally flat Riemannian manifold of
dimension n > 3 and [g] denotes the conformal class of g. The Schouten tensor of the

metric g is defined by
1 , R,
5= 03 (ng_ Q(n—l)g) ’

where Ric, and R, are the Ricci tensor and scalar curvature of g respectively. We want
to investigate the following conformally invariant equation:

(L.1) FA(S) = 1.

where g € [g], Sy is the Schouten tensor of g, A(S;) is the set of the eigenvalues of S; with

respect to g, and f is a certain function on symmetric matrices we will specify. If we write
4

g = un-2g for some positive smooth function u, the Schouten tensor Sy can be computed
as
2

(12) S;=—-——=u'Viu+

2 -2 2

(n—2)? ! T (n-2)

Equation (1.1) is indeed a second order nonlinear differential equation on wu.
The most important case is f = oy, where oy, is the k-th elementary symmetric function,
(1.3) or(NS)) = 1.

for g € [g]. We note that if kK = 1, equation (1.3) is the Yamabe equation. When k > 1, it
is fully nonlinear. By the fundamental work of Caffarelli-Nirenberg-Spruck [1], equation
(1.3) is elliptic in certain cone I'}" defined by Garding [7]. We recall

I ={AeR"|o1(N\) >0, - ,04(A) > 0}.
Let
Cr = {9 € [g I M(Sp)(x) €T, Vz € M.}
We say g € [g] is admissible to equation (1.3) if § € Cy.

The study of equation (1.3) was initiated in [24] by Viaclovsky. There have been many
activities recently (e.g., see [24, 25, 26, 2, 3, 11, 12, 19, 15, 16]). Except [2], all the existence
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results obtained so far for equation (1.3) are under the assumption of C # 0. In the case
n = 4,k = 2, Chang-Gursky-Yang [2] proved that Cy # 0 if the Yamabe constant Y7 and
Jay02(g71Sg)dvol(g) (which is a conformal invariant when n = 4) are positive. Here we
generalize their result to higher dimensions for locally conformally flat manifolds.

Recall the Yamabe constant of [g] can be defined as

Ya(lg)) = inf (vol(g))~ " /M o1(g)dvol(g).

g€lg]

We define a sequence of conformal invariants for 2 < [ < n/2 by letting
inf (vol(g))” =

/ oi(g)dvol(g) if C—1 # 0,
le — 0 9€Ci M

—0Q, if lel = @

We note that if I > n/2 and C; # ), then (M, g) is conformally equivalent to a spherical
space form by Theorem 1 in a recent paper jointly with Viaclovsky [10]. Also in view of
Theorem 1 in [13], only the case [ < n/2 is of interest to us as long as Y} is concerned on
the locally conformally flat manifolds.

n—21

Theorem 1.1. Let (M,g) be a compact locally conformal flat n-dimensional manifold
and k < n/2. Assume that Yi([g]) > 0, then Cx # 0 and equation (1.3) has an admissible
solution g € C. If Yi([g0]) = O, then either there is g € Ci such that or(g) = 1, or there
is g € OYL in Cy, such that o1 (g) = 0.

Theorem 1.1 has the following consequence.

Corollary 1.1. Let (M,g) be an n-dimensional compact, oriented and connected locally
conformally flat manifold and n = 2m. If Cp—1 # 0 and

(1.4) /M Om(g)dvol(g) > 0,

then (M, go) is conformally equivalent to S>™.

When n = 4, Corollary 1.1 was proved in [14]. A similar result was obtained for n = 6
in [14] under a weaker condition. Note that [, o, (g)dvol(g) is a topological invariant.
The product metric g of S"~! x S is in Cp,,—1 With [ o,,(g)dvol(g) = 0.

Theorem 1.1 is proved through the establishment of certain global a priori estimates
using the method of moving planes and the fundamental result on Schoen-Yau [23] on
developing maps for locally conformally flat manifolds. The key point of this paper is
that the method of moving planes is particularly appropriate for conformally invariant
equations. This leads us to consider a general equation (1.1). Let us first specify conditions
on f so that (1.1) is elliptic. Let I be an open symmetric convex cone in R", that is, for

A € I and any permutation o, 0- A = (Ag(1), " ; Ap(n)) € I'. It is clear that (1,1,---,1) €
. Set T' = {S | S is a symmetric matrix whose eigenvalues (A, --- ,\,) € I'}. We assume
(1.5) [ is convex and I C '

where T'f = {\ | di—1Aj >0}



THE METHOD OF MOVING PLANES AND CONFORMALLY INVARIANT EQUATIONS 3

Since the regularity of f is not an issue here, throughout this paper, we assume that f
is a smooth function defined in I' C Ff, and satisfies

of
O\
It is easy to check condition (1.6) implies that f is elliptic in I'. A metric § is called

admissible if 715, € I for every point in M. This is equivalent to say that A(S;) € T for
every point in M. We further assume a concavity condition on f:

(1.6) (A)>0 for i=1,2,...,n and A eT.

(1.7) f is concave in I'.

From a result in section 3 in [1], f is concave in I' implies f is concave in I'. If there
is no confusion, we will also simply write I for T' in the rest of the paper. Since we are
concerned with equation (1.1), it is necessary that there is v € I" such that f(y) = 1. The
symmetry and the concavity of f imply f(¢,---,t) > 1 for some ¢t > 0. Therefore, we
assume

(1.8) flto, -+ ,to) =1, for some ty > 0.
Our next result is concerned with a Harnack type inequality.

