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Abstract

We derive a spectral representation for the oblate spheroidal wave operator, which
is holomorphic in the aspherical parameter 2 in a neighborhood of the real line. For
real 2, estimates are derived for all eigenvalue gaps uniformly in Q.

The proof of the gap estimates is based on detailed estimates for complex solutions
of the Riccati equation. The spectral representation for complex €2 is derived using
the theory of slightly non-selfadjoint perturbations.

1 Introduction

Recently an integral representation was derived for solutions of the scalar wave equation in
the Kerr black hole geometry [3]. This result relies crucially on a spectral representation
for the oblate spheroidal wave operator for complex values of the aspherical parameter 2
(also referred to as “ellipticity parameter” or “semifocal distance”). In the present paper
we rigorously derive this spectral representation. The reason why this problem deserves
to be worked out in a separate paper is that most of our methods apply in a much more
general context. Namely, the core of the paper is to derive estimates for the eigenvalue
gaps Apt1 — A, for real 2, which are uniform in €2 and n. To this end, we need to control
the eigenvalues and the behavior of the wave functions in detail. Our method is based on
invariant region estimates for the complex Riccati equation and applies to general one-
dimensional Schrédinger problems. In particular, it gives refined error estimates for WKB
approximations. We regard the spheroidal wave equation as a model problem for working
out these estimates.

Despite the vast literature on spectral estimates for the Schrédinger equation (see
e.g. [10] and the references therein), gap estimates are rarely found in the standard liter-
ature. Most papers are concerned with the two lowest eigenvalues [7, 12], or they apply
in special situations like a a nearly constant potential [8]. Probably, this is because gap
estimates depend sensitively on the detailed form of the potential (as one sees in the ex-
ample of a double-well potential), making it difficult to get general results. Our method
requires that the potential is piecewise monotone and that we have explicit control of its
derivatives.

We now introduce our problem and state our results. The spheroidal wave equation
can be written as the eigenvalue equation

A0 = )0 (1.1)



where A is the elliptic differential operator on the unit sphere

Ao D g d

— Qsin® 2 1.2
deosd dcos§+sin219( sin”J + k) (1.2)

which involves two parameters k € Z and 2 € C. We consider A as an operator in the
Hilbert space H = L?(S?) with domain of definition D(A) = C*(S?). We will fix k
throughout, whereas 2 is a variable parameter. Note that the potential of this operator
is in general complex,

- ((Qsin2 9+ k)2

2y ) = 2(ReQ sin®¥ + k) Im Q2 (1.3)

and therefore A is symmetric only if €2 is real. In previous works asymptotic expansions
for individual eigenvalues are derived [4, 9], and it is shown numerically that eigenvalues
can degenerate for non-real {2 [5], but rigorous estimates or completeness statements are
not given. Our main result is the following spectral representation for €2 in a neighborhood
of the real line.

Theorem 1.1 For any given k € Z and ¢ > 0, we define the open set U C C by the

condition c

mQ < —<o .
el < T Req)

(1.4)

Then there is a positive integer N and a family of operators Qr(2) on H defined for
ke NU{0} and Q € U with the following properties:

(i) The Q. are holomorphic in €.

(ii) Qo is a projector on an N-dimensional invariant subspace of A. For k > 0, the @y,
are projectors on one-dimensional eigenspaces of A with corresponding eigenvalues
k(). These eigenvalues satisfy a bound of the form

e ()] < C(k) (1 +19) (1.5)

for suitable constants C(k). Furthermore, there is a parameter € > 0 such that for
all k eNand Q € U,
()] > ke (1.6)

(iii) The Qy are complete, i.e.

d ok =1
k=0

with strong convergence of the series.

(iv) The Qy are uniformly bounded, i.e. for all k € Ny,
1Qkll < a (1.7)

with ¢1 independent of Q) and k.

If ¢ is sufficiently small, ¢ < €, or the real part of Q is sufficiently large, |Re Q| > C(c),
one can choose N =1, i.e. A is diagonalizable with non-degenerate eigenvalues.



To avoid misunderstandings, we point out that by “projector on an invariant subspace
of A” we mean an operator () which is idempotent and commutes with A. But Q will in
general not be symmetric.

In our proof we shall treat the imaginary part of the potential (1.3) as a slightly non-
selfadjoint perturbation in the spirit of [6, Chap. V, §4, Sec. 5], see also [2, Chapter 12]. For
this method to be applicable, we need good control of the eigenvalues of the corresponding
selfadjoint problem. Our starting point is the following standard spectral decomposition
of A in the case of real ().

Theorem 1.2 For any given k € Z and ) € R, the operator A is essentially selfadjoint,
positive and compact resolvent. It is invariant on the even and odd parity subspaces H*

defined by
H=H ®oH with HE = {¢ € H with ¢(1 — 1) = £6(9)}.
We denote the eigenvalues of A restricted to H* by At and count them with multiplicities,
0 <A <A <<
The crucial and most delicate part is the following gap estimate uniform in n and 2.

Theorem 1.3 For any given k € Z and gamma > 0, there is a positive integer N such
that

)\Tf+1—)\f>fy for alln > N and Q2 € R.

If v is sufficiently small or || is sufficiently large, one can choose N = 1.

The paper is organized as follows. In Section 2 we prove Theorem 1.2 and reduce
Theorem 1.3 to gap estimates for a real Schrodinger equation on the interval ¥ € [0, 5]
with suitable boundary conditions. In Sections 2-6 we introduce the complex Riccati
equation and develop general techniques for analyzing its solutions. In Section 7 and 8 we
apply these techniques to the spheroidal wave operator and prove Theorem 1.3. Finally,
in Section 8 we use perturbative methods to proof Theorem 1.1.

2 Basic Considerations, the Schrodinger Equation

Until the end of Section 7 we will consider the spheroidal wave equation (1.1) for real €.
Using that (1.2) is symmetric under the transformations Q@ — —Q and k — —k, we can
clearly assume that

Q2 >0.

Obviously, the operator A is symmetric, elliptic and positive. Standard elliptic theory [11]
yields that A is essentially selfadjoint and has compact resolvent. Furthermore, (1.2) is
symmetric under the transformation ¥ — m — ¢, and thus the parity subspaces H* are
invariant under A. This gives Theorem 1.2.

