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Abstract

We study the asymptotic behavior of a family of functionals describing the formation
of topologically induced boundary vortices in thin magnetic films. We obtain convergence
results for sequences of minimizers and some classes of stationary points, and relate the
limiting behavior to a finite dimensional problem, the renormalized energy associated to the
vortices.
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1 Introduction

In this article we analyze the behavior as € — 0 of the functionals
_1 2 1 . 2 1
E.(u)=< [ |Vu|"+ — sin”(u — g)ds?, (1.1)
2 Jq 2e Jaa

where Q is a simply connected domain in R? and g : 90 — R a function such that
e : 90 — S' is a map of degree D # 0. We show convergence results for sequences of
minimizers and stationary points of not too high energy. The limit functions are harmonic
functions with boundary singularities. In certain cases, in particular for minimizers we give
an asymptotic expansion for the energy, showing that the singular part of the energy depends
only on the number of such singularities, while their interaction is described by a renormalized
energy occurring as the first nonsingular term in the expansion that only depends on the vor-
tiex positions, similar to results obtained by Bethuel-Brezis-Hélein for the Ginzburg-Landau
energy.

The motivation to study the functionals (1.1) comes from micromagnetism. Kohn and
Slastikov [3] were able to show that it arises as a thin-film limit of the micromagnetic energy
functional given by

E(m) = wQ/Q |Vm|2 +/RS |Vu|2, (1.2)
h

where Q;, = Q2 x (0, h) is a Lipschitz domain in R®, m : Q;, — 52, and u is related to m via the
static Maxwell equation Au = div(myxag, ). The number w is a material parameter, called the
exchange length. We have neglected crystal anisotropy here, which amounts to considering
so-called soft magnetic films, and have not included the interaction with an external magnetic
field.

Depending on the relation between the length scales w, h and ¢ = diam 2 that we assume
to be 1 by choice of units, many scaling limits of (1.2) can be considered. We concentrate
here on thin films, i.e. h — 0. One of the first results in this direction is due to Gioia and
James [2], who studied the case where h — 0 while w stays constant. The resulting limiting
theory predicts the limit magnetization to be constant.
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Kohn and Slastikov [3] studied the regimes h‘}”% —ooand 2 L€ (0,00) and
g h| h|log h|
could show I'-convergence to limiting theories. In the first case, the limit energy is finite only
on constant in-plane magnetizations m =m € S, and given by

1

— | (m-v)’dx",

27 Jsa

where v denotes the outer normal to 9€2. In the second case, the magnetization is still forced

to be in-plane and unit length, but need not be constant. The energy is given by

(fo‘(m):a/Q|Vm|2+%/BQ(m-l/)2. (1.3)

In the borderline case where ng is constant, Moser [7, 8] was able to show a convergence

result for minimizers of (1.2) and could show the formation of boundary vortices.

h‘;”o—zh‘ — 0) of 2&* which can be seen
as connecting the results of Kohn and Slastikov to that of Moser. The functionals (1.1)
correspond to those of (1.3) after the substitutions m = ™ and v = ie®.

Our main results are Theorem 4.2, where we prove subconvergence of minimizers and isola-
tion of vortices, Theorem 5.4 where we obtain subconvergence for stationary points satisfying
a natural logarithmic energy bound, and finally Theorem 7.8 where we give an asymptotic
expansion of the energy along a converging sequence with isolated vortices, in particular for
minimizers. The energy is given by a singular part depending only on the number of the
vortices, and an O(1) part that depends on the position of the vortices, and can be calculated
via the solution of a linear boundary value problem.

Our approach to convergence theorems for minimizers follows the ideas of Bethuel-Brezis-
Hélein [1] and Struwe [9]. There are also similarities to the approach of Moser [7] who
combined interior and boundary vortices, but without calculating a renormalized energy. A
different view of (1.1) was pursued in [4], where the functional was reduced to a nonlocal one
on the boundary, and a I'-convergence theorem for the natural scaling was proved.

We investigate the behavior as @ — 0 (i.e.

2 Conventions and basic results

We will use the expression “a sequence ¢ — 0” meaning any sequence €; — 0 that will then
be regarded as fixed, and subsequences will be taken from this fixed sequence.

We will use B3 (20) with zo = (20, o) to denote the half-ball {z € R? : |z—20| < R,y > yo},
and abbreviate B = B} (0). The symbol I'r will usually denote the flat part of OBF.

We usually omit to explicitly mention the measure when writing integrals, unless there is
possibility of confusion. Integrals over 2-dimensional sets like B;{, Q etc. are thus implicitly
meant to be w.r.t. 2-dimensional Lebesgue measure, while integrals over 1-dimensional sets
such as I'r, 92 or OBr N €2 are w.r.t. 1-dimensional Hausdorff measure .

For the convenience of the reader, we collect some results on existence and regularity results
for minimizers and stationary point of (1.1) whose proofs are relatively straightforward.

Proposition 2.1. For all € > 0, the functional E. attains its minimum.

Proposition 2.2. Stationary points of F. satisfy the equation
1
/ Vu- Vo + — / sin(2(u—g))p=0 (2.1)
Q 2e Joq

for all ¢ € H*(Q). Any solution u of (2.1) is of class H*(Q), and is a strong solution of the
equations

Au=0 in Q (2.2)
ou 1 .
2y = 3o Sin 2(u—g) on OQ. (2.3)

If in addition 8Q € C*** and g € C* (ie. €9 € C%), then u € H*(Q). In particular, if 99
and g are C*°, then u € C*(Q). If 9 and g are real analytic, then also u is real analytic up
to the boundary.

PROOF. The H” regularity can be proved by a difference quotient argument. The claim about
the analyticity follows from [6]. |
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3 Localization of vortices

In this section we show that for sequences (u:) of stationary points of E. that satisfy an
energy bound

E.(uc) < Mlog é, (3.1)

the approzimate vortex set S. := {z € 9Q :sin®*(u(z) — g(x)) > 2} can be covered by a
bounded number of e-balls.