Theorem 1.2. Suppose that f satisfies (1.6), (1.7) and (1.8). Then there exists a constant
4
C > 0 such that for any admissible solution un=2|dz|? of (1.1) in a open ball B3gr, we have

, C
(1.9) I%ixu(x) +min u(z) < =k

As an application, the following global regularity and existence for equation (1.1) on a
general compact locally conformally flat manifold (M, g) will be proved via fundamental
work of Schoen-Yau on developing maps in [23]. Here, we need an additional condition:

(1.10) limy_ oo f(ty) > 1, for all v € I' and limy_, f(\) < 1, for all p € 9.
We note that (1.10) implies (1.8).

Theorem 1.3. Let (M, g) be an n-dimensional smooth compact locally conformally flat
manifold with g admissible. Suppose that f satisfies (1.6), (1.7) and (1.10), and (M, g) is
not conformally equivalent to the standard n-sphere. Then there exists a positive constant
C > 0, such that

(1.11) lulls + [l les < C.

4
Furthermore, there is a smooth admissible solution un=2 g satisfying equation (1.1).

Such type of inequality in Theorem 1.2 was first discovered by Schoen for the Yamabe
problem. A different proof was given by Chen and Lin [4]. We follow the argument of [4, 5]
by employing the method of moving planes here. The inequality was proved for f = g by
Li-Li in [19]. They tried to generalize it under some cumbersome conditions, see Remark
2.1. Recently, Li-Li [20] announced similar results of Theorem 1.2 and Theorem 1.3.

The paper is organized as follows. In section 2, we prove the Harnack type inequality
via the method of moving planes. The method of moving planes indeed are our main
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theme in this paper. A global gradient estimate (Proposition 3.1) for locally conformally
flat manifolds not conformal to S™ is also obtained by this method in section 3. Here, we
make use of the fundamental work of Schoen-Yau [23] on the developing maps on locally
conformally flat manifolds. Theorem 1.1 and Theorem 1.3 will be proved in section 3.

Acknowledgement. Part of the work has been done while the third author was visiting
the National Center for Theoretical Science (CTS) in Taiwan. He would like to thank
CTS for the invitation and kind hospitality.

After this paper was completed, we received the preprint [17] of Gursky-Viaclovsky.
They treated a fully nonlinear equation in 4-manifolds and obtained various results.
Among them, they gave a more direct proof of the main result of [2].

2. A HARNACK TYPE INEQUALITY

Theorem 1.2 will be proved by contradiction. Before going to the proof, we want to
give a sketch of our idea first. Suppose that the inequality does not hold. Then there
exists a sequence of blowup solutions for equation (1.1). We then rescale the solutions.
The main step is to give C! estimates for these rescaled solutions. Actually, the C''-norm
of the rescaled solution will be proved to be uniformly small, and then the C? estimates
or higher-order derivatives follows by the concave assumption accordingly. Therefore, the
rescaled solutions converges to a constant in C*% and that will yield a contradiction to
assumptions (1.6) and (1.8).

Obviously, the crucial step is the C' estimate of those rescaled solutions. Here, the
method of moving planes will be employed to obtain a local gradient estimates. As in
previous works, we first extend our rescaled solutions to the whole space R™, and obtain
a viscosity super-solution. Then, we apply the Kelvin transformation twice on those
extended super-solutions. Finally the local gradient estimates follow from the application
of the method of moving planes.

It seems a new idea to obtain the local gradient estimates via the method of mov-
ing planes for the fully nonlinear elliptic equation. For geometric fully nonlinear elliptic
equation with the concave assumption, the local gradient estimate is generally the crucial
step to obtain the a priori bound for solutions. Here, our proof relies on the conformal
invariance of the equation. This leads us to suspect that for conformally invariant fully
nonlinear elliptic equation, the concave assumption alone should be enough for the a priori
bound. This is partially confirmed in our proof of Theorem 1.2 here. We shall study this
problem for general manifolds later.

Since we use Kelvin transformations repeatedly in our proof, we shall keep our notations
as clean as possible.

Suppose u is a C? function. Recall that the Schouten tensor S(u) related to the metric

4
un—2|dz|? is the matrix whose (i, j)-th component is defined by

__4 2 1
Sz](x) =u n-2 (_n — 2“ Ug;z; +

n__ 2
(22" M7

2 -
g 17
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Let A(S(u))(x) = (A1,...,Ay) denote the eigenvalues of (S;j(x)). Assume that u satisfies

FS(w))(z) =1
(2.1) { A(S(u))(z) €T for x € Bsr(0),

where B, (p) is the open ball with center p and radius r > 0. Sometimes, we denote B, (p)
by B(p, 7).

Proof of Theorem 1.2. By scaling invariance of the equation, we may assume R = 1.
Inequality (1.9) will be proved by contradiction. Suppose it does not hold. Then there
exists a sequence of solutions u; such that

(2.2) max u; - min u; > i.
Bi B

Let
M; = maxu; = ul(a_cl),
By

_ __2
and x; € By with B(xz;,r;) C By and |z; — ;| = r;, where r; = M, "*. By (2.2),
M, — +00 as © — +00. Set

__2_

vi(y) = Mfl?fg(%' +M; "*y)

(2.3) i
T; =x; + Mi"72 Ui -

Then |y;| = 1 and v; satisfies

(2.4) { /

2
for |z| < M;" 2.