In order to better understand Theorem 1.3, it is useful to consider the limits n — oo
and 2 — oo. For fixed ) and large n, Weyl’s asymptotics applies and yields that the
eigenvalues of A behave for large n like the eigenvalues of the Laplacian on the sphere,

2

A ~ N and Antbl —Ap ~ N



Therefore, it is obvious that the statement of Theorem 1.3 holds for any fixed Q and
sufficiently large N = N (). The estimate

M) = 2 @)] < JAQ) =A@l < [0 = ] 2+ +2k)

yields that eigenvalues of A are locally Lipschitz in 2, uniformly in n. This shows that the
constant N (Q2) can be chosen locally uniformly in Q. If conversely we fix n, the asymptotic
expansion of the spheroidal eigenvalue A, for large Q (see [4] or [9])

2(n+1)Q+0(1) ifn—Fkiseven,

2n2+ O(1) if n—k is odd.

shows us that for each n we can make the eigenvalue gap arbitrarily large by choosing €2

sufficiently large. We conclude that it remains to show that the eigenvalue gaps are

bounded uniformly as both N and Q2| become large. This is the hard part of Theorem 1.3,
and we state it as a separate Lemma.

Lemma 2.1 For any given k € Z and ¢ > 0, there are constants N € N and Qg > 0 such
that

)\i

n+1—)\7il>c for alln > N and Q2 > Q.

The proof of this lemma requires detailed eigenvalue estimates. We will complete it in
Section 7, and this will also finish the proof of Theorem 1.3.

Let us collect some basic facts about the spheroidal wave functions ©. First of all,
standard elliptic regularity theory applied to the yields that they are smooth functions
on S2. The spheroidal wave operator (1.2) is singular at the poles ¥ = 0, 7. Introducing
the variable u = 9 (or analogously u = m — ¥), the spheroidal wave equation has near

u = 0 the asymptotic form
d? 1 d K
<‘W‘Z@+¥)@_O'

Computing the fundamental solutions of this equation and using Sturm-Liouville theory,
one sees that the spheroidal wave functions have near u = 0 the asymptotic form © ~
u®,logu (if k= 0) and © ~ u®* (if k # 0). The cases © ~ logu and © ~ u~I* cannot
occur because they would lead to a singularity of © at the poles. We conclude that near
the poles the spheroidal wave functions have the following asymptotic form,

O () = culf + O+ with ¢ # 0. (2.2)

Furthermore, the node theorem [13, Theorem 14.10] tells us about the number of zeros
of the spheroidal wave functions. In our setting, the statement of the node theorem can
easily be derived as follows. We know from Sturm-Liouville theory that the spheroidal
wave functions depend smoothly on the parameter €). If the number of zeros of the
function ©;F changed at some 2, there would be a u € (0, 7) with ©F(u) = 0 = (0;)/(u), in
contradiction to the fact that ©;> does not vanish identically. We conclude that the number
of zeros of ©F is independent of Q, and therefore it suffices to consider the case Q = 0,
when the spheroidal wave functions reduce to the spherical harmonics. We thus obtain

o5 (9)
o, (9)

n

2n zeros

} has on the interval (0, ) { o + 1 zeros

(2.3)
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(note that we do not count the zeros at ¥ = 0, ).

Next we reformulate the eigenvalue problem (1.1) as a boundary value problem for a
Schrddinger-type equation on the interval 0 < < 7. In the variable u = 9 € [0, 7], the
angular operator (1.2) can be written as

1

d d 1
_ e . e (s 2 2.
A sinu du S du + sinzu( sin”u + k)

In order to get rid of the first order term, we introduce the function Y by
Y = Vsinu©. (2.4)

Then
BY = )Y,
where
1 d d 1

1
B = ——— — sinu — + — Qsin?u + k)?
Vsinu du du +/sinu s1n2u( )

d? 1 cos?u 1 " 1
= —— 4= — vsinu +—Qsin2u+k2
du? 2 sin®u <\/sinu) 75 )

sin“ u
(Qsin?u + k)2

N N

du? 4 sin?u 2 sin?u

Thus Y satisfies the so-called Schréidinger equation

d2
(—WJFV)Y =0, (2.5)
where V' is the potential
. 1 1
V = Qsin®u + <k2 - Z) . M (2.6)
with ]
po=A—20k+ o (2.7)

The behavior near the poles (2.2) and the normalization condition gives rise to the following
boundary conditions at u = 0,

YE(0) =0 if k#0
™ g 23)
lim,~ o u™2|Y,E ()] < oo ifk=0
The boundary conditions at u = 5 are obvious from the parity,
y(5) =0
o (2.9)
vo(3) =0

The eigenvalue equation (1.1) is equivalent to the Schrédinger equation (2.5) with bound-
ary conditions (2.8, 2.9). Finally, the node theorem (2.3) yields that

V£ has n zeros on (0, 3). (2.10)



3 The Complex Riccati Equation

Let Y7 and Y3 be two real fundamental solutions of the Schrodinger equation (2.5) for a
general real and smooth potential V. Then their Wronskian

w = Yi(u) Ya(u) — Y{(u) Ya(u)

is a constant; we assume in what follows that w > 0. We combine the two real solutions
to the complex function
z = Y1 +1Ys,

and denote its polar decomposition by
z = pe¥ (3.1)

with real functions p(u) > 0 and ¢(u). By linearity, z is a solution of the complex
Schrédinger equation

Z=Vz. (3.2)
Note that z has no zeros because at every u at least one of the fundamental solutions does
not vanish. Thus the function y defined by

Z/

= = 3.3
y =7 (3.3)
is smooth. Moreover, y satisfies the complex Riccati equation

vy =V (3.4)

The fact that the solutions of the complex Riccati equation are smooth will be helpful
for getting estimates. Conversely, from a solution of the Riccati equation one obtains the
corresponding solution of the Schrédinger equation by integration,

v
log z|,, = / Y. (3.5)
u
Using (3.1) in (3.3) gives separate equations for the amplitude and phase of z,
p' = pRey, ¢ = Imy,
and integration gives
v
log pl, = / Re y (3.6)
u

ol = [ 1my. (3.7)

Furthermore, the Wronskian gives a simple algebraic relation between p and y. Namely,
w can be expressed by w = Im (Z 2/) = p? Im y and thus

2 w

Since p? and w are non-negative, we see that

Im y(u) > 0 for all u. (3.9)



The boundary conditions for the Schrédinger equation can easily be translated into
conditions for y. To this end we write the solutions YnjE of the Schrédinger equation
as Y, = Im(e~%2zF) with a suitable phase factor e~*. Then a Dirichlet condition can be
written as ¢ = amod . A Neumann boundary condition gives

m

0 = Im (e_myz) = Re (e_i(o”r%)yz) = {Rey cos(p — o — g) —Imy sin(p —a — 5) p

and thus

s Rey
Y = o+ = +arctan| —— | .
2 Imy

According to (3.7) and (3.9) the function ¢(u) is monotone increasing. Therefore the
number of zeros of Y, (2.10) tells us how often ¢ crossed the points modw. This allows
us to completely determine the “phase shifts” on the interval (0, %),

™ T Rey(%)
@i‘g = §+arctan(m +nm (3.10)

onle = (+Dr (3.11)

(we use the usual convention that the arc tangent takes values in (-7, 7)). Using (3.7)
these boundary conditions can be expressed purely in terms of y and the integral of the
imaginary part of y.