In order to see that the assumption (3.1) is reasonable, we show that it holds true for
minimizers:

Proposition 3.1. There is a constant C1 = C1(£2, g) such that any sequence of minimizers
(ue) of E. satisfies

E.(us) <7D logé + C1. (3.2)

PROOF. It suffices to construct one sequence of functions (v.) satisfying this bound. To this
end, choose 2D distinct points a1,...,a2p € 92 and let 0 < R < 1 minix; |a; — a;|. We
construct the comparison function v. separately inside Bgr(a;) N and in the rest of the
domain. Setting a; = 0 without loss of generality, we can assume R to be so small that
QN Bgr = {re” : 91(r) <9 < ¥2(r),0 < r < R} with [¢] < c and so |92(r) — V1 (r) — 7| < cr.
With hi(r) = g(e?*™) + kn and ha(r) = g(e”2") 4+ (k — )7, k € Z, we define v. in
QN (Br \ B:) as

i19) h‘Q(T) — hl(’f’)

= m(ﬁ — 191(7")) + h1(7").

ve(re

Note that this function satisfies sin?(ve —g) = 0 on Br N Expressing the Dirichlet integral
in polar coordinates, it is then easy to see that the part corresponding to the radial derivative
is bounded independently of €. The tangential derivative yields the term

1 R 92 1 ho — h1 2 1 R (hg — h1)2 1 R (71' —+ CT’)2
- - == M2 7 M) e < = mra)
2/6 /791 r2 <192 —191) rdrd? 2/6 (92 —ﬁl)dr - 2/5 T —cr dr,

and this can be estimated by 7 log % +C'. Inside B. N2, we will have to violate the condition
sin?(ve — g) = 0 in order to obtain a function with bounded Dirichlet energy. By scaling, it is
easy to see that a continuation of v. with uniformly bounded Dirichlet integral exists, and since
1 (02N B:) < ce, this shows E.(ve; BRN Q) < log g + ¢. Choosing the constants k = k;
near each a; appropriately and using a harmonic continuation of v5|aBR(a7) and g + k7 to

Q\U Br(as;), we finally can combine everything to a comparison function satisfying (3.2). O

As in the proofs for corresponding results in Ginzburg-Landau vortices [1], [9], a central
point in obtaining estimates is a Rellich-Pohozaev identity. We state it in the following form:

Lemma 3.2. Assume that Q C R? is a Lipschitz domain, v € H?() is harmonic, and
w € C*(Q,C) is holomorphic inside Q. Then

Oy ) = %/m(w )|V, (3.3)

Ele) 8V
where v denotes the outer normal to 952.

PROOF. For any u € H?(Q), it is easy to prove by direct calculation and using the Cauchy-
Riemann equations for w that

Vu-V(w- Vi) = %div(w|Vu|2).

Integrating by parts [, Au(w - Vu) = 0 and using the last identity, (3.3) now follows easily
from the GauB-Green theorem. O

We note the following important consequence of (3.3):
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Lemma 3.3. Let 2 be a strongly star-shaped Lipschitz domain, i.e. assume there exists a
p € Qand k > 0 such that (z —p) - v > k|z — p| for all z € Q. Assume u € H?*(Q) is
harmonic. Then there exist constants 0 < ¢ < C depending only on k such that

2 2
L] e
[o]9] [o]9] oQ

where % denotes the tangential derivative.

2

Ou , (3.4)

ar

Ju
ov

Ju
or

PRrROOF. With p being a star point as above that we assume to be 0 without loss of generality,
we use the Rellich-Pohozaev identity (3.3) with w(z) = z. This shows

Qu Vuzl/ (z-v)|Vul®.
EYo)

o0 OV 2

From the decomposition Vu = %1/ + %T we obtain

/ Qz.wa_u@z.T_;/ du
20 Ov Ot T2 Joq \|OT

from which it follows that
@

2 2
Z-V= z-V—Q/
/89 /89 0 a9

and now we can use the lower bound z - v > k|z|, || = 1 and the inequality 2AB < aA? +
a~'B? to finish the proof. O

ou

du 2+ ou
ov

D

2
zZ-V

zZ-T,

Ju
v

ou o
ov Ot

T

In the following we will derive estimates relating the penalty term and the following radial
derivative of the energy:

Definition 3.4. For zo € 9Q, ¢ > 0 and u € H*(Q) define for all p > 0

A(p) = Auczo(p) = p/ |Vul?d#" + E/ sin?(u — g)d#°.  (3.5)
8B, (20)NON

8B, (20)NQ €

Proposition 3.5. There exist eo > 0 and C2 > 0 depending only on 2 and g such that for
all e < g0, p < /4, any stationary point u of E., and any zo € 99, the following inequality
holds:

1

% sin(u — g) < Aue.z(p) + CavE, (3.6)
r

p(ZO)

where I',(20) = 02 N By(20).

PROOF. We choose £¢ so small that for all p < 83/4 and all zo € 99, wy(z0) = QN B,(z0)
is strongly star-shaped in the sense of Lemma 3.3 with respect to some p, € w,(z0), with a
k > 0 that can be chosen uniformly in p and zo. In addition, we assume by using 8Q € C? and
choosing ¢ sufficiently small that there exists a vector field Z € C*(Q, R?) with the property
that for |z — zo| < €3/*, there hold Z - v = 0 on 9 and the inequalities |Z — z| < C|z — 20|?
and |VZ —id| < C|z — zo|. Setting zo = 0 for convenience, we multiply Au = 0 with z - Vu
and obtain by integration by parts over w, the relation

We use (3.3) and split z=Z + (z — Z) on I',. This yields

1 2 ou ou
5[ Gowab=pf
Bwp BBpﬁQ

+ g aZ-Vu—&— g E(Z—Z)-Vu.
p p

du
ov
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Noting that Z - Vu = (Z 7')%7 where 7 is a tangent field to 0f2, we can integrate the term

involving Z by parts and obtain using (2.3)

/ —Z Vu :__/ sin2(u — g g—(z )

:—— sin®(u — g)(Z - 7)dA°
90NaB,

0 1 . dg
+ / sin’(u — g 87'( T)_Qs /Fpsm2(u—g)67_(Z-T).