(A(S(vi))(2)) = 1,
(S(vi))(x) €T,

2
For simplicity, we let L; = M,"~* and choose l; — +00 as i — 400 such that

(2.5) 1?2 < L,
and
(2.6) 2 <.

We extend v; to R™ via the Kelvin transformation, i.e., 9;(y) is defined by

N L\ Iy

Then v;(y) also satisfies (2.4) for |y| > [;, since equation (2.4) is conformally invariant.
2 n—2
For |y| = L;, we have \‘l;?] < 1 and then, 7;(y) < (é—i) . On the other hand, by
(2.6), vi(y) satisfies,

. i i i\
vi(y) > M, 131;1(3)%‘2W:F> (—Z> .
(2
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Therefore,
(2.7) vi(y) > 0;(y) for |y| = L.
Set
. o uily) lyl <1,
(2:8) vi(y) = ¢ min(vi(y), vi(y)) L <yl < Li,
0i(y) lyl = Li.

By (2.7), ; is a continuous function defined in the whole space R™ and one may try to
prove that ©; is a viscosity super-solution. But, we will not pursue this fact in our proof.
We will rather keep both v; and 9;(y) as solutions of (2.4) in the regions {y | |y| < L;} and
{y|ly| > 1;} respectively.

In what follows, we want to prove the first derivatives of v; are uniformly small in the
ball B(y;, %) In fact, we will prove for each j =1,2,...,n and 6 > 0,

avi
Oy

9vi(y)

(2.9) 5

<61+ Z sup
k£j YEB(Jis3)

<y>‘

for all 1 > ig = ip(9), and |y — 7;| < % Without loss of generality, we may assume j = 1,
and 7; = (—1,0,...,0). To obtain (2.9), we apply the Kelvin transformation twice on ;.
In the rest of the proof, in order to keep the simplicity, we will abuse some notations if
there is no confusion. For any small §, we first make the inversion 7} with respect to the
ball B(es) and denote the Kelvin transformation of v; by u;, that is,

= r — €
(2.10) ui(x) = | — es|* " (m + 65) ,
where es = (62,0,...,0). From now on, u; will be the one defined in (2.10). So u;(z)

satisfies (2.4) except the small ball {z | |z — es| < 2I;'}. We choose i large so that the
small ball is contained in the ball B(es, £6%). We also denote Y and Y as the image of
{y|l; <l|y| < L;} and {y | ly| > L;} under the inversion 7. Next, we denote T3 to be the

inversion r — ﬁ, and v} (y) to be the corresponding Kelvin transform, that is,

U; | ————= +es | .
|y —€|2
W~ <0

We also denote Z and Z to be the image of Y and Y under T respectively. Clearly, Z and
Z lie in a small ball with center (5%, 0,...,0). Note that the composition T o T} (y) — y
in C? for B(y;, 3) as 6 — 0. Hence

Y
L e

(2.11) ui (y) = [y~ BB

v _
(2.12) O BETC ) — (1,0, ,0)+ O(?)
ayl |#_66|2 s Uy ; ;



and

(2.13) 0 <|y|2—”
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—= — ¢4

2—n )
Y ) =00

for y € B(y;, 3). Both (2.12) and (2.13) can be computed by straightforward way.

Now we fix ¢ and ¢ and apply the method of moving planes to ;. For any A € R
we set £y = {y | 1 > A} and y* to denote the reflection of y € ¥y with respect to the
hyperplane y; = A. u}(y) has a harmonic expansion at co. We list here for the convenience
of reference (see [8]).

Y
2

oy

1 ajxrj  jRT;Tk 1
ST e ) )

514 o —an=2)z;  a;  nQQax)T; | 2D 057
e e F L R

n+2 AILTITE )T 1

(n+2)(X Zklk)y+0( )
ol o
Set y = x — xo, where xo = (—(nfﬁ, cee = (nfg)ao). Then (2.14) is reduced to
ao | ajkYYk —ap(n —2)

v e
L+ 0(jy ™.

As a consequence of the previous expansion, we have (for the proof see [8])

Lemma 2.1. For any A < there exrists R = R(\) depending only on min(1 +
(

-

la1|, A) such that for x = (x1,y") and y = (y1,y’) satisfying
1 <yLT1+y <2\ [yl = R

we have

ui () < ugi(y).

Before we start the process of moving planes by using Lemma 2.1, we note that ag, a; and

R in the Lemma could be large, because it also depends on ¢ and §. By our construction,

*

u?(y) is a positive C? function except at Z U Z. But u}(y) is a super-harmonic function

in the distribution sense. Therefore, for any small neighborhood N of ZU Z,
(2.15) u; (y) > g}\ff‘uf > o =co(i,0) >0
for y € N. Thus, by Lemma 2.1, A can be chosen negatively large so that
(2.16) ul(y?) < ul(y) for ye X,
As usual, we set
Ao = sup{A | uf (1Y) < ul(y) fory € By and N < A}

We claim if § is small enough, then

) 1 ax
> I —
)\o_mm< 4’(n—2)a0>
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Clearly, by the continuity, we have

(2.17) W (y) == ui(y) — uf(y™) > 0 for y € Ty,
We claim
(2.18) wy, (y) >0 for ye X,,.

Recall that wy, (y) is continuous in 2)\0 and is C? in E,\O\(ZUZ). Now suppose yg € Xy,
such that

(2.19) ’U))\O(y()) =0.