For the gap estimates we need to control how y depends on A. To this end, we
differentiate through the complex Riccati equation (3.4) and use that 9\V = —1 according
to (2.6) and (2.7). This gives the linear ODE

Y\ = —1—=2yyx,

where the A-derivative is denoted by a subscript. This equation can immediately be
integrated using variation of constants. Applying (3.5), we obtain

v
22 y)\|z = —/ 22, (3.12)
u

Substituting into this relation the integration-by-parts formula
v v 2|V vy — 2

/22:/_(Z2)/:Z_+/ 2y22

u u 2y 29l Ju 2y
we obtain the identity

v v 2
vV —
- / z 2 (3.13)

In our estimates we will work both with (3.12) and (3.13).

4 Invariant Region estimates

In this section we describe estimates for the complex Riccati equation (3.4) with initial
conditions at u = 0,

J=VoR ) = w (@1
on the interval [0, Up.) With Un., € RT U {oo}. In what follows the potential V €
C([0, Upmax)) can be any real and smooth function. The next lemma is the key to all the
estimates in this section.



Lemma 4.1 Let « be a real function on [0, U,,..| which is continuous and piecewise ct.
For a constant Ty > 1 we introduce the functions o, U and T by

o(u) = exp (2 /0 ua) (4.2)

Uu) = V-a?-d (4.3)

1
T(u) = Ty exp <§ TVio,u) log |02U|> . (4.4)
Furthermore, we define the functions 3, R and m by

B = @<T+l) (4.5)

2 T
R — @<T—%) (4.6)
m = a+if. (4.7)

Suppose that U < 0 on [0,Upn.). If a solution y of the boundary value problem (4.1)
satisfies at uw = 0 the condition
ly—m| < R, (4.8)

then this condition holds for all u € [0, Up,.,).

Before coming to the proof we briefly discuss the statement of this lemma. If « is a real
solution of the Riccati equation, the function U as given by (4.3) vanishes identically,
and thus 8 = 0 = R. In this case, the above lemma reduces to the trivial statement
that y(0) = « implies that y = a on [0, Upay). It is more interesting to consider the case
that @ = Rey with y a complex solution of the Riccati equation. Then

U = Re(V—a2—o/) = Re(V—zQ—z')—(Imy)2 = —(Imy)2 < 0.

Moreover, from (3.6) we can immediately compute o,

o(u) = exp <2/OuRey> - ';ZES; :

Substituting these relations into (3.8) yields

(Imy)* = -

Hence the function log |p?U| is a constant, and its total variation in (4.4) vanishes. This
means that T is a constant, and thus # and R are constant multiples of Imy. Our Lemma
states that the circles of radius R(u) around the point m(u) = a(u) + if(u) are invariant
under the flow of the Riccati equation.

If no solution of the Riccati equation is known (and this will of course be the usual
situation), one can take for « the real part of an approzimate solution of the complex
Riccati equation. In this case the function log |p?U| will not be constant, but we can
hope that its total variation is small. If this is the case, our lemma gives an “improved
approximative solution” m together with a rigorous error estimate R. A good candidate for
an approximate solution would be the usual wave function obtained by “gluing together”



suitable WKB wave functions and Airy functions. We remark that the above lemma
might even be useful for getting rigorous error estimates for numerical solutions of the
Schrodinger or Riccati equations. In this case, one would have to estimate the total
variation of log |p?U| from above, and this might be doable numerically if one has some
control of the accuracy of the numerical calculation.

Proof of Lemma 4.1. For € > 0 we set

1 u
T.(u) = Ty exp (5/0

and let R. and m. be the functions obtained from (4.5)-(4.7) if one replaces T' by 7.
Since T.(0) = T'(0) and lim\ o 7: = T, it suffices to show that for all € > 0 the following
statement holds,

|02U|/
02U

+ 56“) (4.9)

ly —me|(0) < R(0) = |y —me|(u) < Re(u) for all u € [0, Upay)-
In order to prove this statement, we will show that the assumption
ly —me|(u) = Re(u) (4.10)

implies that
ly —me|'(u) < Ri(u). (4.11)

In what follows we will often omit the subscript ¢.
Assume that (4.10) holds and that U < 0. Then we can represent y as

y = m+ Re" (4.12)
with ¢ € [0,27). Furthermore, it follows immediately from (4.5), (4.6), and (4.3) that
RE=U+ =V-0a?+p2-4. (4.13)

Using the above relations together with (3.4), we obtain

5 2-ly=ml* = (Rey —a) (Rey — )’ + (Imy — ) (Tmy — B)’

= (Rey—a) (V- Rey)® + (Imy)* — o) + (Imy — ) (~2Rey Imy — §')

= Rey[V—|y|2—a’+2aRey+2ﬂImy}
—# Tmy - aly2 — aV + ad + B3’

UL Rey [V = R2+|mP — o] — §'Imy — aly> — aV + ad’ + 33

Y R cosp [V — R?+|mf? — o —20?] — R sing [ + 20/5] — 2a.R?

UL 90R? — R(F +2a8) sing < —2aR? + R|G + 20| .

Using that |y —m|? = 2R|y — m/|, we obtain the simple inequality
ly—m| < —2aR+ |3 +2a8|.

Hence in order to prove (4.11), it suffices to show that

R' > —2aR + |3+ 2a0] .



Using (4.2), we write the last inequality in the equivalent form

R > [(oBY]. (414)
In order to prove this inequality, we first use (4.5) and (4.6) to write the functions o3 and
oR as 1
B = = (w/y(ﬂm T+ /|20 T—l)
2
X (4.15)
oR = 3 ( 020| T — \/]o2U] T*l) .
By definition of T (4.9),
T’ 1||e2U| Lo
— = - ge .
T 2 | |02U|

It follows that
(V/|o2U| T~ = —ee ™ (/02U T7Y) if |o2U|" >0
(V|e2U|T) = ee ™ (y/|c2U|T) if |o2U] <0.

Hence when we differentiate through (4.15) and set ¢ = 0, either the first or the second
summand drop out in each equation , and we obtain (cR)" = |of|’. If £ > 0, an inspection
of the signs of the additional terms gives (4.14). ]

The question arises how the function « in the above lemma is to be chosen. In order
to explain our method, we first consider the WKB wave functions

otw) = IV e (i [ VIFT)

which should be good approximations to fundamental solutions in the “semiclassical”
regime V < 0. The corresponding function y is

_ 9 Vv
v = 5 = VIV - .