Combining this with the results above shows

1 .2 6 1 / .2 0
— sin“(u —g)=—(Z-7) = — sin“(u — g)Z - 7dH°
2e r, ( )87'( ) 2e o9NdB, ( )
ou

1 1
+—/ sin2(u—g)Z-Tg/—|——/ z-v|Vul® + —(Z —2)-Vu.
2e r, 2 o, 0w, ov

Using the assumptions on Z and a C" bound on g, this shows using also |z - v| < Cp® on T,
that

(1pr)i/ sin’(u —g) < (14 Cp)— / sin®(u — g)d.#°
2 Jr, 2¢ Joanon
1
brer (P45 [ wutao [ val
€ 27 JoB,na r

P

By the star-shapedness of w, and Lemma 3.3 we have the estimate

2
/|Vu|2§C / 9u +/ Vul?
r T, ov 8B,NQ

and by the differential equation (2.3), we can estimate
1

2 (1
/Fp = 12 FpzlsinQ(u—g)cosQ(u—g) < - <2_s /Fp sin2(u—g)> .

Combining terms, we obtain

P

@2
v

.2 0 2, P 2 CP2
<(1+ Cp) sin“(u — g)ds" + (Cp + —) [Vul|” + —,
2e Joanos, 2/ JaB,na €

and from this we can deduce the claim for € < g¢ sufficiently small and € < p < e3/4, O

This leads to the following criterion for vortex-free parts of the boundary:

Proposition 3.6. There are constants v > 0 and C3 > 0 depending on Q and g such that
for every zo € 99, € < go (with ¢ from Proposition 3.5), p < e3/*, and every stationary point
u of E. satisfying Auc, -, (p) < 7, there holds
.2 1
sup sin“(u—g) < = (3.7)
T, 2(z0) 4
and
! in®( )< C (3.8)
— sin”(u — . .
2e /="

Fp(z())
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Proor. By Lemma 3.3, we can estimate

I,

From (3.6), the definition of A in (3.5) and A(p) < -y, we thus can estimate, using (2.3) as in
the last proof and Sobolev embedding in one dimension

[ ]001/2(r ) _O/

Assume now that sin®(u(z) — g(z)) > 1 for some z € Fp/2 Then by the last equation and the

differentiability of g, there holds sin®(u(z") — g(z')) > & at least for |z — 2| < ol “/ﬁ/ﬁ) where

the latter term is > 5 if we choose €0 and ~ sufficiently small. We estimate frp sin?(u — g)

2

du

ov

2 2
9u gc/ oul” _ & Vul? 4+ C
awp 8V

9B,NQ Tp

5y (3.9)

(%A(p)JrE%/FP SinQ(u—9)> < g(2v+02\/5)-

from below:

1
> —.
- 32

|~
N ™

il i —g) > —
2 )y, sin”(u — g) > 9

On the other hand, we have by Proposition 3.5 the upper bound v+ C2,/€¢, and now choosing
~ and €¢ sufficiently small leads to a contradiction. O

Lemma 3.7. Let (us) be a sequence of stationary points of F. satisfying the logarithmic
energy bound E.(u:) < Mlogt. Then for any z0 € 9, the function A(p) = Au, c,z(p)
defined as in (3.5) satisfies

. 84
56/7§113255/6 Alp) < log Ee(ue; 20 B.s/e(20)) < 84M (3.10)
and
inf A(p) < 60M. 3.11
5e5/6 <p<bBet/5 (p) - ( )

PrRoOOF. The first claim follows from the calculation

1 e/ infA 1
—(mfA)log Ty logg.

1 1 A
MloggZEE(UE;QﬂBss/G)Z§/6/7 (Tp)d 3

The inequality (3.11) follows in a similar manner. |

Lemma 3.8 (n-compactness). There exist constants no,e0 > 0 such that for any € < ¢o
and p < £3/4, and every stationary point u of E. satisfying for some zo € dQ the inequality

E.(u; By(20) N Q) < nlog g,

there holds sin®(u — g) < 1 on B,/2(z0) N 9.

ProOF. By virtually the same argument as above, we obtain around any z € B,,/2(z0) N 09
that

3/4 9
A 1
nolog§2§/ (r )d >8(mfA)10g

e/2 r
hence
) log 2
inf Ao) < 8—F% < 8no.
e/2<0<e3/4)2 log <
We can now choose 7o sufficiently small so that Proposition 3.6 implies the claim. O

Proposition 3.9. There is a constant N = N(g,Q, M) such that for any sequence of sta-
tionary points u. satisfying the energy bound E.(u.) < M log %, the approximate vortex set
Se can be covered by at most N balls of radius e, such that the £/5 balls around the same
centers are disjoint.
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PRrROOF. For z € S., we choose by virtue of Proposition 3.6 and Lemma 3.7 a radius p €
[€%/7,5/6] such that

84
log %

Ee(ue; 2N Bg4/5(z)) > Aus,E,Z(P) >. (3~12)

Choose by Vitali’s 5r covering lemma z; = zj € S., j € Je, such that Sc C ;¢ Bs.a/5(25),
and such that the B_s/s5(z;) are disjoint. Then (3.12) shows that
84 M
[Je| < — (3.13)

We now choose radii p; € [5¢%/6,5¢%/°] such that Auez;(pj) < 60M. Using Proposition 3.6
we obtain

1

2¢ Joans,, (=)

and now by the same argument as in the proof of Proposition 3.6, we see

C
[UE]CU,1/2(BQﬁBpj(Zj)) < $7
and this again implies
1 .2
sin”(ue —g) > ¢ > 0. (3.14)

2¢ JoonB, /5(25)