If yo € ZU Z, by the strong maximum principle wy,(y) =0 fory ¢ ZU Z. Let vl (y)
denote the double Kelvin transformation of v;(y) through the conformal mapping 75 o T7.
Note that

vl (y) =u;(y) for ye R"\Z U Z,

2

where R™\Z is connected. Since wy,(y) =0 fory & ZU Z, by the unique continuation,
we have

(2.20) vl (y™) = v} (y) for ye B\ \Z.

For y € Z, by (2.20) and (2.17),

(2.21) vl ) =i () 2wl (y) > ui (™) = o (y™).
Thus, v} (y) = u!(y) for y € Z, which implies

(2.22) vi(y) < 0i(y) for I; < |y| < L;.

By (2.7), this is a contradiction. Thus, yo € Z U Z.
If yo € Z and v;(yo) < @i(yo), then v;(yo) = vi(yp°) and by (2.17), v} (y) > ui(y) >
(y*0) = vi(y*0) for y € ¥),\Z. Thus, the strong maximum principle again yields

vl (y) = vi(y™°) for ye Xy \Z.

And it is reduced to the previous case. Thus, v;(yo) > 0i(yo). Set o (y) be the corre-
sponding double Kelvin transformation of ¢;. Clearly, ©}(y) is defined only on Z U Z. By
(2.17), 9¢(y) > u}(y°) for y € Z and the equality holds at yo, which implies

(2.23) o (y) = u(y™) in Z.

(2

*

U,

Therefore
0i(y) <wvi(y) for I; < |y| < Ly,

But 9;(y) = v;(y) for |y| = l;. Hence (2.23) yields u}(y) = u}(y*°) for y € d(Z U Z), which
is reduced to the previous case. Therefore yo & Z. But yo € Z also leads to (2.23) by the
strong maximum principle, which in turn yields a contradiction again. Hence the claim
(2.18) is proved.

Once (2.18) is established, it is easy to see Ag > min(—1, (nfﬁ
2.1 by the standard argument of the method of moving planes. We omit the details here.

) follows from Lemma
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By the Hopf boundary lemma, we have

8 1 aq
— >0 f < min(—~, ———).
3y1u “(y) >0 for y; < min( 4’(n—2)a0)
We want to prove %u*( ) > 0 for y; < —i. If not, then there exists yo = (yo.1,Y()
such that yo1 < — Z and WU’ *(yo) = 0. Then we do the Kelvin transformation u;* as,

@249 )= (ﬁ)“ (|§|’g tm).

where rg = %|y0|. Obviously, the singular set of u}* is in the half-space {y | y1 > 0}. Then
we can apply the method of moving planes to show

(2.25) i (y) < uf*(y) fory € ¥y and A <0,

by Lemma 2.1 and by the fact a (yo) = 0. The same argument as the proof of (2.18)
yields that (2.25) holds for A =0 too. This implies

uf(y) < uj(y) fory € ¥y and A = yo1.

But it yields a contradiction to aiylu;k(yo) = 0. Hence a%lu:‘(y) > 0 for y; < —%.
By the expression of (2.11), using (2.12) and (2.13), we then have
0 < "l 9 -

(2.26) - 5 i() S O()(y) + 0(?) Z 5o

for |y —ui| < % We can repeat the process by taking es = (—(52, 0,...,0). In this case, u}
has singularity near (—6%, 0,...,0). So, we can move the plane from the right-hand side
and obtain the following inequality,
a n
(2.27) a—ylvz( y) < 0(6*)oi(y) + 0(6*) )
k=2

9 =
oyr. '

for |y — gi| < % Note that v;(;) = max,<; vi(y) = 1. Since u] is increasing in y;, we
obtain

(2.28) vi(y) <2 for |y —gi| <

l\.')lr—l

Thus, together with (2.26) and (2.27), (2.28) yields

9
‘% ()‘<0(52 <1+28yk ))

for |y — ;] < 3. Therefore (2.9) is proved.

After (2.9) is established, we have v;(y) uniformly converges to the constant 1 in C*! for
ly — 5i| < 4. This gives 01(S(v;)) convergent weakly to 0 in |y — ¢;| < 3. On the other
hand, by (3.11) in Lemma 3.1, 01(S(v;)) > C > 0in |y — 4| < 3 as f(S(v;)) = 1. This
yields a contradiction. The proof of Theorem 1.2 is complete.
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We note that we only used (3.11) in our proof, not the full concavity condition (1.7).
Though (1.7) implies (3.11) by Lemma 3.1. O

Remark 2.1. In [19], Li-Li proved the Harnack type inequality in Theorem 1.2 under some
further complicated conditions. The main reason for Li-Li to impose these conditions is
that their proof of the inequality relies on local gradient estimates for equation (1.1). Such
kind of local gradient estimates was established in [11] for f(Sg) = o1(Sy) prior to [19].
The proof of the local gradient estimates for o) was deduced to Claim (18) in [11]. The
implication of Claim (18) to local gradient estimates is simple, and that part of deduction
can be easily adapted for general elliptic f. The main part of [11] is to prove Claim (18)
for oy, which is quite delicate. Claim (18) in [11], together with some other conditions,
was renamed as H, condition in [19].

Remark 2.2. The local gradient estimates for quotient ‘(’7—’; have also been established in
[13, 9] recently. In the locally conformally flat case, we suspect that the concave assump-
tion (1.7) and the conformal invariance of f should be sufficient to get the local gradient
estimates. This is partially confirmed in the proof of Theorem 1.2, where a local gradient
estimate for a sequence of solutions is obtained via the method of moving planes.