Lemma 4.1 should give a good estimate only if m is close to the exact solution y. This
leads us to choose for the function & = Rem the corresponding expression in the WKB

approximation,
/

a=——— in the “semiclassical regime”.

4V
This gives rise to the following estimate.

Theorem 4.2 Assume that the potential V is negative and monotone increasing on [0, U.,),
and that the following condition holds,

sup |[V"|+ TV V" %6 <1
Sup —=
V2 Plvp = &

mazr

K = (4.16)
where V.. :=supV < 0 (and the supremum as well as the total variation are taken on
the interval [0, u,,.,)). Then the solution y of the boundary value problem (4.1) with initial
condition

yo = 1/ |V(0)] — (4.17)



satisfies on [0, U,,,,) the inequalities

!/

— i VI+—= < 20 VIK
y—ivVIVi+ 1| < V]
Imyz%-

Proof. We introduce on [0, t,,,,] the function a by

Vl
alu) = e
Then from (4.3),
, v V/2
“ T Twroe
V// 5vl2
u = V1|1
< taer 16|V|3>
Using the inequality (4.16) we get
2V < U < %

In particular, U is negative.
The inequalities (4.21) and (4.16) allow us to estimate +/|U| — +/|V],

VT - v = 22 gm‘U;V‘ng.

VIUI+ VIV 2
Dividing by /|V| and /|U|, we obtain furthermore
L < M S 1+ K.
1+ K |U]

Choosing Ty = 1 + K, we have the following estimates at u = 0,

y—ml = WIVI-8 = ‘m—@@wwl%{)‘

VIl

2

1 14
1+ K —— =24/ =
Ay S T
Applying (4.24) we obtain

y—m| < @(mm—

= R.

; E)

We conclude that the inequality (4.8) holds at u = 0.
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)



Hence we can apply Lemma 4.1 and obtain that (4.8) holds for all u € [0, Umay)-
Combining this with the inequalities (4.22) and (4.24) we obtain

. %4
y—iVVI+ | < ly—ml+18— V7]l < R+16- VIV

e e B) - (e[

< 2V <T—1+;K) < 2V (T =1+ K) (4.25)
Imy > f—-R = \/F > g (4.26)

It remains to estimate the function T, (4.4). We first compute o and 02U,

Vo

O'2U V// 5 V/Q
- _1- — 4.2
Vol IR TN ER (4.28)

where we set Vp = V(0). Applying (4.16) we immediately obtain the inequalities

o2 U
Vo

1
5 =

The lower bound allows us to leave out the logarithm in the total variation in the definition

of T'; namely,
u
-
0

We substitute (4.28) into this equation and estimate the total variation of the individual
terms using (4.16) as well as the monotonicity of V,

(c2U) o2U
- 2 TV[O,U)— .

02U

(0'2U),
Vol

TVio,u log |0*U| = /0

V// u ‘V”l‘ u ‘V”’ V/ TV V// + Sup ‘V”’
TV — < 2 <
v = /0 vt /0 (=V)F = V2.
1%& /“2]V”\ v’ w3V sup [V w3V
TVigw) 7757 < 7+/ < +/ .
() (T ER S Vi. TJe VP
In the last term we can integrate by parts,
u 3 |V/|3 u 2 gy V2 u u oy ! V2 sup|V”|
= Ve ((-V = —| — — <
i i A e A e R

Collecting all the terms and using (4.16) we conclude that
TV(o,)log|o°U| < 2K .
We substitute this bound into (4.4) and use that Tp = 1 4+ K to obtain the bound

T -1 = (1+K)eK—1 < ]eK—lH—KeK < 2e K.

12



Using this bound in (4.25) and (4.26) concludes the proof. |

The condition (4.16) will clearly be violated when |V| becomes very small. This is not
astonishing because the WKB approximation fails near the zeros of the potential. In this
“quantum regime”, there is no good candidate for «, and therefore we simply take

o = const in the “quantum regime”.

We state the corresponding estimate in such a way that it can easily be “pasted together”
with the result of Lemma 4.2.

Theorem 4.3 Assume that the potential V is negative and monotone (increasing or de-

creasing) on [0, Uy...), and that for some constant k > 0 the following condition holds,
Vol tUmee < K (4.29)

(with Vo = V(0)). Then any solution y of the boundary value problem (4.1) which is

bounded by
Ve
wl < e VWGl Ty > Y1

for a suitable constant c; > 1 satisfies on [0, u,,,,) the inequalities

1 \%
ol < evViVie, Iy o Vol

where ||Vloo = SUP[g.4,,...) V] and c2 is a constant which depends only on r and cy.

Proof. Let a be the constant function a = 1/|Vp|. Then the function U = V — o? is
clearly negative. A simple calculation shows that by choosing Ty = 2 ¢1(1 + ¢;)?, we can
arrange that |yp — m(0)| < R(0). Lemma 4.1 yields that |y —m| < R for all u € [0, tUp.y)-
Since « is a constant, o(u) = €?** and thus
|c2U| = elov (oz2 -V).
As a consequence,
lo2U| <4 Vv’
— a— .
|o?U| — a2 -V
If we integrate and use (4.29), we obtain the following bound for T,

T062@u<m+ m)

T

IN

Va2 =V Va2 =1,

4./||V M|V
S TO e2au H HOO S 4TO €2I€ HH/HTO —. Tmaz‘ )
« 0

Finally we bound y by

lyl < ly—=-m|+|m| < R+a+p
= VU|T+a < @T+1)a

g VI @

I > @
my = T =T

13



These are the desired inequalities if we set ¢y = 2Tez + 1 = 8¢ (1 + ¢1)? €2 + 1. [ |

As is obvious from (2.6, 2.7), the potential V' has a singularity at u = 0. We will now
explain how Lemma 4.1 can be used for estimates near such a singular point. We will
restrict attention to the case k& = 0, but our method applies similarly to general k. In
order to find a good candidate for the function «, we consider on the interval [0, U, ) the
Schrodinger equation with a potential which at 4 = uy,., has the same singular behavior

as (2.6),

) = —mz. (4.30)

Setting v = Upyax — u, this differential equation has the two fundamental solutions ¢; = /v
and ¢2 = /v logv, and therefore the function

z = Vv (1l —ilogv)

is a complex solution. The corresponding solution of the complex Riccati equation is given

2! 1 i 1 log v i
z 20 v (l—ilogw) 20 v (1+log”v) v (1 + log” v)

(4.31)

Choosing « equal to the real part of this function gives rise to the following estimate.