Using once more the 5r lemma, we can choose z; = zf, k € K. such that B, /5(zx) are disjoint
and Be(z) cover Sc. By (3.13) and (3.14) we now have

K| < Z / sin? (ue Z / < 84CM,
8QNB 8 Y

keEK. e/5 Z]) jEJe QﬁBP zj)

which implies the claim. |

For comparison arguments we shall need the following lower bound for the energy on half-
annuli:

Proposition 3.10. Let 0 < p < R < Ro, Ro sufficiently small, zo € 09, w.l.o.g. 20 = 0.
Assume Dg, = (Br\ By) NQ = {re” : 91(r) <9 < 92(r), p < r < R} with [92(r) — 91 (r) —
7| < Cr. Assume also that for j = 1,2 there holds (u — g)(re®’1") € (kjm — 6, k7 + 0)
for some k; € Z and § € (0,%). Then there is a constant depending on Ro (which in turn
depends on ) and g so that for any such function u, its energy is bounded below as

R
E-(u; D) > g(kg —k1)? log ~ —Clka = k1) (R + %). (3.15)

PROOF. We will use the abbreviations u;(r) = u(re (™) (and similar for g) for the functions
on the two boundary components. We also assume w.l.o.g. k1 = k and k2 = 0. Usign polar
coordinates, disregarding the radial derivative and by Holder’s inequality, we calculate

dddr

R Vo 2
s [
Dr., o T Joy 09

du
a0

R 92 2 R _ 2
(B [ e
Y2 — 1 \Jy, o Tr(m+er)
We rewrite ui — u2 = km — (u1 — g1 — km) — (u2 — g2) — (91 — g2). Using the lower bound
sin?(t — k;w) > ot? valid for |t| < & with some o = o(§), we can thus estimate

B D) 2 5 [ s (= (01— 90) = (G = =) — (12— 00)°

+ g((ul — g1 —km)® + (ug — 92)2)2d7‘.
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On the last term, we use the inequality a? + b* > %(a +b)? with ¢ = u1 — g1 — kr and
b = u2 — go. Then we use the inequality a(A — B)? 4 8B* > ij-i A? that can be obtained

s
by optimizing over B on A = (k7w — (91 — g2) and B = (u1 — g1 — k) + (u2 — g2). This yields
using also a C"' bound on g

1 (R (kr—cr)?
E.(w:Dp,) >~ [ =) 4
<(u; DR,p) > 2/[) P S r

After subtraction of '“22—;“, the integral of the difference can then be estimated by

2 (1 1
—C|k|(R - p) — Ck a(p - R)

which implies the claim. |

4 Convergence results by comparison arguments

In this section, we assume u. to be stationary points of E. satsfying an upper bound
1
E.(us) < mDlog— + Cy (4.1)
€

for some constant Cp, where D is the degree of e*9. This bound holds true for minimizers by
Proposition 3.1. We will use the following notation. By Proposition 3.9, there exist a5 € 0Q,
1 <j < N. < N such that the approximate vortex set S. satisfies S: C U, ;<. Be(aj).
Passing to a subsequence of ¢ — 0, we can assume that N. = Np is constant and a; — a? as
e — 0. Note that the a} need not be distinct. We define for 0 < o < %mina?#agl dist(a}, aj,)

the sets Q5 = Q\U; Bo(aj) and 02 =0\ U, B» (a9). With this setup (and this subsequence)
we have the following bounds:

Proposition 4.1. There is a constant C' = C(g, 2, Co) such that F.(us; Q%) < 7D log % +C.

PROOF. We follow closely the proof of Proposition 3.3 in [9]. We write z; for a§ and set N =
{1,...,No}. Let RZ denote the set of radii in [e, o] such that OBr(x;) N Be(x¢) = 0 for j # £
and such that there exists for R € R a Nr C N with the properties that (Br(z;))jeny is
disjoint, Nr C N for R < Rand U, Be(25) C U, enr, Br(w;). It is possible to show that

RZ = UM_, [@m, Bm], where for R = am, there exists £ ¢ N with Be (@e)\Ujeny, Br(z;) # 0,
and for R = S, there exist j # £ € Nr with 0Bgr(x;) N Br(x¢) # 0. Then Ng = N™ is
constant for R € [am, Bm] and N C N™ so M < Np. In addition, there exists a constant
K = K(No) such that a1 < Ke, S > & and am+1 < KB, since never more than N balls
can touch.

On the half-annuli Dg,, q., (z;) for j € N™, we apply Proposition 3.10 with a jump height
%m,; that satisfies >~ Ejez\fm %fn’j > ‘Em Ejez\fm #m,;| = 2D. This leads to the estimate

M

Ee(ue; Q) < Be(w; Q) = Y > Ee(u; Dpyya (2))

mZIjGN"‘
<rDlogt 4+ —S 3 T2 (log 2 —
> g€ 0 — £ 2 m,j gOém
1
<aDlog=+C —7DS (log Bm — log am
<nDlog—+C—n ;(Ogﬁ 0g am)

< 7rDlogl +C.
g



BOUNDARY VORTICES IN THIN MAGNETIC FILMS

Theorem 4.2. Let (uc) be a sequence of critical points satisfying the energy bound E.(u:) <
mDlog é + Co. Then there is a subsequence and N = 2D points ai,...,an € 0 such that

/ |Vu:|> < M(Q) < 0o (4.2)
Q/
for all open Q' with ¥ C Q\ {a1,...,an}. Additionally, there hold the bounds

ﬂQwascw> (43)

uniformly in e for all 1 < p < 2. In particular, after adding a suitable z. € 277, a subsequence
of (ue) converges weakly in Hi, and WP, p < 2, to a harmonic function u.. The limit has
the properties that (u« — g) is piecewise constant on O\ {a,...,an}, with values in 7wZ, and
jumps by —7 at the points a;.