3. GLOBAL A PRIORI BOUNDS AND THE EXISTENCE

In this section, we will establish the global gradient estimate of logu via the method of
moving planes. We first state the main estimates in the following proposition.

Proposition 3.1. Let (M, g) be an n-dimensional smooth compact locally conformally flat
manifold with g admissible. Suppose that f satisfies (1.6), (1.7) and (1.10), and (M, g) is
not conformally equivalent to the standard n-sphere. Then there exists a positive constant
C > 0, such that

(3.1) max u <C, |Vlegu|r~ + ||V?1logulp~ < C.

Theorem 1.3 is a consequence of the proposition.

Proof of Theorem 1.3.  First we prove the C? bound of the solutions. By Proposition
3.1 we only need o prove u has a positive lower bound. It is sufficient to prove max,s u
has a positive lower bound. We now use an observation from Viaclovsky [25]. We would
like to note that this is the only place where the admissible condition of S, is used. At

4 4
any maximum point g of u, u~ 7=25;(xg) > v »=2.54(xg). Therefore,

_ 4 _ 4 _
1= f(u"m=2(w0)g ™" (20)S5(wo)) = f(u =2 (wo)g ™" (w0)Sy(o))-
Since g~! - Sy(z0) is admissible, and K = {g~! - Sy(z)|z € M} is compact, by (3.12),
ufﬁ(azo) < () for some constant Cy. Therefore, the C° and C! estimates are proved.
By Lemma 3.2, we have C? estimates. Then it follows from the second condition in (1.10)
that f is uniformly elliptic. The higher-derivatives follow from the Krylov-Evans Theorem

and standard elliptic theory. So, the a priori estimate (1.11) is proved for the case when
M is not comformally equivalent to S™.
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The existence of solutions can be obtained by using the degree theory following the
argument of Li-Li in [19]. We define a deformation

f()\) _ f((l _t))‘+t01()\)e)7 for t c [0, 1],
t 2—-t)f(a1(Ne) + Ear(n),  fort €[L,2]

with the corresponding cone

L — AeT! | (1 —-t)A+tor1(N)e €T, for t € [0, 1],
b I, for t € [1,2],

where e = (%, %, R %) in I". Obviously, f; in the deformation satisfies the assumptions

of Theorem 1.3 and f;(to,...,tp) = 1, where g as in (1.8). By a priori estimates (1.11),
the C3-norms of solutions are uniformly bounded. Therefore, the degree remains the same
during the deformation. Since the degree for the Yamabe problem (i.e. for f3) is —1 (see
[22]), the degree for our equation is —1. The existence of solutions follows. O

Now we prove Theorem 1.1. The idea to prove Theorem 1.1 is to seek an admissible
solution of the following fully nonlinear equation:

(3.2) o (g) = constant,

for g in the conformal class. In [2], Chang-Gursky-Yang proved that if Y7 and Y5 (note that
Y1 positive implies C; # (), and in the case n =4, [}, 02(g) = Y for all g in the conformal
class) are positive, then equation (3.2) is solvable for n = 4,k = 2. This is an important
result because the existence is obtained without the assumption on Cj # (). Here we will
deal with the case for higher dimension, but on the locally conformally flat manifolds.
The key is to obtain some appropriate a priori estimates for (3.2) using Proposition 3.1
and a result in [13] concerning a sharp Sobolev type inequality. We list it in the following
proposition, which is a special case of Theorem 1 in [13].

Proposition 3.2. Let (M, go) be a locally conformally flat manifold with g € C; for some
I <n/2. Then there is a constant Cg(M) > 0 such that for any metric g € C;.
21

| ataol(o) = Cs(ayuol() 5.
M

The equality holds if and only if 01(g~1S,) = ¢ for some positive constant c. Moreover,

1

n\ n—21 w2 1
Cs(M) < Cs(S") = <l) (2—3)—n<n—21>,

where w,, is the volume of the standard sphere S™.

Proof of Theorem 1.1. Let g = e Vg € I‘Z_l. We modify the approaches in [15] and
[19] to consider the following equation
_ k—1), _
(3.3) Jw) = onltg™ Sy + (1= )0, 7V (g7 Sp)g) = 1.
Let
T, ={AeT{  [tA+(1—t)o/F V(NI eT)).
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It is clear that I'g = I‘k yand I'y = FZF. And for any ¢ € [0,1], f; satisfies the conditions
in Proposition 3.1 uniformly in ¢. From the proof of Theorem 1.3, we may take gy € Cr_1
with 0x_1(g0) = 1 and the degree of ox_1(g) = 1 is —1. From degree argument (e.g., see
[19]), we only need to show a priori bound on solutions of equation (3.3) for all 0 < ¢ < 1.

For g = e~ Vg, and for any local orthonormal frame (with respect to go), we let Sij be
the Schouten tensor of go and let W, = (vij + viv; — %51-]- + Si;). Equation (3.3) then
can be expressed as:

(3.4) o (W, + (1 =)o, E (W) 1) = 2k,
By (3.1) in Proposition 3.1, there is C' independent of ¢ such that
(3.5) infv > C, maX|Vv| <(C, and max V2| < C.