Lemma 4.4 Suppose that the potential V is on [0, U,...) of the form

1 1
V- - 4B
1 (apm w2 T 2@

with a function B which is monotone (decreasing or increasing) and satisfies the inequality

U2, (14108 Upe)? | Blloo <

mazr

(4.32)

ool

(with || Blloo := SUP[gu,..,) [Bl). Then any solution y of the boundary value problem (4.1)
with initial conditions bounded by

VIl

wl < CVI, Ty > Y
for any constant C' > 1 satisfies on [0, u,,.,) the inequalities
64 C*
ly £ ——— (4.33)
Uz — U

1

Imy < 64C3 (14 log? U, 5 (4.34)
(umaa: - U’) log (umuz - u)

1 1

Imy (4.35)

64 C3 (1 +10g% Upns) (U — 1) 1082 (Uypaw — 1)
Proof. We set v = u,,,, — u and choose for « the real function

1 logv
a = —— —

20 v (1+log?v)’

14



Using that @ = Rey with y according to (4.31) and that y is a solution of the complex
Riccati equation corresponding to the Schrodinger equation (4.30), we obtain

1
U=V-a’-d =Re(V-y*—y)—(Imy)? =B—-—————. (436
( y y ) ( y) 02 (1 + 10g2 'U)2 ( )
Our assumption (4.32) yields that U is negative.
At u = 0, the potentials V' and U can easily be bounded by above and below,

1

—1 < 4’V = —-1+4*B < =
1
—1 < 40*(1+10g?v)?U = —1+0* (1 +1log?v)? B < —5

and in particular
1 (1+log?v) \/|U]
5 < <
2 VV|
A simple calculation shows that by choosing Ty = 2C(1 + C)? (1 + log? tpay), We can

arrange that |yp — m(0)| < R(0). Lemma 4.1 yields that |y — m| < R for all u € [0, ).
Writing the function « in the form

a = %log( v(1+log2v)>

we can immediately compute 02U,

o = v*(1+log?v)?
02U = 1—v*(1+1log?v)? B.
Using the bound (4.32) we obtain

TVio,ulog|o? Ul < 2TV )lo® Ul < 4ul (1 +10g% ta)? [|Blloo < 2, (4.37)

and thus T is bounded by T' < Tpe? < 64C3 (1 +10g? tynay ). Finally we combine the above
estimates with the inequalities

y| < R+la|+8,  R—B <TImy < R+p.

The estimate (4.34) is very useful because it shows that the pole of Imy at uw = 0 is
integrable.

5 Convexity Estimates

The estimates of the previous section gave us good control of the solutions of the boundary
value problem (4.1) provided that the potential is negative. In this section we now proceed
with estimates in the case that V is positive, V' > 0. Under this assumption it is a simple
observation that p? is convex, because

(P = Z2)" = 2(V+y?Hp* > 0. (5.1)

This fact will be essential for the estimates in this section.
We begin with a lemma which bounds p from below.

15



Lemma 5.1 Suppose that V is positive and monotone increasing on [0, U,,.,). Then every
solution of the boundary value problem (4.1) satisfies on [0, u,..,) the inequality

Im yo
p > po
[0l
(with py = |2(0)] and z any solution of the corresponding complex Schridinger equa-

tion (3.2)).

Proof. Differentiating through the equation p’ = p Re(y) and using the complex Riccati
equation (3.4), we get

p" = pRey)® +pRe(V—y?) = (V+(Imy)?)p,

and substituting in (3.8) we obtain the following differential equation for p,

2
w
o= Vp+ 5 (5.2)

We let p(u) be the solution of the boundary value problem

w .
0= with p(0) =po, p'(0)=p"(0)=poReyo. (5.3)

Then the function 0 = p — p satisfies the conditions §(0) = 0 = ¢'(0) and ¢” > 0.
Hence § > 0 on [0, t.x), and we conclude that p is a lower barrier for p,

p=p on [0, Upay)-

The function p is a solution of (5.2) in the case V' = 0. Therefore, p can be written
explicitly in the form p = [z| with z a solution of the complex Schrédinger equation without
potential with Wronskian is equal to w, i.e.

Z'=0 and Im(zZ) = w = pg Imyyg .

A short calculation shows that the solution of the boundary value problem (5.3) has the
simple form

plu) = po |1+youl.

Computing the minimum of this function gives the result. [ |

This lemma has the following immediate consequence. Due to the convexity of p,

supp < g plu) = o) (142 < ot (14 1220)

[0,u) p(u) Imyo
and hence am
Yo
supp < p(u) —. 5.4
[Oyu)p p( )ImyO (5.4)

In regions where the potential V is large, we expect that p should increase exponen-
tially. The next lemma quantifies this exponential increase of p by showing that in the
“semiclassical regime” V > 0, the integral over p? is much smaller than the supremum
of p?.

16



Lemma 5.2 Suppose that V is positive and monotone increasing on [0, U,,.,). Then every
solution of the boundary value problem (4.1) satisfies on [0, u,..,) the inequality

U
/ p* < L supp?
0 [0,u)

with L given by

Proof. We substitute the differential equation for p?, (5.1), into the integral,

u2 1 “ 1 2\
/op B 5/0 V+|y|2(p) '

4 ) o

[ 2|
o T 2V P,

Using the estimates

Integrating by parts gives

‘ ) | o 2%l 20yl _ P

VP = V+? ~ 2Vy  VV

‘( 1 >' Via2yl vy VO 2yl VL
V+ [yl V+pR)2  — V2T V+pPR — V2 Y

we obtain y
/ p2 < sup / ( >|(p2)/‘ .
0 [0 u)

When integrating by parts once again we must be careful because the function (p?)’ may
change signs. However, since p? is convex, it changes signs at most once, and therefore we
get positive boundary terms at most twice,

[ o)l < s e )« LG
—+— )| su — + — — 4+ — .
o V2T | = T \PvET ) T N\ T |
Finally, we can estimate the last integral by
ulrve oo )’ ) ) Vo1
—t+t—=]|p° < supp” TV, —+—>
/o <v2 vV 0w VTV
V/
2
= supp” | TVig. + sup
[0,u) < o. ) [0,u) \/_>
where in the last step we used the monotonicity of V. [ |
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Figure 1: The potential V in the cases k # 0 (top) and k = 0 (bottom).
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6 Elementary Properties of the Potential

In this section we shall analyze the potential V' for large A and €); more precisely in the
range

Q> Q and A > 2AQ (6.1)

for parameters €0 and A, which we can choose as large as we want. Then the potential
looks qualitatively as in Figure 1. In the case k # 0, V' has a unique minimum wug given
by

9 1 1

inZug = = 1/k2— = 2
sin” ug O 1 (6.2)

where the potential is negative,

/ 1 1
V(ug) = Q<2 k2—1+2k>—)\—1 < —AQ

(where in the last step we possibly increased A). V is strictly decreasing on the interval
[0, up] and tends to infinity as w N\, 0. Thus there is a unique u_ € [0, ug] with V(u_) = 0.
On the interval [ug, 5], V is strictly increasing. Thus there is at most one uy € (ug, 5] with
V(uy) = 0. If no such uy exists, we set up = 2. Setting Au = r/v/AQ and choosing A
sufficiently large (for any given parameter k), it is easily verified that V (ug+ Au) < 0. As
a consequence

V (uo)] Jux —upl* > w*.