PROOF. We use the setup described at the beginning of this section. In particular, we use
the points af as defined there. Note that for ¢ < eo(c), there holds Q9 C Q; /> and so by
Proposition 4.1,

2
/QO Vel < 2. (13 032) < 21D log >+, (4.4)

which proves (4.2). To obtain the L” bounds (4.3), fix a 0 > 0 and 1 < p < 2. Then by
Holder’s inequality and Proposition 4.1

Vugpg/ Vu|? + / Vuel|?
[ v RCE A V|

€
2*%\92*“%

. p/2
SC+§:mz%\Q§H%PW”</] |V%F>
=1

[eS] ( oy 1 p/2
—(1—-p/2
§C+Cl§12 (2leog%+C)

=
2—4o

<C,

since the sum converges by the root test. From this L? gradient bound, we obtain the weak
compactness up to translation by Poincaré’s inequality. The weak limit u. is harmonic since
fQ Vs - Vi = lim._,0 fQ Vu: - Vo =0 for all ¢ € C(Q2). That the boundary values satisfy
ux — g € 77 with possible jumps at the a; follows from [, sin®(ue — ¢g) — 0 and (ue — g)
being close to 7Z outside the approximate vortex set Se.

We still have to prove that N = 2D and that there is a jump by —7 at each of the points
a;. To see this, we note that we can localize parts of the proof of Proposition 4.1 around a
to obtain

e s 1
Ee(ue; 2N By(a5)) 2 5D 54 5 log — = C(n)

The jump of u. at af is —wd;, where d; = Y, »m j s0 Y., 52 ; > |d;|. The upper bound
on the energy now implies

> ldjl < 2D + i"f

Letting € — 0 we obtain }_;[d;| < 2D = }.d;, which proves d; > 0. Since by the lower
bound argument, the energy around those a? with d; > 0 already suffices to make up for the
singular part of the energy, we can use the n-compactness lemma 3.8 to see that d; = 0 is
impossible.

To finish the proof, we need to show d; = 1. To this end, we compare the energy of u. to
that of u.. Letting ¢ — 0 in (4.4) and using the weak lower semicontinuity of the Dirichlet
integral, we have

/ |Vu.|* < 2nDlog 1 +C.
Q0 g
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On the other hand, Proposition 7.1 shows that for o sufficiently small,
1
Vu.* > 7Y dilog = - C.
/99, | "> ; j 108 pu

Combining these estimates shows Ej(d? —d;) < 0. Since d; # 0, it follows that d; = 1 for
all j. |

5 Convergence results by PDE arguments

The WP convergence results of the previous section also hold for general stationary points
where upper and lower energy bounds do not match up to a constant as those for minimizers
do. Away from the vortices, there also holds convergence in higher norms.

Proposition 5.1. There is a constant C' > 0 such that for every sequence of stationary points
ue satisfying the energy bound E.(u.) < Mlog 1, there holds
limsuposcu. < C
e—0 Q
In particular, by adding a suitable sequence z. € 27Z, the u. themselves can be assumed to
be uniformly bounded in L.

PrROOF. From Proposition 3.9 we know that there exist a bounded number of points aj € 92

1

such that |sin(ue — g)| < 7 outside |J; Bc(a;7), so the oscillation there is bounded. Inside

Bec(a$) N 09, the oscillation is bounded since there we have [uc]qo,1/2 < % as follows from
the proof of Proposition 3.9. By the maximum principle, the bounds extend to . O
Proposition 5.2. Let u = u. be a stationary point of E. and let zo € 9€2, w.l.o.g. zo = 0.
Let R > 0 be such that BgNS: = (), where S. is the approximate vortex set. Let G € HI(BR)
be a function with G|anBR(z) = g, and let k € Z such that |u — g — kr| < arcsin 5. Then for
any ¥ < 1 there holds

/ Vul? + 1/ (w—g—kr)?<C (5.1)
ByrNQ € JoanBygr

PROOF. We test the equation (2.1) with 7?(u — G — k). This yields
0= / n’|Vul® + 1 / 0’ sin2(u — g — kn)(u — g — km)
Q 2e Jaq
+2/ n(u—G’—kﬂ')Vu-Vn—&-/ n*Vu - VG.
Q Q

By the monotonicity sin 2(u — g — k7)(u — g — k) > c¢(u — g — kn)? that holds true by choice
of k since S: N Bg = () and by aid of Young’s inequality, we obtain

[orval+ & [ u-g—kal? < ¢ [ 190P G- k) ot VG
Q € Joa Q

Choosing a standard cut-off function n satisfying n» = 1 on Byr and 1 = 0 outside Br with
[Vl < ﬁ, we obtain the result. O
Proposition 5.3. Let u. be stationary points of E. satisfying F:(u.) < M log % Assume
(by aid of Proposition 3.9) that the approximate vortex set S. is covered by U;VZI Bc(a$).
Then for any o > 0, the energy of ue on Q5 = Q\ J; Bs(aj) can be estimated as

Fe(ue; Q5) < Clog % (5.2)

Proor. This follows from Proposition 5.2 since the part of 25 near the boundary can always
be covered by a logarithmical number of balls, see Figure 1. In the remaining sector, classical
interior gradient bounds for harmonic functions also show logarithmic bounds. If many vor-
tices are close together, we can combine the bounds obtained near each vortex similar to the
argument in the proof of Proposition 4.1. |
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(e
Yo

(s} g 9 P1

Figure 1: Construction for the proof of Proposition 5.3: The set Bj \ B is covered by the
circular sector S and some squares ; in geometrical progression that can thus be covered by
C (o) log 2= half-balls not touching B .

Theorem 5.4. There is for 1 < p < 2 a constant C = C(g,p, M,Q) such that for every
sequence u. of stationary points of E. satisfying Ec(ue) < M log %, there holds

/ [Vuel” < C. (5.3)
Q
PRrROOF. This follows exactly as in the proof of Theorem 4.2 from the estimate (5.2). O

Remark 5.5. Theorem 5.4 can fail without the a priori bound E.(u.) < Mlog% that pro-
vides an a priori bound on the number of vortices. Counterexamples (with Q = B;(0) and
g = 0) can be constructed by conformally mapping the periodic half-space solutions given by
Toland [11] to the unit disk, see [5, Section 5.5] for some more explicit calculations. This is
in contrast to Ginzburg-Landau theory, where the a priori bound always holds in the case of
a starshaped domain [1, Chapter X].