We now only need to obtain an upper bound of v. Set © = v—maxy; v. We have W5 = W,
By (3.5), |19llc2(any < C for some C independent of t. ¥ satisfies equation

(3.6) Jk(tW@ (1 —t) 1/(’“ D(Wg)[) — e—kaavae—quj'
Expand
k k=i
(1) oultWo+ (1 -0/ 7Y Z( )ﬂ L=t i (W)} (W),
=0

Since W5 € T',_1, we have

. _k_
e e = gy (15 + (1= )0 TV (W) D) 2 o (W) + (1= 0)f ol (W),
That is
k
(38) e—kaaxMU > tko_k(g—lsg) + ( t)kO'k]f i(~_15§)'
Since v is bounded, integrating the above formula over M with respect to the metric

G = e gy, together with the Holder inequality, yields

(3.9) eTHmEMY > o'V + (1 - 1) /M 71(57" S5)dvol (7)) F7)

for a positive constant ¢ > 0 independent of t. By Proposition 3.2, for I < n/2,
inf (Vol(g )) e / o1(g~Sy)dvol(g) > Cs > 0.
g€l M

This gives

(/Mak 1(G71S; 5)dvol(g))*—T = (C’S)k 1(Vol(g )) >C’>0

since ¥ is bounded. It follows that v has an upper bound independent of t. Hence ||v||c2(ap)
is bounded independent of . By the Krylov-Evans theorem and standard elliptic theory,
[v]lcm (ary is bounded for any m. The Theorem is proved for the case Y > 0.

If Yy = 0, By (3.5), v is bounded from below, and the first and second derivatives of v
are bounded independent of ¢. By (3.9), for any ¢ < 1, v is bounded from above (depending



THE METHOD OF MOVING PLANES AND CONFORMALLY INVARIANT EQUATIONS 13

on t). If supv — oo for some sequence t; — 1, from (3.6) we obtain a CY1 solution g € f;r
with o1(g) = 0. If for some sequence ¢t; — 1, supv stay bounded, we obtain a solution
g€ FZ with o;(g) = 1. These two cases can not be happen at the same time by Lemma
2 in [13)]. 0

Proof of Corollary 1.1. Note that [,, o (g)dvol(g) is a topological invariant. We have
Y,, > 0. By Theorem 1.1, C,, # (). Hence (M, g) is conformally equivalent to S*™, by
Theorem 1 in [10]. O

Finally, we prove Proposition 3.1. It is well-known that once gradient estimates are
available, C? estimates of logu will follow easily. And higher-order derivatives follow
readily the Krylov-Evans theory. Though in [11] we dealt only with f = a,i/ ¥ and estimated
Au + |Vul?, but the argument works for general concave elliptic operator f and second
derivative bounds can be obtained easily just by considering T?u + |Tu|? for any unit
vector field 7. This was noted in [19]. For the completeness, we will include the local C?
estimates here following the same lines of proof in [11].

We list some properties stemmed from concavity assumption on f.

Lemma 3.1. Suppose that f satisfies (1.7) and (1.8). Set F9(U) = 85}5) forU = (Uy;) €
T.
1. Let tg be the number in (1.8), then for allU € T with f(U) <1,

(3.10) S FIU); <to Y FHU).
irj i
2. Suppose further that f satisfies (1.6), then there is C' > 0 such that YU € T' with
f(U) > 1, the following is true:
(3.11) a1(U) > Cf(U).

3. If in addition, f satisfies condition (1.10), then 3, ; Fi9(U)U;; >0 for allU € T.
And for any compact set K in I, there is a tg > 0, such that

(3.12) flty) > 1, forall veK,t>tg.
Moreover there is 6 > 0 such that for all U € T with f(U) < 1, the following is
true
(3.13) § <o+ Y FIUU; <20y  FU(U).
ij i

Proof. Let I be the identity matrix. By the concavity of f,

(3.14) FED) < f(U) + D FI(U)(t;; = Uy).
.3

By (1.8), f(tol) > 1. Since f(U) < 1, (3.10) follows from (3.14).

To prove (3.11), we note o1 (U) is invariant under symmetrization (i.e., symmetrization
of eigenvalues of U), while f(U) is non-decreasing under symmetrization by the concavity
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of f. So we only need to check that if f(¢,---,t) > 1, then oy(t,--- ,t) > Cf(t,--- ,t).
By (1.6), f(t,--- ,t) > 1 implies ¢ > ty. From the concavity of f,

Flt, - t) < Fltol) + (t — to) ZfA to, -+ ,to) < Aoy(t,--- 1),

if we pick A > Jl(totoﬂ + 3 Falto, -+ to).

We note that by concawty assumption on f and the first condition in (1.10), for any
v €T, f(ty) is an increasing function for ¢ > 0. This implies >, ; - F9(U)U;; > 0. By the
monotonicity of f(¢) and the first condition in (1.10), for any ~ E I, there is ¢, < oo such
that f(ty) > 1forallt > ¢,. Then (3.12) follows from the continuity of f and compactness
of KinT.

By the first condition in (1.10) again, there exists 6 > 0 such that f(2toI) > 1+ ¢ (this
also follows from the monotonicity condition (1.6)). Since f(U) < 1, (3.13) follows from

(3.14). O

Set v = n_—EQ log u, then v satisfies equation
2

v
(3.15) F(€ (V0 + dv & dv — ’Tvg +8,) =1

Lemma 3.2. Suppose that f satisfies conditions (1.6), (1.7), and (1.8), and suppose that
v € C* is an admissible solution of (3.15) in B,. Then, there exists a constant ¢ > 0
depending only on 1, ||g|llca(p,) and ||[Vv||Le(B,), such that

(3.16) \VZu|(z) < ¢, forac B, /5.