Using monotonicity, we can thus uniquely introduce points ui € (up,uy) and u® €

(u—,up) by the condition that

V()| Jus —uif = &7 (6.3)
Finally, we introduce the point u/ € (uy,Z] by the condition V(u!) = Q2. If no such
point exists, we set u! = g
In the case k = 0, V' is monotone increasing on the whole interval (0, 5]. We set
J:%’ uozi and 'LLlZi
8v/\ log? A VA VQ
The points u, uf € (u1,u) and u! are introduced as in the case k # 0.
We consider on (0, §] the solution y of the complex Riccati equation (3.4) with initial

condition
o) = iv/ V] = - (6.4

The next lemmas make the following statements precise: The intervals S (as introduced
in Figure 1) are “semiclassical” in the sense that Theorem 4.2 applies. On C we can
use the convexity estimate of Lemma 5.2. The interval P near the pole can be treated
by Theorem 4.4. Finally, the “intermediate regions” I. and J can be controlled with
Theorem 4.3 and Lemma 5.1.

Lemma 6.1 For every § > 0 and k € Z there are parameters k, A,Qy > 0 such that for
all Q, X in the range (6.1), the quantity K as defined by (4.16) is on the interval S bounded

by
K <§.
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Proof. The third derivative of V' can be written in the form

COoS u

sin® u

V" = (polynomial in sin? u of degree 3).

Hence V" has on any interval [u,v] C [0, §] at most 4 zeros. Thus after splitting up [u, v]
into at most four subintervals, V" has on each subinterval a fixed sign. On any such

subinterval [u,v] we can apply the estimate

/HWMSHWMHW@L

This makes it possible to control the total variation of V” in (4.16) by 8sup |[V"|. We
conclude that it suffices to show that on the interval I the following two inequalities hold,

V/2
"
“‘;’ <. (6.6)

We treat three cases separately.

First case: £ =0 and uy > %”.
On the interval [51)_2’ 5], the potential V' is concave; more precisely,

_QQ<//<__.
s Vs -7

Integration yields for all 7 € (?—g, uy] the following bounds for V’ and V/,

TG < v <05

(p —7) (F—wp —7) > = (up —7)2.

2
V(ug) = V() = Y Z 3

V/(uy) is either zero or else it is negative and bounded by V (uy) = V(%) < Q*— . Hence

QQ
V(7)] > max(\—Q20)+ 5 (uy —7)2. (6.7)

Using the last inequality in the defining equation for uf_, (6.3), we obtain that (possibly

after increasing Qo), u € (?—g,qu] and

2 2
qu—ufL < 2K3Q73.

Again using (6.3), we conclude that

win

i
4

ol

V(i) > == Qs,

and since V' is monotone increasing, this also gives a lower bound for |V| on the whole
interval I.
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Next we bound V’ and V" on I. A short calculation shows that
V| + V"] < 402 on [u, 5] . (6.8)

Conversely, on the interval [ug, u1) we can bound V' and V" in terms of suitable powers
of A,
AP 2\

VP < = and |V £ =
K

p; on [ug,u1] . (6.9)

Combining (6.8) and (6.9) with (6.7) gives the result.

Second case: k=0 and uy < 3%.
On the interval [ug,u1], a simple estimate shows that

A
v > =.
2

Combing this with (6.9) and choosing « sufficiently large, we obtain the inequalities (6.5,
6.6) on [ug, u1]. Conversely, on [u1, 23T], V" can be bounded in terms of higher powers of

the first derivatives; more precisely,
V" < 10 V|5 .

This inequality allows us to deduce (6.6) from (6.5). Hence it remains to prove (6.5) on
the interval [ug, u?].

On the interval [u1,ui], the potential V' is either convex or at least else the second
derivative of V is small compared to |V’ ]% More precisely, by choosing €2y sufficiently
large we can arrange that

V' > —kTiV'E (6.10)

We shall derive an upper bound for Au := uy — ui; for ease in notation the subscript ‘4’
will be omitted. We rewrite (6.10) as

d /1 Lv” K8
el - _- < ]
du (V 3) 35 T

We integrate from u® to 7 € [u®,u] to obtain

Integrating 7 over the interval [u®,u], we obtain for AV := V(u) — V(u®) the estimate

2
3K3
2

1
1+ a)

AV > V/(us)% (1 — ) with a = 3 V’(us)% Au .

The inequality

gives




By definition of u°, (6.3), we know that AV -(Au)? = x%. Hence multiplying the last
inequality by (Au)? we obtain

Putting in the definition of « gives the inequality

(Au)® — ; (FL% V’(us)_%)QAu -2 (Fé% V’(us)_%)3 <0.

Since the polynomial 23 — %“ — 2 is positive for z > 2, we conclude that

W=

Au < 2k3 V' (u¥)~

Using again the relation AV (Au)? = k2, we get an upper bound for AV,

2
AV > %V’(us) . (6.11)

win

This proves the inequality (6.5) at u = u®.

Next we will want to show that (6.5) holds on the whole interval (uy,«°]. To this end,
we introduce on this interval the function f by
43
f=Vv?ie Ve,
K
We saw above that f(u®) < 0; our goal is to show that f < 0 on (uy,u°]. Let (v,u”]

with 41 < v < u® be the maximal interval on which f is negative. We apply (6.10) to
obtain

343
fvy = vV <2V” + = v2>
K

3
> Vv (—2K§V'§+%V2> > By o g,
K

where in the last line we used that f(v) < 0. The last inequality contradicts the maximal-
ity of the interval (v,u°] unless v = uy. This concludes the proof in the second case.

Third case: k # 0.