To obtain higher bounds, we will flatten the boundary and use a harmonic extension of the
forcing function g. By changing variables we obtain

Proposition 5.6. Let zp € 02, w.l.o.g z0 = 0 and 02 has horizontal tangent at 0. Then for
p > 0 sufficiently small, the part of Q near zy can be written as a graph of a C* function -y
over its tangent plane, so ¥ : Bf — Q, ¥(z,y) = (z,y + v(x)) is a diffecomorphism of B
onto a (closed) relative neighborhood of zg in Q.

Let uc be a stationary point of E. and G a harmonic extension of g to ¥(B;) with bounded

Dirichlet integral. Then the function we = (ue — G) o ¥ solves the PDE

1
/ aijO;we0;p + / (== sin2w. + h)bp =0 (5.4)
Bt . 2e
p P
for all ¢ € H'(B;) that vanish near 0B,, where (a;;) = (7;, 1;::2), b= +/1++2 and
h=280Q "

Proposition 5.7. Let w = w: be a solution of (5.4) and R > 0 such that |sin2w| < 1 on

T'r. Then for any ¢ < 1
1
Loy, 1702
Bt € Jryn

YR

8_11)2

< Cw). (5.5)

PRrOOF. We differentiate (5.4) in & = x1-direction and test with n?d1w (or equivalently, test
(5.4) with —81(n*01w)), where 1 denotes the usual cut-off function that is 0 outside B}, 1
inside B;R, and satisfies |Vn| < ﬁ. The claim follows similar to that of Proposition 5.2,
using that cos2w > ¢o > 0. O
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Proposition 5.8. Let u. be stationary points of E. satisfying F:(u.) < M log % Assume
the approximate vortex set S. is covered by Bc(a3), with aj — a? as € — 0. Then on
Qo = Q\ U B (a)) there holds the estimate

limsup/ |VZuc|® < C(o) (5.6)
e—0 Qo
as well as
1
lim sup — / sin®(ue — g) = 0. (5.7)
e—0 € Jaanon,

PRrROOF. The first claim follows from (5.5) and a covering argument. For the second, we

observe that the H? bound implies weak H? convergence u. — u. and thus also 88“: — %LU*

in L?. Now we have (with I' = 92 N 99)

2

1 .2 O .2 2 / OuE
- e — < — e — e — =C 5
E /Fsln (ue —g) < - /Fsm (ue — g) cos”(ue — g) e o
which tends to 0 by the convergence of %125. O

6 The half-space solutions

Blow-up of the solutions of (2.2)—(2.3) at scale e will lead to a half-space problem. The
resulting equation is the Peierls-Nabarro equation known from the theory of crystal disloca-
tions, and its solutions have been classified by Toland [11]. We will use the following essential
uniqueness result:

Theorem 6.1 (Toland [11]). Let u be a bounded solution of

Au=0 in RS (6.1)
1
% = 3 sin2u  on R. (6.2)
Then either u is periodic or constant, or there exist n € Z, a € R, and a sign such that
u(z,y) = L arctan i i (11 +7n+ g (6.3)

Proposition 6.2. Assume u. are stationary points of E. satisfying E.(u.) < M log é, let
zo € 09 and define we := (ue — G) o ¥ as above. Then the functions Vz(z) = we(ez) converge
weakly in H}5.(R3) to a nonperiodic solution of (6.1)—(6.2).

PROOF. As in the proof of Proposition 5.3, the energy of w. satisfies a logarithmic energy
bound < C'log £, giving local bound for Dirichlet energy of V- in Bg.
It follows that V. — V in Hl(BR) for every R. Since V. satisfies the PDE

1
/ a;;0:Vejp + / (zsin2V. + he)b°p =0 (6.4)

Bt r 2

ple ple

for all ¢ € Hl(B;r/E) vanishing near 9B,/., where af;(z) = aij(ez), b°(z) = b°(ez) and
he(z) = s(%—f o W)(ez). Letting ¢ — 0, we have aj; — di;, b° — 1, and h. — 0 uniformly
in every Bj;. Passing to the limit in (6.4) we thus obtain that V satisfies the weak form of
(6.1)— (6.2). The limit cannot be periodic since this and the strong convergence Vo — V in
L2 (R) would otherwise contradict Proposition 3.9 for e sufficiently small. O

Corollary 6.3. If (u.) are stationary points of E. with E.(u.) < M log %, then the approx-
imate vortex set S. can be covered (for a subsequence) by disjoint balls Byc(a$) for some
aj € 09 and some o > 0. If (uc) have been minimizers or local minimizers (i.e. with respect
to variations of small support) then a§ converge to distinct points a? as e — 0.

PrOOF. The first part follows from the strong L?OC(]R) convergence implied by Proposition
6.2. The second follows as in the proof of Theorem 4.2. O



BOUNDARY VORTICES IN THIN MAGNETIC FILMS

13

7 Energy expansion for isolated vortices

In this section we assume that u. are stationary points of F. such that S. can be covered
by balls Boc(a5) with af — a? that are distinct, and that the jump d; near these points is
+1. This holds true for minimizers by Corollary 6.3. We obtain that there is an asymptotic
expansion of the energy in terms of a renormalized energy depending only on (aj,d;) that can

be calculated by solving a linear boundary value problem.