Proof. Choose ' small such that there is a local orthonormal frame in each geodesic ball
B,./(x) for all z € B2-. We only need to verify (3.16) for such B,(x), which we will still
3
denote B,. We may also assume r = 1. Let p be a smooth nonnegative cut-off function
in By, p=1in B1 and p = 0 in B; \ B2. We only need to get an upper bound for
2 3 _

p(T?v + |Tw|?) for any unit vector field T. Since Bz x 8"~ is compact, we may assume

that the maximum is attained at some point yg € B 2 and T = e; for some orthonormal
3

frame {e1,--- ,e,} in By. Set G = p(v11 +|v1|?). So yo is a local maximum point of G. By
the C1 bound assumption, we may assume vy > 1+ |v1]? and vi1(yo) > 2 |vij (yo)|, V4, J.
Now at yg, we have

(sz‘j — 2pip;

(3.17) 0= %G—i—p(’l}llj +2?)1?)1j), p2 G—i—p(’l)nz‘j +2?)1ﬂ)1j—|-2?)1?)1ij)) <0.

For any fixed local orthonormal frame, we may view S; and S; as matrices. We denote
S;j and U;; the entries of g_ng and g_ng respectively. By the ellipticity assumption on
[, (F") is positive definite at U = §~15;. Since yo is a maximum point of G,

(3.18) 0> Z FZJ{MG + P(Uz‘jll + 2vyv15 + 2U1Uij1)} - CGZFM,
i,7>1 7
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where the last term comes from the commutators related to the curvature tensor of g and
1
its derivatives. From the construction of p, |Vp(z)| < Cp2(z) for all x € B;. We have

00— D050 1
Z FZJMG > _CZFM_G'
i,j>1 P i1 P
By (3.17), (3.10), (3.18) and the concavity of f,

(3.19)
0

Y

p Z FY7(vjin1 + 2v1015 + 2v1v15) — C— Z F
i,5>1 ’ =

T 1
= p Y F(e™Uy —vivj + §|VU|25z‘j — Sij)u

i,j>1

_ 1 G g
+2p’01i’01j + 2pU1(€ QvUZ" — VU5 + §|V’U|2(5ij — Sij)l} — C; ZF”
i>1

o - 1 _
= p Y FHe Uy —2vie” > (U + (§|Vv|25z‘j = Sij)n — 2vie” Uy
ij=1

1 G ..
—ViVj11 — V50411 + 2’()1(—1)in + §|V’U|25ij — Sij)l} — C; ZF”

i>1

—2v i1 1 Vv i1
> g (=2 + 30 Py — 0+ 26 - crgpon 3P

i>1

where ty is the number in (1.8).
As f is a constant, f; = f11 = 0. By assumption vy; > 2—1PG at yo. It follows from (3.19)
that at yo, G < C. O

Proof of Proposition 3.1. The second derivative estimates have been proved in Lemma
3.2 assuming the gradient boundedness. We only need to get an upper bound of u and a
gradient estimate for logu. We should first use the theory of Schoen-Yau in [23] to set up
the situation where the method of moving planes can work. Let (M ,§) be the universal
cover of M with 7 : M — M be a covering and § = 7*(g) is the pull-back metric of g.
By applying the theory of Schoen-Yau on locally conformally flat manifold, there exists a
developing map & : (M,g) — (S™,0) where o is the standard metric on S™. The map @
is conformal and one to one. Let

(3.20) Q=d(M).

Then €2 is an open set of 8. In our case, the scalar curvature of g is positive. Then
Schoen-Yau’s Theorem tells us that the Hausdorff-dimension of 052 is at most "772

If @ = S”, then M has an unique conformal structure, and solution always exists, which
can be derived from the solutions on S™. Hence we consider 0f) is not empty. Now fix a

point p € M and choose p = ® o 771(p) such that dist(p, Q) > & > 0. By composing
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a conformal transformation on S" and identifying R™ = S™\{North pole} through the
stereographic projection, we may assume p = (—1,0,...,0) and 8Q C {z | |z| > }} for
some § > 0. For the simplicity, we assume oo & 0€2. We still denote the conformal map:
(M,§) — (R™, |dz|?) by ®. Set v(z) to be the conformal factor:

@"(jdaf?) = v(@ 7 (@) 723,
Then i(z) = v(®~(z))u(r® (z)) for z € Q is a solution of

(3.21) { JA(S(@)(z)) =1 and A(S(a))(x) € for €,

lim a(x) = +oo.

x—00

Note that the boundary condition of (3.21) follows from [23], because M is compact. By
composition with a rotation, we may assume

ou
8:61'
ou
8:61

Let u* be the Kelvin transformation with respect to the unit ball, that is,

* 2—n ~ y
w) =l ().
Then u*(y) satisfies equation (3.21) in Q*, where Q* is the image of 2 under the in-
version y — ﬁ, and 9Q* C B(0,6). Since co ¢ 99, u*(x) is C? at the origin and
lim, g0 u*(z) = +o00. Because u*(z) has a harmonic expansion at co, by Lemma 2.1, we
can start the method of moving planes. Since the argument is essentially the same as in
section 2, we won'’t repeat it here. Hence, we may conclude that u*(y) is increasing in y;

as long as y; < —%. Thus,

(3.22) (=1,0,...,0) =0 if i #£1

(=1,0,...,0) >0

ou*
—-1,0,0,...,0) > 0,
;" )
which, together with (3.22), implies
i
(3.23) |7 a(~1,0,...,0)| = 8—“(—1,0, ...,0) < (n—2)a(~1,0,...,0).
Y1
By noting @(x) = v(x)u(r o ®~1(z)), we then obtain
(3.24) | v logu(p)| < ¢ for pe M.
Clearly, the gradient estimate (3.24) yields
(3.25) M e
minjs u
Together with Theorem 1.2, we get
maxu < C.
M