On the interval (u,ug], the proof of the second case goes through without changes if
we consider the integral backwards and set u; = up — 1/(4v/Q). On the remaining
interval [ug,u?], we can use the proof of the first case and the second case after set-

ting u; = ug + 1/(4VQ). |

Lemma 6.2 For sufficiently large A and Qq, the parameter L as defined by (5.5) is for
all 2, X in the range (6.1) bounded by

L <

3
o
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Proof. We already saw in (6.7) that V’ and V" satisfy on C the bound |V’ +|V"| < 402.
On the other hand, it is clear from the definition of u! that |V| > Q3 on C. This imme-
diately gives the lemma. [ |

Lemma 6.3 For sufficiently large A and g, the potential

satisfies on the interval P the inequality

1
(ul)? (1 +1log?ul)?||Blloc < 3

Proof. A short calculation shows that B is bounded from above by
|B(u)| < Q%u?®+42).
.From the definition of u’ and the fact that X is large, we can clearly assume that

< ul <

1
PV

These inequalities give rise to the following estimate,

1
142 2. 12 2 112
)F (141 NBllee € ———— (14+1og”\)* ||B||loo
(L (L0t ul 2 Bl € g (1 log )2 | 5]
1 1 [Q? 1
< — Bl < — [—+2)\) < =,
< 5o 1Bl _32)\()\+ )_8
where in the last step we used (6.1). ]

Lemma 6.4 For every 6 > 0 and k € Z there are parameters k, A, Qy > 0 such that for
all 2, X\ in the range (6.1),
’I:t‘ <9.

Proof.  We choose g so large that ug < %. Then clearly |I_| < 6. Furthermore, it

is readily verified that the potential is increasing on the interval K := [%,% - g] at the

following rate,
V() =V(u) > cv—u)?0? for all u,v € K, v > u,

where c¢ is independent of A and 2. This implies that

Hui,u+]ﬂK| < Cii \/gv

because otherwise (6.3) would be violated. Furthermore, the condition V (u!) < Q3 implies
that )
bl K| < veart.

We conclude that by increasing €2y, we can arrange that |14 N K| < g and thus [I1| <4. W
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7 Spectral Estimates for the Selfadjoint Problem

In this section we shall prove Lemma 2.1. We begin by reducing the problem to an estimate
for y.

Lemma 7.1 Assume that for any given k € Z and € > 0, there are constants A,Qy > 0
such that

s

/2 Imy, < ¢ (7.1)
0
for all Q and X\ in the range (6.1). Then Lemma 2.1 holds.

Proof. According to the asymptotics (2.1) it suffices to consider A in the range A > AQ
for sufficiently large A. Let us consider the quotient Re(y)/Im(y) in (3.10). According to
Theorem 4.2 and Theorem 4.3 there is ¢ > 0 such that for all Q > Q¢ and A > AQ,

Rey

Ty > —c on [ug, U ]. (7.2)

On the interval [u;, 5], p? is convex, and using the identity

Rey  p° Loy

Y P Rey = —

Imy w ey 2w (v")
one sees that Re(y)/Im(y) is monotone increasing. We conclude that the inequality (7.2)
also holds at u = 7, and thus

i
—— < —arctanc < arctan(

Rey(%) T
2 <3

Imy(3)

Using the last bounds in (3.10) one sees that for two neighboring eigenvalues, the
phases must differ at least by ¢ := 5 — arctanc,

Ont1 — @l > 0. (7.3)

From (3.11) one sees that this inequality is also true for the states of odd parity (with § =
7). Applying (3.7) and the mean value theorem, we conclude that there is X € [\F, AZ 1
such that

us

()\§+1—)\f)/2lmy,\ > 4.
0

Hence the upper bound (7.1) gives the desired gap estimate. [ |

We establish (7.1) by deriving separate estimates in the regions S, I+, C' and near the
pole.

Lemma 7.2 For any given k € Z and € > 0, there are constants A,y > 0 such that on
the interval S,

lyrn| < €.
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Proof. Differentiating the initial condition (6.4) gives
7 V/(U())
2/[V(ug)] ~ 4V?(uo)

yr(uo) =

This can be estimated using Lemma 6.1,

1 V' (uo)| 1
) SR S GO 41 RS S 7.4
malwoll < 3 |V(uo)|< +|V(U0)|2> = VTl "

For given u € S, we compute y)(u) via (3.13). This gives rise to the estimate

YV =y 1

1
< —+41 .
)] < gt [

2 |yl o

According to Lemma 6.1 we can apply the estimates of Theorem 4.2,

ly| < 22|V
y—ivVIVIl < VIVI(20K +VEK) < 2lVE ]V
V= Iy =iV IV ((y +ivV])]
21VE/|V]23V/[V] < 500 |V| VK,

and thus, using the monotonicity of V' on the intervals [ug, u] or [u,ug],

IN

10 10 vV —y?
()] < " / Lt PV
VIV VIV Ju i
10 YV —y? 10
< 10 op0 ("] Qy‘ < + 57 108 VK
V ’V(’U,)’ uQ ’y‘ \V(u)\
According to Lemma 6.1, this can be made arbitrarily small. n

Lemma 7.3 For any given k € Z and € > 0, there are constants A,y > 0 such that on
the intervals I,

lyal < e.
Proof.  We only consider the interval I, ; the proof for I_ is analogous. For any v €
(ujqr,qu], we compute yy via (3.12) with u = ujqr,
oy = FDmeD 1
22(v) 22(v) Jus

+

According to Lemma 6.4 we can apply Theorem 4.3. This gives the estimate

Imy(v) vl 2 s 2 s
a(v)] < ryx<u5>\—+1my<v>/ L Z ) B o —ul).
+ Imy(ui) u Imy 2 + 2

This can be made arbitrarily small according to Lemma 7.2 and Lemma 6.4.
If v € (uy,u’], the change of yy on the interval (uy,v) can be estimated similarly using
Lemma 5.1. [}
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Lemma 7.4 For any given k € Z and € > 0, there are constants A,y > 0 such that on
the interval C,
Al < e.

Proof. We again compute yy via (3.12). This gives for any v € C' the estimate

2 UI 1 v
ol < S e+ [

The first summand can be made arbitrarily small according to Lemma 7.3 and Lemma 5.1,
whereas the second summand can be handled with Lemma 5.2 and Lemma 6.2. [ |

Lemma 7.5 For any given k € Z and € > 0, there are constants A,Qy > 0 such that for
all X and Q in the range (6.1),

lyr] < €.
PUJ

Proof. A short calculation shows that on the interval J,

A A
@ < ‘V(UO)‘ < ?7

SAlog A < [V(u/)| < 64\ log* ), J <
gt A < V(') < g H_ﬁ

In particular, |V (ug)| |J|?> < %, and so we can apply Lemma 6.2 to obtain on J the
estimates

1 VA
8cak? log? \

These estimates allow us to bound y, on J again using (3.12). Namely, for all v € J,

lyl < 8z VA log? A, Imy > (7.5)

MO \w(uo)y%Hmy(v) [

Estimating the factor |y)(ug)| by (7.4) we obtain

log” A
lya(v)] < e \g/X on J. (7.6)

with c3 = 256¢ok3. By increasing A this can be made arbitrarily small.
On the interval P, we apply Lemma 4.4 with C' = 64¢ok2 log* X\. This gives the estimate

1 1 c4 logP A
< Im < 22
cqg logP A v log?v y(w)

(7.7)

v log?v

with p = 14 and a constant ¢4 which is independent of A and 2. We again estimate y
using (3.12),

J

O < )] gt sy [

Estimating y(u”) and y,(u”) by (7.5, 7.6) and using (7.7) we get for all v € P,

logPto A 1 log? A [
lua(v)] < ¢ ] 5— + ¢5 g 5 / 7 log? T dr
A v log” v v log”v Jy
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for a suitable constant c¢s. This expression is not bounded as v N\, 0. But the pole is
integrable, and the calculation

J

/” dv B 1
o vlog?v  logu’

J J

UJ u u T
d d
/ v2 / T log?rdr = / dr 7 log? T/ v2
o v log“v J, 0 o v log“v

J

= —/ 7T logTdr =
0

shows that by increasing A, we can make the resulting integrals over P arbitrarily small.
|

(u’)? (1 = log u”)

DN | =

This completes the proof of Theorem 1.3.