Proposition 7.1 (Energy expansion for limit functions). Let (a;), with ¢ = 1,..., N
be a collection of distinct points in 02, d; € Z with Y. d; = 2D, and let u. be a harmonic
function such that ux — g € 7Z on 02 and u. jumps by —d;7w at the points a;. Then the
Dirichlet energy of u. in the domain 2, = Q\ Ufil B,(a;) has the following asymptotic
expansion:

N

1 1

5/ |V > = g E dz log; + W + O(plog p), (7.1)
Qp i=1

where W is the renormalized energy corresponding to (a;, d;) that can be calculated by the
expression

N
W=—-m Z did; log |ai — a]-| + / Vg/ -7 Zde(aj). (7.2)

1<i<j<N oQ j=1

Here V' denotes a solution of the inhomogeneous Neumann problem
AV =0 in Q (7.3)

N
ov /

o =4 — ﬂ;djéaj on 052, (7.4)

and R is a harmonic function, continuous on Q and given by
N
R(z) =V(2) = Y _djlog|z — aj. (7.5)
j=1

ProOOF. Similar but simpler calculations than the corresponding proof for interior vortices
(where the lifting of € to u can be done only locally) in [1, Chapter I]. O

Proposition 7.2. The configuration (ai,...,an) is a stationary point of the renormalized
energy W if and only if for every j, the function h = u.(z) —d; arg(z —a;) satsfies 22 (a;) = 0.

Proor. This follows from essentially the same calculation as the corresponding statement in

[1, pp. 87-89]. |

In the following we will assume we to be a solution of (5.4) around some point zo that satisfies

[sin2we| < 1 on gy \T'oe and sup 5+ |we| < C. Assume in addition that |w(£z,0) —k+7| < 1
R

for « € (o€, Ro), with k+ € Z and |k+ — k—| = 1. These assumptions are valid for minimizers

by Corollary 6.3.
Let we be the solution of

AwW. =0 inR%

owe 1 . __ _ am2
» —fQEstwE on R = ORY

that satisfies We(x,0) — k+ as x — foo and w:(0,0) = % Without loss of generality,

we assume k+ = k_— + 1. By Toland’s uniqueness result Theorem 6.1, w, is given by
Te(z) = k + Wo(g) (7.6)

where Wy is the base solution

Wo(z) = g + arctan yj_ (7.7)
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Proposition 7.3. For R < %, there holds

/ Ve — Va|? + / . — |2 < C. (7.8)
Bt e Jry,

R

PrRoOOF. The function w, is a solution of

1
/ 0ij0;W:050 + — sin2w.0 =0 for all p € C3°(Bf). (7.9)
B 2e Jr
R R
With the notation used already in Proposition 5.6 and setting g; = (as; — 0i;)0;w. and
= bh 4 (b—1)5- sin 2w., we can rewrite (7.9) as

_ 1
/B+ ai; ;W05 + %

R

sin 2w.bp = /+ g0 + Ho, (7.10)
B

'r & 'r

where H and g; satisfy by the definition of aZ] and the explicit form of w. the estimates
lgil < C’r\/— < Cand |H < CH+Cx(1AEL)<C. Subtracting (7.10) from (5.4) and

testing with n?(w. — w.) leads using ellipticity and Young’s inequality for any § > 0 to the
estimate

1
/ n |VwE VEE|2 + 2—6/ 772(sir12wS — sin 2w, ) (we — We)

C )
<C/ |Vn| e — We) +C’/ 91 +gg Ts/ n2H2+—/ nQ(wgfwg)Q.
I'r €Jrg

On I'r \ T've, we have by assumption that (sin2w. — sin 2w, ) (we — We) > c|we — W€|2 and so

we can choose 6 > 0 small enough and use 7 < 1 and the bounds on g; and H to obtain

c/ |ng - Vw5| + = / 772|w6 - EE|2
'r

1
< c/ IVl (w 6)2+OR2+C’R5+%/ |(sin 2w, —sin 2.) (w. —.)|+ [w. — ..
FGE
(7.11)
Choosing for n a smooth function that is equal to 1 on BR/Q, equal to 0 outside BE and
satisfying |Vn| < & %, the right hand side is seen to be bounded by a constant depending on
R. O

Proposition 7.4. For all € > 0 there exists a. € R such that for all C'1 > 0 there holds

1

% |we (2,0) — We (x — ace,0)]> = 0 ase — 0. (7.12)

FCIE
The shifts a. are uniformly bounded: |ac| < Cp.

PROOF. Rescaling by ¢, we obtain the functions We(z) = we(ez) and We(z) = We(ez) =
W (z). If the assertion were false, then there exists a subsequence ¢ — 0 and a 4 > 0 such
that

1

5/%1 W.(z) = W —a)l® > 6 >0 (7.13)

for all a with |a| < Cy. Repeating up to rescaling the proof of Proposition 6.2, we obtain that

W, — W, in H'(B}) for all R > 0, for some W. € HL.(R3). W, must be a solution of the
half-space problem, and by Rellich-Kondrachov embedding on the boundary, we obtain

/ W — T =lim [ W, WP < / W. - <C
'r e—0 I'r R
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by (7.8), in particular the difference W, — W is in L?(R). From Toland’s theorem 6.1 we

obtain that Wi can only be a translation of W, i.e. Wi(z) = W(z — a). From
/ W. WP <cC
R

and the explicit form of the solution we deduce that |a| < Cy for some Cy. The convergence
We — W, also implies

/ [W. —W.]> =0
INoH

as € — 0, contradicting (7.13). O

Proposition 7.5. If we redefine w. by choosing the shifts a. as in Proposition 7.4, then the
energies of w. and W, are asymptotically close:

lim sup lim sup/ |Vw. — Vw:|* =0 (7.14)
p—0 e—0 Bj’
and
. . 1 — 2
lim sup lim sup — |lwe —wWe|" =0 (7.15)
p—0 e—0 € Jr