1]
2]
8]
[4]
[5]
[6]

[7]
8]

[9]
(10]

(11]

THE METHOD OF MOVING PLANES AND CONFORMALLY INVARIANT EQUATIONS 17

REFERENCES

L. Caffarelli, L. Nirenberg, and J. Spruck, The Dirichlet problem for nonlinear second-order elliptic
equations. III. Functions of the eigenvalues of the Hessian, Acta Math. 155 (1985), no. 3-4, 261-301.
S.Y.A. Chang, M. Gursky and P. Yang, An equation of Monge-Ampere type in conformal geometry,
and four-manifolds of positive Ricci curvature, Ann. of Math. 155 (2002), 709-787.

S.Y.A. Chang, M. Gursky and P. Yang, An a priori estimate for a fully nonlinear equation on four-
manifolds, J. Anal. Math. 87 (2002), 151-186.

C.C. Chen and C.S. Lin, Local Behavior of Singular Positive Solutions of Semilinear Elliptic Equations
With Sobolev Exponent, Duke Math. J. 78 (1995), 315-334.

C.C. Chen and C.S. Lin, FEstimates of the conformal scalar curvature equation via the method of
moving planes, Comm. Pure Appl. Math. 50 (1997), 971-1017.

L.C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic equations, Comm. Pure
Appl. Math. 35 (1982), 333-363.

L. Garding, An inequality for hyperbolic polynomials, J. Math. Mech, 8, (1959), 957-965.

B. Gidas, W.M. Ni and L. Nirenberg, Symmetry and related properties via the mazximum principle,
Comm. Math. Phys. 68 (1979), 209-243.

P. Guan, C.S. Lin and G. Wang, On quotient equations in conformal geometry, preprint.

P. Guan, J. Viaclovsky and G. Wang, Some properties of the Schouten tensor and applications to
conformal geometry, Transactions of American Math. Society, 355 (2003), 925-933.

P. Guan and G. Wang, Local estimates for a class of fully nonlinear equations arising from conformal
geometry, Intern. Math. Res. Notices, 2003 (2003) 1413-1432.

P. Guan and G. Wang, A fully nonlinear conformal flow on locally conformally flat manifolds, to
appeer in J. Reine Angew. Math.

P. Guan and G. Wang, Geometric inequalities on locally conformally flat manifolds, preprint.

M. J. Gursky, Locally conformally flat four- and siz-manifolds of positive scalar curvature and positive
Euler characteristic, Indiana Univ. Math. J. 43 (1994), 747-774.

M. J. Gursky and J. Viaclovsky, Fully nonlinear equations on Riemannian manifolds with negative
curvature, preprint.

M. J. Gursky and J. Viaclovsky, A conformal invariant related to some fully nonlinear equations,
preprint.

M. J. Gursky and J. Viaclovsky, A fully nonlinear equation on 4-manifolds with positive scalar curva-
ture, preprint.

N.V. Krylov, Boundedly inhomogeneous elliptic and parabolic equation in a domain, Izv. Akad. Nauk
SSSR 47 (1983), 75-108.

A. Liand Y.Y. Li, On some conformally invariant fully nonlinear equations, preprint.

A. Li and Y.Y. Li, A fully nonlinear version of the Yamabe problem and a Harnack type inequality,
preprint.

Y.Y. Li, Degree theory for second order nonlinear elliptic operators and its applications, Comm. in
Partial Differential Equations 14(1989), 1541-1578.

R. Schoen, On the number of constant scalar curvature metrics in a conformal class, Differential
Geometry: A symposium in honor of Manfredo Do Carmo (H.B. Lawson and K. Tenenblat, eds),
Wiley, 1991, 311-32.

R. Schoen and S. T. Yau, Conformally flat manifolds, Kleinian groups and scalar curvature. Invent.
Math. 92 (1988), 47-71.

J. Viaclovsky, Conformal geometry, contact geometry, and the calculus of variations, Duke Math. J.
101 (2000) 283-316.

J. Viaclovsky, Estimates and ezistence results for some fully nonlinear elliptic equations on Riemann-
ian manifolds, Comm. Anal. Geom. 10 (2002), 815-847.

J. Viaclovsky, Conformally invariant Monge-Ampere equations: global solutions, Trans. Amer. Math.
Soc. 352 (2000), 4371-4379.



18 PENGFEI GUAN, CHANG-SHOU LIN, AND GUOFANG WANG

DEPARTMENT OF MATHEMATICS, MCMASTER UNIVERSITY, HAMILTON, ONT. L8S 4K1, CANADA.
E-mail address: guan@math.mcmaster.ca

DEPARTMENT OF MATHEMATICS, NATIONAL CHUNG-CHENG UNIVERSITY, MINGHSIUNG, CHIA-YT, TAI-
WAN
E-mail address: cslin@math.ccu.edu.tw

MAX-PLANCK-INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTR. 22-26, 04103 LEIPZIG,
GERMANY
E-mail address: gwang@mis.mpg.de