8 Slightly Non-Selfadjoint Perturbations

It remains to prove Theorem 1.1. In preparation, we split up the spheroidal wave operator
as
A= Ag+W

with

- &in?Y d +
dcos dcos?  sin?9

W = 2iReQImQ — (ImQ)?sin®4 .

Ay =

(Re Qsin® 9 + k)?

The symmetric operator Ag clearly satisfies the hypothesis of Theorems 1.2 and 1.3,
whereas the complex potential W is uniformly bounded according to assumption (1.4),

W] < 2+ = g. (8.1)

Our method is to treat W as a slightly non-selfadjoint perturbation as introduced by
Kato [6, Chap. V, §4, Sec. 5]; see in particular [6, Theorem 4.15a]. Unfortunately, the
latter theorem is not quite strong enough for our purpose. For clarity, we here repeat the
basic ideas of Kato and give a detailed proof of our main theorem.

Proof of Theorem 1.1. Throughout the proof we restrict all operators either to Hy or H_.
Applying Theorems 1.2 and 1.3 to the operator Ay and v = 8mp, we obtain for the
eigenvalues 0 < Ay < Ao < --- of Ap the estimates

Al — Ap > Y for all n > N and Q € R.

For all A € o(Ay), the resolvent R := (A — Ap)~! exists and satisfies the bound

1

. .
[RAI < dist(A, o(Ag))

(8.2)

Since the spectrum of Ay is real, we have in particular

1
R < —.
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Figure 2: The contours Cf.

Around each A\, we draw a circle of radius p. The first IV circles may intersect, and
we take the outermost lines to define the contour C,

Cy = 8(BP(A1)U...UBP()\N) .
All the following circles do not intersect and give rise to the contours
Ck = 6Bp()\N+k) s k>1

(see Figure 2). Since the distance of these contours to the spectral points of Ay is at
least p, we have for A on any of these contours,

[

IR W < IR W] < 5.

[\)

Hence the operator 1 + ROW is invertible with a Neumann series. We conclude that the
resolvent Ry := (A —A)~! = (A — Ag) (1 + RAW))~t = (1 + RAW) ! RY exists and

IRAll < 2 [IB3]] - (8.3)

This allows us to introduce the operators Qi as the following contour integrals
Qr = Ry dA.
Ck
The Cauchy integral formula together and the resolvent identity

1

R)\ R)\/ = —m

(R\ — R))

immediately yield that the operators @ are projectors onto invariant subspaces of A,
and that they are holomorphic in 2. Furthermore, they are uniformly bounded because
according to (8.3, 8.2) and the definition of the contours,

@il < o7 f 2RI < 2N

We introduce the operators Pk as the finite sums
K
=D @
k=1
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Figure 3: The contours Dy .

For the unperturbed operator Ay, we introduce similarly the projectors Q% and P[O(. Let
us derive estimates for the difference P — PIO(. We first write it as the contour integral

1
Pg—P) = — — R%) dx

where D is a rectangle with side lengths Ayt x + An+x+1 and 2R centered at the origin
(see Figure 3). Since dist(Dy,0(Ag)) > p, the inequality (8.3) again holds. Using the

resolvent identity
Ry— R = R\W R}

together with (8.1, 8.2), we obtain for any A on the contour Dy the estimate

4p

0
— R —
HR)\ R)\H — '72+4(Im)\)2

This inequality allows us to take the limit R — oo to obtain the estimate

dmp 1
Pr—PY < —£ = 2, 8.4
[Pk — Pkl < 5 5 (8.4)

This estimate can be improved if the operator Pg — PIO( is restricted to the range of P?,
L < K. Namely, applying the bound

0 p0 —1
ROPY < m A=A
IBY Prll = ) a1>§+L| nl

to the resolvent identity gives for any A on the contour Ck the bound

4p

Py — PY) PY|| < '
(P — Py) Pl < |y 4+ 2i Im A| X — An4]

Substituting this estimate into the contour integral, taking the limit R — oo and estimat-
ing the resulting integral as follows,

0 Vaz+x2Vvee+a22 T ) ab vab 2 T Vab’
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we conclude that
4p
VY ANtk — Anir)

The inequality (8.4) allows us to determine the rank of the operators Py . Namely, for
every U in the range of PY.,

|(Px — P) PR < . L<K (8.5)

1
1P| = [P = |[(Pr = Pr)®| > 5 9]

In particular, ¥ is not in the kernel of Px. This shows that the rank of Pk is greater or
equal to the rank of P[O(. Interchanging the roles of Py and PY, we see that Px and P[O(
have the same rank. Since PIO( is the projector on the eigenspaces of Ag corresponding to
the eigenvalues A1, ..., An+x, the dimension of its range is N + k. We conclude that Qg
is a projector on an N-dimensional invariant subspace of A and Q1, ()2, ... are projectors
on 1-dimensional eigenspaces.

The inequalities (8.4, 8.5) imply completeness: Let ¥ € H and € > 0. Since the spectral
projectors of the unperturbed problem converge strongly (i.e. s — limy o, PP = 1), there
is L € N such that |[¥ — P),U| < e for all M > L. According to (8.4), |Px — 1|| <
|Pic = 1]| < [P — P + [P + 1] < 3. Hence

(P — 1) ¥ (P = 1) (¥ = PLY)|| + [[(Px — PR) PLY| + |[(Pg — 1) PV

<
< e + |(Px — PY) PR,

and the estimate (8.5) shows that the last term can be made arbitrarily small by choos-
ing K sufficiently large.

It remains to prove the inequalities (1.5) and (1.6). Combining the gap estimates of
Theorem 1.3 with the fact that p, € B,(An4r), one immediately obtains (1.6). The in-
equality (1.6) follows similarly from the asymptotics (2.1). ]
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