P

PrROOF. Let R < &41. Then by a suitable Poincaré inequality

I,

+
R\BR/2

lw. —w.|> < CRQ/ |Vw. — Vw.|* + CR (we — )% (7.16)
B;\BE/Q Tr\T'R/2

This and (7.11) show together with Proposition 7.4 that

/ V. — V. |? gc/ V. — V. + CZ + CR? + wle), (7.17)
BE BE\BF, R

R/2 R/2

where w(e) — 0 as ¢ — 0. Adding the integral over B];/Q to both sides (“filling the hole”)
. c
leads with ¥ = 77 <1 to
/ |Vw. — V. |? < 19/ Vw. — V. + C< + CR? + w(e), (7.18)
Bf, B R

R/2

from which we conclude the first claim. The second follows from the first, (7.11) and Propo-
sition 7.4. a

Proposition 7.6. There holds

lim sup lim sup =0 (7.19)

p—0 e—0

— 12
/ ai]-&-wsang—/ |ng|
BY BY

PrOOF. We have

/ aij&-wgang = / aij&@g@ng
BY py

By

—+ 2/ aijaiﬁgaj(wg — EE) + / aijai(ws - mf:‘)aj(ws - EE)' (720)
By By

The last term goes to 0 by Proposition 7.5. For the other terms, we have

/ aijaiwgajﬁg — / |V@5|2|
BY By

P

S/ Cri2 <Cp
By T
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and

1
S Cr;|Vw57ng|,

+
By

/ aijaiwgaj (wg — mg)
5t

which goes to 0 by Holder’s inequality and (7.14). For the final term, we use the harmonicity
of W, and integrate by parts. This shows

/ Vwe - V(we — We) = I (we — We) +/ OWe (we — W)
BY r, ov 9B,NRZ. ov

The integral over 9B, N R can be estimated since the integrand is bounded by %, which
tends to 0 under the convergence considered. The other is via Holder’s inequality bounded

1/2
by (g fFR |we — Eg|2) , which tends to 0 by (7.15). |

Proposition 7.7. The energy of w. on B;r satisfies

im (L —2L~2—_E£_)_
i%<2/]B$|VwE| +28/Fpsm We 2(log8—|—1 log2) | =0. (7.21)

PRrROOF. This follows from an explicit calculation. O

Theorem 7.8. Assume that ue are stationary points of E. with Ec(ue) < Mlogé and us —
we in Hbe N WYP(Q), where us is the harmonic function corresponding to (a:,d;) as in
Proposition 7.1. Assume furthermore that the vortices are isolated, i.e. the centers of the
balls covering the approximate vortex set Se converge to distinct points. (Observe that these
conditions are satisfied by subsequences of minimizers by Corollary 6.3). Then ase — 0, there
holds

1
E.(u.) = mDlog - + W(ai,di) + 7D(1 — log 2) + w(e), (7.22)

where D = % S>d?, W is the renormalized energy of Proposition 7.1, and w(e) — 0 as e — 0.
The configuration (a;) is a stationary point for W with fized d;, and (locally) minimizing
if ue are (locally, i.e. w.r.t. variations of small support) minimizing.

PROOF. By Proposition 5.8, we have ue — u. in H'(,), and in particular for any p > 0
. 1 2
lim Fe(ue;Q,) = = [V
e—0 2 Qp

Inside w, = Bp(a;) N Q, we use again a harmonic extension G of g. With v. = u. — G there

holds
[t

P

|vvg|2+2/ v€%+/ ek :/ V| + O(p).
dwp ov wp wp

P

In the limit lim,— lim.—o, we can thus work with v. instead of u.. From Proposition 7.6 we
already know that the energy of v. on \I/(B;') is close to that of w. on B;r. The symmetric
difference A, := ¥(B;)A(B, N ) does not play a role here since

lim sup lim sup/ |V |*

p—0 e—0 P

< C'limsup lim sup/ |Vw,|?
p—0 =0 Ju-1(a,)

= C’limsuplimsup/ |V@.|* =0
v-1(Ap)

p—0 e—0

by (7.19) and the explicit form of w.. Similarly, there also holds (using (7.15))

. . 1 .
lim sup lim sup — / st(uE —g)=0.
p—0  e=0 € Jan,non
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Since

=0

1 .9 .9
sin® web — sin” we
€ lJr r

lim sup lim sup —
p—0 e—0 0 o

as can again be deduced form (7.15) and lim,—osup; ., b = 1, the energy of u. in B, N Q is
thus asymptotically that of w. in B;‘. We thus obtain the claim from Proposition 7.1 and
Proposition 7.7.

To show that (a;) is a stationary point of the renormalized energy, we need to show that
% (us — d;0) is zero at aj, where ¥ = arg(z—a;). To this end, we calculate using harmonicity
of u. and w. and setting h = u. — d;9

/ Oue / OUue e—0 / O / Oux
= - _— — =
20NB, ov 8B,NN ov 8B,NN ov 2QNB, ov

B N
oonp, OV OV’

Using the PDE, we have

Oue 1 . 1 .
/ au =5 sin2(ue — g) = % / sin 2w.b.
aanB, OV € Joans, € Jw-1(09nB,)

Using estimates from above, we can again replace ¥~1(dQ N B,) by I', up to an error that is
O(p?). Similarly, we can estimate

1
—/ sin2w5b—/ sin 2w,
2e r, r

P

1/2 1/2
< lim sup / sin® 2w, / (b—1)°
e—0 r, Tp

1
+ C'limsup — (sin 2w, — sin 2w.)
e—0 2€ r,

=0(*?*) +0

lim sup

e—0

by (7.15) and |b(s) — 1| < Cs. Since fBQﬁBP 2% = O(p®) we obtain that

1 / oh
- 50
P JoanB, ov

To show that (a;) is (locally) minimizing if we started with (local) minimizers, we can
construct for any (a}) a test function v similar to that of Proposition 3.1 by interpolating
linearly in the radial variable between G + w, o ¥~ inside B, and u, in Q2,. It is not hard
to show that the resulting function v. then has an energy whose O(1) part is given up to a
constant by W (aj},d;), and by minimality we obtain W (a;,d;) < W (aj},d;). |

as p — 0, hence % =0 at aj.
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